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Abstract

This thesis is an overview of some of my research of the last 9 years, mostly
concerned with oriented matroids, their generalizations and links to metric graph
theory through tope graphs.

The text is largely based on four of my recent papers on these topics. They
are included in the appendix, three of them are published (JCTA, DCG, DM),
and one is submitted (Combinatorica).
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1 Prologue

In this section I will briefly walk through some of my research that stands before the
content of this thesis, but that still contributed to me ending up doing what I am doing.
Some of these projects come up here and there and have had some recent progress that
I would like to mention.

I started research in my Diploma thesis [105|, with the goal to generalize structure
theorems on the set of orientations of a graph with prescribed outdegrees (also known
as a-orientations) to oriented matroids. More precisely, it was known that the set of
a-orientations of a planar graph carries the structure of a distributive lattice induced
by flipping directed facial cycles [71]. During my Diploma thesis it became clear, that
similar results and methods would not extend beyond the class of regular oriented
matroids. By Seymour’s structure theorem, regular oriented matroids can be glued
from graphic and co-graphic ones (and the exceptional oriented matroid R10) [166]. It
turns out that the co-graphic setting correspond to orientations with prescribed number
of forward arcs on cycles (also known as c-orientations) of (general) graphs. In this
setting a distributive lattice structure had been obtained by Propp [148].

In my Diploma thesis I showed that any distributive lattice arises this way from
a graph, but it comes with extra information, namely as an embedded sublattice of
Z" in the sense of Dilworth [61]. In my PhD thesis [73,|106] these results were gen-
eralized considerably to tensions (also known as A-bonds) of graphs. I showed that
these objects carry a polytopal structure that furthermore induces a distributive lat-
tice. These polytopes have been introduced and discovered independently as alcoved
polytopes [116] and are maybe the most interesting class of distributive polytopes |74]. A
recent project with Carolina Benedetti and our Master’s student Jeronimo Valencia at
Universidad de los Andes aims at base polytopes of lattice path matroids [28,[110}/111]
and positroids [24}49,|116], which form a natural subclass of alcoved polytopes. In
particular, apart from planar graphic matroids, these yield other classes whose base set
carries a natural distributive lattice structure. Alcoved polytopes contain the ubiqui-
tous class of order polytopes, who are convex hulls of poset ideals and whose canonical
triangulation corresponds to the linear extension graph. We aim to push the beau-
tiful interplay of order theory and geometry to this more general class. Part of this
satisfying theory has been the topic of my lectures in Ecole de Jeunes Chercheurs at
the CIRM 2019 [107] and has been useful in the study of the Ehrhart polynomial of
matroid polytopes [111].

Coming back to the original question but now concerning graphic oriented matroids,
we encounter ourselves with a-orientations of not necessarily planar graphs. Here, a
first (and still open) question is, whether there exists a polynomial set of cycles of a
graph, such that by flipping its members (when directed) any two a-orientations can
be transformed into each other. While in the plane such a set is given by the faces, for
a graph of orientable genus v at least 2+ cycles apart from the faces are needed. In
my Diploma thesis I showed that this suffices for Eulerian orientations of the toroidal
square grid. In her Master’s thesis at Aix-Marseille under my supervision Hannah
Schreiber constructed an explicit set of such cycles of size linear in the lower bound for
(1, 3)-orientations of the torus grid. In general this question remains open even for the
hypercube.



One important class of a-orientations in the plane are Schnyder woods, objects
whose importance lies in encoding, drawing, and relations to the order dimension. Sev-
eral attempts of generalizations of Schnyder woods to orientable surfaces have been pro-
posed, see e.g. [35,86]. With Benjamin Lévéque and Daniel Gongalves we give the first
such generalization, that again is in bijection with a certain set of a-orientations |85].
However, it even remains open whether any triangulation of an oriented surface admits
such a Schnyder a-orientation. As a first step into that direction, with Boris Albar
and Daniel Gongalves we verified a conjecture of Bariat and Thomassen, namely, we
proved that triangulations of any higher genus surfaces admit sink-free orientations with
out-degrees divisible by three [4]. The structure of the set of a-orientations remains
mysterious.

In a recent work with Oswin Aichholzer, Jean Cardinal, Tony Huynh, Torsten
Miitze, Raphael Steiner, and Birgit Vogtenhuber [2], we show that computing the flip-
distance between planar a-orientations is NP-complete, when all cycles are allowed to
be flipped but if only face flips are allowed the distance can be computed in polynomial
time. Again, the latter is based on the lattice structure.

Another related project is with Sarah Blind, whose PhD thesis I co-supervised
with Nadia Creignou, Frédéric Olive, and Petru Valicov. We obtained polynomial
delay enumeration algorithms for the set of a-orientations of an arbitrary graph [23].
These can be used for enumeration algorithms for all k-arc connected orientations of a
graph. This generalizes the case kK = 1, i.e. strongly connected orientations, where an
implementation of an algorithm due to Conte et al [47] with Petru Valicov is available on
SageMATH [169]. The general enumeration algorithm has been recently implemented
by my Bachelor student Taras Yarema at Universitat de Barcelonaﬂ

Even if most of the offspring of my Diploma thesis is about graphs, general oriented
matroids have been of central interest for me since then as well [38,(72|{112}|113].

It was during my PhD thesis, that I noticed a common property of many structures
that I was eager to find and study: (Upper locally) distributive lattices, antimatroids,
linear extension graphs of posets, flip-graphs of strongly connected (or acyclic) orienta-
tions of a graph, tope graphs of oriented matroids. Namely, all the above are isometric
subgraphs of hypercubes (also known as partial cubes) — a beautiful class of graphs
that had me ever since, see e.g. |5}44,59,102,114].

What I discovered again a bit later, is that another more structured subclass of
partial cubes captures all these important examples — tope graphs of complexes of
oriented matroids. These complexes themselves endow the above classes of graphs
with a rich underlying structure of cells, minors, carriers and more. This is the point,
where the story of the present thesis begins.

"https://github.com/tarasyarema/orientations


https://github.com/tarasyarema/orientations

2 What is this thesis about?

This work explores ways of combining methods and tools from combinatorics, metric
graph theory and topology in the study of combinatorial systems of sign vectors. It is
mostly based on results from my papers |16,42,108, 109|E|, with colleagues Hans-Jiirgen
Bandelt, Victor Chepoi, and Tilen Marc, who was a PhD-student, that I co-advised
with Sandi Klavzar. Our experimental results were obtained with SageMath [169],
GAP [82], Bliss [99] and using several repositories of graphs [34,95,129,/162].

More recent works of mine on these topics include [43,44.|55]. Instead of surveying
all my research I have chosen to restrict myself to the above papers and even from
these I present only a selection of results and in some cases a simplified version. Let
us briefly introduce two of the main motivating classes:

Oriented matroids and lopsided sets. One of the main objects we are generalizing
here are oriented matroids (OMs) |22|. We will define OMs more carefully as special
cases of complexes of oriented matroids (COMs). Later on, we will discuss central
problems of the theory which are symptomatic for the need to improve the interplay
of topology and combinatorics in this area and propose new ways to approach these
problems. Quoting from [156|:

The theory of oriented matroids provides a broad setting in which to model,
describe, and analyze combinatorial properties of geometric configurations.
Mathematical objects of study that appear to be disjoint and independent,
such as point and vector configurations, hyperplane arrangements, convex
polytopes, directed graphs, and linear programming find a common gener-
alization in the language of oriented matroids.

In a sense, corresponding to the number of different instances of OMs, there are many
equivalent (cryptomorphic) axiomatizations of them. One of the corner stones of the
theory of OMs is the Topological Representation Theorem that allows to encode OMs as
arrangements of pseudo-spheres |76] and which establishes a deep connection between
OMs and topology. The axiomatization of OMs that will be most used in this text is in
terms of covectors, i.e., aset L C {4+, —,0}¥ for a finite ground set E satisfying certain
axioms, see Definition [3.1] The class of systems of sign-vectors that can be described
as halfspaces of OMs are affine oriented matroids (AOMs). Also this class admits an
intrinsic axiomatization, see Definition [3.1] The area of (A)OMs is an active field of
research, se e.g. [8.[51}84,(123}/134,/176].

Besides OMs and AOMs another important class of systems of sign-vectors are
lopsided sets (LOPs), which were introduced by Lawrence |120]. Lopsided sets are rich
in application and important to the theory of (oriented) set systems. In a work by
Bandelt et.al. [14] among many different characterizations it is shown that LOPs were
rediscovered in various disguises, e.g. as extremal for (reverse) Sauer |27| or shattering-
extremal [159]. These concepts have found applications in statistics, combinatorics,
learning theory and computational geometry, see e.g. [136]. In particular, they were

2They can be found in the appendix.



rediscovered as ample sets (AMPs) in extremal combinatorics where they appear with
respect to clustering techniques [66]. Lopsided sets encode many important classes of
combinatorial objects such as, (conditional) antimatroids, diagrams of (upper locally)
distributive lattices, median graphs or cubic CAT(0)-complexes, see Definition for
the formal definition.

OMs and LOPs together embrace a large set of objects crucial to combinatorial the-
ory. It is in the interest of both theories to enrich each other with tools and properties.
This is why it is of central importance in the field to find a common generalization of

LOPs and OMs.

Mandel

realizable
CQn

Figure 1: An inclusion diagram of the main classes of COMs discussed in the thesis.

As a main and first objective of this thesis we deliver a satisfactory answer to the
above concern:

Complexes of oriented matroids We introduce complexes of oriented matroids
(also known as conditional oriented matroids) (COMs) as systems of sign-vectors £ €
{+, -, O}E yielding a common generalization of oriented matroids (OMs), lopsided sets
(LOPs), and affine oriented matroids (AOMs). Each of the latter can be defined by
three axioms two of which are called face symmetry (FS) and strong elimination (SE),
respectively, and coincide throughout. COMs can be defined by simply relaxing the
axiomatization of all the above to (FS) and (SE), only, see Definition While this
already suggests that COMs are a natural generalization on a formal level, we show
that many fundamental properties such as minor-closedness and face structure are
preserved. Moreover, the (geometrically) realizable setting shows very clearly how the
step from OMs to COMs, means to intersect a central hyperplane arrangement with
an (open) polyhedron. If the polyhedron is a halfspace, one obtains a realizable AOM,
See Figure [I] for an overview.

One of our key results on COMs is that they are indeed complexes whose cells are
OMs, and moreover every COM can be built by an amalgamation procedure from its
cells. In particular we obtain contractibility of the complex.

Furthermore, we present several important and illustrative classes of examples, such
as the (realizable) COM of linear extensions of a poset also know as Ranking COM,
which recently has been related to poset cones [65]. Answering a question of |16 the
latter can be seen as a special case of the novel notion of graphic COMs, which is a



common generalization of graphic OMs and Ranking COMs. As another more involved
class of examples, we establish that CAT(0) Coxeter Complexes, defined by Haglund
and Paulin yield (zonotopally realizable) COMs [90].

COMs have already been spiking research or appeared as the next natural class
to attack in different areas such as combinatorial semigroup theory [130], in relation
to the Varchenko determinant [94.|151] in OMs, with respect to neural codes [98,[115],
sample compression schemes [37,43]/44], as well as sweeping sequences [142]. One of
the main indicators for the “correctness” of the definition of COMs has been that they
provide the correct framework of generality to study and characterize:

Tope graphs. To every COM one can associate its tope graph, which is the subgraph
of the hypercube {4, —}¥ induced by the topes T of L, i.e., the sign-vectors without
zero-entries. Well-known and important properties of tope graphs of OMs, AOMs, and
LOPs generalize to COMs. In particular, the tope graph determines the associated
systems of sign vectors uniquely up to isomorphism and therefore is an alternative
point of view for the study of these objects. Moreover the tope graph is a partial cube,
i.e., a subgraph G of a hypercube Q)g4, such that for any u,v € G at least one shortest
path from u to v of Q4 is contained in G. This crucial observation creates an important
link of the study of COMs to metric graph theory in which (quoting [104]) partial cubes
form one of the central classes. Moreover, partial cubes arise in many applications from
interconnection networks [87|, through media theory [70] to chemical graph theory [69].
They are an active field of research [46}103},/147].

We give a 3-fold purely graph theoretic characterization of tope graphs of COMs.
The first part is in terms of gatedness of antipodal (also known as symmetric-even [19])
subgraphs, combines classical concepts of metric graph theory and is verifiable in poly-
nomial time. The second part is by means of determining the set of excluded partial
cube minors and stages this novel and natural relation among partial cubes, that can
be seen as a metric counterpart of the classical graph minor theory. The last part
of our characterization characterizes COMs as those partial cubes, such that all their
(iterated) zone-graphs are partial cubes as well. It thus connects our research with the
classical zone-graph construction in partial cubes [104].

As corollaries, we obtain a new unified proof for characterization theorems of tope
sets of LOPs and OMs due to Lawrence [120] and da Silva [50]. Moreover, we obtain
a natural extension of a recursive tope set characterization of OMs due to Handa [92].

In particular, we answer a long-standing open question on OMs; i.e., the question
for a purely graph theoretical characterization of tope graphs, see [93, Problem 2| that
can furthermore be verified in polynomial time, which was posed in |79, Problem 1.2].
Since the tope graph determines a COM, OM, AOM, or LOP up to isomorphism, our
results can be seen as identifying the theory of (complexes of) oriented matroids as a
part of metric graph theory.

Metric graph classes of COMs. The third part of this text shifts the point of view
and instead of using metric graph theory merely as a tool to attack questions in COMs,
it features results we obtained in special classes of metric graphs all of which turn out
to be COMs. Hypercellular graphs are those partial cubes defined by forbidding the 3-
cube minus a vertex Q3 as partial cube minor. As median graphs additionally forbid Cs
and bipartite cellular graphs forbid additionally (03, hypercellular graphs are a natural
generalization, that captures several properties of the above, such as cell-structure.



By definition these classes are strongly related to the notion of partial cube minors,
which already staged in the characterization of tope graphs of oriented matroids. A
well-known super class of hypercellular graphs is the class of Pasch graphs S;4 — a class
definable by excluding a set of seven minors [40,42|. A particular consequence of our
tope graph characterization by minors and proving a conjecture from [42] is that Sy
graphs are tope graphs of COMs.

We given an overview of classes of partial cubes determined by a small set of ex-
cluded minors, see Figure [2, and show how properties of earlier studied classes such as
median graph and bipartite cellular graph extend to hypercellular graphs.

Figure 2: An inclusion diagram of the main classes of metric graph classes discussed in
the thesis.

See [128] Table 6.1.] and Table for sizes of classes of partial cubes of given isometric
dimension.

Simplicial cells, corners, and corner peelings In the fourth part of this text
we will test the theory of tope graphs by phrasing and attacking classical problems
of OMs and LOPs in the language of tope graph and by pushing these objects to the
world of COMs. More precisely, we chose a central class of problems related to Las
Vergnas conjecture on simplicial cells [117], corners, and corner peelings [37]. Simplicial
cells are studied in particular in the theory of OMs. Famous Las Vergnas conjecture
claims the existence of a simplicial cell in every OM, i.e., a low degree vertex in the
graph. The largest class known to satisfy the conjecture are Mandel OMs. In fact, in
Mandel’s thesis [124] it was conjectured as a “wishful thinking statement” that all OMs
are Mandel, since this would imply Las Vergnas conjecture.

We are able to show, that Mandel OMs have many simplicial vertices, which to-
gether with known examples of OMs with few simplicial vertices disproves Mandel’s
conjecture.

Corners and corner peelings are studied in learning theory and in relation with
LOPs and here the generalization to COMs builds a bridge between this area and
more topological concepts. Choosing definitions correctly simplicial cells in LOPs are
just corners. We extend these notions to COMs introducing corners in COMs. More-
over, we generalize results from LOPs [37,/170|, such as corner peelings for rank 2
(also known as two-dimensional) COMs and realizable COMs. Furthermore, we show



that hypercellular graphs have corner-peelings, generalizing earlier results for bipartite
cellular graphs [11]. Another consequence is a counterexample about realizability of
zonotopally realizable COMs from [16].

Conclusions, current and future work. In this last part we will survey the rich
body of future work to be explored — in many formats from Master’s and PhD theses
towards larger projects involving bigger groups and simply my own future research.
Currently, I co-advise our PhD-student Manon Philibert with Victor Chepoi in Aix-
Marseille and just closed a Master project with Gil Puig in Barcelona on such topics.
I will give some indications about these including ongoing projects, partial results and
untouched territories. Some questions of big importance remain open in the theory
of COMs and also with respect to corners and simpliciality, e.g., the mutation graphs
of uniform oriented matroids and cocircuit graphs of OMs. In this part we take the
opportunity to go beyond COMs. For instance, we resolved Las Vergnas conjecture
on rank 3 antipodal partial cubes, which is a much broader class than rank 3 OMs
for which the conjecture was already known to hold, so we wonder if Las Vergnas
conjecture could hold for general antipodal partial cubes.

Also apart from this, there are many question concerning classes of partial cubes
beyond COMs, e.g., partial cubes of bounded VC-dimension with connections to the
sample compression conjecture of Littlestone and Warmuth, or planar partial cubes
and topological representation theorems for general partial cubes, and Cayley graphs
that are partial cubes. Finally, we also mention recent developments beyond COMs
from the perspective of left-regular bands.



3 Complexes of Oriented Matroids (COMs)

In this section we propose a common generalization of oriented matroids and lopsided
sets which is so natural that it is surprising that it was not discovered much earlier.
It also generalizes such well-known and useful structures as convex geometries and
CAT(0) cube (and zonotopal) complexes. In this generalization, global symmetry and
the existence of the zero sign vector, required for oriented matroids, are replaced by
local relative conditions. Analogous to conditional lattices (see [77, p. 93|) and condi-
tional antimatroids (which are particular lopsided sets [14]), this motivates the name
“conditional oriented matroids” (abbreviated: COMs) for these new structures. Fur-
thermore, COMs can be viewed as complexes whose cells are oriented matroids and
which are glued together in a lopsided fashion.

In the present section we describe which properties of COMs are a unifying gen-
eralization of LOPs, OMs and AOMs and carry over to COMs, what new operations
can be applied, and try to give a rich justification of the name Complex of Oriented
Matroids.

More precisely we describe COMs as complexes whose cells are OMs, and that can
be erected via an amalgamation procedure, much as in the constructibility of a cell-
complex, see [18,89]. In particular we obtain contractibility. The study of this complex
is new and particular to COMs, only in the affine case a couple of questions have been
studied [63,64].

Finally, we describe a vast class of examples of COMs: CAT(0) Coxeter complexes
and ranking and graphic COMs.

We will first turn to the motivating model for COMs, LOPs, OMs, and AOMs,
coming from real hyperplane arrangements:

3.1 The realizable case

Let us begin by considering the following scenario of hyperplane arrangements and
realizable oriented matroids; compare with [22, Sections 2.1, 4.5] or [178| p. 212|. Given
a central arrangement of hyperplanes of R? (i.e., a finite set E of (d — 1)-dimensional
linear subspaces of Rd), the space R? is partitioned into open regions and recursively
into regions of the intersections of some of the given hyperplanes. Specifically, we may
encode the location of any point from all these regions relative to this arrangement
when for each hyperplane one of the corresponding halfspaces is regarded as positive
and the other one as negative. Zero designates location on that hyperplane. Then the
set L of all sign vectors representing the different regions relative to F is the set of
covectors of the oriented matroid of the arrangement E. For X € £, and e € E let X,
be the value of X at the coordinate e. The oriented matroids obtained in this way are
called realizable. If instead of a central arrangement one considers finite arrangements
E of affine hyperplanes (an affine hyperplane is the translation of a (linear) hyperplane
by a vector), then the sets of sign vectors of regions defined by E are known as realizable
affine oriented matroids [100] and |14, p.186]. Since an affine arrangement on R? can
be viewed as the intersection of a central arrangement of R%t! with a translate of a
coordinate hyperplane, each realizable affine oriented matroid can be embedded into a
larger realizable oriented matroid.

10



Figure 3: A COM realized by a hyperplane arrangement and an open polyhedron in
R2. The arrows on the hyperplanes indicate their positive side.

Now suppose that F is a central or affine arrangement of hyperplanes of R? and C
is an open convex set, which may be assumed to intersect all hyperplanes of E' in order
to avoid redundancy. Restrict the arrangement pattern to C, that is, remove all sign
vectors which represent the open regions disjoint from C'. Denote the resulting set of
sign vectors by L(FE,C) and call it a realizable COM. Figure |3| displays an example.

Our model of realizable COMs generalizes realizability of oriented and affine ori-
ented matroids on the one hand and realizability of lopsided sets on the other hand.
In the case of a central arrangement E with C' being any open convex set containing
the origin (e.g., the open unit ball or the entire space R?), the resulting set £(E,C)
of sign vectors coincides with the realizable oriented matroid of E. If the arrangement
E is affine and C' is the entire space, then £(E,C) coincides with the realizable affine
oriented matroid of E. The realizable lopsided sets arise by taking the (central) ar-
rangement £ of all coordinate hyperplanes F restricted to arbitrary open convex sets
C of R In fact, the original definition of realizable lopsided sets by Lawrence [120]
is similar but used instead an arbitrary (not necessarily open) convex set K and as
regions the closed orthants. Clearly, K can be assumed to be a polytope, namely the
convex hull of points representing the closed orthants meeting K. Whenever the poly-
tope K does not meet a closed orthant then some open neighborhood of K does not
meet that orthant either. Since there are only finitely many orthants, the intersection
of these open neighborhoods results in an open set C which has the same intersection
pattern with the closed orthants as K. Now, if an open set meets a closed orthant it
will also meet the corresponding open orthant, showing that both concepts of realizable
lopsided sets coincide.

Since in all these constructions the choice of positive and negative sides for the
hyperplanes is combinatorially rather irrelevant one introduces the following operation.
For a subset A C E and X € L the reorientation of X with respect to A is the sign-

11



vector defined by
—-X., ifeec A
Xe otherwise.

(aX)e = {

In particular —X :=r X. The reorientation of £ with respect to A is defined as
AL :={4X | X € L£}. In particular, —L :=p L.

A important subset of £ are the topes, i.e., those covectors without O-entries. In
the realizable setting they correspond to the maximal cells. For us, one of the central
objects of study is the tope graph, that corresponds to the incidence graph of maximal
cells, i.e., two cells share an edge if their intersection is of codimension 1 or alternatively,
we can consider the subgraph induced by the topes in the hypercube graph {4, —}¥.
Tope graphs in the realizable setting have been considered recently in the framework
of neural codes, see [98|. See Figure [4] for the tope graph of the example from Figure

5
3
9 4

/

Figure 4: The tope graph of the COM from Figure[3] The color classes of edges giving
the embedding into the cube correspond to the hyperplanes of the arrangement in R2.

3.2 Axioms from Geometry

For the scenario of realizable COMs, we can identify their basic properties in terms of
sign-vectors. These will then be used to introduce general COMs, OMs, LOPs, and
AOMs axiomatically. Let X and Y be sign vectors belonging to £, thus designating
regions represented by two points  and y within C relative to the arrangement F; see
Figure [o| (compare with Fig. 4.1.1 of |22]). Connect the two points by a line segment
and choose € > 0 small enough so that the open ball of radius € around x intersects
only those hyperplanes from E on which x lies. Pick any point w from the intersection
of this e-ball with the open line segment between x and y. Then the corresponding
sign vector W is the composition X oY as defined by

(XoY)e=X.if Xc#0and (XoY). =Y, if X, =0.

Hence the following rule is fulfilled:

12



(©) X oY belongs to L for all sign vectors X and Y from L. (composition)

Note that the composition operation is associative but not commutative. This is,
if (C) holds, then (£,o) forms a semigroup and more specifically a left regular band.
Recently, COMs and other similar structures have been featured from this point of
view, see [130].

If we select instead a point u on the ray from y via x within the e-ball but beyond
x, then the corresponding sign vector U has the opposite signs relative to W at the
coordinates corresponding to the hyperplanes from £ on which x is located and which
do not include the ray from y via x. Therefore the following property holds:

(FS) X o =Y belongs to £ for all X,Y in L. (face symmetry).
Note that face symmetry implies (C): for X, Y € £ we can transform X oY =
(Xo—-X)oY =X o—(X o—Y) and the latter is contained in £ by (FS).

Next assume that the hyperplane e from E separates x and y, that is, the line segment
between z and y crosses e at some point z. The corresponding sign vector Z is then
zero at e and equals the composition X oY except on their separator S(X,Y) = {e €
E | X.Y. = —1}, i.e., on the coordinates where both have opposite signs:

(SE) for each pair X,Y in £ and for each e € S(X,Y) there exists Z € L such
that Z, =0and Zy = (X oY) forall f e E\ S(X,Y). (strong elimination)

Now, the single property of oriented matroids that we have missed in the general
scenario is the existence of the zero sign vector, which would correspond to a non-
empty intersection of all hyperplanes from E within the open convex set C":

(2) the zero sign vector 0 belongs to L. (zero vector)

On the other hand, if the hyperplanes from FE happen to be the coordinate hyperplanes,
then wherever a sign vector X has zero coordinates, the composition of X with any
sign vector from {#1,0}” is a sign vector belonging to £. This rule, which clearly
implies face symmetry and thus composition, holds in lopsided systems, for which the
“tope” sets are exactly the lopsided sets of Lawrence [120)]:

(1 X oY € L for all X € £ and all sign vectors Y € {4+, —,0}. (ideal
composition)

Figure 5: Motivating model for the three axioms.
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We will not really use of the axiomatization of AOMs developed in |17,55,(100] apart
from illustrating that AOMs are a natural subclass of COMs, see Definition [3.1] Let
us however briefly introduce an operation on sign-vectors needed to axiomatize AOMs:

(o0 if e € S(X,Y)
(X@Y):= { (XoY). otherwise.

Affinity:

(A) Let X,Y € £ such that for all e € S(X,-Y) and W € £ with W, = 0 there are
f,g€ E\S(X,-Y) such that Wy # (X o =Y); and W, # (=X oY'),. We have
(X@—-Y)oZeLforall Z e L.

We are now ready to define the main objects of our study:
Definition 3.1. A system of sign vectors (E, L) is called a:

e complex of oriented matroids (COM) if L satisfies (FS) and (SE),

e affine oriented matroid (AOM) if L satisfies (A), (FS), and (SE),

e oriented matroid (OM) if L satisfies (Z), (FS) and (SE),

e lopsided system (LOP) if £ satisfies (IC) and (SE).

In the model of hyperplane arrangements we can retrieve the cells which consti-
tute oriented matroids. Indeed, consider all non-empty intersections of hyperplanes
from F that are minimal with respect to inclusion. Select any sufficiently small open
ball around some point from each intersection. Then the subarrangement of hyper-
planes through each of these points determines regions within these open balls which
yield an oriented matroid. Taken together all these constituents form a complex of
oriented matroids, where their intersections are either empty or are faces of the ori-
ented matroids involved. These complexes are quite special as they conform to global
strong elimination. The latter feature is a not guaranteed in general complexes whose
cells are oriented matroids, which were called bouquets of oriented matroids [60]. Fur-
thermore, the openness of the convex in the realizable set is essential for having face
symmetry. Objects obtained without that assumption yield so-called oriented matroid
polyhedra |22, p. 420]. The latter form special instances of strong elimination sys-
tems, as introduced in |16]. They satisfy (SE) and (C) and yield left regular bands, as
well [130].

3.3 Minors, fibers, and faces

In the present section we show that the class of COMs is closed under taking minors,
defined as for oriented matroids. We use this to establish that simplifications of COMs
are minors of COMs and therefore COMs. We also introduce fibers and faces of COMs,
which are of importance for the structural study of COMs.

Let (E,L) be a COM and A C E. Given a sign vector X € {+1,0}¥ by X \ A we
refer to the restriction of X to E'\ A, that is X \ A € {£1,0}"\ with (X \ 4). = X,
for all e € E'\ A. The deletion of A is defined as (E'\ A, L\ A), where L\ A :={X\ A:
X € L}. The contraction of A is defined as (E'\ A, L/A), where L/A :={X\A: X €

L and XNA = @}. If a system of sign vectors arises by deletions and contractions from
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another one it is said to be minor of it. In the realizable setting deletion means removing
hyperplanes and contraction means restricting to (intersections of) hyperplanes. The
first and easy observations are

Lemma 3.2 ( |16, Lemma 1 and 2|). COMs are closed under contractions and deletions
and both operations commute.

