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AXl -+ BX2

C'x1 + Dxo

has a non trivial solution iff

AD — BC =0




Anxg + Apxe + ..+ Apxy,
Ao xy + Agexo + ...+ AgpXy,

Anlxl T An2X2 T ... Annxn




Aox? + AixPIxg + ..+ AXE

Box™ + Bix" %9 + ... + B,x7

non-trivial solution <— ?7?




Proposition

The following are equivalent:

1. 3 (zo s o) € Px : f(20,90) = 9(20,40) = 0.
2. Elh(Xl, X2) = K[Xl, X2]21 : h(Xl, Xg) divides
f(Xla X2) and g(X17 X2)°

3. Same than above, but with any X C K.













Kx1,Xo|lm-1-% B K|x1,X0|n1-x — K|[X1,X0|man_1-%

(CL, b) — af + bg

m+n — 2k

Apti—(m—k—1) Aj—(m—k—1)

Ak 1 Aj

Brii—(n—k-1) Bj—(n—k-1)

Bt B;

(J < k)




Sé)—()for0<€<kand5 # 0

ged(f, g) = Sres(f, g)




MULTIVARIATE RESULTANTS

H(X) = 2 jama, AraX”
fo(X) = Z|a|zd2 Aoy X

f3(X) = Z\a\:dnAnaXa

o ___ 8% 8% 8%
X = x1Mx%2 .. x, Y

non—-trivial solution <— ???




Theorem

JRes € Z[A; ,] which vanishes iff there is a solution of

- n—1
the system in IP’F

(t>(d—1)+...+(d, — 1))




MULTIVARIATE SUBRESULTANTS

S =0

0

—k—7—-2_ j4+1 —2k—
:XWH4L 9 Xg+ m+n—2k—1_ k

m+n—k—2 m+n—k—j_ j—1
7X1 X2,...,X1 X2 ]
1 9 7"’7X1 X2

IS linearly dependent in
K[Xh XQ]/<f(X17 XQ)? g(X17 X2)>




MULTIVARIATE SUBRESULTANTS

s(r) = a2

(s <n)

=Sy +s11 + ...

S={X" . . . X%}cK[X]

Theorem
JdAs € Z|A,; .| such that Ag = O iff
Sisld. in K[X]/(fi(X),..., fs(X))




ELIMINATION THEORY

e A commutative ring. A[xq,...,X,] with deg(x;) =1
o M = (xq,...,Xp)

o [ :=(fi,...,fs) C M

e B:= A[X]/I

Proj(B) C P! := Proj (A[X])

Ker (A =T (Spec(A), Ospec(A)) =T (P"“OJ(B)a OProj(B)))
(I :apg M) = H3,(B)o

HY(B) := | (0:p M*) ={p € B: 3k € Nsuch thatM*p = 0}
keN




ELIMINATION THEOREM

p: A — K a specialization map.

The following are equivalent:

1. p(U) =0

2. 4 K — [ and a non-trivial zero of [ in L"

. . =N
3. I has a non-trivial zero in X




SOLUTION OF OVER-DETERMINED

SYSTEMS

(Gonzalez Vega-Szanto)

“In general”, nn polynomials in n — 1 variables do not have

common zeroes

By using relations of the form

A{Xﬁ}Xa _

We can recover the

- Axay X7 € (f1, .oy f)

common zeroes of the input system




INTEGRATION OF R

ATIONAL

FUNCTIONS

(Lazard & Rioboo - Trager)

/Q d_§:um R;(t,b))

b: S(b

'S@%=R%A()—yQK%Q

(1))

e R;(t,y) :=the i-th subresultant polynomial




COMPUTATION OF RESIDUES

(Jouanolou - D & Khetan)

f1(X), ..., fn(X) with finite zeroes in C".

e(X%) = (%)n/m(xn: | /f (x)|= J1(X )Xc-xfn(X)dXMm

Afxay
* 9 fn)

Rf(ilja) —




SINGULARITIES OF THE RESULTANT

(Jouanolou )

Rational singularities of {Res = 0}

{Axey =0, |a| =dy + ... +d, —n}




Formulas in roots

{ Apx + AxP N .+ A, ATl

BOXT -+ BlXT_l + ...+ Bm BO

Res(f,g) = A" Hg a;, 1) = Ay By" H(Oéz — 53;)

1]

Similar results in the Multivariate case (ongoing work with
Hong, Krick, Szanto)




OPEN QUESTIONS

A more geometric understanding of subresultants:
e for which S is Ag identically zero?
e Which Ag’s are irreducible?

e If Ag factorices, is it true that it factors as a product of

subresultants?




