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The Euclidean Algorithm

Given f(x), g(x) € K|x|
There exist a(x), b(z) € K|z]

such that

a(x)f(z) + b(x)g(x) = ged(f, g)




Effective Euclidean Algorithm

a(x)f(z) + b(x)g(x) = ged(f, g)

with
deg(a) < deg(g) — deg(ged(f, g))
deg(b) < deg(f) — deg(ged(f,9))




Computational Linear Algebra
deg(f) = n, deg(g) = m, deg(ged(f,g)) =d

ged(f, g) € K(f(z), g(z))

generated by

fla), 2f(x), ..., 2" f(=),




The “Matrix” of this vector space

o f(x)=fo+ fix+ ...+ foz"

o g(r) =go+ g1z + ...+ gmz"




Theorem

There is a polinomial of degree d in
K{f(x), g(x))min_d_1 iff the principal minor of
My(f, g) is different than zero

m+n—d




Moreover

is a polynomial of the form a(x) f(x) + b(x)g(x) with
deg(a) <m —d, deg(b) <m —d




Definition

Sq(f, g) is the d- subresultant

associated to (f, g)

It Is a polynomial of the form

a(x)f(x) + b(x)g(x) with
deg(a) <m —d, deg(b) <m — d




is the resultant Res(f, g)




Algorithmic criteria

Sa(f,g) = Sz +85 a4 +SY

Sy=85=...=8%] =0and
S4 £ 0, then Sy(f,g) = ged(f, g).




Applications

e Computation of gcd’s

e Solution of overdetermined systems

e Search of fewnomials in ideals of polynomials
e Study of singularities of plane curves

e Symbolic computation of residues and integrals




Formulas In roots




Poisson type formulas

(Jouanol ou, Hong, ..)

(x — al)a?

(z — a1)ai™"

g(ai)ay

g(ar)ay 41




Some Iinteresting computations

n—1<m




Formulas in the two groups of roots

(Syl vest er)

e R(X,)Y) := erX,er(m —y)

e A:={ay,...,a,}
o 5= {bl,...,bm}

op+qg=d




Formulas in the two groups of roots

(Syl vest er)

R A’,B/ JR(A A’,B\B’)
> wp Rla, AVR(z, B 5t mia oo

A CA |Al=p, B CB, |B'|=q¢q




Multiple roots?




Generalized Vandermonde

A — {(&1, ml), Cee (CLk, mk)}
V(A) = Wi, (a1) Win,(az) ... Wi, (ag)]

mi—+...-+tmyg




Theorem




Poisson like formulas

(a:—al)a(l) (x — ap)0

(m—al)ail_l (x — aq1)(d — 1)a(il_2 (w—a,j)(d_1>ad_nk

k

"k

g(aq)al 9(a1)0 . g(ag)0

g(ap)al "4 (tg®) (a)aP TITE L (b)) (M el T AT

det(V (A))




For Instance...

n—1<m

nlfg >>1 az zu

1=1 u=1

with L; ,,(x) being the basis of the generalized Lagrange

system given by A




This formulas can be extended

Poisson like formulae for multivariate

polynomials

(D Krick - Szanto, J. Algebra, 2006)




Formulas in the two groups of roots?

The answer is given in terms of

O R(A",B"),R(A\A’,B\B")
8—0,1 (ZA/,B’ R(aj, A/>R(£U7 B’) REA’,A\A/),R(B/;B\B/)) ‘alzag

AlC A, |Al=p, BCB, |B'|=¢q




Example

o f(x)=(xr—ay)™...(x—ag)™
o g(z) = (z—0b)"

Sl(f’ g) — Zﬁl—l—---—l—szm—Q (n1n4;7”'_11—3)("k+m1_3) (b—aq)(m—Dm1—l1...(ph—

’I’Lk—

ap)(m=Dng—tr

—l_ Zj1+°”+jk;:n—1 (n}l‘fﬁ12>(nkn—;n_’bl—2) (b—al)(m_l)nl_jl (b—

ar)(n—l)nk—jk (z—b)




Challenge

Find a nice Combinatorial description of

8@1

9 (R<A’,B’>,R<A\A’,B\B’> B R@"B')’R(“‘\Z”B\B/))I _

R(A7,ANA"),R(B",B\B") _ R(A,A\A').R(B',B\B)

ANA ={a}, A\ 4 = {a}




THANKS...
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