For the purpose of this text it is sufficient to restrict our attentions to simple systems
of sign vectors, while in the more general treatment of [16] also semisimple systems and
general ones have been considered. Simplicity is motivated by the hyperplane model for
COMs, that possesses additional properties, reflecting that we have a set of hyperplanes
rather than a multiset and that the given convex set is full-dimensional. This is also
motivated by the requirement of defining systems of sign vectors not containing coloops
and parallel elements, which is relevant, for example, for the identifications of topes.

A coloop of (E,L) is an element e € F such that X, = 0 for all X € £. Hence
(E, L) does not have coloops if and only if for each element e, there exists a covector
X with X, # 0. Two elements e, e’ € E of (E, L) are parallel, denoted e || €, if either
Xe =X forall X € Lor X =—Xg forall X € L. It is easy to see that || is an
equivalence relation. The condition that (E, L) does not contain parallel elements can
be expressed by the requirement that for each pair e # f in F, there exist X,Y € £
with X, # X; and Y, # —Y}.

Simple systems are defined by two axioms which are slightly stronger than those
which ensure the absence of coloops and parallel elements, see [16]. Another property of
simple systems is, that the topes are the covectors with full support. One can identify
the elements that violate simplicity delete them (or all but one per parallel class). This
yields a new COM, called the simplification:

Lemma 3.3. The simplification of a COM (E, L) is a simple minor, unique up to sign
reversal, and in particular a COM.

We will from now on consider only simple COMs. For a COM (E, L) and X €
{0,4, —}¥ the fiber (also known as supertope [94]) relative to X is the set of sign
vectors defined by

(Yer:vY\X'=X}={yecL£:Y>X}
A fiber is a face if X € L, in this case it can be expressed in the form:
F(X):={XoY:Y €L}

Faces of COMs are important for their description as complexes. If S(X,Y) is
non-empty for X, Y € L, then the corresponding faces F(X) and F(Y) are disjoint.
Else, if X and Y are sign-consistent, then F(X) N F(Y) = F(X oY). In particular
F(X) C F(Y) is equivalent to X € F(Y), that is, Y < X. The ordering of faces by
inclusion thus reverses the sign ordering, which when endowed with an artificial global
maximum 1 is called the big face lattice in OMs and in the case of COMs forms big
face (upper) semilattice Fyig(L). Thus, we can express the fiber (or face) of X as the
principal filter (or upset) 1X of X in this semilattice, where in the case of a general
fiber X ¢ L.

Since fibers are basically isomorphic to restrictions, and in F'(X) the covector X
plays the role of 0, the following observations are straightforward and are the first step
into arguing why COMs are indeed complexes of oriented matroids:
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Lemma 3.4. The fibers of a (simple) COM are (simple) COMs and its faces are (sim-
ple) OMs. Considering the empty set a face, the set of faces is closed under intersections
and its inclusion-order is the lower semilattice, Frig(L)°P.

See Figure [6] for an illustration of the (opposite) face semilattice of a COM. We will
analyze the semilattice Fpig(L) further in Section

{

i

Figure 6: A COM and its face semilattice.

3.4 Hyperplanes, carriers, halfspaces, and amalgamation

We introduce several further operations on COMs, that will be essential to our amal-
gamation procedure. These come mostly from metric graph theory and apart from
hyperplanes do not have a counterpart in OMs.

For a system (F, L) of sign vectors, a hyperplane of L is the set

LY:={X eL:X,=0} for some e € E.

Note that the hyperplane £0 is isomorphic to the contraction £/e. The carrier N(LY)
of the hyperplane L0 is the union of all faces F(X') of £ with X’ € £9, that is,

N(LY) :={X € L:W < X for some W € L2}
The positive and negative (“open”) halfspaces supported by the hyperplane £ are
LH={XeLl: X =+1},
Lo ={Xel:X =—-1}.
The carrier N(£?) minus £ splits into its positive and negative parts:
N* (L) = LT NN(LY),
N=(LY) := £ nN(LD).
The closure of the disjoint halfspaces £} and £ just adds the corresponding carrier:
L5=LFUNCKLY) =LruLluN—(£0),
Lo =L UN(CLY) =L£; ULl uNT(Lo).

The former is called the closed positive halfspace supported by £7, and the latter is the
corresponding closed negative halfspace. Both overlap exactly in the carrier.
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Figure 7: A hyperplane (dashed), its associated open halfspaces (square and round
vertices, respectively) and the associated carrier (dotted) in a COM.

Proposition 3.5. Hyperplanes, carriers, their positive and negative parts, open and
closed halfspaces of COMs are COMs. OMs are closed under taking hyperplanes and
Carriers.

Proposition [3.5] provides the necessary ingredients for a decomposition of a COM,
which is not an OM, into smaller COM constituents. Assume that (E, L) is a simple

COM that is not an OM. Put £/ := £- and £” := £F. Then £ = £ U L" and

e
L'NL" = N-(L£Y. Since X determines a maximal face not included in £2, we infer
that £'\ L # @ and trivially £” \ £’ # @. By Proposition all three systems
(B, L), (E,L"), and (E, L' N L") are COMs, which are easily seen to be simple.
Moreover, £’ o £ C £’ holds trivially. If W € £% and X € £_, then Wo X €
F(W) € N(£%), whence £" o £/ C £". This motivates the following amalgamation
process which in a way reverses this decomposition procedure.
We say that a system (F, £) of sign vectors is a COM amalgam of two simple COMs

(E, L) and (E, L") if the following conditions are satisfied:
(1) L=L'uL” with £\ L, L"\ L', L' N L" # @,
(2) (E,L£'NnL")is a simple COM;

(3) L'oL" C L and Lo L C L,
(4)

4) for X € £/\ £" and Y € L£"\ £’ with X? = Y there exists a shortest path in
the graphical hypercube on {il}E\X ® for which all its vertices and barycenters
of its edges belong to £\ X°.

Summarizing the previous discussion and results, we obtain the following corollary,
that resembles constructibility, also see Figure [§| for an example.

Corollary 3.6. Simple COMs are obtained via successive COM amalgamations from
their mazimal faces (that can be contracted to OMs).

17



Figure 8: Constructing the COM from Figure [7] by amalgamations.

3.5 COMs as complexes of oriented matroids

In this section we study the complex of a COM from a more topological point of view.
In the subsequent definitions, notations, and results we closely follow |22, Section 4]
(some missing definitions can be also found there). Let B? = {x € R?: ||z|| < 1} be the
standard d-ball and its boundary S?1 = 9B? = {x € R? : ||z|| = 1} be the standard
(d — 1)-sphere. When saying that a topological space T is a “ball” or a “sphere”, it is
meant that T is homeomorphic to B¢ or S¢~! for some d, respectively.

3.5.1 Regular cell complexes

A (regular) cell complex A constitutes of a covering of a Hausdorff space ||A|| = (J,cp @
with finitely many subspaces o homeomorphic with (open) balls such that

(i) the interiors of o € A partition ||Al| (i.e., every x € ||A|| lies in the interior of a
single o € A),

(ii) the boundary do of each ball o € A is a union of some members of A [22
Definition 4.7.4].

(iii) Additionally, we will assume that A obeys the intersection property whenever
0,7 € A have non-empty intersection then o N7 € A.
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The balls o € A are called cells of A and the space ||Al| is called the underlying space
of A. If T' is homeomorphic to ||A]| (notation 7" 2 ||A]|), then A is said to provide a
reqular cell decomposition of the space T. We will say that a regular cell complex A is
contractible if the topological space ||A|| is contractible. If 0,7 € A and 7 C o, then 7
is said to be a face of 0. We say that A’ C A is a subcomplex of A if 7 € A’ implies
that every face of 7 also belongs to A’. The 0-cells and 1-cells of A are called vertices
and edges. The 1-skeleton of A is encoded by the graph G(A) consisting of the vertices
of A and graph edges corresponding to the edges of A. The set of cells of A ordered by
containment is denoted by F(A) (in 52|, F(A) is also called an abstract cell complez).
Two cell complexes A and A’ are combinatorially equivalent if their ordered sets F(A)
and F(A’) are isomorphic. We continue by recalling several results relating regular cell
complexes.

The order complex of a finite ordered set P is an abstract simplicial complex
Aurq(P) whose vertices are the elements of P and whose simplices are the chains
29 < x1 < -+ < ) of P. For an element x of P let P., = {y € P :y < z} and
P., = P, U{x}. Some of these notions we will re-encounter in Section The fol-
lowing fact expresses that a regular cell complex is homeomorphic to the order complex
of its ordered set of faces.

Proposition 3.7 ( |22, Proposition 4.7.8]). Let A be a regular cell complex. Then
Al = [|Asra(F(A)|]. Moreover, this homeomorphism can be chosen to be cellular,
i.e., it restricts to a homeomorphism between o and ||Aord(F<o)l||, for all o € A.

The preceding result says that when considering regular cell complexes (up to iso-
morphism), we can restrict ourselves to their order complex, i.e., the study of regular
cell complexes is the study of a particular class of posets. Interestingly, there is an
intrinsic characterization of these posets. The geometric realization |||Al|| of a complex
A basically consists of simultaneously replacing all abstract simplices by geometric sim-
plices, see [33] for a formal definition. The ordered sets of faces of regular cell complexes
can be characterized in the following way:

Proposition 3.8. (22, Proposition 4.7.23] Let P be an ordered set. Then P = F(A)
for some regular cell complex A if and only if |||Aora(P<2)||| is homeomorphic to a
sphere for all x € P. Furthermore, A is uniquely determined by P up to a cellular
homeomorphism.

3.5.2 Cell complexes of COMs

In order to study the topology of COMs we first need to comment on their cells,
i.e., OMs. Thus, let £ C {£1,0}¥ be the set of covectors of an oriented matroid.
Then (£, <) is a semilattice with least element 0 (where < is the product ordering on
{#1,0}¥ defined above). The semilattice (£ U {1}, <), i.e., the semilattice £ with a
largest element 1 adjoined, is a lattice, called the big face lattice of £ and denoted by
Frig(L). Let Fpig(L)°P denote the opposite of Fyig(L).

Proposition 3.9. (22, Corollary 4.5.4 € Lemma 4.4.1] Let (E,L) be an oriented
matroid of rank r. Then Fyig(L)°P is isomorphic to the face lattice of a PL (Piecewise

Linear) regular cell decomposition of the (r — 1)-sphere, denoted by A(L). The tope
graph of L encodes the 1-skeleton of A(L).
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We collected all ingredients necessary to associate to each COM a regular cell com-
plex. Let £ C {£1,0}¥ be the set of covectors of a COM. Analogously to oriented
matroids, let Fiig(L) := (£ U {1}, <) denote the ordered set £ with a top element 1
adjoined and call Fyig (L) the big face semilattice of L. Let Fiig(L)°P denote the oppo-
site of Fpig(£). By Lemma Fhig(L)°P is isomorphic to the semilattice comprising
the empty set and the faces of £ ordered by inclusion. Recall that for any X € L, the
deletion (F'\ X, F(X) \ X) corresponding to the face F(X) is an oriented matroid,
which we will denote by £(X). Since F(Y) C F(X) if and only if Y € F(X), the
order ideal Fiig(L)%y coincides with the interval [1, X] of Fiig(£)°P and is isomorphic
to the opposite big face lattice Fpig(£(X))°P of £(X). By Proposition if r is the
rank of £(X), then Fi,;g(£(X))°P is isomorphic to the face lattice of a PL cell decom-
position A(L(X)) of the (r — 1)-sphere. Additionally, the tope graph of £(X) encodes
the 1-skeleton of A(L(X)). Denote by o(L(X)) the open PL ball whose boundary
is the (r — 1)-sphere occurring in the definition of A(L(X)). We will call the cells
of A(L(X)) faces of o(L(X)). The faces of A(L(X)) correspond to the elements of
L(X)U{1}. Notice in particular that the adjoined element 1 corresponds to the empty
face in A(L(X)) and 0 € F(X) \ X corresponds to the unique maximal face o(L(X)).

By Proposition [3.7] for any X € £ we have:

AL = [[Aora(Foig(L(X))P)]I.
Furthermore, since Fiig(£(X))P is isomorphic to Fiig(L)Zy we also have:
[ Aora(Fbig (L(X)) )| = [|Aora(Fbig (L)L)

Thus, for each X € L, |[Agra(Fig(L£L) 2y )| is homeomorphic to [|A(L(X))\ o (L(X))]],
which is a sphere by Proposition Now, by Proposition Fhig(L£)°P is the face
semilattice of a regular cell complex A(L). Moreover, from the proof of Proposition
it follows that A(L) can be chosen so that its cells are the balls o(£(X)), X € £, whose
boundary spheres are decomposed by A(L(X)). Since F(X)NF(Y) = F(X oY) for
any two covectors X,Y € L such that F(X) and F(Y) intersect, Fpig(L(X oY))°P
is isomorphic to a sublattice of Fiig(L£(X))°P and to a sublattice of Fiig(L(Y))P.
Therefore the cells A(L(X)) and A(L(Y)) are glued in A(L) along A(L(X oY)),
whence A(L) also satisfies the intersection property (iii). Notice also that since the
1-skeleton of each A(L(X)) yields the tope graph of £(X) and A(L) satisfies (iii), the
1-skeleton of A(L) encodes the tope graph of £. We summarize this in the following
proposition, in which we also establish that A(L£) is contractible. More precisely, we use
the so-called gluing lemma [20, Lemma 10.3| together with our amalgamation procedure
from Corollary to prove the following inductively:

Proposition 3.10. If (E, L) is a COM, then A(L) is a contractible reqular cell complex
and the tope graph of L is realized by the 1-skeleton of A(L).

3.6 Locally and zonotopally realizable COMs

As in Section let E be a central arrangement of n hyperplanes of R? and £ be the
oriented matroid corresponding to the regions of R? defined by this arrangement. Let
X = {x1,...,X,} be a set of unit vectors each normal to a different hyperplane of E.
The zonotope Z := Z(X) of X is the convex polytope of R? which can be expressed as
the Minkowski sum of n line segments

Z =[—x1,x1] + [-x2,X2] + ... + [—Xp, Xp].
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Equivalently, Z is the projection of the n-cube Cy, := {D> " ; Nie; : =1 < \; < +1} C R"
under X (where eq,...,e, denotes the standard basis of R™), which sends e; to x;,
1=1,...,n:

n
Z={> Ax;i:-1<XA<+1}CRY

i=1
The hyperplane arrangement FE is geometrically polar to Z: the regions of the ar-
rangement are the cones of outer normals at the faces of Z. The face lattice of Z is
opposite (anti-isomorphic) to the big face lattice of the oriented matroid £ of X, that
is, F(Z) ~ Fpig(L)P; for this and other results, see [22, Section 2.2|. Therefore the
zonotopes together with their faces can be viewed as the cell complexes associated to
realizable oriented matroids.

A COM (E, L) is called locally realizable if £(X) is a realizable oriented matroid
for any X € L. In this case each cell A(L(X)), X € L, is combinatorially equivalent to
a zonotope and therefore A(L) is what is called a zonotopal complex in [52].

A locally realizable COM (E, L) is called zonotopally realizable if for each (maximal)
face of L a realization as a geometric zonotope can be chosen, such that the realizations
of the intersections of any two faces are (linearly) isometric. In other words we have a
piecewise Euclidean complex (also known as geometric complex).

This property is shared by all cube complexes, since cubes can be chosen to be
realized as unit cubes. In particular, the cell complex A(L) associated to a lopsided
set (E, L) such, see |15]. Therefore LOPs are zonotopally realizable COMs.

Clearly, zonotopally realizable COMs are locally realizable. Moreover, it is easy to
see that realizable implies zonotopally realizable:

Proposition 3.11. If L is a realizable COM, then L is zonotopally realizable (and thus
locally realizable). In particular, each ranking COM is zonotopally realizable.

Proof. Since L is realizable there is a set of oriented affine hyperplanes of R? and
an open convex set C, such that £ = L(E,C). Without loss of generality we can
assume that C' is the interior of a full-dimensional polyhedron P. Let F' be the set of
supporting hyperplanes of P. Consider the central hyperplane arrangement A resulting
from lifting the affine arrangement E U F to R4, The associated OM £’ is realizable
and therefore zonotopally realizable. Since A(L) is a subcomplex of A(L'), also L is
zonotopally realizable. O

While in Section [6.2] we will prove that zonotopally realizable does not imply real-
izable (and therefore refute a question from [16]), the following remains open, even if
the answer is likely to be “no”.

Question 1. Is any locally realizable COM zonotopally realizable?

3.6.1 CAT(0) Coxeter COMs

We conclude this section by presenting another class of zonotopally realizable COMs.
Namely, we prove that the CAT(0) Coxeter (zonotopal) complexes introduced in [90]
are COMs. They represent a common generalization of benzenoid systems [91], 2-
dimensional cell complexes obtained from bipartite cellular graphs 11|, and CAT(0)
cube complexes (cube complexes arising from median structures) |13]. One can say
that CAT(0) zonotopal complexes generalize CAT(0) cube complexes in the same way
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as COMs generalize lopsided sets. It remains open but likely, that hypercellular graphs,
see Section , are tope graphs of CAT(0) Coxeter COMs, see Conjecture .

A zonotope Z is called a Cozeter zonotope (an even polyhedron [90] or a Cozeter
cell 153]) if Z is symmetric with respect to the mid-hyperplane H of each edge f of
Z, i.e., to the hyperplane perpendicular to f and passing through the middle of f. A
cell complex A is called a Cozxeter complex if A is a geometric zonotopal complex in
which each cell is isometric to a Coxeter zonotope. Throughout this subsection, by A
we denote a Coxeter complex and by ||A|| the underlying metric space of A.

If Z is a Coxeter zonotope and f, f’ are two parallel edges of Z, then one can easily
see that the mid-hyperplanes Hy and Hy coincide. If Z = [—xq,x1] + [—X2,%2] +

.+ [=Xp,Xy], denote by H; the mid-hyperplane to all edges of Z parallel to the
segment [—x;,X;|, i = 1,...,n. Then Z is the zonotope of the regions defined by the
arrangement {Hy,..., H,}. It is well-known [53] Definition 7.3.1] (and is also noticed
in [90, p.184]) that Coxeter zonotopes are exactly the zonotopes associated to reflection
arrangements (called also Cozxeter arrangements) of hyperplanes, i.e., to arrangements
of hyperplanes of a finite reflection group [22, Section 2.3|. For each i = 1,...,n,
denote by Z; the intersection of Z with the hyperplane H; and call it a mid-section of
Z. The mid-sections Z; of a Coxeter zonotope Z of dimension d are Coxeter zonotopes
of dimension d — 1.

We continue with the definition of CAT(0) metric spaces and CAT(0) Coxeter
complexes. The underlying space (polyhedron) ||A|| of a geometric zonotopal complex
(and, more generally, of a cell complex with Euclidean convex polytopes as cells) A can
be endowed with an intrinsic lo-metric in the following way. Assume that inside every
maximal face of ||A|| the distance is measured by the la-metric. The intrinsic la-metric
ds of [|A|] is defined by letting the distance between two points z,y € ||Al| be equal to
the greatest lower bound on the length of the paths joining them; here a path in ||A||
from x to y is a sequence x = xg,x1,..., Ty = y of points in ||Al| such that for each
i =0,...,m — 1 there exists a face g; containing x; and x;y1, and the length of the
path equals 22”261 d(x;, zit+1), where d(x;, z;11) is computed inside o; according to the
respective ls-metric. The resulting metric space is geodesic, i.e., every pair of points in
||Al| can be joined by a geodesic; see [33].

A geodesic triangle T := T(x1,x2,x3) in a geodesic metric space (X,d) consists
of three points in X (the vertices of T') and a geodesic between each pair of vertices
(the edges of T'). A comparison triangle for T'(x1,x2,x3) is a triangle T'(z), 25, 25%) in
the Euclidean plane R? such that dg2 (x},2;) = d(x,z;) for 4,5 € {1,2,3}. A geodesic
metric space (X,d) is a CAT(0) space |88] if all geodesic triangles T'(x1, x2,z3) of X
satisfy the comparison axiom of Cartan—Alexandrov—Toponogov: If y is a point on
the side of T(x1,x2,x3) with vertices x1 and xo and y' is the unique point on the line
segment [z, 4] of the comparison triangle T'(xy, xb, x%) such that dg2(x},y") = d(x;,y)
fori=1,2, then d(zs,y) < dgz(ah,y').

CAT(0) spaces can be characterized in several different natural ways and have
numerous properties (for a full account of this theory consult the book [33]). For
instance, a cell complex endowed with a piecewise Euclidean metric is CAT(0) if and
only if any two points can be joined by a unique geodesic. Moreover, CAT(0) spaces
are contractible.

A CAT(0) Coxeter complex is a Coxeter complex A for which ||A|| endowed with
the intrinsic lp-metric dy is a CAT(0) space. See Figure [J] for illustrations. In this
case, the parallelism relation on edges of cells of A induces a parallelism relation on
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Figure 9: A CAT(0) cube complex and a CAT(0) Coxeter complex.

all edges of A: two edges f,f of A are parallel if there exists a sequence of edges
fo=f,f1,--, fe—1, [ = f' such that any two consecutive edges f;_1, f; are parallel
edges of a common cell of A. Parallelism is an equivalence relation on the edges of
A. Denote by E the equivalence classes of this parallelism relation. For e € E, we
denote by A, the union of all mid-sections of the form Z. for cells Z € A which contain
edges from the equivalence class e (let ||A.|| be the underlying space of A.). We call
each ||A¢]| (or A¢), e € E, a mid-hyperplane (or a wall as in [90]) of ||A||. Since each
mid-section included in A, is a Coxeter zonotope, each mid-hyperplane of a Coxeter
complex is a Coxeter complex as well. CAT(0) Coxeter complexes have additional nice
and strong properties, which have been established in [90].

Lemma 3.12. [90, Lemme 4.4] Let A be a CAT(0) Cozeter complex and A, be a
mid-hyperplane of A. Then ||A.|| is a convex subset of ||A|| and ||A¢|| partitions || Al
in two connected components ||A7 || and ||AT|| (called halfspaces of ||Al]).

If x € ||A|| and y € ||Af]], then z and y are said to be separated by the mid-
hyperplane (wall) ||Ac||. A path P in ||A|| traverses a mid-hyperplane ||A.|| if P
contains an edge xy such that = and y are separated by |[|A.||. Two distinct mid-
hyperplanes ||Ac|| and [|Af|| are called parallel if ||Ac|| N ||Af|| = @ and crossing if
1Al O ]1A]] # 2.

Lemma 3.13. (90, Corollaire 4.10] Two vertices u,v of A are adjacent in G(A) if
and only if u and v are separated by a single mid-hyperplane of ||All.

Lemma 3.14. (90, Proposition 4.11] A path P of G(A) between two vertices u,v is a
shortest (u,v)-path in G(A) if and only if P traverses each mid-hyperplane of ||Al| at
most once.

These three results imply that the arrangement of mid-hyperplanes of a CAT(0)
Coxeter complex A defines a wall system sensu |90], which in turn provides us with a
system L£(A) of sign vectors. Define the mapping ¢ : A — {£1,0}¥ in the following
way. First, for e € F and x € A, set

-1 ifzel||AT]],
Ye(z) =120 if x € [|Ae]],
+1 ifz € [|A]]].
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Let ¢(x) = (pe(x) : e € E). Denote by L(A) the set of all sign vectors of the form
o(z),x € ||Al]|. Notice that if a point x of ||A|| does not belong to any mid-hyperplane
of ||Al|, then o(z) € {£1}¥; in particular, this is the case for the vertices of G(A).
Moreover, Lemma [3.14] implies that ¢ defines an isometric embedding of G(A) into the
hypercube {£1}F.

Theorem 3.15 ( |16, Theorem 5|). Let A be a CAT(0) Coxeter complex, E be the
classes of parallel edges of A, and L(A) = U{p(x) : x € ||A]|} C {£1,0}F. Then
(E,L(A)) is a simple COM and G(A) is its tope graph.

Let us to the end of this section mention that the relation of the CAT(0) property
and realizability seems of interest to us. Are all CAT(0) zonotopally realizable COMs
also realizable? The converse clearly does not hold, since @3 is realizable but not

CAT(0).

3.7 Illustration: Rankings and graphic COMs

Particular COMs naturally arise in order theory. For the entire subsection, let (P, <)
denote an ordered set (alias poset), that is, a finite set P endowed with an order (rela-
tion) <. A ranking (alias weak order) is an order for which incomparability is transitive.
Equivalently, an order < on P is a ranking exactly when P can be partitioned into an-
tichains (where an antichain is a set of mutually incomparable elements) Ay, ..., A,
such that x € A; is below y € A; whenever ¢ < j. An order < on P is linear if any two
elements of P are comparable, that is, all antichains are trivial (i.e., of size < 2). An
order <’ extends an order < on P if z < y implies x <’ y for all z,y € P. Of particular
interest are the linear extensions and, more generally, the ranking extensions of a given
order < on P.

Let us now see how to associate a set of sign vectors to an order < on P =
{1,2,...,n}. For this purpose take E to be the set of all 2-subsets of P and encode
< by its characteristic sign vector X< € {0,41}¥, which to each 2-subset e = {i,j}
assigns X= = 0 if i and j are incomparable, XS = 41 if the order agrees with the
natural order on the 2-subset e, and else X= = —1. In the sign vector representation
the different components are ordered with respect to the lexicographic natural order of
the 2-subsets of P.

The composition of sign vectors from different orders < and <’ does not necessarily
return an order again. Take for instance, X< = + + + coming from the natural order
on P and X<' = 0—0 coming from the order with the single (nontrivial) comparability
3 <’ 1. The composition X< o X< equals + — +, which signifies a directed 3-cycle and
thus no order. The obstacle here is that X<" encodes an order for which one element is
incomparable with a pair of comparable elements. Transitivity of the incomparability
relation is therefore a necessary condition for obtaining a COM.

We denote by R(P, <) the simplification of the set of sign vectors associated to all
ranking extensions of (P, <). Note that the simplification amounts to omitting the pairs
of the ground set corresponding to pairs of comparable pairs of P. The following is
straightforward, but in particular follows from realizability, that we will explain below:

Theorem 3.16. Let (P,<) be an ordered set. Then R(P,<) is a realizable COM,
called the ranking COM of (P, <).

To provide an example for a ranking COM and also illustrate the preceding con-
struction, consider the ordered set (“fence”) shown in Figure[10(a)l In Figure[10(b)| the
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sign vector X encodes the natural order < and Y the ordering 3 <y 2 <y j =5 <y
i =1 <y 4, while Z encodes the intermediate ranking with 2 <z 3 <z 1 and 5 <z 4.

Y
15
12
45
13 7
4 5 5 1 4 3 4 5
1<2<3<4<5
34 ,‘ll ; ,‘ll ;
1 2 3 2 31 2 1 2 3

(a) (b) (©)

Figure 10: From [(a)]an ordered set (P, <) to[(b)] the ranking COM R(P, <) comprising
three maximal faces determined by |(c)| the minimal rankings in R(P, <).

The ranking COM R(P, <) is the natural host of all linear extensions of (P, <) (as
its topes), where the interconnecting rankings signify the cell structure. The linear
extension graph of an ordered set (P, <) is defined on the linear extensions of (P, <),
where two linear extensions are joined by an edge if and only if they differ on the
order of exactly one pair of elements. Thus, the linear extension graph of (P, <) is the
tope graph of R(P, <). A number of geometric and graph-theoretical features of linear
extensions have been studied by various authors [131}/140,153], which can be expressed
most naturally in the language of COMs.

One such result translates to the fact that ranking COMs are realizable. To see this,
first consider the braid arrangement of type B,,, i.e., the central hyperplane arrangement
{Hijj : 1 <i<j<n}inR", where H;; = {x € R" : x; = x;} and the position of any
point in the corresponding halfspace {z € R™ : z; < z;} is encoded by + with respect
to H;;. The resulting OM is known as the permutahedron [22|. Given an order < on
P = {1,...,n} consider the arrangement E = {H;; : i,j incomparable} restricted to
the open polyhedron ﬂz‘qj {z € R" : z; < z;}. The closure of the latter intersected with
the unit cube [0, 1]™ coincides with the order polytope |168| of (P, ). It is well-known
that the maximal cells of the braid arrangement restricted to the order polytope of
(P, <) correspond to the linear extensions of (P, <). Thus, the COM realized by the
order polytope and the braid arrangement has the same set of topes as the ranking
COM. Since the topes determine a COM [16], this implies that both COMs coincide.
In particular, ranking COMs are realizable.

