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Singularities of plane curves




Rational Parametrizations

e a,b ceCls v,

e gcd(a,b,c) =1

o C := ¢(P!) curve of degree n




The map detects the singularities

mp(C) = #¢~'(P)




Computation of singularities

A(Sp U, t, U) — a(s,v)—a(t,u)

us—tu

B(s,v;t,u) = b(s,v)—b(t,u))

uSs—tv

O(Sy U, t, U) — c(s,0)—c(t,u)

uUS—1tv




V(A,B,O):A¢HB¢CP1 x P!
Ay = 1la, B) : a# 53, ¢la) = o(0)}
By = {(a) : Vé(a) = 0}

m: V(A B,C)— P!

encodes the fibers of the singular points




Elimination theory: resultants

{ F(s,v) = aps®+ a;sv + agv?

G(s,v) = bgs*+ bysv + byv?

0 )
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The Taylor Resultant

¢=1(a:b:c)

F(s,v;t,u) = a(s,v)c(t,u) — alt,u)c(s,v)
G(s,v;t,u) = b(s,v)c(t,u) —b(t,u)c(s,v)

P(t,U) = Res(sw) (F(Sa’l);t,u) G(S,v;t,u)>

su—tv 7 su—tv




Factorization of P(t,u)??

If c = V"

® €ij = 2 hz0 m}h(mpﬁh (€)= 1)




Understanding the exponents

®3',j € I, the irreducible branch-curves of C at P,

o (P;’h)()gh the neighboring point sequence of 5:2- at P,

o (mé’h)ogh the multiplicity sequence of 33- at P,

e (~p)o<n the equivalence relations of the multiplicity

graph of C




Example

s? (25 +v)° (s +v)°
s% (25 4+v)° (35 + 250 + v?)
—(S—|—U)1O




Working with resultant matrices

The maximal minors of Sylv?gv) (F, G), Hyb?:;)k (F, G) or

Bez?s v) (F, G) encode the fibers of the multiple points

2n—1
om—1 (k) \
SO 80 . . . SO

2n—2
2n—2 1 2n—2 (k) (k)

2n—1 ) 2n—1
\ Yo Yo

has rank one for ¢(sg : v9) = @(s; : Vo)




Smaller resultant matrices via p-bases

e a,bceCls v,

e gcd(a,b,c) =1

The Syzygy module Syz(a, b, c) is free of rank 2

0 — C[s,v]? (P Cls, v]’ (556) Cls,v| — (a,b,c) — 0

{p, q} is called a p-basis with ;4 = min{deg(p), deg(q)}
(deg(p) + deg(q) = n)




In our example

$2(2s5+v)* (s 4 v)°
s (25 +0)" (35 + 250+ 07)

— (s + 0)10

((s+v)%0,5*(2s + v)?)
— (s(35% + 250 4+ 12)(25 4 v)?, (s + v)%, 0)




Smaller resultant matrices

*p=(p1,p2:03), 4= (¢1,G2,q3)
® py = Dpi(s,v)alt,u) + pa(s,v)b(t, u) + ps(s,v)c(t, u)
® ¢, = qi1(s,v)a(t,u) + g2(s,v)b(t,u) + q3(s,v)c(t, u)

The maximal minors of Hyb?;v‘; (pes ¢s) encode the

fibers of the multiple points




Stronger fact

The invariant factors of Hybs, (p(b, q¢) give a stratification

of the singularities of C

Hybs,v(p(ba QCb) ~ diag (0417 ooy Up—p—1, O)

with o ’ 78N

d; := == the singular factors of the parametrization
1’




Singular factors

o P = ¢(ty : up) has order k iff d,,— (o : up) = 0
and dn—,u—j(tO : U()) 7é OV] >k

® L ] dn_ﬂ_k, with hj = the product of all inversion

formulas of points of order k

® h, = dy,_,— Vk <= C has no virtual points




Extraneous factors

d
What is 4 ol
k

(we know that {d,,—,—r = 0} = {hx = 0})

Some conjectures given by In terms

of the virtual points of C




Theorem

(it —

(ar Xi v: 0912. 2723v1)




In particular

_k
dn—lu—k(t, U) — /’Lk(t, ’LL) H (uz,jt — tijju)ei,j

1=1,...,r
J€l;




In our Example
<u= 1)
+1)°, d2()

£ (4310 + 7445 + 714 + 4883 + 2142 + 6t + 1) (¢t + 1)°




We can build the multiplicity graph from the singular

factors!

&4

(not always the case)




Some tools

The singular factors of ¢ do not depend neither

on the choice of the p-basis nor the coordinates
of P




Some tools (2)

coker (Sylv(s,v) (pCb? ng))

Y

coker (Hyb(s.,)(ps, qs)) as C[t, ul-modules

Y

coker(BeZ(s,v) (P qcb))




ldea of the proof

e induction on the length of the resolution of

singularities

@ Thompson’s Theorem: relates the invariant

factors of A, B, C' € C[t|"*" when AB = C




By-Product

A complete factorization of the Taylor resultant:

ReS(S’U> ( CL(S,”U)C(t,U) —CL(t,U)C(S,’U) b(s,’v)c(t,u) —b(t,U)C(S,’U) )

su—tv ! su—tv

c(t,u)" tdrtd =2 . dy




By-Product(2)

A complete factorization of

s—t )

P(t) := Res <“<S>d(t)—a(t)d(s) b(S)C(t)—b(t)c(s)>
. > s—t

In terms of the invariants of (%, g), (%, %)7 (27




By-product (3)

Good definition of the Taylor Resultant for rational

functions:

A =dids . d,




Principal subresultants vs minors

e 50, 51, So, ... with 5y = Ressjv(F, G)

® /\0, /\1,...,With
A; =" ged ((n — 1) — minors of Bez,,(F, G))

e both “measure” the degree of the gcd of two polynomials

® |s there a connection between them?




.SO
.Sl

.SQI
.S3:

.S4

In our example

Ag=10

= Ay = EdAd3d3d,

Ao (192t + 2369t1Y + .. )
A3(256t1 + 3008t7 + . . .)
A4 (2t + 3)%(2t* + 5t + 4)?



Conjecture

Aj — ng(Sj, Sj_l, Ce e SO)
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