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The Euclidean Algorithm

Given f (x), g(x) ∈ K[x]

There exist a(x), b(x) ∈ K[x]

such that

a(x)f (x) + b(x)g(x) = gcd(f, g)



Effective Euclidean Algorithm

a(x)f (x) + b(x)g(x) = gcd(f, g)

with

deg(a) < deg(g) − deg(gcd(f, g))

deg(b) < deg(f ) − deg(gcd(f, g))



Computational Linear Algebra

deg(f) = n, deg(g) = m, deg(gcd(f, g)) = d

gcd(f, g) ∈ K〈f (x), g(x)〉

generated by

f (x), xf (x), . . . , xm−d−1f (x),

g(x), xg(x), . . . , xn−d−1g(x)



The “Matrix” of this vector space
• f(x) = f0 + f1x + . . . + fnxn

• g(x) = g0 + g1x + . . . + gmxm

Md(f, g) :=

m+n−d

f0 . . . fn

. . .
. . . m−d

f0 . . . fn

g0 . . . gm

. . .
. . . n−d

g0 . . . gm



Theorem
There is a polinomial of degree d in

K〈f(x), g(x)〉m+n−d−1 iff the principal minor of
Md(f, g) is different than zero

Md(f, g) :=

m+n−d

f0 . . . fn

.
.
.

.
.
. m−d

f0 . . . fn

g0 . . . gm

.
.
.

.
.
. n−d

g0 . . . gm



Moreover

Sd(f, g) := det

m+n−2d

f0 . . . fn f(x)

. . .
. . .

... m−d

f0 . . . xm−d−1f(x)

g0 . . . gm g(x)

. . .
. . .

... n−d

g0 . . . xn−d−1g(x)

is a polynomial of the form a(x)f(x) + b(x)g(x) with

deg(a) < m − d, deg(b) < m − d



Definition

Sd(f, g) is the d- subresultant

associated to (f, g)

It is a polynomial of the form

a(x)f (x) + b(x)g(x) with

deg(a) < m − d, deg(b) < m − d



Example

S0(f, g) = det

m+n

f0 . . . fn

. . .
. . . m

f0 . . . fn

g0 . . . gm

. . .
. . . n

g0 . . . gm

is the resultant Res(f, g)



Algorithmic criteria

Sd(f, g) = Sd
dx

d+Sd−1
d xd−1+. . .+S0

d

S0
0 = S1

1 = . . . = Sd−1
d−1 = 0 and

Sd
d 6= 0, then Sd(f, g) = gcd(f, g).



Applications

• Computation of gcd’s

• Solution of overdetermined systems

• Search of fewnomials in ideals of polynomials

• Study of singularities of plane curves

• Symbolic computation of residues and integrals

• . . .



Formulas in roots

• f (x) = (x−a1)(x−a2) . . . (x−an)

• g(x) = (x− b1)(x− b2) . . . (x− bm)

S0 =

m
∏

i=1

f (bj) =

m,n
∏

i,j=1

(ai − bj)



Poisson type formulas
(Jouanolou, Hong,..)

Sd(f, g) =

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

(x − a1)a
0
1 . . . (x − an)a0

n

...
...

(x − a1)a
d−1
1 . . . (x − an)ad−1

n

g(a1)a
0
1 . . . g(an)a0

n

...
...

g(a1)a
n−d−1
1 . . . g(an)an−d−1

n

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

a0
1 . . . a0

n

...
...

an−1
1 . . . an−1

n

˛

˛

˛

˛

˛

˛

˛

˛

˛



Some interesting computations

n − 1 ≤ m

Sn−1(f, g) =
n

∑

i=1

g(ai)





∏

j 6=i

x − aj

ai − aj





S1(f, g) =
n

∑

i=1





∏

j 6=i

g(aj)

aj − ai



 (x − ai)



Formulas in the two groups of roots
(Sylvester)

• R(X, Y ) :=
∏

x∈X,y∈Y (x − y)

• A := {a1, . . . , an}

• B := {b1, . . . , bm}

• p + q = d



Formulas in the two groups of roots

(Sylvester)

(

d
p

)

Sd(f, g)

=
∑

A′,B′ R(x, A′)R(x, B′)R(A′,B′),R(A\A′,B\B′)
R(A′,A\A′),R(B′,B\B′)

A′ ⊂ A, |A′| = p, B′ ⊂ B, |B′| = q



Multiple roots?

• f (x) =

(x − a1)
n1(x − a2)

n2 . . . (x − ak)
nk

• g(x) =

(x − b1)
m1(x − b2)

m2 . . . (x − bj)
mj



Generalized Vandermonde

A := {(a1, m1), . . . , (ak, mk)}

V (A) = [Wm1
(a1) Wm2

(a2) . . . Wmk
(ak)]

Wk(x) =

m1+...+mk

1 0 0 . . . 0

x 1 0 . . . 0

x2 2x 1 k

...
...

. . .
...

xk−1 (xk−1)′ (xk−1)′′

2!
. . .

(xk−1)(n−1)

(n−1)!

.



Theorem

det(V (A)) =
∏

1≤u<v≤j

(au − av)
mumv



Poisson like formulas

Sd(f, g) =

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

(x − a1)a0
1 (x − a1)0 . . . (x − ak)0

.

.

.

.

.

.

.

.

.

(x − a1)a
d−1
1 (x − a1)(d − 1)a

d−2
1 . . . (x − aj)

“

d−1
nk

”

a
d−nk
k

g(a1)a0
1 g(a1)0 . . . g(ak)0

.

.

.

.

.

.

.

.

.

g(a1)a
n−d−1
1 (tg(t))′(a1)a

n−d−1
1 . . . (tg(t))(nk−1)a

n−d−1
j

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

det(V (A))



For instance...

n − 1 ≤ m

Sn−1(f, g) =
k

∑

i=1

ni
∑

u=1

g(ai)Li,u(x)

with Li,u(x) being the basis of the generalized Lagrange

system given by A



This formulas can be extended

Poisson like formulae for multivariate

polynomials

(D- Krick - Szanto, J. Algebra, 2006)



Formulas in the two groups of roots?

The answer is given in terms of

∂
∂a1

(

∑

A′,B′ R(x, A′)R(x, B′)R(A′,B′),R(A\A′,B\B′)
R(A′,A\A′),R(B′,B\B′)

)

|a1=a2

A′ ⊂ A, |A′| = p, B′ ⊂ B, |B′| = q



Example

• f(x) = (x − a1)
n1 . . . (x − ak)

nk

• g(x) = (x − b)m

S1(f, g) =
∑

ℓ1+···+ℓk=m−2 (n1+m−3
n1−1 )···(nk+m−3

nk−1 )(b−a1)(m−1)n1−ℓ1 ···(b−

ar)(m−1)nk−ℓr

+
∑

j1+···+jk=n−1 (n1+n−2
n1−1 )···(nk+m−2

nk−1 )(b−a1)(m−1)n1−j1 ···(b−

ar)(n−1)nk−jk (x−b)



Challenge

Find a nice Combinatorial description of

∂
∂a1

(

R(A′,B′),R(A\A′,B\B′)
R(A′,A\A′),R(B′,B\B′) −

R(A
′

,B′),R(A\A
′

,B\B′)

R(A
′

,A\A
′

),R(B′,B\B′)

)

|a1=a2

A′ \ A
′
= {a1}, A

′
\ A′ = {a2}
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