We will now show how other notions for general COMs translate to ranking COMs.
A face F of R(P, <), as defined in Section can be viewed as the set of all rankings
that extend some ranking extension <’ of <. Hence F = R(P, <’), i.e., all faces of a
ranking COM are also ranking COMs. The minimal elements of R(P, <) with respect
to sign ordering (being the improper cocircuits of R(P, <)) are the minimal ranking
extensions of (P, <), see Figure

A hyperplane R? of R := R(P, <) relative to e = {i,j} € E corresponds to those
ranking extensions of (P, <) leaving 4, j incomparable. Thus, R? can be seen as the
ranking COM of the ordered set obtained from (P, <) by identifying ¢ and j. The open
halfspace R corresponds to those ranking extensions fixing the natural order on i, j
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and is therefore the ranking COM of the ordered set (P, <) extended with the natural
order on 7, j. The analogous statement holds for R_ . Similarly, the carrier of R relative
to e can be seen as the ranking COM of the ordered set arising as the intersection of
all minimal rankings of (P, <) not fixing an order on i,j. So, in all three cases the
resulting COMs are again ranking COMs.

One may wonder which are the ordered sets whose ranking COM is an OM or
a lopsided system. The maximal cells in Figure are symmetric and therefore
correspond to OMs. We can find:

Proposition 3.17. Let R(P, <) be a ranking COM.

1. R(P,<) is an OM if and only if < is a ranking. In this case, R(P,<) and its
proper faces are products of permutahedra.

2. R(P,<) is an LOP if and only if (P, <) has width at most 2. In this case, the
tope graph of R(P, <) is the covering graph (i.e., undirected Hasse diagram) of a
distributive lattice.

Note that the of the distributive lattice in the second part is a bit different, than
described [16]: If P is of width 2, then by Dilworth’s Theorem [61] P = C'U D is the
union of two chains. Add subdivision elements D’ for all elements on D and also one
on top and one below, i.e., |D’| = |D|+1. Now for any cover relation ¢ < d add ¢ < d~,
where d~ € D’ is the element below d d and for d < ¢ add d* < ¢, where d* € D’ is the
element above d. Now take the subposet induced by C' and D’. The linear extension
correspond to the retracts to D’. This is a distributive lattice because it is closed under
componentwise maxima and minima.

1<3<2<5<4<6
I

56 45
2
5 6 3
34
36
3 4
12
1 2 2<1<4<6<3<5

(a) (b)

Figure 11: From @ the Hasse diagram of (P, <) having width 2 to @ the tope graph
of the lopsided system R (P, <) oriented as a distributive lattice.

In Figure , an ordered set (P, <) of width 2 is displayed, which has the natural
order on {1,...,6} among its linear extensions. Figure [11(b)| shows the tope graph
of the lopsided system R(P, <) and highlights the pair of diametrical vertices that
determine the distributive lattice orientation (and its opposite); the natural order is
associated with the (median) vertex (indicated by a small open circle). If we added the
compatibility 3 < 6 to the Hasse diagram, then the tope graph shrinks by collapsing
the (two) edges corresponding to {3,6}. The resulting graph with F7 = 13 vertices is
known as the “Fibonacci cube of order 57, see [101] for a recent survey on these graphs.

Similarly, to the fact that hyperplanes, carriers, and open halfspaces of a ranking
COM are also ranking COMs, the class of ranking COMs is also closed with respect
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to contractions. On the other hand deleting an element in a ranking COM may give a
COM which is not a ranking COM.

To give a small example, consider the minor R(P, <)\ {5,6} of the lopsided system
R(P, <) of Figure[11] Suppose by way of contradiction, that R(P, <)\ {5,6} could be
represented by some R(Q, <). The ordered set (@, <) must be of width 2 since the tope
graph of R(Q, <) is obtained from the graph in Figure by contracting the five
edges labeled 56 and thus includes no 3-cube. We can keep the current labeling without
loss of generality to the point that () must include four antichains {1, 2}, {2, 3}, {3,4},
{3,6} of size 2 with exactly this intersection pattern. But then the fifth antichain must
be disjoint from {1,2} and {2,3} but intersecting both {3,4} and {3,6}, whence it
must be {4, 6}, which however yields a contradiction as {3, 4,6} cannot be an antichain
in (@, <). Furthermore, R(P, <) \ {5,6} is easily seen to be the COM amalgam of
ranking COMs, i.e., the class is also not closed under COM amalgamations.

] /|

O O

Figure 12: Halfplanes, deletions and contractions of the graphic COM associated to
Cy.

Towards the end of this section, let us suggest a natural generalization of ranking
COMs, that we will call simply graphic. See Figure [I2] for an illustration. Given a
mixed graph G = (V, E U A) such that the directed part D = (V, A) is an induced
transitive acyclic subdigraph, we can define a realizable COM much like the ranking
COM by considering the open polyhedron ﬂ(i,j)eA{“T € R" | z; < z;} and intersect
it with the arrangement E = {H;; | {i,j} € E}. Clearly ranking COMs are graphic,
corresponding to the mixed graph, that is a partial orientation of the complete graph,
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where arcs correspond to comparabilities in the poset. Graphic OMs are also graphic
COMs, where A = (). The tope set of the graphic COM of G = (V,E U A) can be
identified with the acyclic orientations of G and the tope graph is their flip graph, i.e.
two orientations are linked if they differ in exactly one edge. See e.g. [139] for a graph
theoretical study of theses objects.

Graphic COMs are closed under minors and under taking halfspaces. In particular,
it is easy to see that they are the closure under these operations of ranking COMs as
well as of graphic OMs. Are they closed under amalgamations? Similarly, to Proposi-
tions [3.17] one can see that a graphic COM is an OM if and only it has A = 0, i.e., it
is a graphic OM. What are the graphic LOPs? We believe that graphic COMs serve
as a good class to understand COM duality. It seems that in a co-graphic COM, topes
correspond to strongly connected orientations of a mixed graph and the tope graph is
the corresponding flip graph.

Flip graphs endow the large set of orientations at concern with a structure that
can be used for proofs but also lies at the heart of enumeration algorithms, see [23].
In this context it would be of interest to study the set of topes of a co-graphic COM
that correspond to orientations of higher strong connectivity. We will now turn now
our attention to the general study of tope graphs of COMs.
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4 Tope graphs

In this section we focus on COMs and their tope graphs. We present two characteri-
zations of tope graphs and thus two graph theoretical characterizations of COMs. The
first characterization is in terms of its complete (infinite) list of excluded pc-minors.

As corollaries we obtain excluded pc-minor characterizations for tope graphs of
OMs, AOMs, and LOPs. Moreover, in the case of bounded rank the list of excluded
pc-minors is finite. We devise a polynomial time algorithm for checking if a given partial
cube has another one as pc-minor, leading to polynomial time recognition algorithms
for the classes with a finite list of excluded pc-minors. Another consequence is a
third characterization of tope graphs of COMs in terms of iterated zone graphs, which
generalizes a result of Handa [92] about tope sets of OMs.

The second characterization of tope graphs of COMs is in terms of the metric
behavior of certain subgraphs. More precisely, we prove that a partial cube is the tope
graph of a COM if and only if all of its antipodal (also known as symmetric-even [19])
subgraphs are gated. As corollaries, this theorem specializes to tope graphs of OMs,
AOMs, and LOPs. In particular, we obtain a new unified proof for characterization
theorems of tope sets of LOPs and OMs due to Lawrence [120] and da Silva [50],
respectively.

Moreover, this characterization allows to prove that Pasch graphs are COMs, con-
firming a conjecture of Chepoi, Knauer, and Marc [42|. Finally, our characterization is
verifiable in polynomial time, hence gives polynomial time recognition algorithms for
tope graphs of COMs, OMs, AOMs, and LOPs, even without bounding the rank. Note
that a polynomial time recognition algorithm for tope graphs of OMs was known before,
see [81]. This algorithm however works without a characterization of the graphs, but
constructs the set of cocircuits from the topes and there verifies the cocircuit axioms.

In particular, we answer a long-standing open question on OMs; i.e., the question
for a purely graph theoretical characterization of tope graphs, see |93, Problem 2| that
can furthermore be verified in polynomial, which was posed in |79, Problem 1.2]. Since
the tope graph determines a COM, OM, AOM, or LOP up to isomorphism, see |16],
our results can be seen as identifying the theory of (complexes of) oriented matroids
as a part of metric graph theory.

In order to present the ingredients of our characterization of tope graphs we need to
give an account of some elements of metric graph theory. In particular we will proceed
to discuss partial cubes in greater detail next.

4.1 Partial cubes

A graph G = (V, E) is a partial cube if it is (isomorphic to) an isometric subgraph of
a hypercube graph @, i.e., dg(u,v) = dg, (u,v) for all u,v € V, where d denotes the
distance function of the respective graphs. Partial cubes were introduced by Graham
and Pollak [87] in the study of interconnection networks. They form an important
graph class in media theory [70|, frequently appear in chemical graph theory [69], and
quoting [104] present one of the central and most studied classes in metric graph theory.

As mentioned above, important subclasses of partial cubes include median graphs,
bipartite cellular graphs, hypercellular graphs, Pasch graphs, and netlike partial cubes.
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Partial cubes also capture several important graph classes not directly coming from
metric graph theory, such as region graphs of hyperplane arrangements, diagrams of
distributive lattices, linear extension graphs of posets. Clearly, for us the most inter-
esting subclasses of partial cubes are tope graphs of oriented matroids (OMs), affine
oriented matroids (AOMs), lopsided systems (LOPs), and complexes of oriented ma-
troids (COMs). As it turns out, all of the above mentioned classes of partial cubes
are indeed tope graphs of COMs. Note however, that there are also important classes
of partial cubs that are not COMs, e.g., middle layer graphs and transitive partial
cubes |126], full subdivisions of cliques and two-dimensional partial cubes [44], planar
partial cubes [59], or almost median graphs [30,96].

Partial cubes admit a natural minor-relation (pc-minors for short) consisting of
restrictions and contractions. Several of the above classes including tope graphs of
COMs, two-dimensional and planar partial cubes are pc-minor closed. Complete (finite)
lists of excluded pc-minors are known for median graphs, bipartite cellular graphs,
hypercellular graphs and Pasch graphs, and two-dimensional partial cubes see |39} 40,
42,144]. Another well-known construction of a smaller graph from a partial cube is
the zone graph [104]. In tope graphs of COMs these operations correspond can be
translated to operations in COMs, i.e., taking halfplanes in a COM are elementary
restrictions in the graph, deletions in the COM are contractions in the graph, and
contracting in the COM is taking zone graphs in the tope graph.

In the present section we will give an introduction to the theory of partial cubes
and its elements that are important to our characterizations of tope graphs of COMs.
This will contain many definitions and lemmas, that illustrate the flavor of this theory.
All of them are essential in our tope graph characterization. Of central importance
are partial cube minors, expansions, zone graphs, and their interactions with metric
subgraphs, such as convex, antipodal, affine, and gated subgraphs.

Note that if G is a partial cube, then there is a minimal n, called the isometric
dimension, such that G embeds isometrically into @,. Moreover the isometric embed-
ding of G is unique up to automorphisms of @, see e.g. |70, Chapter 5|. Note that
while for instance the path of length 3 is a non-isometric but induced subgraph of @3, it
has isometric dimension 4. Figure [13| displays a partial cube and an induced subgraph
of ()4, that is not a partial cube.

Figure 13: A partial cube of isometric dimension 4 that after removing the Grey ele-
ments is still an induced subgraph of ()4, but no partial cube anymore.

Let us continue by giving an alternative way of characterizing partial cubes. Any
isometric embedding of a partial cube into a hypercube leads to the same partition of
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edges into so-called ©-classes, where two edges are equivalent, if they correspond to a
change in the same coordinate of the hypercube. This can be shown using the Djokovié-
Winkler-relation © which is defined in the graph without reference to an embedding,
see [62,|174]. We will describe next, how the relation © can be defined independently
of an embedding.

A subgraph G’ of G is conver if for all pairs of vertices in G’ all their shortest paths
in G stay in G'. For an edge a = uv of G, define the sets W (u,v) = {x € V : d(x,u) <
d(z,v)}. By a theorem of Djokovi¢ [62], a graph G is a partial cube if and only if G
is bipartite and for any edge a = wv the sets W (u,v) and W (v,u) are convex. In this
case, setting aOd’ for a = uv and o’ = V' if v € W(u,v) and v' € W (v, u) yields ©.

We index the set of equivalence classes of © by a set £. For f € E we denote the
equivalence class by Ey.For an arbitrary (oriented) edge wv € Ey, let E = W(u,v)

and E;{ := W (v, u) the pair of complementary convex halfspaces of G. Now, identifying

any vertex v of G with v € Qg = {+, —}¥ which for any class of © associates the sign
of the halfspace containing v gives an isometric embedding of G into Qg.

4.1.1 Pc-minors, isometric expansions, and zone graphs

We will now introduce the notions of pc-minors (i.e., contraction and restriction), which
are methods to obtain smaller partial cubes from bigger ones, as well as, expansions,
which are inverses of contractions. We also study zone graphs of partial cubes which are
smaller graphs that are not always partial cubes themselves. An important observation
in this section is a polynomial time algorithm for checking for a given partial cube minor

(Proposition [4.5).

Restrictions Given f € E, an (elementary) restriction consists in taking one of the
subgraphs G[E] or G[E;{] induced by the complementary halfspaces E; and E;[,
which we will denote by p;-(G) and ps+(G), respectively. These graphs are isometric
subgraphs of the hypercube Qp\(s;. Now applying two elementary restriction with
respect to different coordinates f,g, independently of the order of f and g, we will
obtain one of the four (possibly empty) subgraphs induced by Ef_ nE,, EJT HE;F, E;{ N
E;, and E;{ OE;. Since the intersection of convex subsets is convex, each of these four
sets is convex in GG and consequently induces an isometric subgraph of the hypercube
QE\{f,q}- More generally, a restriction is a subgraph of G induced by the intersection of
a set of (non-complementary) halfspaces of G. See Figures and 20 for examples
of restrictions. We denote restrictions by px(G), where X € {+,—}¥ is a signed
set of halfspaces of (G. For subset S of the vertices of G and f € E, we denote
pp+(S) == ppe(G) NS and py—(S) := ps-(G) N S, respectively. We will say that Ey
crosses a subset of vertices S of G if py+ (S) # 0 and pp-(S) # 0.

The smallest convex subgraph of G containing V' is called the convexr hull of V'
and denoted by conv(V”). The following is well-known:

Lemma 4.1 ( [5,]10,[39]). The set of restrictions of a partial cube G coincides with its
set of convex subgraphs. Indeed, for any subset of vertices V' we have that conv(V') is
the intersection of all halfspaces containing V'. In particular, the class of partial cubes
1s closed under taking restrictions.

Note that this description was used in [5] to characterize the lattices of convex
subgraphs of partial cubes, also see Figure
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Figure 14: The convex subgraphs of a partial cube ordered by inclusion. Green back-
ground means gated, thick outline means antipodal.

Lemma 4.2. In tope graphs of COMs elementary restrictions correspond to taking
halfplanes and convex subgraphs correspond to fibers.

Contractions For f € E, we say that the graph G/E; obtained from G by contract-
ing the edges of the equivalence class Ey is an (elementary) contraction of G. For a
vertex v of G, we will denote by 7f(v) the image of v under the contraction in G/FEy,
i.e. if uv is an edge of Ky, then 7s(u) = m¢(v), otherwise 7y(u) # m¢(v). We will apply
mf to subsets S C V, by setting 7¢(S) := {m¢(v) : v € S}. In particular we denote the
contraction of G by m¢(G). See Figures and [20| for examples of contractions.

It is well-known and in particular follows from the proof of the first part of [45,
Theorem 3| that 7;(G) is an isometric subgraph of @\ (3. Since edge contractions in
graphs commute, i.e. the resulting graph does not depend on the order in which a set
of edges is contracted, we have:

Lemma 4.3. The class of partial cubes is closed under contractions. Moreover, contrac-
tions commute in partial cubes, i.e. if f,g € E and f # g, then my(7¢(Q)) = 75 (74(Q)).

Consequently, for a set A C E, we denote by m4(G) the isometric subgraph of
Q(E \ A) obtained from G by contracting the classes A C F in G. See Figure |15| for

examples.
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Figure 15: Some contractions of a partial cube. Thick edges mean peripherality.

The following can easily be derived from the definitions, see e.g. [42]:

Lemma 4.4. Contractions and restrictions commute in partial cubes, i.e. if f,g € E
and f # g, then pg+ (77(G)) = 75 (pg+(G)).

The previous lemmas show that any set of restrictions and any set of contractions
of a partial cube G provide the same result, independently of the order in which we
perform the restrictions and contractions. The resulting graph G’ is also a partial cube,
and G’ is called a pc-minor of G. We will have a particular interest in classes of partial
cubes that are closed under taking pc-minors. Clearly, any such class has a (possibly
infinite) set X of minimal excluded pc-minors. We denote by F(X) the pe-minor closed
class of partial cubes excluding X. It is easy and efficient to search for a given pc-minor
G’ in G. The algorithm is as follows:

Denote by n’ and n the number of vertices of G’ and G, respectively, and with &’
and k the number of ©-classes in G’ and G.

For every subset V' of at most n’ vertices of G do the following: First compute
conv(V’) and count the number of ©-classes of G crossing it, say it equals to £”. Then
k" <k, and if ¥ < Kk’ discard the subgraph. On the other hand, if ¥” > k', then for
every subset S of size k" — K’ of the ©-classes crossing conv(V’), contract in conv(V"”)
all the ©-classes of S. Finally, check if the resulting graph is isomorphic to G’.

Correctness and runtime are easily analyzed and yield:

Proposition 4.5 ( [109, Proposition 2.4]). Let X be a finite set of partial cubes. It is
decidable in polynomial time if a partial cube G is in F(X).

Lemma 4.6. In tope graphs of COMs (elementary) contractions correspond to (single
element) deletions.

So, a tope graph is a pc-minor of another one if its COM can be obtained by
deletions from a fiber of the others COM.
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Expansions The inverse operation of contraction is expansion: a partial cube G is an
expansion of a partial cube G’ if G = 74(G) for some O-class f of G. Indeed expansions
can be detected within the smaller graph. Let G’ be a partial cube containing two
isometric subgraphs G} and G% such that G’ = G} U GY, there are no edges from
V(G) \ Gb) to V(G4 \ GY), and denote by Gf, := G[V(G}) N V(GY)] the subgraph
induced by the vertices that are in both G} and G,. A graph G is an expansion of
G’ with respect to Go if G is obtained from G’ by replacing each vertex v of G} by
a vertex v; and each vertex v of Gf by a vertex vg such that u; and v;, i = 1,2 are
adjacent in G if and only if u and v are adjacent vertices of G, and vjvs is an edge of
G if and only if v is a vertex of G{,. The following is well-known:

Lemma 4.7 ( [39,145]). A graph G is a partial cube if and only if G can be obtained by
a sequence of expansions from a single vertex.

We will make use of the following lemma about the interplay of contractions and
expansions:

Lemma 4.8. Assume that we have the following commutative diagram of contractions:

G —— 74, (G)

\LﬂfQ

75,(G) —s 7y, (11, (Q))

T
Tfo
f
If G is expanded from 7y (G) along sets Gi,Ga C 7y, (G), then ms,(G) is expanded
from g (74,(G)) along sets 7y, (G1) and 75, (Ga).

Let G be a partial cube and f € £ indexing one of its ©-classes Ey. Assume that
a halfspace E;[ (or E]?) is such that all its vertices are incident with edges from Ey.

Then we call E;{ (or EJT) peripheral. In such a case we will also call Ef a peripheral
O©-class, and call G a peripheral expansion of w¢(G). Note that an expansion along sets
(1, Go is peripheral if and only if one of the sets G1, G2 is the whole graph and the
other one an isometric subgraph. An expansion is called full if G; = G2. Note that in
this case, the expanded graph is isomorphic to G10K5. See Figure [15| for examples of
peripheral and non-peripheral expansions.

Lemma 4.9. In tope graphs of COMs expansions correspond to single element exten-
sions in the COM.

Zone graphs For a partial cube G and f € F the zone graph of G with respect to
f is the graph (f(G) whose vertices correspond to the edges of Ey and two vertices
are connected by an edge if the corresponding edges of E lie in a convex cycle of G,
see [104]. Here, a convex cycle is just a convex subgraph that is a cycle. In particular,
¢f can be seen as a mapping from edges of G' that are not in Ey but lie on a convex
cycle crossed by E to the edges of (¢(G). If (¢(G) is a partial cube, then we say that
C¢(G) is well-embedded if for two edges a,b of ((G) we have a©b if and only if the sets
of ©-classes crossing Cj?l(a) and C;l(b) coincide and otherwise they are disjoint. As an
example, note that all zone graphs of the graph in Figure [4] are well-embedded paths,
while all zone graphs of the graph on top in Figure [17] are triangles. For yet another
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Figure 16: A partial cube all of whose zone graphs are either 4-cycles or 6-cycles, but
none of them is well-embedded.

example, see Figure A consequence of Corollary [4.24] will be that out of these three
examples only the first one is the tope graph of a COM.
For discussing zone graphs in partial cubes the following will be useful. Let viuy, vous €

E. be edges in a partial cube G with vi,vo € Ef. Let Cy,...,Cy, n > 1, be a sequence
of convex cycles such that viuy lies only on Cq, vous lies only on C,,, and each pair Cj
and Cjy1, for i € {1,...,n — 1}, intersects in exactly one edge and this edge is in E,
all the other pairs do not intersect. If the shortest path from v; to vo on the union of
Ci,...,Cy is a shortest vy, vo-path in G, then we call C1, ..., C, a convex traverse from
viuy to voug. In [125] it was shown that for every pair of edges viuy, voug in relation

O there exists a convex traverse connecting them.

Lemma 4.10. Let G be a partial cube and f € E. Then (§(G) is a well-embedded
partial cube if and only if for any two convex cycles C,C" that are crossed by Ey and
some Eg both C and C'" are crossed by the same set of ©-classes.

A well-embedded zone graph (¢(G) thus induces an equivalence relation on the ©-
classes of G' except f, that are involved in convex cycles crossed by Ey. Also taking
zone graphs harmonizes with contractions and restrictions, see [109] for the details.

Lemma 4.11. In tope graphs of COMs taking zone graphs corresponds to contraction
(and possibly simplification) in the COM.

4.1.2 Metric subgraphs

In this section we present conditions under which contractions, restrictions, and expan-
sions preserve metric properties of subgraphs, such as convexity, gatedness, antipodal-
ity, and affinity. An important result of the section is an intrinsic characterization of
affine partial cubes (Proposition .

Convex subgraphs Let G = (V, E) be an isometric subgraph of the hypercube Qg
and let S be a subset of vertices of G. Let f be any coordinate of E. We will say that
Ey is disjoint from S if it does not cross S and has no vertices in S. The following three
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lemmas describe the behavior of convex subgraphs under contractions, restrictions, and
expansions. Their (short) proofs can be found in [42].

Lemma 4.12. If H is a convex subgraph of G and f € E, then p;+(H) is a convex
subgraph of ps+(G). If Ey crosses H or is disjoint from H, then also wy(H) is a convex
subgraph of m¢(G).

Lemma 4.13. If S is a subset of vertices of G and f € E, then ms(conv(S)) C
conv(m(S)). If Et crosses S, then ms(conv(S)) = conv(ms(S)).

Lemma 4.14. If H' is a convex subgraph of G' and G is obtained from G’ by an
isometric expansion, then the expansion of H of H' is a convex subgraph of G.

Antipodal subgraphs Let H be a subgraph of G. If for a vertex x € H there is a
vertex —gx € H such that conv(x, —gx) = H we say that —gx is the antipode of x
with respect to H and we omit the subscript H if this causes no confusion. Intervals in
a partial cube are convex since intervals in hypercubes equal (convex) subhypercubes,
therefore conv(z, —gx) consists of all the vertices on the shortest paths connecting x
and —gx. Hence, it is easy to see, that if a vertex has an antipode, then this antipode
is unique. We call a subgraph H of a partial cube G = (V, E) antipodal if every vertex
x of H has an antipode with respect to H. Note that antipodal graphs are sometimes
defined in a different but equivalent way and then are called symmetric-even, see [19].
By definition, antipodal subgraphs are convex. See Figure [I4]for examples of antipodal
and non-antipodal subgraphs. Their behavior with respect to pc-minors has been
described in [42] in the following way:

Lemma 4.15. Let H be an antipodal subgraph of G and f € E. If Ey is disjoint from
H, then pp+ (H) is an antipodal subgraph of ps+(G). If Ey crosses H or is disjoint
from H, then w¢(H) is an antipodal subgraph of 7¢(G).

In particular, Lemma [£.15] implies that the class of antipodal partial cubes is closed
under contractions. Next we will deduce a characterization of those expansions that
generate all antipodal partial cubes from a single vertex, in the same way as a fun-
damental result of Chepoi |45] characterizes all partial cubes. Let G be an antipodal
partial cube and G, Gy two subgraphs corresponding to an isometric expansion. We
say that it is an antipodal expansion if and only if —G1 = G2, where —(G is defined as
the set of antipodes of G.

Lemma 4.16. Let G be a partial cube and 7.(G) antipodal. Then G is an antipodal
expansion of .(G) if and only if G is antipodal. In particular, all antipodal partial
cubes arise from a single vertex by a sequence of antipodal expansion.

Affine subgraphs We call a partial cube affine if it is a halfspace of an antipodal
partial cube. All graphs except the one on the top and the K 3 in Figure [I4] are affine.
We can give the following intrinsic characterization of affine partial cubes, that will
play a crucial role in our characterization of tope graphs of AOMs, see Corollary

Proposition 4.17. A partial cube G is affine if and only if for all u,v vertices of G
there are w, —w in G such that conv(u,w) and conv(v, —w) are crossed by disjoint sets
of ©-classes.
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By Lemma [£.4] a contraction of a halfspace is a halfspace and by Lemma .15
antipodal partial cubes are closed under contraction, therefore we immediately get:

Lemma 4.18. The class of affine partial cubes is closed under contraction.

Gated subgraphs A subgraph H of G, or just a set of vertices of H, is called gated
(in G) if for every vertex x outside H there exists a vertex x’ in H, the gate of x, such
that each vertex y of H is connected with x by a shortest path passing through the
gate x/. It is easy to see that if x has a gate in H, then it is unique and that gated
subgraphs are convex. See [67] for several results on gated sets in metric spaces. See
Figure [14] for examples of gated and non-gated subgraphs.

In [42] it was shown that gated subgraphs behave well with respect to pc-minors:

Lemma 4.19. If H is a gated subgraph of G, then pg+ (H) and w¢(H) are gated sub-
graphs of ps+(G) and ¢ (G), respectively.

4.2 Characterizations

The main theorem of the section is Theorem [£.23] saying that a graph G is the tope
graph of a COM, i.e., G € Gcow, if and only if G is antipodally gated, i.e., G € AG,
if and only if G does not contain a partial cube minor from a specific set 97, i.e.,
G € F(Q7). Let us here give an outline of its proof ingredients and its corollaries. The
general strategy will be to prove first Gcom € AG, then F(Q7) C Geowm, and finally
AG C F(Q7). Moreover, we denote Gaom, Grop, and Gon the respective classes of
tope graphs.

