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Rüdiger Loos en:

Computer Algebra
Editores: B. Buchberger, G. E. Collins y R. Loos
Computing Suplementum 4, Springer Verlag, 1982.

Computer  Algebra  is  that  part  of  Computer  Science  and/or 
Mathematics  which  designs,  analyzes,  implements  and  applies 
algebraic algorithms. 

Compared with other algorithms, algebraic algorithms have simple 
formal specifications, have proofs of correctness and asymptotic 
time bounds which can be stablished on the base of a well developed 
mathematical theory. 

Furthermore, algebraic objects can be represented exactly in the 
memory  of  a  computer  so  that  algebraic  computations  can  be 
performed without loss of precision and significance.  Usually, 
algebraic algorithms are  implemented in software systems allowing 
input and output in the symbolic notation of algebra.
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The past: 2001

In: Casacuberta C., Miró-Roig R.M., Verdera J., Xambó-Descamps S. (eds). European 
Congress of Mathematics. Progress in Mathematics 202. Birkhäuser (2001).
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In the earlier times, a handful of successful Computer Algebra stories made their 
way to the communication media. We can recall articles published in the Scientific 
News (1981), New York Times (1988), Nature (1981), Scientific American (1981), 
etc. One could argue that it was, perhaps, just because of the scientific novelty of 
symbolic computation —performing in a few minutes or seconds some 
computations that required, previously, a titanic effort for humans— and that some 
of these were news on non-industrial aspects of Computer Algebra. 

In section 3, we will summarily describe the more intrinsic cooperation problems 
posed in the promising field of Computer Algebra applications in Robotics: 
certainly, we were trying to climb up a high mountain ... Section 4 is devoted to 
present the more modest aims of an ongoing cooperation project which is 
effectively changing the practice of a concrete enterprise: we can say that we are 
now exploring the challenging top of a rugged hill. 
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In: Casacuberta C., Miró-Roig R.M., Verdera J., Xambó-Descamps S. (eds). European Congress of 
Mathematics. Progress in Mathematics 202. Birkhäuser (2001).

Working with industrial partners is quite 
uncomfortable for us, academics.

They obstinately care about solving a problem, but just in most cases, or at least in 
some cases, or even in “this” particular case, instead of caring about solving it in 
general. Sometimes the solution they search for is conceptually rather simple, but 
tiresome to execute in practice. Other times they do not care about the problem 
they just have posed, if they see that you do not progress fast enough to solve it; 
and then they merely switch their mathematical model to a different and simpler 
one, asking you to forget about the interesting question you have just started to 
think about …

It is difficult to get a paper properly done under these changing conditions, it seems 
impossible to bind in a Ph.D. thesis based on such “rush hour” solutions … . As a 
result, only very few and very obstinate scholars persist working in this near-zero 
atmosphere (i.e. extremely poor in academic oxygen: publications and 
dissertations).
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Abstract

The aim of this work is to design an e⌃cient algorithm for at-

titude determination using data from non-dedicated GPS re-

ceivers. So, we compare two di⌅erent methods. They use L1

carrier phase-double di⌅erences obtained from real GPS signals.

The first one provides an instantaneous estimation of the atti-

tude reducing the ambiguity search space. However, it is very

sensitive to experimental errors. The second one exploits the re-

dundancy of the information and thus, provides more accurate

solutions. But, on the other hand, it needs a more amount of in-

formation. We also present some experimental results. They are

obtained from a device consisting of four GPS single frecuency

receivers where only carrier phase data are measured.

The ambiguity problem

GPS receivers can only measure a fraction of carrier phase cycle,

that is, �⇤ to ⇤ in radians or ��/2 to �/2 in range. Therefore,

the number of cycles is unknown. However, this information is

needed for attitude determination. The ambiguity problem
consists in finding these integer values.

Instantaneous Method [1],[2]

This is a method for instantaneous ambiguity resolution, that

is, it only uses one epoch for each attitude measure. The

method uses double-phase di�erences for removing the

o⌅set error in measurements. The base line geometry infor-

mation is used for reducing the ambiguity search to a two-
dimensional search.

Mathematical Approach
We start from:

• {si : i = 1, . . . , 4}: unit vectors from master antenna to GPS

satellites,

• {bj : j = 1, . . . , 3}: base lines,

• rij: projection of si over bj. Using the integer ambiguities,

these projections can be written as:

rij

�
= rij + nij, �1/2 < rij < 1/2, nij ⌅ Z.

Let us suppose that {s1 � s2, s2 � s3, s3 � s4} are linearly

independent. These vectors can be orthogonalized using Gram

-Schimidt method to obtain the set {vj : j = 1, . . . , 3}.