As mentioned earlier, the tope graph of a system of sign vectors is the graph induced
by its topes, i.e., covectors without zero entries, in the hypercube {+, —}¥. In case
of COMs the tope graph (without labeling of the vertices) determines the COM up to
isomorphism, see [16]. Moreover, the tope graph of a COM is a partial cube, see [16].
One way of thinking of being a partial cube is that the edges receive colors corresponding
to the dimensions of the hypercube, see Figure

Of particular importance to us are two types of metric subgraphs. An antipodal
subgraph H of G has the property, that for each vertex v in H there is an antipode — v,
such that the H is smallest convex subgraph of G containing v and —gyv. The antipodal
subgraphs of the graph in Figure 4] are exactly the vertices, edges, and bounded faces.
The second property of a subgraph H is the one of being gated. This means, that for
every vertex v € G, there is a gate v/ in H, such that for every v € H there is a
shortest path from v through v’ to v”. In partial cubes this amounts to the fact that
there is path from v to H that does not use any color that is present on the edges of
H. We say that a graph is antipodally gated if all of its antipodal subgraphs are gated.
The graph in Figure [d]is antipodally gated, but also for instance the subgraph induced
by the vertices incident to red or green edges is gated. A non-gated subgraph is given
by the path P of length two induced by the three left-most vertices. A vertex that has
no gate in P is the degree four vertex v, since all paths from v to P use a color present
in P.

Exploring correspondences between axiomatical behavior of sign-vectors and metric
subgraphs of partial cubes, we show that tope graphs of COMs are antipodally gated.
This is the first part of the proof of Theorem ie., Gocom € AG. Much of this
least technical part of the proof consists in finding the dictionary between systems of
sign-vectors and partial cubes, see Table

37



Theorem 4.20. If A is an antipodal subgraph of a tope graph of a COM, then A is
gated.

Clearly, there are partial cubes that do not satisfy Theorem [4.20] i.e., they contain
a non-gated antipodal subgraph. Figure [17| shows a partial cube in which the bottom
Ce is an antipodal subgraph, that is not gated, because the red vertex does not have
gate. Note that the graph is a full subdivision of Kj.

=

contract \J/
restrict

restrict

’\/ 7 s\/ 7

[ ]
Figure 17: A non antipodally gated partial cube and the partial cube minors obtained
by contracting or restricting with respect to the vertical edge class E..

Instead of studying all the partial cubes, that have a non-gated antipodal subgraph,
we use the notion of partial cube minors, in order to classify only minimal such partial
cubes with respect to this operation. Recall that a partial cube minor is either a con-
traction of a color class or the restriction to one of its sides. Hence, it is a specialization
of the standard graph minor notion. The graph in Figure[17]is pc-minor minimal with
respect to containing a non-gated antipodal subgraph. The other such partial cubes of
isometric dimension at most 4 are shown in Figure [I8]

Figure 18: The excluded pc-minors of isometric dimension < 4 for COMs.

The next and second step of our proof is providing a set Q~ of partial cubes that are
minor-minimal with respect to having a non-gated antipodal subgraph. The graph of
Figure|17]is the smallest element of @7, more of these graphs are depicted in Figure
and an idea for a general construction can be seen in Figure[I9] Here the light blue Q4
with two antipodal vertices removed (also known as (), ) is the antipodal subgraph
in which the red vertex has no gate.

It is easy to check that the minors in Figure [I7 are antipodally gated, i.e., the graph
on top is minimally non antipodally gated. The same holds for the graphs from the
general construction of @7, see Figure

The class of tope graphs of COMs is closed under pc-minors. This is illustrated
by our realizable example in Figure and follows from the correspondence between
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Figure 19: The elements of Q~ of isometric dimension d + 1.

pc-minors and COM minors (Lemmas and and the fact that COMs are closed
under COM-minors (Lemma. We show that, if G is not the tope graph of a COM,
then it must have a partial cube minor from Q~. This concludes the second part of
our proof since it means, that if G excludes Q~, then it is the tope graph of a COM,

ie., F(Q7) € Gecom-
Theorem 4.21. If G has no pc-minor from Q~, then G is the tope graph of a COM.

/

Figure 20: Two partial cube minors obtained from the COM of Figure [d] by contracting
and restricting with respect to the red color class.

The last and most technical part of our proof is to show that the class of antipodally
gated partial cube does not contain a member of @~ as partial cube minor. The class
F(Q7) is closed under partial cube minors and graphs in Q™ are minor-minimal having
non-gated antipodal subgraphs. We show that the class of antipodally gated partial
cubes is closed under partial cube minors. This implies, that if G has a partial cube
minor from Q7 then it cannot be antipodally gated, i.e., AG C F(Q7).

Theorem 4.22. If all antipodal subgraph of G are gated, then G dos not have a minor
from Q.

This concludes the last part of the circular proof of our main theorem, which we
will sketch quickly again.

Theorem 4.23. For a graph G the following conditions are equivalent:
(i) G is the tope graph of a COM, i.e., G € Goowm,

(i) G is an antipodally gated partial cube, i.e., G € AG,
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(iti) G is a partial cube with no partial cube minor from Q~, i.e., G € F(Q7).

Proof. The implication (i)=-(ii) is Theorem The implication (iii)=-(i) is The-
orem m Finally, (ii)=-(iii) follows from the fact that that all the graphs in Q~
have a non-gated antipodal subgraph and that the class AG is pc-minor closed, see
Theorem [£.22] O

We proceed by describing the main implications of the above theorem, i.e., we show
a further characterization in terms of zone graphs, give resulting characterizations of
tope graphs of OMs, LOPs, and AOMs (of bounded rank) and the polynomial time
recognition algorithm. Further applications will appear in Section [5

4.3 Further characterizations and recognition

In this section we will describe the most important implications of Theorem In
particular, we give polynomial time recognition algorithm for tope graphs of COMs,
specialize our results to tope graphs of OMs, AOMs, and LOPs (of bounded rank).

But first of all, Theorem [4.23] can be used to obtain a characterization of Goom in
terms of zone graphs that is a generalization of a result of Handa [92].

Corollary 4.24. A graph G is the tope graph of a COM, i.e. G € Goowm, if and only
if G is a partial cube such that all iterated zone graphs are well-embedded partial cubes.

Theorem and Corollary specialize to other systems of sign-vectors. Using
that OMs are exactly the symmetric COMs we immediately get the following corollary.
Recall that for a set X of partial cubes we denote by F(X) the class of partial cubes
that do not have any graph from X as a partial cube minor.

Corollary 4.25. For a graph G the following conditions are equivalent:

(i) G is the tope graph of an OM, i.e., G € Gom,

(i) G is an antipodal partial cube and all its antipodal subgraphs are gated,
(i1i) G is in F(Q~) and antipodal,

(iv) G is an antipodal partial cube and all its iterated zone graphs are well-embedded
partial cubes.

Note that the equivalence (i)<>(ii) corresponds to a characterization of tope sets of
OMs due to da Silva [50] and (i)<(vi) corresponds to a characterization of tope sets
of Handa [93].

Let us call an affine subgraph G’ of an affine partial cube G' conformal if for all
v € G’ we have —gv € G' & —gv € G. We give an intrinsic characterization of Gaowm:

Corollary 4.26. For a graph G the following conditions are equivalent:

(i) G is the tope graph of an AOM, i.e., G € Gaom,

(i) G is an affine partial cube and all its antipodal and conformal subgraphs are gated,
(i1i) G isin F(Q™) (or G € Geom), affine, and all its conformal subgraphs are gated.

For the next statement denote Q= := {Q;,,” | n > 3}.
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Corollary 4.27. For a graph G the following conditions are equivalent:
(i) G is the tope graph of a LOP, i.e., G € Grop,
(i) G is a partial cube and all its antipodal subgraphs are hypercubes,
(i1i) G isin F(Q™ 7).

For lopsided sets the (i)<(ii) part of the corollary corresponds to a characterization
due to Lawrence [120].

Recall that the rank of a COM is the dimension of a maximal hypercube to which
its tope graph can be contracted or in other words the VC-dimension of its tope set,
when considered as set system, see [43}44]|. Considering COMs of bounded rank, we
can reduce the set of excluded pc-minors to a finite list. For any r > 3 define the
following finite sets

Qr_ = {Qr_L*er_L_(m)’Q;J:Q(T"_2)7QT+1 | d<n<r+Ll<mc< n} cQ U {Qr‘+1}7

and

Q. ={Q, ,Qru1[3<n<r+1} C Q" U{Qrs1}.
Corollary 4.28. For a graph G and an integer r > 3 we have:
o G € Geom of rank at most r < G € F(Q; ).
e G € Gom of rank at most v < G € F(Q;) and G is antipodal.

o G € Gaom of rank at most r < G € F(Q, ), G is affine and all its conformal
subgraphs are gated.

o G € Grop of rank at most r < G € F(Q; 7).

Note that using Proposition [£.5] can easily be seen to yield a polynomial time
recognition algorithm for the recognition of the bounded rank classes above. However,
Theorem [4.23] also yields polynomial time recognition algorithms for the unrestricted
classes. Since partial cubes can be recognized efficiently [68|, it basically suffices to
efficiently check for all antipodal subgraphs if they are gated, yielding:

Corollary 4.29. The recognition of the classes Gocom, Gaom, Gom, Grop can be done

in polynomial time.

4.4 Dictionary

Let us present a condensed and slightly informal dictionary of notions in partial cubes
and systems of sign-vectors. See Table [T}
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tope graph G H sign-vectors £ reference
isometric dimension order (by definition)
max{d | G € F(Qq4+1)} rk(£) COM/VC-dim(7)  [43, Lemma 13|

cube pc-minors
(2, pc-minors
contraction 7.(G)
restriction p.+(G)
zone graph (. (G)
convex subgraph X
isometric expansion
antipodal

gate

independent sets

circuits

deletion £\ e

halfplane £}

simplified contraction £/e
sign-vector

single-element extension
symmetric (Sym)
composition (C)

(follows from above)
(follows from above)
Lemma

Lemma

[109, Lemma 4.3|
[109, Proposition 4.5]
Lemma

[109, Lemma 4.7]
[109, Lemma 4.6]

antipodal subgraphs gated L COM  Theorem lm

antipodal subgraphs cubes L LOP Corollary |4.27]

antipodal COM L OM  Corollary [4.25

halfspace of OM L AOM Corollary [4.26

antipodal subgraphs covectors  (follows from above)
maximal antipodal subgraphs cocircuits  (follows from above)
isometric subgraph weak map |22, Prop 7.7.5, Cor 7.7.9]

Table 1: A dictionary of notions in sign-vectors and partial cubes.

5 Metric graph classes of COMs

In the same way as COMs, many other important classes of partial cubes are pc-minor
closed and can be characterized via (small lists of) forbidden pc-minors, see Table
In this section we concentrate on results on such classes that are at the same time
COMs. The main focus will be on hypercellular graphs. Apart from being minor-
closed, hypercellular graphs share another structural property with COMs — they have
a cell-structure. Let us start to approach them from that direction first.

Every median graph can be obtained by gluing in a specific way cubes of different
dimensions. In particular, they give rise not only to contractible but also to CAT(0)
cube complexes and form a special class of the CAT(0) Coxeter complexes from Sec-
tion Similarly, lopsided sets yield contractible cube complexes, while cellular
graphs give contractible polygonal complexes whose cells are regular even polygons.
Analogously to median graphs, graphs of CAT(0) Coxeter zonotopal complexes can
be viewed as partial cubes obtained by gluing zonotopes. COMs can be viewed as a
common generalization of all these notions: their tope graphs are the partial cubes
obtained by gluing tope graphs of OMs in a lopsided (and thus contractible) fashion,
see Section 3.4

Hypercellular graphs form a subclass of zonotopally realizable COMs, in which all
cells are gated subgraphs isomorphic to Cartesian products of edges and even cycles,
see Figure for such a cell. More precisely, hypercellular partial cubes are those
in which all finite convex subgraphs can be obtained from Cartesian products of edges
and even cycles by successive gated amalgamations. We show that our graphs share
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and extend many properties of bipartite cellular graphs of [11]; they can be viewed as
high-dimensional analogues of cellular graphs. This is why we call them hypercellular

graphs, see Figure [21(b)| for an example.

(a) (b)

Figure 21: a four-dimensional cell isomorphic to Cg x Cg. @ a hypercellular graph
with eight maximal cells: Cg, Cy4, C4, Ko X Ko X Ko, Cg X Ko, and three copies of K.

As announced above, there is another way of describing hypercellular graphs in
terms of pc-minors. It turns out that the class of hypercellular graphs coincides with
the minor-closed class F(Q3 ), where Q5 denotes the 3-cube minus one vertex, see

Figure [22(a)]

oy

Figure 22: Q3 — the 3-cube minus one vertex the 3-cube condition.

In a sense, this is one of the first nontrivial classes one can obtain by forbidding a
single pc-minor. Indeed, the class F(Q2), is just the class of all trees. F(P3) is the
class of hypercubes, and F(K2P;) consists of bipartite cacti [128, page 12]. Other
obstructions lead to more interesting classes as implied by our work on F(Q3 ) we see
that median graphs are F(Qj,Cs), bipartite cellular graphs are F(Q3,Q3), partial
cubes which are gated amalgams of even cycles and cubes [145] are F(Q3,Cs x K>).
Furthermore, from Corollary we get that rank two COMs are F(SK4,Q3) and
rank two LOPs are F(Cg,Q3). Here SK, denotes the full subdivision of Ky, see the
left-most graph in Figure [I8 Another class are so-called Pasch graphs. A partial cube
is called Pasch, their class is denoted by &y, if any two disjoint convex subgraphs lie
in two disjoint halfspaces. They have been characterized in [39,40] as partial cubes
excluding 7 isometric subgraphs of Q4 as pc-minors, see Figure (Indeed there were
some obstructions missing in the original characterization, that we found later in [42].)

In particular, Q)5 is a pc-minor of all of the graphs from Figure Thus, F(Q3) C
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e

Figure 23: The set of minimal forbidden pc-minors of Sy.

S4. Similarly, COMs of rank at most 2 are contained in &4. With the sets of excluded
minors we obtain the inclusions claimed in Figure

Combining this with the forbidden minor characterization from Theorem [£.23] we
confirm a conjecture from [42]:

Corollary 5.1. The class Sy of Pasch graphs are tope graphs of COMs.

Note that together with a recent paper [146|, Corollary implies that netlike
partial cubes are tope graphs of COMs. Moreover, it provides an alternative proof for
the fact that hypercellular graphs are tope graphs of COMs, see [42], and therefore also
median graphs, and bipartite cellular graphs. However, we will see that hypercellular
are even zonotopally realizable later.

The following results mainly concern the cell-structure of graphs from F(Q3). It
is well-known [9] that median graphs are exactly the graphs in which the convex hulls
of isometric cycles are hypercubes; these hypercubes are gated subgraphs. Moreover,
any finite median graph can be obtained by gated amalgams from cubes [97,[171].
Analogously, it was shown in [11] that any isometric cycle of a bipartite cellular graph
is a convex and gated subgraph; moreover, the bipartite cellular graphs are exactly
the bipartite graphs which can be obtained by gated amalgams from even cycles. We
extend these results in the following way:

Theorem 5.2. The convex closure of any isometric cycle of a graph G € F(Q3) is a
gated subgraph isomorphic to a Cartesian product of edges and even cycles. Moreover,
the convez closure of any isometric cycle of a graph G € S4 is a gated subgraph, which
is isomorphic to a Cartesian product of edges and even cycles if it is antipodal.

In view of Theorem we will call a subgraph X of a partial cube G a cell if X is a
convex subgraph of G which is a Cartesian product of edges and even cycles. Note that
since a Cartesian product of edges and even cycles is the convex hull of an isometric
cycle, by Theorem the cells of F(Q3) can be equivalently defined as convex hulls of
isometric cycles. Notice also that if we replace each cell X of G by a convex polyhedron
[X] which is the Cartesian product of segments and regular polygons (a segment for
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each edge-factor and a regular polygon for each cyclic factor), then we associate with
G a cell complex X(G).

We will say that a partial cube G satisfies the 3-convex cycles condition (abbrevi-
ated, 3CC-condition) if for any three convex cycles Cy, Co, C3 that intersect in a vertex
and pairwise intersect in three different edges the convex hull of Cy U Cs U Cs is a cell;
see Figure [24] for an example. Notice that the absence of cycles satisfying the precondi-
tions of the 3CC-condition together with the gatedness of isometric cycles characterizes
bipartite cellular graphs [11].

Figure 24: The 3-convex cycles condition.

Defining the dimension of a cell X as the number of edge-factors plus two times
the number cyclic factors (which corresponds to the topological dimension of [X]) one
can give a natural generalization of the 3CC-condition. We say that a partial cube G
(or its cell complex X(G)) satisfies the 3-cell condition (abbreviated, 8C-condition) if
for any three cells X1, Xo, X3 of dimension k + 2 that intersect in a cell of dimension
k and pairwise intersect in three different cells of dimension k 4 1 the convex hull of
X1UXoUX3 is a cell. In case of cubical complexes X, the 3-cell condition coincides with
Gromov’s flag condition [88] (which can be also called cube condition, see Figure,
which together with simply connectivity of X characterize CAT(0) cube complexes. By
[41, Theorem 6.1], median graphs are exactly the 1-skeleta of CAT(0) cube complexes
(for other generalizations of these two results, see [31}:36]).

The following main characterization of graphs from F(Q3 ) establishes those analo-
gies with median and cellular graphs, that lead to the name hypercellular graphs.

Theorem 5.3. For a partial cube G = (V| E), the following conditions are equivalent:
(1) G € F(Qy), i.e., G is hypercellular;
(ii) any cell of G is gated and G satisfies the 3CC-condition;

(iii) any cell of G is gated and G satisfies the 3C-condition;

(iv) each finite convex subgraph of G can be obtained by gated amalgams from cells.

A further characterization of hypercellular graphs is analogous to median and cel-
lular graphs, see the corresponding properties in Figure 25(a)| and 25(b)| respectively.
We show that hypercellular graphs satisfy the so-called median-cell property, which is
essentially defined as follows: for any three vertices u, v, w of G there exists a unique
gated cell X of G such that if u/,v’',w’ are the gates of u,v,w in X, respectively, then
o', v’ lie on a common (u, v)-geodesic, v', w’ lie on a common (v, w)-geodesic, and w’, v
lie on a common (w, u)-geodesic, see Figure for an illustration. Namely, we prove:
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Figure 25: @ a median-vertex. a median-cycle. a median-cell.

Theorem 5.4. A partial cube G satisfies the median-cell property if and only if G is
hypercellular.

Theorem [5.3] has several immediate consequences, which we formulate next.

Theorem 5.5. Let G be a locally finite hypercellular graph. Then X(G) is a contractible
zonotopal complex. Additionally, if G is finite, then G is a tope graph of a zonotopal
COM.

As mentioned above Theorem also immediately implies that median graphs
and bipartite cellular graphs are hypercellular. Furthermore, a subclass of netlike
partial cubes, namely partial cubes which are gated amalgams of even cycles and
cubes [145], are hypercellular. In particular, we obtain that these three classes coincide
with F(Q3,Cs), F(Q3,Q3), and F(Q3,Cs x K3), respectively. Other direct conse-
quences of Theoremconcern convexity invariants (Helly, Caratheodory, Radon, and
partition numbers) of hypercellular graphs which are shown to be either a constant or
bounded by the topological dimension of X(G).
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6 Corners and simpliciality

The test field that we chose for our approach and the theory of tope graphs are classical
problems related to simpliciality in OMs and corners in LOPs. Combining metric graph
theory and the theory of oriented matroids we are able to transition and extend results
between different classes. More precisely, we can strengthen results of Mandel [124] in
OMs in order to finally disprove a conjecture of the latter, that would have implied
famous Las Vergnas simplex conjecture [117].

Corners and corner peelings are important for LOPs from the point of view of
unlabeled sample compression schemes [37]. We generalize these notions to COMs
and obtain generalizations of earlier positive results on realizable LOPs [170], rank 2
LOPs [37], bipartite cellular graphs [11]. Indeed we prove corner peelings for realizable
COMs, rank 2 COMs, and hypercellular graphs. A particular consequence of our results
is the disproof of a conjecture [16], i.e., we show the existence of a zonotopally realizable
COM, that is not realizable.

Recall from Table [I| that the rank rk(G) of a partial cube G is the largest r such
that G can be contracted to @,. Notice that viewing the vertices of G C @4 as a
set S of subsets of {1,...,d}, rk(G) coincides with the VC-dimension of S, see [44].
Moreover, the definition of rank in oriented matroid theory is equivalent to this notion
of rank when applied to tope graphs, see |43, Lemma 13].

We call a vertex v of an antipodal partial cube G simplicial if deg(v) = rk(G).
In an OM simplicial vertices correspond to simplicial topes via the Topological Repre-
sentation Theorem. We are ready to formulate one of the two central themes of this
section in terms of tope graphs of OMs.

Conjecture 1 (Las Vergnas |117]). Every OM has a simplicial vertez.

The conjecture is supported by the fact that it holds for all realizable OMs [167] as
well as for all rank 3 OMs, where it can be easily deduced using Euler’s Formula, since
they are planar [80|. Furthermore the conjecture has been confirmed for uniform OMs
on at most 12 elements |26] and very recently for uniform matroid polytopes of rank 4.

The largest class (of unbounded rank) known to satisfy Conjecture |1| was found
in [124, Theorem 7|. We call that class Mandel here. Realizable OMs and OMs of rank
at most 3 are Fuclidean and the latter are Mandel, but the class is larger. Indeed,
Mandel [124] Conjecture 8| conjectured the following as a “wishful thinking statement”,
since by the above it would imply the conjecture of Las Vergnas:

Conjecture 2 (Mandel [124]). Every OM is Mandel.

What is Mandel? Before continuing let us give some definitions in order to explain
the notion of Mandel OM. First we need to better explain the structure of antipodal
subgraphs of an OM to define the concept of Euclideaness.

Another graph associated to an OM G of rank r is its cocircuit graph of G, i.e.,
the graph G* whose vertices are the antipodal subgraphs of G of rank r — 1 and two
vertices are adjacent if their intersection in G is an antipodal subgraph of rank r — 2.
We denote the cocircuit graph of G by G*, since it generalizes planar duality in rank 3,
see [80], however in higher rank (G*)* is not well-defined, because the cocircuit graph
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does not uniquely determine the tope graph, see [48]. There has been extensive research
on cocircuit graphs [1}7,72,/113}/135]. However their characterization and recognition
remains open. Cocircuit graphs play a crucial role for the notion of Euclideaness and
Mandel as well in the study of corners on COMs.

Consider now a maximal path Aq,..., A, in G* such that for all 1 < i < n the
set A;_1 N A; is the set of antipodes of A; N A; 11 with respect to A;. It follows from
the topological representation of OMs [124], that Ai,..., A, induce a cycle in G*.
Moreover, every A, /o; is the set of antipodes of A; with respect to G, for 1 <7 < n/2
and all intersections A; N A;41 are crossed by the same set F' of ©-classes. Indeed, this
cycle can be seen as the line graph of the zone-graph (7 (G). Furthermore, each ©-class
Ey ¢ F crosses exactly two pairwise antipodal A; and A,, 51;. The cocircuit graph G*
is the (edge-disjoint) union of such cycles.

Consider a halfspace H of G, i.e. H is an AOM. The induced subsequence Ay, ..., Ay
of the above cycle is called a line L in H. This name comes from the fact that in the
topological representation the sequence corresponds to a pseudo-line, see [124]. Let
now FE. € £ be a ©-class of H. We say that E. crosses a line L of G, if there exists
A; on L that is crossed by FE, but A; 1 N A; or A; N A; 11 is not crossed by it. Note
that in a line L of an AOM the crossed A; is unique if it exists. This allows to define
the orientation of L with respect to E.: If L is not crossed by E. we leave its edges
undirected. Otherwise, let A; be the element of L that is crossed by FE. and assume
that A; C E; for j < i and A; C Ef for j > i. We orient all edges of the form
Aj, Ajiq from Aj to Aj4q. This is, the path L is directed from E; to Ej

The edges of the cocircuit graph G* of an AOM G are partitioned into lines and
for every ©-class F, we obtain a partial orientation of G* by orienting every line with
respect to E.. Let us call this mixed graph the orientation of G* with respect to
E.. Following Mandel [124, Theorem 6|, an AOM is FEuclidean if for every ©O-class
E. the orientation of the cocircuit graph G* with respect to F. is strictly acyclic,
i.e., any directed cycle (following undirected edges or directed edges in the respective
orientation) consists of only undirected edges. In other words, any cycle that contains
a directed edge contains one into each direction. Fuclidean AOMs are important since
they allow a generalization of linear programming from realizable AOMs.

Following Fukuda |78, an OM is called Fuclidean if all of its halfspaces are Eu-
clidean AOMs. Since non-Euclidean AOMs exist, see |78,/124], also non-Euclidean
OMs exist. However, there is a larger class of OMs that inherits useful properties of
Euclidean AOMs and that was introduced by Mandel |124].

We call an OM Mandel if it has an OM-expansion in general position (defined
below) such that G; and G2 are Euclidean AOMs. Mandel [124, Theorem 7| proved
(and it is up to today the largest class known to have this property) that these OMs
satisfy the conjecture of Las Vergnas:

Theorem 6.1 ( [124]). If G is Mandel, then there is a simplicial vertez in G.

As stated above, Mandel 124}, Conjecture 8] conjectured that every OM is Mandel
as a “wishful thinking statement”, since with Theorem|[6.1]it would imply the conjectures
of Las Vergnas.

Let us now consider a strengthening of the property claimed by Las Vergnas’ conjec-
ture. We say that G is ©-Las Vergnas, if every O-class of G contains an edge incident to
a simplicial vertex. It is known that in a rank 3 OM every ©-class is incident to a sim-
plicial vertex [121]. We extend this result to all antipodal partial cubes of rank 3 [108]
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and more importantly to Mandel OMs. More precisely, we use the ideas from [124] to
improve the Theorem [6.1] to showing:

Theorem 6.2. If G is a Mandel OM, then G is ©-Las Vergnas.

On the other hand, uniform OMs of rank 4 violating this property on 21 [154],
17 [26], and 13 [170] elements have been discovered. Figure [26|for the smallest of these
examples.

Figure 26: An AOM such that the resulting OM of rank 4 that is not ©-Las Vergnas.
Its boundary are the fat vertices yielding the (planar) tope graph of a rank 3 OM. The
example is due to Tracy Hall [170].

Thus, together with Theorem [6.2] this disproves Mandel’s conjecture.

Note that we have defined simpliciality only for antipodal partial cubes. In non-
antipodal partial cubes the notion of simpliciality is generalized as follows, a vertex
v € G is simplicial if it is contained in a unique maximal antipodal subgraph A C G
and deg(v) = rk(A). In LOPs simplicial vertices are called corners. In particular, if a
LOP @G is an AOM that embeds into an OM G’ along a ©-class E,, then G has a corner
if and only if G’ has a simplicial vertex incident to E.. Again, by the above examples
this proves that there are LOPs without corners, a fact first observed in [37].

6.1 Corners and corner peelings

We propose a common generalization of simpliciality and corners, that furthermore
allows us to generalize results of the literature, such as corner peelings for LOPs of
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rank 2 and realizable LOPs and moreover corner peelings for bipartite cellular graphs.
More precisely we show that realizable COMs as well as COMs of rank at most 2 and
on the other hand hypercellular graphs all admit corner peelings.

We will approach our general definition of corner of a COM, that generalizes corners
on LOPs and simplicial vertices in OMs. The intuitive idea of corner in a COM, is a
set of vertices whose removal gives a new (maximal) COM. As a matter of fact it is
convenient for us to first define this remaining object and moreover within an OM.

We will say that the subgraph T of an OM H is a chunk of H, if H admits an
expansion in general position Hp, Ho, such that T' = H;. We call the complement
C = H \ H; a corner of H. In the case that H has rank 1, i.e. H is isomorphic to an
edge Ko, then a corner is simply a vertex of H.

This definition extends to COMs by setting C' to be a corner of a COM G if C' is
contained in a unique maximal antipodal subgraph H and C' is a corner of H.

With these definitions at hand on can prove that chunks and corners as we defined
them achieve what we wanted.

Lemma 6.3. If C is a corner of a COM G, then the chunk G\ C is an inclusion
maximal proper isometric subgraph of G that is a COM.

Furthermore, corners in COMs indeed generalize corners of LOPs.

Proposition 6.4. A subset C' of the vertices of a LOP G is a corner if and only if
C = {v} is contained in a unique mazimal cube of G if and only if C = {v} such that
G\ {v} is a LOP.

Note that COMs do not always have corners, e.g., the AOMs mentioned above.
However, every OM admits an expansion in general position, see [165, Lemma 1.7]
or |22, Proposition 7.2.2]. This yields:

Proposition 6.5. Every OM has a corner.

Lemma yields the following natural definition. A corner peeling in a COM
G is an ordered partition C1,...,Cy of its vertices, such that C; is a corner in G —
{C1,...,Ci_1}. A subtlety of the above definition is that, when we say that COMs
from a certain class have corner peelings, this does not mean that all intermediate
COMs are in the same class. Proposition however yields that this is the case for
LOPs. Another such instance is the class of realizable COMs. Generalizing a results
from [170] for realizable LOPs we find:

Proposition 6.6. FEvery realizable COM has a corner peeling.

Proof. We show that a realizable COM G has a realizable chunk T. Represent G as
a central hyperplane arrangement H intersected with an open polyhedron P given by
open halfspaces O. Without loss of generality we can assume that the supporting hy-
perplanes of the halfspaces in O are in general position with respect to the hyperplanes
in H. Now, take some halfspace O € O and push it into P until it contains the first
minimal dimensional cell C' of H. The obtained realizable COM T is a chunk of G,
because restricting the OM corresponding to the cell C' with respect to O is taking
a chunk of C, while no other cells of G are affected and the resulting graph T is a
COM. O
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In |16, Conjecture 2| it was conjectured that all locally realizable COMs, i.e., those
whose cells are realizable OMs, are realizable. Proposition yields a disproof of this
conjecture, since all cells of a LOP are hypercubes, i.e., LOPs are locally realizable
(even zonotopally realizable), but by the examples above there are LOPs that do not
have corner peelings. Thus, they cannot be realizable. An open question remains |16,
Question 1], i.e., whether every locally realizable COM is zonotopally realizable.

6.2 Corners and corner peelings in further classes

In this section we consider the question of the existence of corners and corner peelings
in various classes of graphs. By Proposition simplicial vertices in LOPs are corners.

Thus, Theorem yields:
Corollary 6.7. Fvery halfspace of a Mandel UOM has a corner.

In the following we focus on COMs of rank 2 and hypercellular graphs. In both
these proofs we use the zone graph of a partial cube. We start with some necessary
observations on cocircuit graphs of COMs.

Cocircuit graphs of COMs

In the following we generalize the concept of orientation of the cocircuit graph intro-
duced above from AOMs to general COMs.

Lemma 6.8. If G is a COM and a hypercube Q, a pc-minor of G, then there is an
antipodal subgraph H of G that has Q, a minor. In particular, the rank of a maximal
antipodal subgraph of a COM G is the rank of G.

We define the cocircuit graph of a non-antipodal rank » COM as the graph whose
vertices are the rank r antipodal subgraphs and two vertices are adjacent if they inter-
sect in a rank r — 1 antipodal subgraph. By Lemma [6.8] the vertices of the cocircuit
graph of a non-antipodal COM G correspond to maximal antipodal subgraphs of G.
The cocircuit graph of a COM can be fully disconnected hence we limit ourselves to
COMs having all its maximal antipodal subgraphs of the same rank with G* connected.
We call them pure COMs. Note that AOMs are pure COMs.

Let G be a pure COM, {A1, A2} be an edge in G* and F' be the set of ©-classes
crossing A1 N As. We have seen above that if G is an AOM, then the maximal proper
antipodal subgraphs of GG crossed by ©-classes in F' induce a path of G* which we called
a line. The following lemma is a generalization of the latter and of general interest with
respect to cocircuit graphs of COMs, even if we will use it only in the case of rank 2.

Lemma 6.9. Let G be a COM that is not an OM, {A1, As} an edge in G*, and F the
set of ©-classes crossing A1 N As. The mazximal proper antipodal subgraphs of G crossed
by ©-classes in F' induce a subgraph of G* isomorphic to the line graph of a tree.

Lemma implies that G* can be seen as the edge disjoint union of line graphs of
trees. We can use this to orient edges of G*. Similarly as in the settings of AOMs, we
will call a line in G a maximal path L = Ay, ..., A, in the cocircuit graph G* such that
A;—1 N A; is the set of antipodes of A; N A;41 with respect to A;. Let now F, € € be a
O-class of (G. Similarly as before we say that F. crosses a line L of G* if there exists A;
on ¢ that is crossed by F, but 4;_1 N A; or A; N A;41 is not crossed by it. If A; exists,
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it is unique. The orientation of L with respect to E. is the orientation of the path L in
G* from E to E} if E, crosses L and not orienting the edges of L otherwise. Notice
that in this way we can orient the edges of G* with respect to E. by orienting all the
lines simultaneously. The orientation of each edge (if it is oriented) is well defined: If
{Aj,Aj11} € E7 is an edge in a line graph of a tree that is crossed by E. in A; and
Ay is closer to A; than Aj is, then {A;, Aj 11} is oriented from A; to Aj4. Similarly
if {A4;,Aj11} € EF and A; is closer to A; than A;44 is, then {A;, Aj11} is oriented
from A; to Aj;q. Furthermore, {A;, Ax} is not oriented if A;, Aj are at the same
distance to A;. See Figure [27] for an illustration.

+
E,

Figure 27: A pure rank 2 COM and its cocircuits graph oriented with respect to E..

COMs of rank 2

Mandel proved that every AOM of rank 2 is Kuclidean, which by Corollary implies
that every rank 2 halfspace of a UOM has a corner. We generalize this result.

Let us first consider what corners in rank 2 COMs are. Up to isomorphism the only
rank 2 OMs are even cycles. An expansion in general position of an even cycle G = Co,,
is given by G1,G2 = —G1, where (G1 consists of an induced path on n + 1 vertices.
Hence a corner in a rank 2 COM consist of n — 1 vertices inducing a path, included in
a unique antipodal Co,. For example, the COM in Figure has 11 corners. Those
contained in a square are single vertices and the ones contained in the Cg are paths
with two vertices.

Proposition 6.10. Let G be a pure COM of rank 2 and E. a ©-class of G. Then G
has a corner in EX and in E_ .

The following is a common generalization of corresponding results for cellular bipar-
tite graphs |11] (being exactly rank 2 hypercellular graphs, which in turn are COMs [42])
and LOPs of rank 2 [37].

Theorem 6.11. Every rank 2 COM has a corner peeling.

Proof. Notice that a rank 2 COM is pure if and only if it is 2 connected. Consider the
blocks of 2-connectedness of a rank 2 COM G. Then a block corresponding to a leaf in
the tree structure of the block graph has 2 corners by Proposition This implies
that G has a corner. Proposition together with the observation that G' minus the
corner has rank at most 2 yield a corner peeling. O

Hypercellular graphs

Hypercellular graphs were introduced as a natural generalization of median graphs, i.e.,
skeleta of CAT(0) cube complexes in [42|. They are COMs with many nice properties
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one of them being that all their antipodal subgraphs are Cartesian products of even
cycles and edges, called cells. Since median graphs are realizable COMs, see [12§],
which is also conjectured for hypercellular graphs [42|, they have corner peelings by
Proposition [6.6] Here, we prove that hypercellular graphs have a corner peeling, which
can be seen as a support for their realizability.

The following lemma determines the structure of corners in hypercellular graphs,
since the corners of an edge Ko and an even cycle Cy, are simply a vertex and a path
P,,_1, respectively.

Lemma 6.12. Let G = [J; A; be the Cartesian product of even cycles and edges. Then
the corners of G are precisely sets of the form ;D; C G, where D; is a corner of A;
for every i.

We shall need the following property about hypercellular graphs.
Lemma 6.13. Every zone graph (¢(G) of a hypercellular graph G is hypercellular.

Proof. Every zone graph of the Cartesian product of even cycles and edges is the
Cartesian product of even cycles and edges, as it can easily be checked. Let (f(G) be a
zone graph of a hypercellular graph G. Then every cell of rank 7 in (¢(G) is an image
of a cell of rank r + 1 in GG. Hence for every three rank r cells pairwise intersecting in
rank r — 1 cells and sharing a rank r — 2 cell from (f(G), there exist three rank 7 + 1
cells pairwise intersecting in rank r cells and sharing a rank r—1 cell in G. Additionally
the latter three cells lie in a common cell H in G. Then the image of H in (¢(G) is a
common cell of the three cells from (;(G). O

Let E. be a O-class of a COM G. As usual, see e.g. [16,42], we call the union
of antipodal subgraphs crossed by FE. the carrier of E.. The following is another
generalization of the corresponding result for cellular graphs [11] and as mentioned
above for median graphs.

Theorem 6.14. FEvery hypercellular graph G has a corner peeling.

Proof. We prove the assertion by induction on the size of G. The technical difficulty of
the proof is that removing a corner in a hypercellular graph possibly produces a non-
hypercellular graph. Hence we shall prove the above statement for the larger family F
of COMs defined by the following properties:

1. Every antipodal subgraph of G € F is a cell.
2. Every carrier of G € F is convex.
3. Every zone-graph of G € F is in F.

We first prove that hypercellular graph are a part of 7. By Lemma [6.13] only the
first two properties must be checked. Now, (1) holds by definition of hypercellular
graphs. Moreover, (2) follows from the fact that for any ©-class E, in a hypercellular
graph the carrier of E, is gated [42, Proposition 7|, thus also convex.

We now prove that the graphs in F have a corner peeling. Let G € F and E.
an arbitrary O-class in G. Since the carrier of E, is convex the so-called Convexity
Lemma |96] implies that for any edge g € E with exactly one endpoint in the carrier
its ©-class E, does not cross the carrier. Now if the union of cells crossed by E. does
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not cover the whole E, then for any edge g in EJ with exactly one endpoint in the
union, one of E; or B, is completely in EF. Repeating this argument with E, one
can inductively find a ©-class Ey with the property that the carrier of E; completely
covers E]T, without loss of generality.

Let (f(G) be the zone graph of G' with respect to Ey, i.e., the edges of E; are the
vertices of (¢(G) and two such edges are connected if they lie in a common convex cycle.
By (3) ¢f(G) is in F, thus by induction (f(G) has a corner Dy. By definition there is
a maximal antipodal subgraph Ay in (¢(G) such that the corner Dy is completely in
Ay. Moreover, there exists a unique maximal antipodal subgraph A in G whose zone
graph is Ay.

We lift the corner Dy from Ay to a corner D of A in the following way. If E; in
A corresponds to an edge factor Ks, then A is simply K3[JA;. In particular we can
define D = {v}0C} where v is a vertex of K3 in EJ}" By Lemma this is a corner
of A. Since Dy lies only in the maximal antipodal graph Ay, D lies only in A.

Otherwise, assume E; in A corresponds to a ©-class of a factor Cy, (an even
cycle). We can write A = Co0A’. Then Ay = Ko[JA’ with a corner Dy = {v}0A',
by Lemma We lift Df to D = P,_10A’. Here P;_; is the path in Cy;, consisting
of the vertices in E;{ apart from the one lying on the edge not corresponding to v in
the zone graph. As above since Dy lies only in the maximal antipodal graph Ay, D
lies only in A.

We have proved that G has a corner D. To prove that it has a corner peeling it
suffice to show that G\ D is a graph in F. Since removing a corner does not produce
any new antipodal subgraph, all the antipodal subgraphs of G\D are cells, showing
(1). The latter holds also for all the zone graphs of G\D. To prove that (2) holds for
G\D consider a ©-class E, of G\D. By Lemma G\D is an isometric subgraph of
G, i.e. all the distances between vertices are the same in both graphs. Since the carrier
of E. in GG is convex and removing a corner does not produce any new shortest path,
the carrier of F, is convex in G\D. The same argument can be repeated in any zone
graph of G\D. This finishes the proof. O
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7 Conclusions, current and future work

In the present section we discuss future directions of research on different levels of
depth, difficulty and importance, while also giving some further results.

7.1 COMs and their tope graphs

We have shown how COMs naturally arise as a generalization of (affine) oriented ma-
troids and lopsided sets by relaxing the covector axioms. Also, an axiomatization via
cocircuits is available that we chose to omit in the present text, see [16]. Nevertheless,
many analogies to the theory of OMs still lack generalization.

Problem 1. FEstablish an underlying undirected theory for COMs.

We expect to obtain set systems instead of oriented sign-vectors, much as the theory
of matroids [141,/173] behaves compared to the theory of OMs. Note that there is an
unoriented counterpart to AOMs, that is called semimatroids, due to Ardila [6]. These
objects already find recent applications in |56] and are part of a recent project of
mine with Emanuele Delucchi about finitary AOMs [55]. With respect to Problem
in what my intuition goes, I believe that a lattice theoretic approach along the lines
of bouquets of geometric lattices (also known as bouquets of matroids) and ideals in
geometric lattices (also known as wounded matroids) could be interesting, see |118].

Another important piece of theory missing for COMs is duality. This feature exists
for OMs as well as for LOPs, where it simply consists of taking the complement of the
tope set in the hypercube {+, —}¥, see [119]. Possibly Problem |I|could give some hints
here, but the same could hold vice versa, so we pose the following independently:

Problem 2. Investigate COM duality.

As a natural generalization of ranking COMs we propose graphic COMs which are
the minimal minor-closed class containing the previous as well as graphic OMs, see
the end of Section Here the input is a mixed graph G = (V, AU E) with edges
and arcs. The topes are its acyclic orientations. See Figure [I2 for an illustration,
which also shows that graphic COMs are not Pasch in general. We believe that graphic
COMs serve as a good class to understand COM duality. In particular, the topes of the
dual COM associated to G = (V, AU E) should be its strongly connected orientations.
These realizable COMs are very easy to understand and present themselves as a perfect
testing class for Problems [I] and [2]

Graphic COMs are closed under minors and under taking halfspaces. Another
interesting question is about the excluded minors of graphic COMs. Is the class closed
under amalgamations? Similarly, to Propositions|3.17|one can see that a graphic COM
is an OM if and only it has A = (), i.e., it is a graphic OM. What are the graphic LOPs?

A further direction here comes from the fact that tope graphs of graphic COMs are
flip graphs of certain orientations. Thus, they endow a large set with a structure that
can be used for proofs but also lies at the heart of enumeration algorithms, see [23|. In
this context it would be of interest to study the set of topes of a co-graphic COM that
correspond to orientations of higher strong connectivity. What is the structure of the
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topes corresponding to k-connected orientations? Resuming the above we propose the
following as a project suitable for a thesis, maybe even parts of it could be studied in
a Master’s thesis:

Problem 3. Study graphic COMs.

Graphic COMs are realizable and thus by definition fibers (also known as super-
topes [94]) of OMs. For this class Problem [I| and [2f may be attacked in a more natural
way than in the general situation. The following set of problems comes from the ques-
tion whether there really is a more general situation. It is probably the central open
problem in COMs.

We have shown that every COM arises by amalgamation from its OM cells. Con-
versely, can any COM can be obtained by restricting a larger OM? Let us describe this
more precisely. A halfspace of a COM is a COM. Particular examples are the affine
oriented matroids, which are halfspaces of OMs. Even stronger, the intersections of
halfspaces, i.e., the fibers (also known as supertopes [94]), of a COM are COMs. By
definition, realizable COMs are fibers of realizable OMs. How about the general case?

Conjecture 3. Fvery COM is a fiber of an OM.

This generalizes the corresponding conjecture of Lawrence [120] that lopsided sets
are fibers of uniform OMs. One way to attack these conjectures would be lattice
theoretic via the language of bouquets of oriented matroids |60|. Another strategy would
be to rephrase Conjecture [3| to tope graphs, where it corresponds to the statement that
every tope graph of a COM is a convex subgraph of a tope graph of an OM.

As shown in [109], every partial cube is a convex subgraph of an antipodal partial
cube. However, if G € Goom the constructed antipodal graph is not necessary in Goon-

Not only would Conjecture [3]be a natural generalization of the realizable situation,
but using the Topological Representation Theorem of Oriented Matroids |76] it will
also give a natural topological representation for COMs. In fact, Conjecture [3] is also
equivalent to the following conjecture: For every COM L there is a number d such
that £ can be represented by a set of (d — 2)-dimensional pseudospheres restricted
to the intersection of a set of open (d — 1)-dimensional pseudo-hemispheres inside a
(d—1)-sphere. In this sense proving Conjecturewould give new insights on attacking
Problem [1] and 2

In an ongoing project with Winfried Hochstaettler and Volkmar Welker we try
to push topological results from supertopes to general COMs, thus giving further in-
dications for Conjecture |3| and moreover generalizing earlier results on the (signed)
Varchenko determinant of OMs and affine hyperplane arrangements [94}|150].

There are similar, analogues and weakened version of Conjecture 3] In particular
there is a refined hierarchy of different types of realizability into locally realizable, zono-
topally realizable, and CAT(0) zonotopally realizable, see Section A zonotopally
realizable version of Conjecture [3| from |16] is wrong, see Section there are zono-
topally realizable COMs, that are not realizable, i.e., they are not fibers of realizable
OMs. We believe that another question from [16], see also Question [1, also has a
negative answer:

Conjecture 4. There are locally realizable COMs, that are not zonotopally realizable.
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To prove Conjecture [ it would suffice to find a three dimensional zonotope Z with
two incident facets I, F’ of same valency, such that in no realization of Z both F, F’
are isometric. Gluing three copies of Z around the edge separating F, F’ would yield
an example proving Conjecture [4

We think that the classes of realizable and zonotopally realizable COMs are inter-
esting and have presented large interesting subclasses, e.g., graphic COMs and CAT(0)
Coxeter complexes, respectively. Even if not all zonotopally realizable COMs realiz-
able, it would be interesting to find large classes that are realizable. This, in particular
would yield corner peelings. For instance it can be seen, see |128] that median graphs
are tope graphs of realizable COMs. How about hypercellular graphs? On the one hand
we have shown that they are zonotopally realizable COMs, see Theorem [5.5] Moreover,
as an indicator for their realizability we have shown, that they admit corner peelings.
On the other hand we have studied CAT(0) Coxeter complexes and shown that their
tope graphs generalize median graphs. Since hypercellular graphs are skeleta of Coxeter
complexes and generalize median graphs it seems likely, that their complexes are also
CAT(0), also see |42, Conjecture 1| and [42, Problem 2|. Indeed, it might be that the
median cell property alone (Theorem yields the CAT(0)-property for a zonotopally
realizable COM and that this in turn yields corner peelings.

Conjecture 5. Every hypercellular graph is the skeleton of a CAT(0) Coxeter complex.

Another class containing median graphs are conditional antimatroids |14]. These
can be seen as upper locally distributive semilattices as discussed in [73,|106] and are
natural common generalization of antimatroids and median graphs. In an on-going
project with Jérémie Chalopin and Victor Chepoi we tackle the question of realizability
of this class of LOPs.

Figure 28: A graph that is apiculate (see Section|7.6)), i.e., in particular the convex hull
of any isometric cycles is gated, and LOP, i.e., in particular all antipodal subgraphs
are hyperprisms. However, it is not in Sy, since as shown it can be contracted to Q) .

Going further, in [42] we have studied the class Sy of Pasch graphs containing
hypercellular graphs. Note that since Q5 € S4, we know that these graphs cannot be
CAT(0)-Coxeter. The class Sy constitutes another class of COMs. Namely, we prove
that if G € Sy, then the convex hull of any isometric cycle is gated. This implies that
Pasch graphs are COMs, since antipodal subgraphs are convex hulls of isometric cycles.
Moreover, we show that as in hypercellular graphs, all antipodal subgraphs in Sy are
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hyperprisms, i.e., products of even cycles and edges. However, the graph in Figure [2§]
shows, that Sy is a strict subclass of the intersection of the other two. We believe that
the study of these classes, i.e., COMs in which the convex hull of any isometric cycle
is gated and COMSs in which all cells are hyperprisms deserve further investigation as
generalizations of S4, but also as generalizations of apiculate and LOPs, respectively.

COMs

Conj. ocally realizable
fibers of OMs

AOMs onotopally realizable

OMs LOPs

realizable CO s CAT(0) Coxeter
4
Conj. 5

hypercellular

realizable OM

Figure 29: Classes and their (conjectured) relations. Black arcs are strict inclusions,
some of which are central results of this thesis, e.g., MandelC OMs, realizable COMsC
zonotopally realizable COMs, and &4 C zonotopally realizable COMs. Purple arcs are
inclusions not known if strict or not. Pink arcs are likely inclusions (known not to be
reverse inclusions).

As mentioned above, the previous conjectures are related to topological representa-
tions. Another question concerning topological representation is not only about tope
graphs of COMs, but more generally about partial cubes. Our characterization of pla-
nar partial cubes as region graphs of non-separating arrangements of Jordan curves in
the plane 5] generalizes a tope graph characterization for rank 3 OMs by Fukuda and
Handa [80]. Non-separating arrangements therefore generalize topological representa-
tions of OMs of rank 3. The property of being non-separating can be lifted to pseudo-
spheres of higher dimension and the resulting region-graphs constitute partial cubes.
The notion of non-separating arrangements generalizes pseudo-sphere arrangements as
occurring in the Topological Representation Theorem for OMs. Using topological tools
such as the generalized Schonfliess theorem [25] or a lattice theoretic approach, we
propose the following:

Problem 4. Is every partial cube the region graph of a non-separating pseudo-sphere
arrangement?

As mentioned above the answer here is “yes” for planar partial cubes. One of the
typical “bad guys” in partial cubes is the Desargues graph, see the left of Figure [37] A
first positive result into this direction is that the Desargues graph has a representation
in R3, see Figure
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Figure 30: From left to right: A placement of the Desargues graph in R3, such that one
pseudosphere corresponds to the surface of the cube. The part inside the cube of one
of the 4 remaining pseudo-spheres. A sketch of a completion to the full arrangement.

7.2 Simpliciality and mutations

One of the motors of our work on corners and simpliciality is Las Vergnas simplex
conjecture. It (and as we showed even a strengthening of it) holds for Mandel OMs
including realizable and OMs and OMs of rank 3. However it remains one of the big
open problems of the area and symptomatic for the still existing lack between topology
and combinatorics in OM theory. Recall that it consists in the following:

Problem 5. Prove that every OM has a mutation, i.e., every OM G has a vertex of
degree tk(G).

Though this problem has been subject of deep research, e.g. [154,161], up to now Las
Vergnas conjecture is only proved for realizable OMs [167], OMs of rank at most 3 [121],
for rank 4 OMs with few elements |26, rank 4 uniform matroid polytopes [133], and
as mentioned above for Euclidean OMs and Mandel OMs [124]. The graph theoretical
point of view allows to generalize Las Vergnas conjecture to antipodal partial cubes
and we were able to prove it true for antipodal partial cubes of rank at most 3 and by
computer for those of isometric dimension at most 7 [108].

n|2|3[4]5]|6 | 7
antipodal || 1 | 2 [ 4 | 13 ] 115 | 42257
OM [1[2]4] 9|35 | 381

Table 2: Numbers of antipodal partial cubes and OMs of isometric dimension n < 7.
The latter can also be retrieved from http://www.om.math.ethz.ch/

Since already on isometric dimension 6 there are 13488837 partial cubes, instead of
filtering those of isometric dimension 7 by antipodality, we filtered those of isometric
dimension 6 by affinity. There are 268615 of them. We thus could create all antipodal
partial cubes of dimension 7, count them and verify Las Vergnas conjecture also for
this set. See Table 2l We extend the prolific Las Vergnas conjecture to a much wider
class.

Problem 6. Does every antipodal partial cube G have a vertezx of degree rk(G)?

Let us quickly discuss a related problem. In [160] Roudneff made the following
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Conjecture 6. The tope graph of an OM of rank r and isometric dimensionn > 2r—1

has at most 2 Z::_O?’ (";1) vertices of degree n.

Here we took the opportunity to rephrase in terms of tope graphs. This bound is
tight attained by the point matroid of the cyclic polytope and it is sufficient to prove
it for n = 2r — 1, see [160|. The latter allowed to verify the conjecture for rank at
most 4, see [149]. Apart from this it has been shown for so-called Lawrence matroids
by Montejano and Ramirez-Alfonsin [134]. A computerized case analysis for n = 7 and
rank r = 4 showed the veracity of Conjecture [6] for antipodal partial cubes with these
parameters. We wonder:

Problem 7. Does every antipodal partial cube G of isometric dimension n > 2rk(G)—1

have at most 2 Z;:g (”;1) vertices of degree n?

Through the perspective of the Topological Representation Theorem, Problem [3] is
a perfect illustration of how topology and combinatorics can be intertwined. Namely,
if a OM has a mutation, then one can understand combinatorially what it means to
transform the arrangement pulling one pseudo-sphere bounding the simplicial cell over
its opposite vertex. Now, the set of OMs of fixed rank and size is connected via mu-
tations if and only if there are continuous transformations between all representing
arrangements passing only through arrangements representing OMs. Las Vergnas con-
jecture states that the mutation graph on all OMs of fixed rank and size has no vertices
of degree 0. In this context the following conjecture is natural and completely out of
reach:

Conjecture 7 (Cordovil-Las Vergnas |161]). For all r,n the mutation graph on the
set of uniform OMs on n elements and rank r is connected.

By Ringel’s Homotopy Theorem [157,/158] Conjecture [7| holds for rank at most 3.
Also for the realizable case [161], the induced subgraph defined by realizable uniform
OMs is connected. We verified the conjecture of Cordovil-Las Vergnas for all uniform
OMs on at most 9 elements. See [108] for more details.

The largest mutation graph that had to be checked has 9276595 vertices. Figure
shows the graph of uniform OMs of rank 4 on 8 elements.

7.3 Corners peelings and unlabeled sample compression

Going back to corners, recall that we have shown corner peelings for COMs or rank 2
and hypercellular graphs. A common generalization are Pasch graphs [40,42|, which
form a class of COMs that excludes all known LOPs without corner peelings [11,37,(170].

Problem 8. Does every Pasch graph have a corner peeling?

This question is in a sense about the next-class-to-tackle and will allow to improve
our techniques, since its similarities to the resolved case of hypercellular graphs are
plentiful. Another natural class to try would be zonotopally realizable CAT(0) COMs.

From a more general stand point however, recall that the initial motivation for
the study in corner-peelings in LOPs is that their existence guarantees unlabeled com-
pression schemes and henceforth creates a link to machine learning [37]. It would be
interesting to see how our contributions translate back to this setting and consider
related concepts in the context of COMs.
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Figure 31: The mutation graph of (isomorphism classes of) uniform OMs of rank 4 on
8 elements. The red vertices are realizable and the blue ones are non-realizable

Problem 9. Are there unlabeled compression schemes for COMs with corner peeling?

This problem can probably be solved by adapting the fundamental results showing
that corner peelings in LOPs yield unlabeled compression schemes, see .

7.4 Lopsided extensions and labeled sample compression

A project with Victor Chepoi and our current PhD student Manon Philibert initiates
the systematic study of partial cubes of bonded VC-dimension. We obtain the first
structural results on two-dimensional partial cubes, i.e., F(Q3), see . Recall that a
partial cube G has VC-dimension d if and only if rk(G) = d, i.e., d is the largest integer
such that G € F(Qg+1)-

The interpretation in terms of the VC-dimension, that was introduced in statistical
learning by Vapnik and Chervonenkis [172], creates links to combinatorics, algorithmics,
machine learning, discrete geometry, and combinatorial optimization where it serves as
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complexity measure and as a combinatorial dimension of a set family. Littlestone and
Warmuth [122] introduced the sample compression technique for deriving generalization
bounds in machine learning. Floyd and Warmuth [75] asked whether any set family
S of VC-dimension d has a sample compression scheme of size O(d). This question
remains one of the oldest open problems in computational machine learning. Labeled
compression schemes were designed for lopsided families [137] and for maximum [37]
families, respectively.

It was noticed in [137,{163] that the (labeled) sample compression conjecture of |75]
would follow from:

Problem 10. Show that any set family S of VC-dimension d can be extended to a
lopsided partial cube of VC-dimension O(d).

Problem is already open for set families of VC-dimension 2. As a first non-
trivial step we could show that any partial cube of VC-dimension at most 2 can be
extended to a LOP even of the same dimension, see [44]. This is best-possible in two
senses: On the one hand, there are set systems of VC-dimension 2, that cannot be
completed to a partial cube of VC-dimension 2. On the other hand there are partial
cubes of VC-dimension 3, that cannot be completed to a LOP of VC-dimension 3, see
Figure

=R

Figure 32: Left: set system of VC-dimension 2 that cannot be completed to a partial
cube of VC-dimension 2. Right: partial cube of VC-dimension 3 that cannot be com-
pleted to a LOP of VC-dimension 3.