Each base line bj can be written as bj =
⇤3

i=1 µivi. We can

estimate the coe⌃cients µi as follows:

• µ̂1 = f1(�r1, �n1),

• µ̂2 = f2(�r1, �r2, �n1, �n2),

• µ̂3 = f3(lj, µ̂1, µ̂2).

Since lj = �bj� is known (base line lenght), �n3 =

g(µ̂3, �n1, �n2). So, the search space can be reduced to a two-
dimensional space, with |�nj| ⇤ lj/�, j = 1, 2. Each base

line can be estimated as:

b̂j =
µ̂1

�v1�
v1 +

µ̂2

�v2�
v2 +

µ̂3

�v3�
v3.

The goodness of fit against the base line is measured with:

⌃ = µ̂2
1/�v1� + µ̂2

2/�v2� + µ̂2
3/�v3� � l2.

All base lines estimations are ordered by increasing ⌃. Now, the

best solutions are combined. The goodness of fit is measured

with:

⌃tot =
⌅

�b̂ki �
2 +

⌅
��b̂km

ij �
2 �

⌅
�li�2 �

⌅
��lij�2,

The combination with the least ⌃tot is chosen as the solution
of the problem.

LAMBDA Method [3]

We use LAMBDA for ambiguity resolution starting from double-

phase di⌅erences:

�⇤
ij
AB(t) = ⌅ij

AB(t) + �Nij
AB.

By linearization we obtain:

�⇤
ij
AB(t) = A(t)b + ⇥N. (1)

This system equation contains base lines, b, and ambiguities, N ,

as unknowns. Its resolution has three steps:

1. Float Solution: It is the least-squares solution of the sys-

tem (1). Since there are no restrictions, the ambiguities are

real numbers. We obtain the estimations b̂ and N̂ , and the

covariance matrix

Q =

�
Q

b̂
Q

b̂N̂
Q

N̂b̂
Q

N̂

⇥
.

Notice that, since we only have data for a unique carrier phase,

we must consider more than one epoch to obtain the least-

squares solution.

2. Integer Estimation: Consists on

min
N
�N̂ �N�2

Q�1
N̂

,

with N ⌅ Zn. This minimization yields the integer least-

squares estimate for the ambiguities: Ň .

3. Fixed Solution: The final solution with the integer esti-

mates of ambiguities is

b̌ = b̂�Q
b̂N̂

Q�1

N̂
(N̂ � Ň).

Attitude Determination [4]

Once we obtain all base lines, attitude is now found by mini-

mizing the following function [5]:

L(C) =
1

2

⌅

i

ai|bi � Cri|,

where the sum is taken over all baselines. {bi} is a set of the

baselines measured in the body frame system and ri are the

corresponding unit vectors in a reference frame. The weights

ai are non-negative and are chosen to be inverse variances ⇧�1
i .

The matrix C is orthogonal and gives the attitude of the system.

It is found using Davenport’s Q-method.

Experimental Device

The experimental device consists of four GPS receivers. The

master antenna is labeled with 1. The length of the base lines

1� 2 and 1� 3 is 0.958 m, while for the base line 1� 4 is 1.355

m. The coordinates of the receivers 2, 3, 4 are:

Receiver Position

2 (0,�0.958, 0)

3 (�0.958, 0, 0)

4 (�0.958,�0.958, 0)

All coordinates are referred to the body frame reference system

with origin in 1.

Experimental Results

Figure 1: Instantaneous Figure 2: LAMBDA

These figures show the behaviour of the solutions given by the

two methods. The real values of roll, pitch and yaw angles

are 0, 0 and 170 degrees, respectively. For LAMBDA method,

data are received from 6 satellites and the number of epochs is

120, that is, each point of Figure 2 results from a measure of

about 2 minutes. All calculations were made with MATLAB.

LAMBDA implementation was provided by the Delft Geodetic

Computing Centre.

It is clear that, with real data, there is a lack of accuracy in the

solutions proposed by the instantaneous method. LAMBDA

method needs a more amount of information, but it finds more

accurate solutions. Moreover, it provides a more robust algo-

rithm for ambiguity resolution.

Conclusions

In this work, we have presented two di⌅erent algorithms for

ambiguity resolution. We can conclude that:

• the instantaneous method needs a little ammount of infor-

mation for resolving ambiguities but, on the other hand, it is

very sensitive to experimental errors.

• LAMBDA method exploits the redundancy of the measure-

ments, and so, provides solutions less sensitive to experimen-

tal errors. However, with data of a unique frequency, it needs

to work with measurements obtained during longer intervals

of time.

Acknowledgements

The results presented here have been achieved within the

Projects “Development of a Real Time Attitude Determination

System based on non dedicated GPS receivers” and “Attitude

Determination System based on non dedicated GPS receivers

and aided by low cost MEMS Inertial Sensors”, Part-Financed

by the Ministry of Industry, Tourism and Commerce of Spain

(IDs: FIT-330210-2006-79 and IAP-130000-2008-1).