Problem 11. Show that any partial cube of VC-dimension d can be extended to a
lopsided partial cube of VC-dimension O(d).

In order to attack Problem [11] it would be tempting to proceed as we did for the
two-dimensional case, i.e., first extend to a COM and then extend this COM to a LOP.
Indeed, we believe the following:

Conjecture 8. Every COM can be extended to a LOP of same rank.

We have shown the above conjecture for OMs as well as for CUOMs, i.e., COMs
whose cells are uniform oriented matroids [43|. Note that the latter includes COMs of
rank 2. Having however in mind the goal of proving labeled sample compression for
COMs, one could also consider the proof for LOPs and push it to the more general
set-up of COMs.

Conjecture 9. Fvery COM of rank d has a labeled compression schemes of size d.
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Conjecture |8 also relates to work with Nicolas Nisse [114], where we wonder if any
set family S C @, can be extended to a partial cube whose number of vertices is
polynomial in |S| + n. Making such an extension by keeping just the VC-dimension
linear, would be the other missing piece that together with Problem [11| would solve the
sample compression conjecture.

7.5 Other Pc-minor-closed classes

We have studied several classes of partial cubes, that can be defined by a simple or
small set of excluded minors. See Table [3] for known such classes.

trees || F(Q2)
hypercubes || F(Ps)
bipartite cacti || F(K20OPs3) [128] page 12]

hypercellular graphs || F(Q3)

median graphs || F(Qj,Cs)

distributive lattices || F(Qj3,Cs, K1.3)
gated amalgams of even cycles and cubes || F(Q3,Cs x Ko) |145]
two-dimensional || F(Q3) [44]
rank two COMs || F(SKy4,Q3)
rank two LOPs || F(Cs,Q3)
almost-median graphs || F(Cg) [128, Theorem 4.4.4]

Table 3: Classes of partial cubes defined by excluding a small (set of) pc-minors. Here,
SK, denotes the full subdivision of Ky, see the left-most graph in Figure [T

In general studying F(X) for a small partial cube X is an interesting project, that
can be insightful and a good way to approach a student to this area. A first natural
candidates for X include K 3 or P; and the intersection of classes defined by the above
or similar excluded minors.

The global hull-number hnr(G) = max{hnr(H) : H C G convex}, where hnr(H) is
the hull-number, i.e., the size of a smallest set of vertices whose convex hull is H. The
class ‘H,, of partial cubes with globe hull-number at most n is pc-minor closed. At first
we believed that H2 would coincide with F (K7 3) but recently Manon Philibert found
another excluded minor for this class, namely Q5 with a leaf attached to the antipode
of the missing vertex.

Problem 12. Determine the excluded pc-minors of Hy,.

While determining hnr(G) is NP-complete even for partial cubes [5], we know that
given the (large) set of all convex subgraphs, both hnr and hnr can be determined in
polynomial time in general, see |114]. Since by Proposition pe-minors can be found
in polynomial time, providing a finite list in Problem would yield a polynomial
time algorithm for determining hnr in partial cubes. A natural (proper) minor-closed
subclass of Ha, are those partial cubes isometrically embeddable into Z¢. The set
of excluded minors is known only for d < 2 and will be part of the thesis of Manon
Philibert.

Problem 13. Show that the list of minimal forbidden pc-minors of partial cubes em-
beddable in Z% is finite.
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Another pc-minor closed class of partial cubes are planar partial cubes. Several
characterizations of planar partial cubes are known [5,/59], where the latter corrects a
characterization from [144]. A particular consequence of Corollary is that tope
graphs of OMs of rank at most three are characterized by the finite list of excluded
pc-minors Q3. By a result of Fukuda and Handa [80| this graph class coincides with
the class of antipodal planar partial cubes. Since planar partial cubes are closed under
pc-minors, we wonder about an extension of this result to general planar partial cubes:

Problem 14. Find the list of minimal excluded pc-minors for planar partial cubes.

It is easy to see, that any answer here will be an infinite list, since a (strict) subfamily
is given by the set {G,0K3 | n > 3}, where G,, denotes the gear graph (also known as
cogwheel) on 2n + 1 vertices, see Figure

G30K, G4OK, G50K,

Figure 33: The first three members of an infinite family of minimal obstructions for
planar partial cubes.

However, determining the list for planar partial cubes seems hard. I have directed
an ENS student on a research scholarship through this project without obtaining a
candidate for a complete list. In view of the results of [80], maybe the characterizing
planar COMs by excluded minors would be interesting. We spent quite some time
with Jean-Florent Raymond trying to determine the class of excluded minors of planar
median graphs (which are COMSs), but also here the structure remains mysterious.
On the other hand, the exclusions for outerplanar partial cubes are probably easy to
determine - a topic for a young student. Indeed, I believe that outerplanar partial
cubes can be characterized by excluding the gear graphs, (3, and the book K;301Ko>.

In particular we have the following, if a pc-minor closed class is contained in an
(ordinary) minor closed graph class it can still have an infinite list of excluded minors.
A tempting probably quite hard problem is the following:

Problem 15. Give a criterion for when a pc-minor closed class has a finite list of
excluded pc-minors.

Note that classes of the above type as well as those embeddable into Z? are also
closed under isometric subgraphs. It would in this sense be sufficient to determine the
list of obstruction that are minimal with respect to this latter relation. Indeed, one can
see that if this smaller set is finite, then the set of minimal forbidden pc-minors will be
finite as well.

7.6 Order

As explained in the prologue to this thesis, the first partial cubes I came in contact
with were diagrams of distributive lattices. From this point of view it is natural to -
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given a partial cube G and a vertex v - consider the poset P(G,v) with base point v.
This is, for u,w € P(G,v) we define u < w if there is shortest (v, w)-path through w.
This poset is crucial for the proof of shellability of OMs and AOMs, see [22]. With
Carolina Benedetti and our Master student Jeronimo Valencia we are using P(G,v) to
extend shellability to certain realizable COMs. How about poset properties of P(G,v)?

Following Bandelt and Chepoi [12| a partial cube G is called apiculate if P(G,v)
is a meet-semilattice for all v € G. There it is moreover shown that Pasch graphs are
apiculate. See also Figure [28] for some other examples. In [21] the poset P(G,v) is
studied for G being an OM, in which case apiculate is equivalent to P(G,v) being a
lattice for all v. It is shown that the apiculate OMs are exactly the simplicial ones, i.e.,
those where deg(v) = rk(G) for all vertices v. In case of Coxeter arrangements, this
leads to the so-called weak order on a Coxeter group - an important lattice structure
that we used recently in [83]. We believe that the following generalization holds:

Conjecture 10. An antipodal partial cube G is apiculate if and only if G is the tope
graph of a simplicial OM.

Note that it is not true that any regular partial cube is apiculate, since there are
regular non-antipodal partial cubes, see Figure However, it might be true that
regular COMs are antipodal.

Figure 34: Left: a cubic non-antipodal partial cube. Right: a partial cube lattice that
is not a COM.

A wider class can be obtained by saying that a poset or (meet-semi)lattice P is
partial cube or COM if there is such G with a vertex v such that P = P(G,v). An
example are (lower) distributive (semi) lattices, realted to (conditional) antimatroids.
Note that the lattice property of P does not imply that G is a COM, see the right of
Figure In a recent series of papers [29,57,58,143| the weak face lattice of realizable
OM-lattices was studied. This can be seen as the order on the covectors £ where the
product order (— <0 < +)F is imposed. We believe the following to be natural:

Problem 16. Study the weak face order of COMs.

A last question concerning order comes from an analogy to distributive lattices and
linear extension graphs, both being partial cubes. It might be suitable for a student.
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Indeed, given the lattice of ideals P of a poset, its linear extension graph can be
obtained from P by taking all maximal chains as vertices and connect two with an
edge if they differ on a convex cycle. This construction - called second graph - has also
been considered for realizable OMs, see [152]. One can thus wonder if given a partial
cube lattice P(G,v) its second graph is also a partial cube. The permutahedron does
not get a partial cube, see Figure We believe the following:

Conjecture 11. If P is an upper locally distributive lattice, then its second graph is a
partial cube.
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abcdef acbdfe fedcba efdbca

’ Nede / Nedves
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v
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Figure 35: The permutahedron with base vertex v and the corresponding second graph,
which is not a partial cube.

7.7 Symmetry

Let us turn our attention to symmetry properties. Given a group I' and an inverse-
closed subset C'its (right) Cayley graph Cay(T',C') has a vertex for each element of T
and {g,h} is an edge if there is ¢ € C' such that gc = h. An important special case is
when T' is a finite Coxeter group and C' its canonical set of generators, i.e., (I',C) is a
Coxeter system. In this case Cay(I",C) is the dual graph of the Coxeter arrangement
associated to I' and thus in particular the tope graph of a simplicial OM. We say that
the corresponding partial cube is Cozeter, also know as mirror graph, see |32,[127].
Indeed, all known Cayley COMs arise this way, leading to the following:

Conjecture 12. All Cayley COMs are Cozeter.

The conjecture holds for all cubic partial cubes [126| and all median graphs [138].
Computer experiments confirm Conjecture [12| for antipodal partial cubes of isometric
dimension at most 8 and for cuartic partial cubes on up to 226 vertices. Indeed, the
conjecture could even hold for vertex-transitive partial cubes. Moreover, it is known
that vertex-transitive zonotopes, i.e., tope graphs of realizable OMs, such that the
isometry group of Euclidean space acts transitively on them are exactly the tope graphs
of Coxeter arrangements, see |175]. On the other hand there are zonotopes whose
graph has an automorphism that cannot be realized by an isometry of Euclidean space,
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see |155] and Figure Hence, vertex-transitivity from a graph point of view, i.e., the
automorphism group acts transitively on the graph, is strictly less restrictive.

Figure 36: A zonotope whose graph has an automorphism that cannot be realized by
an isometry of Euclidean space. The drawing was done by Martin Winter.

However, one difficulty of the above conjecture arises from the fact, that even if
a partial cube is Coxeter it might also be the Cayley graph of a non-Coxeter group,
e.g., the even cyclic groups. Also, the permutahedron Cay(Ss, {(12), (23), (34),45)}) is
isomorphic to Cay(Ss, {(1253), (13)(245) }), where the latter is not a Coxeter system. A
yet unexplored tool for this question seem to be zone-graphs which preserves symmetry
properties and thus allows for inductive proofs on COMs.

On the other hand, recent collaboration with Tilen Marc yields the first Cayley
partial cube, that is not Coxeter: the 112 vertex Dejter graph is a non-OM antipo-
dal partial cube of isometric dimension 7 and a Cayley graph of (Z3 x Z7) X Zg with
respect to three generators of order 14.

Concerning the wider class of vertex-transitive partial cubes, the only known vertex-
transitive Cayley partial cubes of girth 6 are the middle level graphs and the following
has been stated:

Conjecture 13. @/ All vertez-transitive partial cubes of girth 6 are middle level
graphs.

Conjecture [L3] has been verified for antipodal partial cubes of isometric dimension
at most 8.

The restriction to antipodal partial cubes in most of our experiments has compu-
tational benefits, but we think that it is actually justified by the following:

Conjecture 14. All vertex-transitive partial cubes are antipodal.

Conjectures and hold for cubic partial cubes and median graphs .
Furthermore, they have been confirmed for partial cubes of order at most 46.

Various further notions of graph symmetry restricted to partial cubes were consid-
ered in the recent Master’s thesis of my student Gil Puig. In particular, his results
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suggest that the only cuartic symmetric (aka arc-transitive) partial cubes might be
products of cycles. Again, the Dejter graph shows that for higher degree the situation
looks more complicated.

7.8 Cocircuits and the cocircuit graph

The covectors of a COM G are its antipodal subgraph. The cocircuits are the inclusion-
maximal proper antipodal subgraphs, see Table [I We have not spoken much about
cocircuits and the cocircuit graph in this text. There are axiomatizations for COMs
available in terms of cocircuits [16] and when speaking about corners and corner peelings
cocircuits and the cocircuit graph of pure COMs play an important role [108|. There
are some intriguing and hard open problems in this area, mostly concerning OMs.

An important open problem in OMs is to find a generalization of the Sylvester-
Gallai Theorem, i.e., for every set of points in the plane that does not lie on a single
line there is a line, that contains only two points. In |79] this is generalized to OMs
as: Every rank r OM has a point contained in exactly r — 1 of the (r — 2)-dimensional
spheres.

This statement is known to hold for rank 3 OMs [22|. The reformulation of the
above in terms of metric graph theory reads: If a tope graph has a cube Qg as partial
cube minor, then it contains a conver Qq_1.

However, this statement is false. Indeed, any orientation of a product (Uz3)* has
rank 2k but only contains a convex ()i since its tope graph is the Cartesian prod-
uct (Cg)¥. The “right” conjecture can be found in Mandel’s thesis [124], where it is
attributed to Murty. In terms of partial cubes it reads:

Conjecture 15 (Murty). Every OM of rank r contains a convex subgraph that is the
product of an edge and an antipodal graph of rank r — 2.

The realizable case of Murty’s conjecture is shown by [167] and more generally
holds for Mandel OMs [124]. Already, for rank 4 OMs it is interesting and claims the
existence of a convex prism in the tope graph.

Still Murty’s conjecture in general seems out of reach. We propose a reasonable
weaker statement to attack:

Problem 17. Prove that in every OM of rank r there is a convex Q[g].

Note that Problem is tight by the above counterexample to the first general-
ization of Sylvester-Gallai. Moreover, a generalization of Problem [17] beyond OMs is
false already for rank 3 antipodal partial cubes: the Desargues graph has rank 3 but
does not contain a @2, see the left of Figure 37 More generally, middle level graphs of
hypercubes are partial cubes of unbounded rank, but without convex 9.

As already observed by Mandel, Conjecture [I5] indeed claims a property of the
underlying matroid and can hence be reformulated:

Conjecture 16. Fvery orientable matroid has a hyperplane with a coloop.
This point of view offers yet another interesting weakening of Murty’s Conjecture:

Conjecture 17. FEvery orientable matroid has a disconnected hyperplane.
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Figure 37: Left: The Desargues graph and a @J3 minor. Right: Affine representation of
the OM M. All M, M\ z, and M \ y have isomorphic cocircuit graphs, but the one
of M\ {x,y} is different.

Note that this property does not hold for general (non-orientable) matroids. For
instance, in the Fano matroid all hyperplanes are connected.

Let us now consider not only cocircuits but cocircuit graphs, that we already intro-
duced in Section [6.2] for pure COMs for the treatment of Mandel OMs and COMs of
rank 2. The cocircuit graph G* of an OM G can also be seen as the 1-skeleton of the ar-
rangement representing it and therefore can be seen as a dual graph to the tope graph.
Graph theoretic descriptions and recognition algorithms of cocircuit graphs have been
subjects of my PhD thesis and a series of papers [3,72/106,|113]. Contrarily to tope
graphs no purely graph theoretic characterization is known. The following would be of
interest in particular with respect to the recognition complexity of cocircuit graphs.

Problem 18. Find a graph theoretical characterization of cocircuit graphs.

In contrast to the tope graph, the cocircuit graph does not uniquely determining
an OM [48]. It is interesting to study the set of OMs with the same cocircuit graph
G*. Indeed, G* does not even determine the number of elements of the OM. New
observations include that there is no unique deletion minimal OM represented by a
given cocircuit graph. This is proved by the example in the left of Figure found
with Ricardo Strausz and Juan José Montellano-Ballesteros. A natural question in this
context can be seen as another weakening of Murty’s conjecture:

Problem 19. Does the cocircuit graph of an OM determine its rank?

Related questions concern the diameter of G*. The oldest and most famous question
in this context is:

Conjecture 18. For the cocircuit graph G* of an OM with n elements and rank r, we
have diam(G*) <n —r+ 2.

This is known to hold for » < 3 [7}[72| and has been related to the Hirsch conjecture.
Recently, in |1] Conjecture (18 has been reduced to the uniform case. Together with
computer experiments this confirms Conjecture forn <9 and n — 4 < r. While it
is easy to see that the diameter of a cocircuit graph is in O(rn), a weaker question due
to Fukuda asks:

Problem 20. Is the diameter of the cocircuit graph of an OM on n elements in O(n)
(independently of the rank)?
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7.9 Beyond COMs

One might think that already OMs are rather abstract and COMs are then maybe the
last layer of generality one might be interested in, but I think (and literature confirms
this), that there is further objects to be explored. Indeed, as illustrated throughout
this thesis, one fruitful way of extending COMs are partial cubes, which are not exotic
to the community at all.

However, I wish to briefly present a different extension of the theory of COMs, due
to Margolis, Saliola, and Steinberg [130]. A left regular band (LRB) is a semigroup
(L,0) with XoY oX = XoY and X o X = X. This leads to a poset structure F:
X <Y if XoY =Y. An LRB is called CW if the principal filters in F are CW-posets.

As shown in [130] this class contains COMs, Bjorner-Ziegler complex OMs [177],
and recently developed oriented interval greedoids [164]. We believe that extending
the notions of minors, tope graphs, and further properties such as (FS) and (SE) to
this more general context might be very valuable. Let us resume the subsection with a
vague and vast goal.

Problem 21. Eztend the theory of CW left regular bands.
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Abstract. In his seminal 1983 paper, Jim Lawrence introduced lopsided sets and featured them as asym-
metric counterparts of oriented matroids, both sharing the key property of strong elimination. Moreover,
symmetry of faces holds in both structures as well as in the so-called affine oriented matroids. These two
fundamental properties (formulated for covectors) together lead to the natural notion of “conditional oriented
matroid” (abbreviated COM). These novel structures can be characterized in terms of three cocircuits axioms,
generalizing the familiar characterization for oriented matroids. We describe a binary composition scheme by
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1. INTRODUCTION

1.1. Avant-propos. Co-invented by Bland & Las Vergnas [11] and Folkman &
Lawrence [21], and further investigated by Edmonds & Mandel [20] and many other au-
thors, oriented matroids represent a unified combinatorial theory of orientations of ordinary
matroids, which simultaneously captures the basic properties of sign vectors representing the
regions in a hyperplane arrangement in R™ and of sign vectors of the circuits in a directed
graph. Furthermore, oriented matroids find applications in point and vector configurations,
convex polytopes, and linear programming. Just as ordinary matroids, oriented matroids may
be defined in a multitude of distinct but equivalent ways: in terms of cocircuits, covectors,
topes, duality, basis orientations, face lattices, and arrangements of pseudospheres. A full
account of the theory of oriented matroids is provided in the book by Bjorner, Las Vergnas,
White, and Ziegler [10] and an introduction to this rich theory is given in the textbook by
Ziegler [39].

Lopsided sets of sign vectors defined by Lawrence [29] in order to capture the intersection
patterns of convex sets with the orthants of R? (and further investigated in [3,4]) have found
numerous applications in statistics, combinatorics, learning theory, and computational ge-
ometry, see e.g. [34] for further details. Lopsided sets represent an “asymmetric offshoot” of
oriented matroid theory. According to the topological representation theorem, oriented ma-
troids can be viewed as regular CW cell complexes decomposing the (d— 1)-sphere. Lopsided
sets on the other hand can be regarded as particular contractible cubical complexes.

In this paper we propose a common generalization of oriented matroids and lopsided sets
which is so natural that it is surprising that it was not discovered much earlier. It also
generalizes such well-known and useful structures as convex geometries and CAT(0) cube
(and zonotopal) complexes. In this generalization, global symmetry and the existence of the
zero sign vector, required for oriented matroids, are replaced by local relative conditions.
Analogous to conditional lattices (see [22, p. 93]) and conditional antimatroids (which are
particular lopsided sets [3]), this motivates the name “conditional oriented matroids” (abbre-
viated: COMs) for these new structures. Furthermore, COMs can be viewed as complexes
whose cells are oriented matroids and which are glued together in a lopsided fashion. To
illustrate the concept of a COM and compare it with similar notions of oriented matroids
and lopsided sets, we continue by describing the geometric model of realizable COMs.
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1.2. Realizable COMs: motivating example. Let us begin by considering the follow-
ing familiar scenario of hyperplane arrangements and realizable oriented matroids; compare
with [10, Sections 2.1, 4.5] or [39, p. 212]. Given a central arrangement of hyperplanes of
R4 (i.e., a finite set E of (d — 1)-dimensional linear subspaces of R%), the space R? is parti-
tioned into open regions and recursively into regions of the intersections of some of the given
hyperplanes. Specifically, we may encode the location of any point from all these regions
relative to this arrangement when for each hyperplane one of the corresponding halfspaces
is regarded as positive and the other one as negative. Zero designates location on that hy-
perplane. Then the set £ of all sign vectors representing the different regions relative to £
is the set of covectors of the oriented matroid of the arrangement E. The oriented matroids
obtained in this way are called realizable. If instead of a central arrangement one consid-
ers finite arrangements E of affine hyperplanes (an affine hyperplane is the translation of a
(linear) hyperplane by a vector), then the sets of sign vectors of regions defined by E are
known as realizable affine oriented matroids [27] and [3, p.186]. Since an affine arrangement
on R? can be viewed as the intersection of a central arrangement of Rt! with a translate
of a coordinate hyperplane, each realizable affine oriented matroid can be embedded into a
larger realizable oriented matroid.

Now suppose that E is a central or affine arrangement of hyperplanes of R and C is
an open convex set, which may be assumed to intersect all hyperplanes of E in order to
avoid redundancy. Restrict the arrangement pattern to C, that is, remove all sign vectors
which represent the open regions disjoint from C. Denote the resulting set of sign vectors
by L(E,C) and call it a realizable COM. Figure 1(a) displays an arrangement comprising
two pairs of parallel lines and a fifth line intersecting the former four lines within the open
4-gon. Three lines (nos. 2, 3, and 5) intersect in a common point. The line arrangement
defines 11 open regions within the open 4-gon, which are represented by their topes, viz. £1
covectors. The dotted lines connect adjacent topes and thus determine the tope graph of the
arrangement. This graph is shown in Figure 1(b) unlabeled, but augmented by the covectors
of the 14 one-dimensional and 4 two-dimensional faces.

Our model of realizable COMs generalizes realizability of oriented and affine oriented
matroids on the one hand and realizability of lopsided sets on the other hand. In the case
of a central arrangement E with C' being any open convex set containing the origin (e.g.,
the open unit ball or the entire space R?), the resulting set £(E,C) of sign vectors coincides
with the realizable oriented matroid of E. If the arrangement F is affine and C is the entire
space, then L(E, C) coincides with the realizable affine oriented matroid of E. The realizable
lopsided sets arise by taking the (central) arrangement E of all coordinate hyperplanes £
restricted to arbitrary open convex sets C' of R%. In fact, the original definition of realizable
lopsided sets by Lawrence [29] is similar but used instead an arbitrary (not necessarily open)
convex set K and as regions the closed orthants. Clearly, K can be assumed to be a polytope,
namely the convex hull of points representing the closed orthants meeting K. Whenever the
polytope K does not meet a closed orthant then some open neighborhood of K does not
meet that orthant either. Since there are only finitely many orthants, the intersection of
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FIGURE 1. (a) An arrangement of five lines and its tope graph. (b) Faces
and edges of the tope graph are labeled with corresponding covectors. Sign
vectors are abbreviated as strings of +, —, and 0 and to be read from left to
right.

these open neighborhoods results in an open set C' which has the same intersection pattern
with the closed orthants as K. Now, if an open set meets a closed orthant it will also meet the
corresponding open orthant, showing that both concepts of realizable lopsided sets coincide.

1.3. Properties of realizable COMs. For the general scenario of realizable COMs, we can
attempt to identify its basic properties that are known to hold in oriented matroids. Let X
and Y be sign vectors belonging to £, thus designating regions represented by two points z
and y within C relative to the arrangement E; see Figure 2 (compare with Fig. 4.1.1 of [10]).
Connect the two points by a line segment and choose € > 0 small enough so that the open
ball of radius e around z intersects only those hyperplanes from E on which = lies. Pick
any point w from the intersection of this e-ball with the open line segment between z and y.
Then the corresponding sign vector W is the composition X oY as defined by

(XoY)e=X,if X #0and (X oY), =Y, if X, =0.
Hence the following rule is fulfilled:
(Composition) X oY belongs to £ for all sign vectors X and Y from L.

If we select instead a point u on the ray from y via x within the e-ball but beyond z, then
the corresponding sign vector U has the opposite signs relative to W at the coordinates
corresponding to the hyperplanes from E on which z is located and which do not include the
ray from y via x. Therefore the following property holds:

(Face symmetry) X o —Y belongs to £ for all X,Y in L.
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Next assume that the hyperplane e from E separates x and y, that is, the line segment
between = and y crosses e at some point z. The corresponding sign vector Z is then zero at
e and equals the composition X oY at all coordinates where X and Y are sign-consistent,
that is, do not have opposite signs:

(Strong elimination) for each pair X,Y in £ and for each e € E with XY, = —1 there exists
Z € L such that Z, = 0 and Z; = (X oY) for all f € E with XYy # —1.

Now, the single property of oriented matroids that we have missed in the general scenario is
the existence of the zero sign vector, which would correspond to a non-empty intersection of
all hyperplanes from E within the open convex set C:

(Zero vector) the zero sign vector 0 belongs to L.

On the other hand, if the hyperplanes from E happen to be the coordinate hyperplanes, then
wherever a sign vector X has zero coordinates, the composition of X with any sign vector
from {#1,0}¥ is a sign vector belonging to £. This rule, which is stronger than composition
and face symmetry, holds in lopsided systems, for which the “tope” sets are exactly the
lopsided sets sensu Lawrence [29]:

(Ideal composition) X oY € L for all X € £ and all sign vectors Y, that is, substituting any
zero coordinate of a sign vector from £ by any other sign yields a sign vector of L.

FIGURE 2. Motivating model for the three axioms.

In the model of hyperplane arrangements we can retrieve the cells which constitute ori-
ented matroids. Indeed, consider all non-empty intersections of hyperplanes from E that
are minimal with respect to inclusion. Select any sufficiently small open ball around some
point from each intersection. Then the subarrangement of hyperplanes through each of these
points determines regions within these open balls which yield an oriented matroid of sign
vectors. Taken together all these constituents form a complex of oriented matroids, where
their intersections are either empty or are faces of the oriented matroids involved. These com-
plexes are still quite special as they conform to global strong elimination. The latter feature
is not guaranteed in general complexes of oriented matroids, which were called “bouquets of
oriented matroids” [15].

5
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It is somewhat surprising that the generalization of oriented matroids defined by the three
fundamental properties of composition, face symmetry, and strong elimination have appar-
ently not yet been studied systematically. On the other hand, the preceding discussion shows
that the properties of composition and strong elimination hold whenever C' is an arbitrary
convex set. We used the hypothesis that the set C' be open only for deriving face symme-
try. The following example shows that indeed face symmetry may be lost when C' is closed:
take two distinct lines in the Euclidean plane, intersecting in some point z and choose as C'
a closed halfspace which includes = and the entire ++ region but is disjoint from the ——
region. Then +—,+0, 44,0+, —+, and 00 comprise the sign vectors of the regions within
C, thus violating face symmetry. Indeed, the obtained system can be regarded as a lopsided
system with an artificial zero added. On the other hand, one can see that objects obtained
this way are realizable oriented matroid polyhedra [10, p. 420].

1.4. Structure of the paper. In Section 2 we will continue by formally introducing the
systems of sign vectors considered in this paper. In Section 3 we prove that COMs are
closed under minors and simplification, thus sharing this fundamental property with oriented
matroids. We also introduce the fundamental concepts of fibers and faces of COMs, and
show that faces of COMs are OMs. Section 4 is dedicated to topes and tope graphs of
COMs and we show that both these objects uniquely determine a COM. Section 5 is devoted
to characterizations of minimal systems of sign-vectors which generate a given COM by
composition. In Section 6 we extend these characterizations and, analogously to oriented
matroids, obtain a characterization of COMs in terms of cocircuits. In Section 7 we define
carriers, hyperplanes, and halfspaces, all being COMs naturally contained in a given COM.
‘We present a characterization of COMs in terms of these substructures. In Section 8 we
study decomposition and amalgamation procedures for COMs and show that every COM
can be obtained by successive amalgamation of oriented matroids. In Section 9, we extend
the Euler-Poincaré formula from OMs to COMs and characterize lopsided sets in terms of a
particular variant of it. In Section 10 as a resuming example we study the COMs provided
by the ranking extensions — aka weak extensions — of a partially ordered set and illustrate
the operations and the results of the paper on them. In Section 11 we consider a topological
approach to COMs and study them as complexes of oriented matroids. In particular, we
show that non-positively curved Coxeter zonotopal complexes give rise to COMs. We close
the paper with several concluding remarks and two conjectures in Section 12.

2. BASIC AXIOMS

We follow the standard oriented matroids notation from [10]. Let E be a non-empty finite
(ground) set and let £ be a non-empty set of sign vectors, i.e., maps from F to {£1,0} =
{—1,0,+1}. The elements of L are also referred to as covectors and denoted by capital letters
X,Y,Z, etc. For X € L, the subset X = {e € E : X, # 0} is called the support of X and
its complement X° = F\ X = {e € E : X. = 0} the zero set of X (alias the kernel of X).
Simlaly, we denote Xt ={e € E: X, =+} and X~ ={e€ E: X, = —}. We can regard a
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sign vector X as the incidence vector of a 1 signed subset X of E such that to each element
of E one element of the signs {+1,0} is assigned. We denote by < the product ordering on
{£1,0}® relative to the standard ordering of signs with 0 < —1 (sic!) and 0 < +1.

For X,Y € L, we call S(X,Y) = {f € E: X;Y; = —1} the separator of X and Y. The
elements of S(X,Y) are said to separate X and Y. If the separator is empty, then X and
Y are said to be sign-consistent. In particular, this is the case when X is below Y, that is,
X <Y holds. The composition of X and Y is the sign vector X oY, where (X oY), = X, if
Xe#0and (X oY), =Y, if X, =0. Note that X < X oY for all sign vectors X,Y.

Given a set of sign vectors L, its topes are the maximal elements of £ with respect to <.
Further let

L= {Y € {+1,0}¥: X <Y forsome X € L} = {X oW : X € L and W € {#1,0}7}

be the upset of £ in the ordered set ({£1,0}%, <).

If a set of sign vectors is closed with respect to o, then the resulting idempotent semigroup
(indeed a left regular band alias skew semilattice [31,32]) is called the braid semigroup, see
e.g. [8]. The composition operation naturally occurs also elsewhere: for a single coordinate,
the composite zoy on {£1,0} is actually derived as the term ¢(x,0,y) (using 0 as a constant)
from the ternary discriminator ¢ on {+1,0}, which is defined by t(a,b,c) = a if a # b and
t(a,b,c) = ¢ otherwise. Then in this context of algebra and logic, “composition” on the
product {£1,0}¥ would rather be referred to as a “skew Boolean join” [6].

We continue with the formal definition of the main axioms as motivated and discussed in
the previous section.

Composition:
(C) XoY e Lforall X,Y € L.

Condition (C) is taken from the list of axioms for oriented matroids. Since o is associative,
arbitrary finite compositions can be written without bracketing Xj o ... o X} so that (C)
entails that they all belong to £. Note that contrary to a convention sometimes made in
oriented matroids we do not consider compositions over an empty index set, since this would
imply that the zero sign vector belonged to £. We highlight condition (C) here although it
will turn out to be a consequence of another axiom specific in this context. The reason is
that we will later use several weaker forms of the axioms which are no longer consequences
from one another.

Strong elimination:
(SE) for each pair X,Y € £ and for each e € S(X,Y) there exists Z € L such that Z, =0
and Zy = (X oY)y forall fe E\S(X,Y).
Note that (X oY); = (Y o X)f holds exactly when f € E\ S(X,Y). Therefore the sign
vector Z provided by (SE) serves both ordered pairs X,Y and Y, X.
Condition (SE) is one of the axioms for covectors of oriented matroids and is implied by
the property of route systems in lopsided sets, see Theorem 5 of [29].
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Symmetry:
(Sym) —L={-X:X € L} =L, that is, £ is closed under sign reversal.

Symmetry restricted to zero sets of covectors (where corresponding supports are retained)
is dubbed:

Face symmetry:

(FS) Xo—-Y eLforall XY € L.

This condition can also be expressed by requiring that for each pair X,Y in £ there exists
Z € £ with X0 Z = Z such that X = (X oY + X 0 Z). Face symmetry trivially implies (C)
because by (FS) we first get X o —Y € £ and then X oY = (X o0—-X)oY =Xo0—(Xo-Y)
forall X,Y € L.

Ideal composition:
(IC) 1L =L.
Notice that (IC) implies (C) and (FS). We are now ready to define the main objects of our
study:
Definition 1. A system of sign vectors (E, £) is called a:

strong elimination system if £ satisfies (C) and (SE),
conditional oriented matroid (COM) if L satisfies (FS) and (SE),
oriented matroid (OM) if L satisfies (C), (Sym), and (SE),
lopsided system if L satisfies (IC) and (SE).

For oriented matroids one can replace (C) and (Sym) by (FS) and

Zero vector:
(Z) the zero sign vector 0 belongs to L.

Notice that the axiom (SE) can be somewhat weakened in the presence of (C), ie., in
particular in Definition 1. If (C) is true in the system (E, L), then for X,Y € £ we have
XoY=(XoY)o(YoX), XoY =YoX =XUY, and also for the separators we have
S(XoY,Y 0 X) = S(X,Y).

Therefore, if (C) holds, we may substitute (SE) by
(SE7) for each pair X,Y € £ with X =Y and for each e € S(X,Y) there exists Z € L such

that Z, =0 and Zy = (X oY)y forall f € E\ S(X,Y),

The axioms (C), (FS), (SET) (plus a fourth condition) were used by Karlander [27] in his
study of affine oriented matroids that are embedded as “halfspaces” (see Section 7 below) of
oriented matroids.

3. MINORS, FIBERS, AND FACES

In the present technical section we show that the class of COMs is closed under taking
minors, defined as for oriented matroids. We use this to establish that simplifications and
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semisimplifications of COMs are minors of COMs and therefore COMs. We also introduce
fibers and faces of COMs, which will be of importance for the rest of the paper.

Let (E, L) be a COM and A C E. Given a sign vector X € {£1,0}¥ by X \ A we refer to
the restriction of X to E\ A, that is X\ A € {#1,0}"\ with (X \ A), = X, foralle € E\ A.
The deletion of A is defined as (E'\ A, L\ A), where L\ A := {X\ A : X € L}. The contraction
of A is defined as (E'\ A, L/A), where L/A:={X\A: X € L and XN A= &}. If a system
of sign vectors arises by deletions and contractions from another one it is said to be minor
of it.

Lemma 1. The properties (C), (FS), and (SE) are all closed under taking minors. In par-
ticular, if (E,L) is a COM and A C E, then (E\ A, L\ A) and (E \ A, L/A) are COMs as
well.

Proof. We first prove that (E'\ A, L\ A) is a COM. To see (C) and (FS) let X\ A, Y\ A € £\ A.
Then X o(xY)e Land (Xo(£Y))\A=X\Ao(£Y \A) e L\ A

To see (SE) let X\ A, Y\ A € £\ A and ¢ an element separating X \ A and Y \ A. Then
there is Z € £ with Z, = 0and Zy = (X oY)y forall f € E\S(X,Y). Clearly, Z\Ae L\ A
satisfies (SE) with respect to X \ A,Y \ A.

Now, we prove that (E\ A, L/A) isa COM. Let X\ A, Y\A € L/A,ie, XNA=YNA=0.
Hence X o (£Y) N A = & and therefore X \ Ao (£Y \ A) € L/A, proving (C) and (FS).

To see (SE) let X \ A, Y \ A € L/A and e an element separating X \ A and Y\ A. Then
there is Z € £ with Z. = 0 and Zy = (X oY)y for all f € E\ S(X,Y). In particular, if
Xy =Yy =0, then Zy = 0. Therefore, Z\ A € L/A and it satisfies (SE). O

Lemma 2. If (E,L) is a system of sign vectors and A,B C E with AN B = &, then
(E\(AUB),(£\ A)/B) = (E\ (AU B),(L/B)\ A).

Proof. 1t suffices to prove this for A and B consisting of single elements e and f, respectively.
Now X \ {e, f} € (£L\ {e})/{f} if and only if X € £ with Xy = 0 which is equivalent to
X\ {e} € L\ {e} with (X\ {e}); = 0. This is, X\ {e, f} € (£/{f}) \ {e}. g

Next, we will define simple and semisimple systems of sign vectors. These are motivated
by the hyperplane model for COMs, that possesses additional properties, reflecting that we
have a set of hyperplanes rather than a multiset and that the given convex set is open. This is
also motivated by the requirement of defining systems of sign vectors not containing coloops
and parallel elements, which is relevant, for example, for the identifications of topes.

A coloop of (E, L) is an element e € E such that X, =0 for all X € £. Hence (F, £) does
not have coloops if and only if for each element e, there exists a covector X with X, # 0.
Two elements e, e’ € E of (E, L) are parallel, denoted e || ¢/, if either X, = X,/ for all X € £
or X, = —X, for all X € L. It is easy to see that || is an equivalence relation. The condition
that (E, L) does not contain parallel elements can be expressed by the requirement that for
each pair e # f in E, there exist X,Y € £ with X, # Xy and Y, # —Y.
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Simple systems are defined by two axioms which are slightly stronger than those which
ensure that the absence of coloops and parallel elements. We call the system (E, £) simple if
it satisfies the following non-redundancy axioms:

Simplicity:
(N1) for each e € E, {+1,0} ={X.: X € L};
(N2) for each pair e # f in E, there exist X,Y € £ with {X Xy, YcY;} = {£1}.
We will also consider the weaker notion of semisimple systems, which are the simple systems
when restricted to the set

Ei:={ecE:{X.: X e L} #{+1},{-1}}

of those elements e at which £ is not non-zero constant. We call the system (E, L) semisimple
if it satisfies the following restricted non-redundancy axioms:

Semisimplicity:
(RN1) for each e € Ey, {£1,0} = {X.: X € L};
(RN2) for each pair e # f in EL, there exist X,Y € £ with { XXy, YoV} = {1}

Let Ep :={e € E: X, =0 for all X € L} be the set of all coloops. Condition (RN1) yields
that Ey = @. The condition that there are no coloops is relevant for the identification of
topes. Recall that a tope of £ is any covector X that is maximal with respect to the standard
sign ordering defined above. In the presence of (C), the covector X is a tope precisely when
XoY =X forall Y € £, that is, for each e € E either X, € {1} or Y, =0 for all Y € L.
In particular, if both (C) and Ey = @ hold, then the topes are exactly the covectors with
full support E. Notice also that condition (N2) yields that there are no parallel elements.
Consequently, simple systems do not contain coloops, parallel elements, and their topes are
the covectors with full support (while semisimple systems satisfy the first and the third
conditions).

Further put

Ey:={ecE:#{X.: X eL}=1}=FEyU(E\ Ey),

Ey:={cc E:#{X.: X € L} =2}.

The sets Ep U E2 and Ey U Es comprise the positions at which £ violates (RN1) or (N1),
respectively. Hence the deletions (E'\ (EgUE»), L\ (EyUE>)) and (E\ (E1UE>2), L\ (E1UE»))
constitute the canonical transforms of (E, £) satisfying (RN1) and (N1), respectively. One
equivalence class of the parallel relation || restricted to £\ (EgUE3) is E\ E4, i.e., it comprises
the (non-zero) constant positions. Exactly this class gets removed when one restricts || further
to L\ (E1 U Es3). Selecting a transversal for the classes of || on £\ (E1 U Es), which arbitrarily
picks exactly one element from each class and deletes all others, results in a simple system.
Restoring the entire class F'\ E1 then yields a semisimple system. We refer to these canonical
transforms as to the simplification and semisimplification of (E, L), respectively. Then from
Lemma 1 we obtain:
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Lemma 3. The semisimplification of a system (E, L) of sign vectors is a semisimple minor
and the simplification is a simple minor, unique up to sign reversal on subsets of Ex. Either
system is a COM whenever (E, L) is.

For a system (E, L), a fiber relative to some X € £ and A C E is a set of sign vectors

defined by
R={YeL:Y\A=X\A}
We say that such a fiber is topal if (X \ A)° = @, that is, X \ 4 is a tope of the minor
(E\A,L\ A). Ris a face if X can be chosen so that X = A, whence faces are topal fibers.
Note that the entire system (E, L) can be regarded both as a topal fiber and as the result of
an empty deletion or contraction. If (E, £) satisfies (C), then the fiber relative to A4 := X0,
alias X-face, associated with a sign vector X can be expressed in the form
F(X)={XoY:YeLl}=LnN T{X}.

If S(V,W) is non-empty for V,W € L, then the corresponding faces F(V) and F(W) are
disjoint. Else, if V and W are sign-consistent, then F(V)NF(W) = F(V oW). In particular
F(V) C F(W) is equivalent to V' € F(W), that is, W < V. The ordering of faces by inclusion

thus reverses the sign ordering. The following observations are straightforward and recorded
here for later use:

Lemma 4. If (E, L) is a strong elimination system or a COM, respectively, then so are all
fibers of (E,L). If (E,L) is semisimple, then so is every topal fiber. If (E,L) is a COM,
then for any X € L the minor (E\ X, F(X)\ X) corresponding to the face F(X) is an OM,
which is simple whenever (E, L) is semisimple.

4. TOPE GRAPHS

One may wonder whether and how the topes of a semisimple COM (E, £) determine and
generate £. We cannot avoid using face symmetry because one can turn every COM which is
not an OM into a strong elimination system by adding the zero vector to the system, without
affecting the topes. The following result for simple oriented matroids was first observed by
Mandel (unpublished), see [10, Theorem 4.2.13].

Proposition 1. Fvery semisimple COM (E, L) is uniquely determined by its set of topes.

Proof. We proceed by induction on #FE. For a single position the assertion is trivial. So
assume #E > 2. Let £ and £’ be two COMs on E sharing the same set of topes. Then
deletion of any g € E results in two COMs with equal tope sets, whence £'\ g = L\ g by the
induction hypothesis. Suppose that there exists some W € £\ £ chosen with W0 as small as
possible. Then #W?° > 0. Take any e € WO. Then as £’ \ e = £\ e by semisimplicity there
exists a sign vector V in £ such that V' \ e = W\ e and V. # 0. Since VO C W9, we infer
that V € £’ by the minimality choice of W. Then, by (FS) applied to W and V in £/, we
get W o —V € L. This sign vector also belongs to £ because #(W o —V)0 = #V0 < #W0.
Finally, apply (SE) to the pair VW o —V in L relative to e and obtain Z = W € L, in
conflict with the initial assumption. d
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The tope graph of a semisimple COM on FE is the graph with all topes as its vertices where
two topes are adjacent exactly when they differ in exactly one coordinate. In other words, the
tope graph is the subgraph of the # E-dimensional hypercube with vertex set {il}E induced
by the tope set. Isometry means that the internal distance in the subgraph is the same as
in the hypercube. Isometric subgraphs of the hypercube are often referred to as a partial
cubes [25]. For tope graphs of oriented matroids the next result was first proved in [28]

Proposition 2. The tope graph of a semisimple strong elimination system (E, L) is a partial
cube in which the edges correspond to the sign vectors of L with singleton zero sets.

Proof. If X and Y are two adjacent topes, say, differing at position e € E, then the vector
Z € L provided by (SE) for this pair relative to e has 0 at e and coincides with X and Y’
at all other positions. By way of contradiction assume that now X and Y are two topes
which cannot be connected by a path in the tope graph of length #S(X,Y) = k£ > 1 such
that k is as small as possible. Then the interval [X,Y] consisting of all topes on shortest
paths between X and Y in the tope graph comprises only X and Y. For e € S(X,Y) we find
some Z € L such that Z, = 0 and Z; = X, for all g € £\ S(X,Y) by (SE). If there exists
feS(X,Y)\ {e} with Zy # 0, then Zo X or ZoY is a tope different from X and Y, but
contained in [X, Y], a contradiction.

If Z; = 0 for all f € S(X,Y)\ {e}, then by (RN2) there is W € £ with 0 # W. W #
XXy # 0. We conclude that Z o W oY is a tope different from X and Y but contained in
[X,Y], a contradiction. This concludes the proof. O

Isometric embeddings of partial cubes into hypercubes are unique up to automorphisms
of the hosting hypercube [16, Proposition 19.1.2] (and addition of superfluous dimensions).
Hence, Propositions 1 and 2 together imply the following result, which generalizes a similar
result of [9] for tope graphs of OMs:

Proposition 3. A simple COM is determined by its tope graph up to reorientation.

5. MINIMAL GENERATORS OF STRONG ELIMINATION SYSTEMS

We have seen in the preceding section that a COM is determined by its tope set. There is
a more straightforward way to generate any strong elimination system from bottom to top
by taking suprema. This generation process involves only some weaker forms of the axioms
(C) and (SE).

Let (E, L) be a system of sign vectors. Given X,Y € L consider the following set of sign
vectors which partially “conform” to X relative to subsets A C S(X,Y):

WaX,Y)={ZeL 2zt CXtuY+ Z- C X UY", and S(X,Z) C E\ A}
={ZeLl:Z;€{0,Xy,Y,} forall g€ E, and Z; € {0,X},} for all h € A}.
For A = @ we use the short-hand W(X,Y), i.e.,
WX.Y)={ZeL: Z*CXtUY*+ Z-CX UY"}
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and for the maximum choice A D S(X,Y") we write Wy (X,Y), i.e.,
Wao(X,Y) = {Z e W(X,Y) : S(X, Z) = &}

Trivially, X, X oY € W4(X,Y) and Wp(X,Y) C Wa(X,Y) for A C B C E. Note that
S(X,Z) C S(X,Y) for all Z € W(X,Y). Each set Wa(X,Y) is closed under composition
(and trivially is a downset with respect to the sign ordering). For, if V,W € W4 (X,Y), then
(VoW)* C VTUW™ and (VoW )~ C V-UW ™ holds trivially, and further, if e € S(X, VoW),
say,e€ XT ande € (VoW)" CV-UW™, thene € S(X,V) or e € S(X, W), that is,

S(X,VoW)C S(X,V)US(X,W)C E\A.

Since each of the sets Wa(X,Y) is closed under composition, we may take the composition
of all sign vectors in W4(X,Y'). The result may depend on the order of the constituents.
Some features of strong elimination are captured by weak elimination:

(WE) for each pair X,Y € £ and e € S(X,Y) there exists Z € W(X,Y) with Z, = 0.

Condition (WE) is in general weaker than (SE): consider, e.g., the four sign vectors
++,+—,——,00; the zero vector Z would serve all pairs X,Y for (WE) but for X = ++
and Y = +— (SE) would require the existence of 40 rather than 00. In the presence of (IC),
the strong and the weak versions of elimination are equivalent, that is, lopsided systems are
characterized by (IC) and (WE) [4]. With systems satisfying (WE) one can generate lopsided
systems by taking the upper sets:

Proposition 4 ([4]). If (E,K) is a system of sign vectors which satisfies (WE), then (E, 1K)
is a lopsided system.

Proof. We have to show that (WE) holds for (E, 1K). For X,Y € 1K and some element e
in S(X,Y), pick VW e LwithV < X and W <Y. If e € S(V,W), then by (WE) in K one
obtains some U € 1K such that U, = 0 and Uy < Vyo Wy < XjoYy forall f € E\S(X,Y).
Then the sign vector Z defined by Z, := U, for all g € S(X,Y) and Zy := X o Y} for all
feE\S(X,Y) satisfies U < Z and hence belongs to 1K. If e ¢ S(V, W), then V, = 0, say.
Define a sign vector Z similarly as above: Z, :=V, for g € S(X,Y) and Zy := XyoY; > Vf
for f € E\ S(X,Y). Then Z € 1K is as required.

This proposition applied to a COM (E, £) yields an associated lopsided systems (E, 1L£)
having the same minimal sign vectors as (E,£). This system is referred to as the lopsided
envelope of (E, £). In contrast to (SE) and (SET), the following variant of strong elimination
allows us to treat the positions f € E'\ S(X,Y) one at a time:

(SE1) for each pair X,Y € Lande € S(X,Y) and f € E\S(X,Y) there exists Z € W(X,Y)
such that Z, = 0, and Zy = (X oY);.

Nevertheless, under composition axiom (C), all these variants of (SE) are equivalent:

Lemma 5. Let (E, L) be a system of sign vectors which satisfies (C). Then all three variants
(SE), (SE7), and (SE1) are equivalent.
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Proof. The equivalence of (SE) and (SET) in the presence of (C) was argued at the end
of Section 2. Trivially, (SE) implies (SE1). Conversely, if (SE1) holds, then for every e €
S(X,Y) we obtain a set {ZUeh) . f e E\ S(X,Y)} of solutions, one for each f. Then the
composition in any order of these solutions yields a solution Z for (SE), because Z(eh/) < 7
for all f € E\ S(X,Y) and Z, = 0, whence Z; = (X oY) for all f € E\ S(X,Y) and
Z. = 0. O

Since strong elimination captures some features of composition, one may wonder whether
(C) can be somewhat weakened in the presence of (SE) or (SE1). Here suprema alias confor-
mal compositions come into play:

(CC) XoY e Lforall X,Y € £ with S(X,Y) = 2.

Recall that X and Y are sign-consistent, that is, S(X,Y) = & exactly when X and Y
commute: X oY =Y o X. We say that a composition X1 o ... 0 X of sign vectors is
conformal if it constitutes the supremum of XM X™ with respect to the sign ordering.
Thus, XM,..., X commute exactly when they are bounded from above by some sign
vector, which is the case when the set of all Xéi) (1 <4 < n) includes at most one non-zero
sign (where e is any fixed element of E). If we wish to highlight this property we denote the
supremum of XV, ..., X by O, X® or XM ... X™ (instead of XD o... 0 XM).
Clearly the conformal property is Helly-type in the sense that a set of sign vectors has a
supremum if each pair in that set does.

Given any system K of sign vectors on E define () K as the set of all (non-empty) suprema
of members from K. We say that a system (E, K) of sign vectors generates a system (E, L)
if ©OK = L. We call a sign vector X € L (supremum-)irreducible if it does not equal the
(non-empty!) conformal composition of any sign vectors from £ different from X. Clearly,
the irreducible sign vectors of £ are unavoidable when generating £. We denote the set of
irreducibles of £ by J = J(L).

Theorem 1. Let (E,L) be a system of sign vectors. Then the following conditions are
equivalent:
(i) (E,L) is a strong elimination system;
(ii) £ satisfies (CC) and (SE1);
(ili) £ satisfies (CC) and some set K with J C K C L satisfies (SE1).
(iv) L satisfies (CC) and its set J of irreducibles satisfies (SE1).

Proof. The implication (i) = (ii) is trivial. Now, to see (ii) = (iv) let (E, £) satisty (CC)
and (SE1). For X,Y € J,e € S(X,Y), and f € E\ S(X,Y) we first obtain Z € £ with
Ze=0and Zy = (X oY);. Since Z is the supremum of some ZM, ., ZM from J, there
must be an index ¢ for which Zj(f) = Zy and trivially Zéi) = 0 holds. Therefore J satisfies
(SE1). This proves (iv). Furthermore, (iv) = (iii) is trivial.

As for (ill) = (i) assume that (SE1) holds in K. The first task is to show that the
composite X oY for X,Y € K can be obtained as a conformal composite (supremum) of X
with members Y() of K, one for each f € E\ S(X,Y). Given such a position f, start an
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iteration with Z(?f) := Y, and as long as A # S(X,Y), apply (SE1) to X, Z4/) € K, which
then returns a sign vector

ZAYeb) e Wy (X, ZAD)Y N K C WA(X,Y) N K with
ZAURD = 0 and ZPH) = (X 0 24D = (X oY)y
In particular, Z(AW{e}hf) ¢ Waugey(X,Y) N K. Eventually, the iteration stops with

Y= zBEYD e W (X, Y) N K satistying

Yfm =(XoY)fand (Xo Y), = X, for all e separating X and Y.
Now take the supremum of X and all Y /) : then

Xov=x0 (O vV
FEE\S(X,Y)

constitutes the desired representation.

Next consider a composition X o XM o ... 0 X of n 4+ 1 > 3 sign vectors from K. By
induction on n we may assume that

XWo. . ox®W=yWa.  oym
where Y@ € K for all i = 1,...,m. Since any supremum in {+1,0}” needs at most #FE
constituents, we may well choose m = #E. Similarly, as the case n = 1 has been dealt with,
each X o Y® admits a commutative representation
XoY® = x ©z0mED4D) ¢ zm(=D+) & o z20m) (; =1,...,m).
We claim that ZU) and Z*) commute for all j,k € {1,...,m2}. Indeed,
ZW < XoY® and Z®) < X o YD for some h,i € {1,...,m}.
Then
zW), 7k < (Xo y(h)) oY (® = (Xo Y(i)) oy ™

because Y and Y commute, whence Z@) and Z*) commute as well. Therefore

XoXWo. oXMW=xXovyWDo. oylm= (XoYm)o...o(XoY(m))

—x0zW0e...020"

gives the required representation. We conclude that (E, L) satisfies (C).

To establish (SE1) for £, let X = XD @-. 0 X® and Y = YO o ... @ Y™ with
X0 y@) e £ for all 0. Take e, f € E such thaﬁ e separates X and Y and f does not.
We may assume that X(E') = X for 1 <i <h, Yeu) =Y, for 1 < j <k, and equal to zero
otherwise (where h,k > 1). Since K satisfies (SE1) there exists Z(:) € W(X® y())yn K
such that Zéw) =0 and Z}l’]) = (X(i) o Y(j))f for i < h and j < k. Then the composition of
all Z@Y for i < h, X® for i > h and all Z(9) for j < k, Y for j > k yields the required
sign vector Z € W(X,Y) with Z, =0 and Z; = (X oY);. We conclude that (E, £) is indeed
a strong elimination system by Lemma 5. O
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From the preceding proof of (iv) = (i) we infer that the (supremum-)irreducibles of a
strong elimination system (E, £) are a fortiori irreducible with respect to arbitrary composi-
tion.

6. CocircuiTs or COMs

In an OM, a cocircuit is a support-minimal non-zero covector, and the cocircuits form the
unique minimal generating system for the entire set of covectors provided that composition
over an empty index set is allowed. Thus, in our context the zero vector would have to be
added to the generating set, i.e., we would regard it as a cocircuit as well. The cocircuits of
COMs that we will consider next should on the one hand generate the entire system and on
the other hand their restriction to any maximal face should be the set of cocircuits of the
oriented matroid corresponding to that face via Lemma 4.

For any K with J = J(£) C K C £ denote by Min(K) the set of all minimal sign vectors
of K. Clearly, Min((© K) = Min(K) = Min(J). We say that ¥ covers X in £L = O J (in
symbols: X <Y) if X <Y holds and there is no sign vector Z € £ with X < Z <Y. The
following set C is intermediate between J and L:

C=C(L):=J(L)U{X € L:W < X for some W € Min(L)}.

Since Min(£) = Min(J) and every cover X ¢ J of some W € Min(J) is above some other
V € Min(J), we obtain:

C=C(T)=JUu{WoeV:V,WeMn(J)and W <W oV}
We will make use of the following variant of face symmetry restricted to comparable cov-
ectors:
(FSS) Xo-YeLforall X <Y in L.
Note that (FS) and (FS<) are equivalent in any system £ satisfying (C), as one can let X oY’

substitute Y in (FS). We can further weaken face symmetry by restricting it to particular

covering pairs X < Y:

(FS®) Wo-Y e Lforall W e Min(£) and Y € £ with W <Y in £, or equivalently,
Wo-Y eCforall WeMin(C) and Y € C with W < Y.

Indeed, since sign reversal constitutes an order automorphism of {+1, O}E , we readily infer
that in (FST) W o =Y covers W, for if there was X € £ with W < X < W o —Y, then
W<Wo-X<Wo—-(Wo-Y)=WoY =Y, a contradiction.

To show that (FS<) implies (FS<) takes a little argument, as we will see next.

Proposition 5. Let (E,J) be a system of sign vectors. Then (E,( J) is a COM such that
J s its set of irreducibles if and only if C = C(J) satisfies (FS™) and J satisfies (SE1) and

(IRR) if X = QL Xi for X, X1,..., X, € T(n >2), then X = X; for some 1 <i<n.