References
[1] S. Purivigraipong, M. S. Hodgart, M. J. Unwin, S. Kun-

tanapreeda, An approach to resolve integer ambiguity of GPS car-
rier phase di�erence for spacecraft attitude determination. In TEN-

CON 2005 2005 IEEE Region 10, pp.1-6, 21-24 Nov. 2005, (2005).

[2] M. S. Hodgart, S. Purivigraipong, New approach to resolving
instantaneous integer ambiguity resolution for spacecraft attitude de-
termination using GPS signals. In Position Location and Navigation

Symposium, IEEE 2000, 13-16 March 2000, IEEE Computer Society

(2000) 132-139.

[3] P. De Jonge, C. C. J. M. Tiberius, The LAMBDA method
for integer ambiguity estimation: implementation aspects Technical

report LGR Series No 12, Delft Geodetic Computing Centre, Delft Uni-

versity of Technology, The Netherlands. (1996).

[4] G. M. Lerner, Three-Axis Attitude Determination, Spacecraft At-

titude Determination and control ed. by James R. Wertz, Dordrecht,

Holland, D. Reidel, (1978).

[5] F. L. Markley,Optimal Attitude Matrix for Two Vector Measure-
ments Journal of Guidance, Control and Dynamics 31 (3), (2008) 765-

768.

9th International Conference Computational And Mathematical Methods In Science And Engineering. Gijón, June 30, July 1-3, 2009.

X = (h + n) cos ⇥ cos �

Y = (h + n) cos ⇥ sin �

Z = (h + n(1� e2)) sin⇥

[Gema, … ] 

[JC, LFT, JS, MF, … ] 



 

The future

Many of the recommendations and insights in the 1996 report remain valid today. 
However, the landscape of mathematical and computer sciences in industry has 
changed. Organisations now collect orders of magnitude more data than they used 
to, and face the challenge of extracting useful information from it. Computing 
technology has continued to advance rapidly, and companies are making more and 
more aggressive use of high-performance parallel computing. 



 

The future

Our most important conclusion is that the mathematical and computational sciences 
continue to find many applications, both traditional and novel, in industry. Some of 
these applications have very dramatic effects on the bottom line of their companies, 
often in the tens of millions of dollars. Other applications may not have an easily 
measured impact on the bottom line but simply allow the company to conduct business 
in a 21st-century data-rich marketplace. Finally, some applications have great value as 
contributions to science. We want to emphasize that technology transfer, including the 
transfer of mathematical ideas, is not a one-way street; a technology designed for or by 
one company often ends up enriching science as a whole. 



 

The future

Conclusions (very personal): 

Difficult to argue that Symbolic Computation (alone) has 
direct  applications in industry (may be). 

Easy to argue that Symbolic Computation can be very useful 
and helpful in applications in industry (and it is !). 

What to do in the near-future? 

Get closer to the (potential) applications. 

Get closer to the (engineering) academia outside 
Mathematics.
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Getting closer: Alicia Dickenstein
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ISOGEOMETRIC ANALYSIS



 

F. Chazal, B. Michel. An introduction to Topological Data 
Analysis: fundamental and practical aspects for data 
scientists. 2017. arXiv:1710.04019.

Topological
Data 

Analysis
[Ana,  Luis Felipe,  Andratx, … ] 
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Topological
Data 

Analysis
[Ana,  Luis Felipe,  Andratx, … ] 

P. Breiding, S. K. Verovsek, B. Sturmfels, M. Weinstein:
Learning Algebraic Varieties from Samples. 2018. 
arXiv:1802.09436



 

The future: opportunities



 

But “real” cooperation with 
industry is much more complex 
t h a n d e a l i n g w i t h t h e 
Mathematics behind the applied 
problems they are dealing with.

The long and winding road



 

Software interfaces 

The language problem [JC] 

The time constraints 

The constraints (any kind)

The long and winding road

Entornos VUCA: 

Volatility, Uncertainty,  

Complexity & Ambiguity
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The long and winding road

The long and winding road
That leads to your door
Will never disappear
I've seen that road before
It always leads me her
Lead me to you door

The wild and windy night
That the rain washed away
Has left a pool of tears
Crying for the day
Why leave me standing here
Let me know the way

Many times I've been alone
And many times I've cried
Any way you'll never know
The many ways I've tried

But still they lead me back
To the long winding road
You left me standing here
A long long time ago
Don't leave me waiting here
Lead me to your door

But still they lead me back
To the long winding road
You left me standing here
A long long time ago
Don't leave me waiting here
Lead me to your door

John Lennon / Paul Mccartney
EMI Music Publishing, Sony/ATV Music Publishing LLC