Proof. First, assume that (E,£L = (O J) is a COM with J = J(£). From Theorem 1 we
know that 7 satisfies (SE1), while (IRR) just expresses irreducibility. Since £ is the set of
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covectors of a COM, from the discussion preceding the theorem it follows that £ satisfies
(FS™). Consequently, C = C(J) satisfies (FS¥).

Conversely, in the light of Theorem 1, it remains to prove that (FS<) for C implies (FS<)
for (E,L). Note that for W < X <Y in £ we have X 0o =Y = X o W o —Y, whence for
W <Y € L we only need to show W o —Y € £ when W is a minimal sign vector of £ (and
thus belonging to J C C). Now suppose that W o =Y ¢ L for some covector Y such that
#Y70 is as large as possible. Thus as Y ¢ C there exists X € £ with W < X < Y. By (FS¥),
W o —X € £ holds. Pick any element e € S(W o —X oY,Y) = W°N X and choose some
Z € L with Z, =0and Zy = (Wo—-X oY)y forall f € E\S(Wo—-XoY,Y) by virtue
of (SE). In particular, Y = X o Z. Then necessarily W < Z and Y° U {e} C Z°, so that
W o —Z € L by the maximality hypothesis. Therefore with Theorem 1 we get

Wo-Y=Wo—-(Xo0Z)=(Wo-X)o(Wo—-Z)ecL,

which is a contradiction. This establishes (FSS) for £ and thus completes the proof of
Proposition 5. |

Proposition 5 yields the following alternative axiomatization of COMs in terms of covectors,
that is of independent interest:

Corollary 1. A system (E, L) of sign vectors is a COM if and only if (E, L) satisfies (CC),
(SE1) and (FS™).

Let us now advance towards the axiomatization of COMs in terms of cocircuits. Given
a COM (FE, L), we call the minimal sign vectors of £ the improper cocircuits of (E,L). A
proper cocircuit is any sign vector Y € £ which covers some improper cocircuit X. Cocircuit
then refers to either kind, improper or proper. Hence, C(£) is the set of all cocircuits of
L. Note that in oriented matroids the zero vector is the only improper cocircuit and the
usual OM cocircuits are the proper cocircuits in our terminology. In lopsided systems (E, £),
the improper cocircuits are the barycenters of maximal hypercubes [4]. In a COM improper
circuits are irreducible, but not all proper circuits need to be irreducible. Here is the main
result of this section.

Theorem 2. Let (E,C) be a system of sign vectors and let L := () C. Then (E, L) is a COM
such that C is its set of cocircuits if and only if C satisfies (SE1),(FS¥), and

(COC) C=Min(C)U{Y e ©OC: W <Y for some W € Min(C)}.

Proof. Let (E, L) be a COM and C be its set of cocircuits. By Proposition 5, C satisfies (FS™).
From the proof of Theorem 1, part (ii)=(iv), we know that a sign vector Z demanded in
(SE1) could always be chosen from the irreducibles, which are particular cocircuits. Therefore
C = C(L) satisfies (SE1). Finally, (COC) just expresses that C exactly comprises the cocircuits
of the set L it generates.

Conversely, £ satisfies (CC) by definition. Since J(£) C C and C satisfies (SE1), applying
Theorem 1 we conclude that J satisfies (SE1). Consequently, as C satisfies (FS™) and J
satisfies (SE1), £ is a COM by virtue of Proposition 5. O
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To give a simple class of planar examples, consider the hexagonal grid, realized as the
1-skeleton of the regular tiling of the plane with (unit) hexagons. A benzenoid graph is the
2-connected graph formed by the vertices and edges from hexagons lying entirely within
the region bounded by some cycle in the hexagonal grid; the given cycle thus constitutes
the boundary of the resulting benzenoid graph [25]. A cut segment is any minimal (closed)
segment of a line perpendicular to some edge and passing through its midpoint such that the
removal of all edges cut by the segment results in exactly two connected components, one
signed + and the other —. The ground set E comprises all these cut segments. The set £
then consists of all sign vectors corresponding to the vertices and the barycenters (midpoints)
of edges and 6-cycles (hexagons) of this benzenoid graph. For verifying that (E, £) actually
constitutes a COM, it is instructive to apply Proposition 5: the set J of irreducible members
of £ encompasses the barycenter vectors of the boundary edges and of all hexagons of the
benzenoid. The barycenter vectors of two hexagons/edges/vertices are sign consistent exactly
when they are incident. Therefore J generates all covectors of £ via (CC). Condition (FS¥) is
realized through inversion of an edge at the center of a hexagon it is incident with. Condition
(SE1) is easily checked by considering two cases each (depending on whether Z is eventually
obtained as a barycenter vector of a hexagon or of an edge) for pairs X,Y of hexagon/edge
barycenters.

7. HYPERPLANES, CARRIERS, AND HALFSPACES
For a system (E, L) of sign vectors, a hyperplane of L is the set
LY:={XeL:X. =0} forsomeecE.

The carrier N(LY) of the hyperplane £0 is the union of all faces F(X') of £ with X’ € £0,
that is,

N(LY) :={X € L:W < X for some W € L0}
The positive and negative (“open”) halfspaces supported by the hyperplane £2 are
LI ={XeL:X. =+1},
Ly ={XeLl: X =—1}.
The carrier N (ﬁ?) minus Cg splits into its positive and negative parts:
N*(L0) = £F N N(LD),
N7(LD) i= £7 AN(LY).
The closure of the disjoint halfspaces £ and £ just adds the corresponding carrier:
LI = LIUN(LY) = LFULIUNT(LD),
Lo =L UN(LY) =L uLou Nt (LY.

The former is called the closed positive halfspace supported by ﬁg, and the latter is the
corresponding closed negative halfspace. Both overlap exactly in the carrier.
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FIGURE 3. A hyperplane (dashed), its associated open halfspaces (square and
round vertices, respectively) and the associated carrier (dotted) in a COM.

Proposition 6. Let (E, L) be a system of sign vectors. Then all its hyperplanes, its carriers
and their positive and negative parts, its halfspaces and their closures are strong elimination
systems or COMs, respectively, whenever (E, L) is such. If (E, L) is an OM, then so are all
its hyperplanes and carriers.

Proof. We already know that fibers preserve (C),(FS), and (SE). Moreover, intersections
preserve the two properties (C) and (FS). Since X’ < X and Y’ < Y imply both X’ <
XoV, X' <Xo(-Y)and Y <Y oX,Y' <Y o(—X), we infer that (C) and (FS) carry over
from £ to N(£Y).

In what follows let (E, L) be a strong elimination system. We need to show that N(£2)
satisfies (SE). Let X/, Y’ € £0 and X,Y € £ such that X’ < X and Y’ < Y. Then
S(X',Y") C S(X,Y). Apply (SE) to the pair X,Y in £ relative to some element ¢’ separating
X and Y. This yields some Z € W(X,Y) with Zz =0 and Zy = (X oY) for all f € E'\
S(X,Y). If ¢’ € S(X',Y") as well, then apply (SE) to X', Y” in L2 giving Z’' € W(X',Y")N LY
with Z, = 0 and Z} = (X' o Y')p for all f € E\ S(X,Y) C E\S(X",Y'). If ¢ € X"\ Y/,
then put Z' :=Y'. Else, if ¢ € E\ X/, put Z’ := X’. Observe that all cases are covered as
S(X,Y'")=5(X,Y)NnX'NY'. We claim that in any case Z’ o Z is the required sign vector
fulfilling (SE) for X,V relative to ¢/. Indeed, Z’ o Z belongs to N(LY) since Z’ € £ and
Z € L. Then Z'oZ € W(X,Y) because W(X',Y") CW(X,Y) and W(X,Y) is closed under
composition. Let f € E\ S(X,Y). Then X},Xf,Yf’7 Yy all commute.

In particular,

(Z’OZ)f:Z}to:X}oY}onoYf:X}onoY}oYf:(XoY)f

whenever both Y, = Y,y and X/, = X, hold. If however Y = 0, then (Y'0Z); = Yffonon- =
XfoYjoYs=(XoY);. Else, if X{ =0, then (X' 0Z); = X}jo0XsoY; =(XoY);. This
finally shows that the carrier of £Y satisfies (SE).
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To prove that £ satisfies (SE) for a pair X, Y € £ relative to some ¢’ € S(X,Y’), assume
that X € £} and Y € N(£2) \ £ since (SE) has already been established for both £ and
N(£2) and the required sign vector would equally serve the pair Y, X. Now pick any Y’ € £2
with Y’ < Y. Then two cases can occur for ¢’ € S(X,Y).

Case 1. Y/, = 0.

Then (Yo X)y = X, S(Y' 0 X,Y) C S(X,Y), and Y’ < Y’ o X, whence Yo X € N(LD).
Applying (SE) to Y0 X,Y in N(£Y) relative to e’ yields Z' € W(Y'o X,Y) C W(X,Y) with
Z!, =0 and

!
Zy=Y}oXjoYy=X;oYjoY;=(XoY)sforall fe E\S(X,Y).

Case 2. Y/, =Y.

As above we can select Z € W(X,Y) with Zg = 0 and Zy = (X oY)y for all f €
E\ S(X,Y). Analogously choose Z' € W(X,Y") with Z}, = 0 and Z} = (X o Y); for all
f € E\S(X,Y"). We claim that in this case Z’ o Z is a sign vector from £} as required for
X,Y relative to €. Indeed, Z! = (X oY’), = +1 = (X oY), because X, = +1,Y/ = 0 and
consequently e ¢ S(X,Y’). For f € E\ S(X,Y) we have

(Z/OZ)f:X/onﬁonoYf:XfonoY]loYf:(XoY)f

by commutativity, similarly as above. This proves that £ satisfies (SE).

To show that N*(L£2) = £} N N(£?) satisfies (SE), we can apply (SE) to some pair
X,Y € N*(LY) relative to some ¢ € S(X,Y) first within N(£2) and then within £ to
obtain two sign vectors Z' € N(LO)NW(X,Y) and Z € LINW(X,Y) such that Z/, =0 = Z
and Z} =(XoY)y=Zsforall f € E\S(X,Y). Then Z' < Z'0Z € N(L?) and (Z'0 Z), =
(XoY).=+lase¢ S(X,Y). Moreover, (Z'0oZ); = (X oY)y forall f € E\S(X,Y). This
establishes (SE) for N*(£2). The proofs for £z and N~(£Y) are completely analogous. The
last statement of the proposition is then trivially true because the zero vector, once present
in £, is also contained in all hyperplanes (and hence the carriers). O

A particular class of COMs obtained by the above proposition are halfspaces of OMs.
These are usually called affine oriented matroids, see [27] and [10, p. 154]. Karlander [27]
has shown how an OM can be reconstructed from any of its halfspaces. The proof of his
intriguing axiomatization of affine oriented matroids, however, has a gap, which has been
filled only recently [5]. Only few results exist about the complex given by an affine oriented
matroid [18,19].

We continue with the following recursive characterization of COMs:

Theorem 3. Let (E, L) be a semisimple system of sign vectors. Then (E, L) is a strong
elimination system if and only if the following four requirements are met:

(1) the composition rule (C) holds in (E, L),

(2) all hyperplanes of (E, L) are strong elimination systems,

(3) the tope graph of (E, L) is a partial cube,
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(4) for each pair X,Y of adjacent topes (i.e., with #S(X,Y) = 1) the barycenter of the
corresponding edge, i.e. the sign vector %(X +Y), belongs to L.

Moreover, (E, L) is a COM if and only if it satisfies (1),(3),(4), and
(2) all hyperplanes of (E, L) are COMs,
In particular, (E, L) is an OM if and only if it satisfies (1),(4), and

(2") all hyperplanes of (E,L) are OMs,
(3') the tope set of (E,L) is a simple acycloid, see [26], i.e., induces a partial cube and
satisfies (Sym).

Proof. The “if” directions of all three assertions directly follow from Propositions 6 and 2.
Conversely, using (1) and Lemma 5, we only need to verify (SET) to prove the first assertion.

To establish (SET), let X and Y be any different sign vectors from £. Assume that X =Y
and e € S(X,Y). If the supports are not all of F, then we can apply (SE7) to the hyperplane
associated with a zero coordinate of X and Y according to condition (2) and obtain a sign
vector Z as required. Otherwise, both X and Y are topes. Then a shortest path joining X
and Y in the tope graph is indexed by the elements of S(X,Y’) and thus includes an edge
associated with e. Then the corresponding barycenter map Z (that belongs to £ by condition
(4)) of this edge does the job. Thus (E, £) is a semisimple strong elimination system.

In order to complete the proof of the second assertion it remains to establish (FS<). So
let X and Y be any different sign vectors from £ with X oY =Y. In particular, X is not
a tope and Y belongs to the face F(X). If the support ¥ does not equal E, then again we
find a common zero coordinate of X and Y, so that we can apply (FS<) in the corresponding
hyperplane to yield the sign vector opposite to Y relative to X. So we may assume that Y is a
tope. Since (E, £) is a semisimple strong elimination system, from Proposition 2 we infer that
the tope graph of F/(X) is a partial cube containing at least two topes. Thus there exists a
tope U € F(X) adjacent to Y in the tope graph, say S(U,Y) = {e}. Let W be the barycenter
map of this edge. Applying (FS<) for the pair X, W in the hyperplane £0 relative to e we
obtain X o (=W) € LY. By (1) we have X o (~W)oU € L. Since X o (~W)oU = X o (-Y)
this concludes the proof.

As for the third assertion, note that symmetric COMs are OMs and symmetry for non-
topes is implied by symmetry for hyperplanes. O

8. DECOMPOSITION AND AMALGAMATION

Proposition 6 provides the necessary ingredients for a decomposition of a COM, which is
not an OM, into smaller COM constituents. Assume that (E, £) is a semisimple COM that
is not an OM. Put £/ := £ and £” := L. Then £ = £/ UL" and £'NL" = N=(£%). Since
X determines a maximal face not included in £Y, we infer that £'\ £” # @ and trivially
L"\ L' # @. By Proposition 6, all three systems (E, L), (E,L"), and (E, L'NL") are COMs,
which are easily seen to be semisimple.
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Moreover, £’ o £ C £’ holds trivially. If W € £2 and X € L, then W o X € F(W) C
N(£Y), whence £” o £ C £". This motivates the following amalgamation process which in a
way reverses this decomposition procedure.

We say that a system (E, £) of sign vectors is a COM amalgam of two semisimple COMs
(E,L') and (E, L") if the following conditions are satisfied:

(1) £ =L£'UL" with £\ L', L'\ L', L' N L" # @

(2) (E,£'NL")is a semisimple COM;

(3) L'oL" C L and Lo L' C L;

(4) for X € £\ £" and Y € £"\ £’ with X° = Y0 there exists a shortest path in the
graphical hypercube on {il}E\X0 for which all its vertices and barycenters of its
edges belong to £\ X°.

Proposition 7. The COM amalgam of semisimple COMs (E,L') and (E, L") constitutes a
semisimple COM (E, L) for which every mazimal face is a maximal face of at least one of
the two constituents.

Proof. £L = L' U L" satisfies (C) because £ and £” do and for X € £ and Y € L” one
obtains X oY € £/ C L and Yo X € L C L by (3). Then £ also satisfies (FS<) since
for X <Y = X oY in L the only nontrivial case is that X € £ and Y € £”, say. Then
Y =XoY €L by (3), whence X o —Y € L' C L.

Every minimal sign vector X € £, say X € £/, yields the face F(X)={XoY :Y € L} C
L'o L C L' 1t is evident that (E, £) is semisimple.

By Lemma 5, it remains to show (SE™) for two sign vectors X and Y of £ with X° = Y,
where X € £/\ £” and Y € £"\ L'. Then let e € S(X,Y) and f € E\ S(X,Y). Then
the barycenter of an e-edge on a shortest path P from X \ X° to Y\ X° between £’ \ X°
and £\ X° (guaranteed by condition (4)) yields the desired sign vector Z € £ with Z, = 0,
X0C 7% and Z € W(X,Y). Since X° = Y, we have Xy =Yy by the choice of f. Since P
is shortest, we get Zy = (X oY)s. O

Summarizing the previous discussion and results, we obtain

Corollary 2. Semisimple COMs are obtained via successive COM amalgamations from their
mazimal faces (that can be contracted to OMs).

9. EULER-POINCARE FORMULAE

In this section, we generalize the Euler-Poincaré formula known for OMs to COMs, which
involves the rank function. This is an easy consequence of decomposition and amalgamation.
In the case of lopsided systems and their hypercube cells the rank of a cell is simply expressed
as the cardinality of the zero set of its associated covector.

Given an OM of rank r, for 0 <i < r—1 one defines f; as the number of cells of dimension
fi of the corresponding decomposition of the (r—1)-sphere, see Section 11 for more about this
representation. It is well-known (cf. [10, Corollary 4.6.11]) that S7_1 (1) f; = 1+ (=1)""".
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Adding the summand (—1)7'f_; = —1 here artificially yields Z;:ll(fl)’fi = (—1)"L
Multiplying this equation by (—1)"! and substituting i by r» — 1 — j yields

T r—1
S froany = (1) = 1
J=0 i=1

As fr_1_; gives the number of OM faces of rank j we can restate this formula in covector
notation as 3y (—1)"X) = 1, where 7(X) is the rank of the OM F(X)\ X. We define the
rank of the covector of a COM in the same way.

Since COMs arise from OMs by successive COM amalgamations, which do not create new
faces, and at a step from £’ and £” to the amalgamated £ each face in the intersection is
counted exactly twice, we obtain

PCUED DI R DY C I D DI VU

XeL XecL! XecL” XeL'nL!
Proposition 8. Every COM (E, L) satisfies the Euler-Poincaré formula ZXez(—l)T(X) =1

‘We now characterize lopsided systems in terms of an Euler-Poincaré formula. A system
(E, L) is said to satisfy the Euler-Poincaré formula for zero sets if

St =1,

XecL

Proposition 9. The following assertions are equivalent for a system (E,L):

(i) (E,L) is lopsided, that is, (E, L) is a COM satisfying (IC);

(i) [38] every topal fiber of (E, L) satisfies the Euler formula for zero sets, and L is
determined by the topes in the following way: for each sign vector X € {#1,0}F
XeL=XoYeL foralY e {£1}¥;

(iil) every contraction of a topal fiber of (E, L) satisfies the Euler formula for zero sets in
its own right.

Proof. Deletions, contractions, and fibers of lopsided sets are COMs satisfying (IC) as well,
that is, are again lopsided. In case of a lopsided system (E, L) for every X € L we have
r(X) = #X°. Therefore by Proposition 8 (F, L) satisfies the Euler formula for zero sets.
This proves the implication (i)=>(iii).

As for (iii)=(ii), we proceed by induction on #X° for X € £. Assume that X° is not
empty. Pick e € X° and delete the coordinate subset X \ e from X. Consider the topal
fiber R ={X' € £: X'\ X = X \ X} relative to X and X, and contract R to R/(X°\ e).
Let U(®) denote the (unit) sign vector on E with Ue(e) = +1 and U}s) =0 for f # e. Since
R/(XO\ e) satisfies the Euler-Poincaré formula for zero sets, both X o U(®) and X o —U(©)
must belong to £. By the induction hypothesis

(XoU)oZ,(Xo-UoZe L foral Ze {£1}7,

whence indeed X oY € £ for all Y € {£1}F.
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To prove the final implication (ii)=-(i), we employ the recursive characterization of The-
orem 3. Since (IC) holds by the implication for X € £ in (ii), property (1) of this theorem
is trivially fulfilled. Observe that {+1} C {X. : X € L} because the topal fiber relative to
X € £ and X # E contains all possible —1,+1 entries. If X,Y are two topes of £ with
S(X,Y) = {e}, then the topal fiber relative to X and E'\ e must contain (X +Y) by virtue
of the Euler-Poincaré formula for zero sets. This establishes property (4) and (RN1).

Suppose that the topes of £ do not form a partial cube in {il}E . Then choose topes
X and Y with #S(X,Y) > 2 as small as possible such that the topal fiber R relative to
X and £\ S(X,Y) include no other topes than X or Y. The formula for zero sets implies
that this topal fiber R must contain at least some Z € £ with Z° of odd cardinality. Then
for e # f in S(X,Y) one can select signs for some tope Z’ conforming to Z such that
ZéZ} # XXy = Y.Y;. Hence R contains the tope Z’ that is different from X and Y,
contrary to the hypothesis. This contradiction establishes that £ fulfills property (3) and is
semisimple.

Consider the hyperplane £ and the corresponding halfspaces £} and £ ( which are two
disjoint topal fibers of £). Then the formula

PIC LD DEC VR DEC s

XeL vecLt ZeLs
amounts to
0
PO
WeLd\e

showing that the hyperplane after semisimplification satisfies the Euler-Poincaré formula.
The analogous conclusion holds for any topal fiber £\ A of any X € £ with A C X because
taking topal fibers and contractions commute. By induction we conclude that (E, L) is a
COM satisfying (IC), that is, a lopsided system. O

Note that the equivalence of (i) and (ii) in Proposition 9 rephrases a result by Wiede-
mann [38] on lopsided sets. Observe that in condition (iii) one cannot dispense with contrac-
tions as the example £ = {4+00} shows. Neither can one weaken condition (ii) by dismissing
topal fibers: consider a path in the 1-skeleton of [—1, +1]3 connecting five vertices of the solid
cube, which would yield an induced but non-isometric path of the corresponding graphical
3-cube. Let £ comprise the five vertices and the barycenters of the four edges, being repre-
sented by their sign vectors. Then all topal fibers except one satisfy the first statement in
(ii), the second one being trivially satisfied.

10. RANKING COMSs

Particular COMs naturally arise in order theory. For the entire section, let (P, <) denote
an ordered set (alias poset), that is, a finite set P endowed with an order (relation) <. A
ranking (alias weak order) is an order for which incomparability is transitive. Equivalently,
an order < on P is a ranking exactly when P can be partitioned into antichains (where an
antichain is a set of mutually incomparable elements) Ay, ..., Ak, such that z € A; is below
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y € Aj whenever ¢ < j. An order < on P is linear if any two elements of P are comparable,
that is, all antichains are trivial (i.e., of size < 2). An order <’ extends an order < on P if
z < y implies x <’ y for all z,y € P. Of particular interest are the linear extensions and,
more generally, the ranking extensions of a given order < on P.

Let us now see how to associate a set of sign vectors to an order < on P = {1,2,...,n}.
For this purpose take E to be the set of all 2-subsets of P and encode < by its characteristic
sign vector X= € {0, 41}, which to each 2-subset e = {i,j} assigns X5 = 0 if i and j are
incomparable, X5 = 41 if the order agrees with the natural order on the 2-subset e, and
else X= = —1. In the sign vector representation the different components are ordered with
respect to the lexicographic natural order of the 2-subsets of P.

The composition of sign vectors from different orders < and <’ does not necessarily return
an order again. Take for instance, X< = + + + coming from the natural order on P and
X<' =0 — 0 coming from the order with the single (nontrivial) comparability 3 <’ 1. The
composition X< oX< equals + — 4+, which signifies a directed 3-cycle and thus no order. The
obstacle here is that X<" encodes an order for which one element is incomparable with a pair
of comparable elements. Transitivity of the incomparability relation is therefore a necessary
condition for obtaining a COM.

We denote by R(P, <) the simplification of the set of sign vectors associated to all ranking
extensions of (P, <). Note that the simplification amounts to omitting the pairs of the ground
set corresponding to pairs of comparable pairs of P.

Theorem 4. Let (P,<) be an ordered set. Then R(P,<) is a realizable COM, called the
ranking COM of (P, <).

Proof. The composition X oY of two sign vectors X and Y which encode rankings has an
immediate order-theoretic interpretation: each (maximal) antichain of the order <x encoded
by X gets ordered according to the order <y corresponding to Y. Similarly, in order to
realize X o —Y one only needs to reverse the order <y before imposing it on the antichains
of <x. This establishes conditions (C) and (FS). To verify strong elimination (SET), assume
that X and Y are given with X = Y, so that the corresponding rankings have the same
antichains. These antichains may therefore be contracted (and at the end of the process get
restored again). Now, for convenience we may assume that X is the constant +1 vector,
thus representing the natural linear order on P. Given e = {i,j} with ¢ <x j, let Y. =
—1, that is, j <y 4. To construct a sign vector Z with Z. = 0 and Z; = Xy whenever
Yy = Xy, take the sign vector of the ranking corresponding to X but place the subchain
{h:i<x h <x jand h <y j} directly below the newly created antichain {i,j}, and
{h:i<x h<x jand j <y h} directly above it, while leaving everything else in the natural
order. This establishes that R(P, <) is a COM. Realizability of R(P, <) will be confirmed in
the third paragraph below. |

To provide an example for a ranking COM and also illustrate the preceding construction,

consider the ordered set (“fence”) shown in Figure 4(a). In Figure 4(b), the sign vector X
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encodes the natural order < and Y the ordering 3 <y 2 <y j =5 <y i =1 <y 4, while Z
encodes the intermediate ranking with 2 <z 3 <z 1 and 5 <z 4.

7
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4 5 5 1 47 3 4
1<2<3<4<5

1 2 3 2 31 51
(a) () (c)

FIGURE 4. From (a) an ordered set (P, <) to (b) the ranking COM R(P, <)
comprising three maximal faces determined by (c) the minimal rankings in

R(P, <).

The ranking COM R(P, <) is the natural host of all linear extensions of (P, <) (as its
topes), where the interconnecting rankings signify the cell structure. The linear extension
graph of an ordered set (P, <) is defined on the linear extensions of (P, <), where two linear
extensions are joined by an edge iff they differ on the order of exactly one pair of elements.
Thus, the linear extension graph of (P, <) is the tope graph of R(P,<). A number of
geometric and graph-theoretical features of linear extensions have been studied by various
authors [33,35,36], which can be expressed most naturally in the language of COMs.

One such result translates to the fact that ranking COMs are realizable. To see this,
first consider the braid arrangement of type By, i.e., the central hyperplane arrangement
{Hij : 1 <i<j<n}inR" where Hj; = {& € R" : 2; = z;} and the position of any
point in the corresponding halfspace {# € R" : z; < x;} is encoded by + with respect to
H;;. The resulting OM is known as the permutahedron [10]. Given an order < on P =
{1,...,n} consider the arrangement E = {H;; : ¢,j incomparable} restricted to the open
polyhedron ﬂiqj {z € R": 2; < ;}. The closure of the latter intersected with the unit cube
[0,1]™ coincides with the order polytope [37] of (P,<). It is well-known that the maximal
cells of the braid arrangement restricted to the order polytope of (P, <) correspond to the
linear extensions of (P, ). Thus, the COM realized by the order polytope and the braid
arrangement has the same set of topes as the ranking COM. By the results of Section 4, this
implies that both COMs coincide. In particular, ranking COMs are realizable.

We will now show how other notions for general COMs translate to ranking COMs. A face
F of R(P, <), as defined in Section 3, can be viewed as the set of all rankings that extend
some ranking extension <’ of <. Hence F = R(P, <'), i.e., all faces of a ranking COM are also

26

105



ranking COMs. The minimal elements of R(P, <) with respect to sign ordering (being the
improper cocircuits of R(P, <)) are the minimal ranking extensions of (P, <), see Figure 4(c).

A hyperplane R? of R := R(P, <) relative to e = {i,j} € E corresponds to those ranking
extensions of (P, <) leaving 4,7 incomparable. Thus, RY can be seen as the ranking COM
of the ordered set obtained from (P, <) by identifying i and j. The open halfspace R}
corresponds to those ranking extensions fixing the natural order on 4,j and is therefore the
ranking COM of the ordered set (P, <) extended with the natural order on ¢, j. The analogous
statement holds for R; . Similarly, the carrier of R relative to e can be seen as the ranking
COM of the ordered set arising as the intersection of all minimal rankings of (P, <) not fixing
an order on 4,j. So, in all three cases the resulting COMs are again ranking COMs.

One may wonder which are the ordered sets whose ranking COM is an OM or a lopsided
system. The maximal cells in Figure 4(b) are symmetric and therefore correspond to OMs.

Proposition 10. The ranking COM of (P, <) is an OM if and only if < is a ranking. In
this case, R(P,<) and its proper faces are products of permutohedra.

Proof. Since any OM has a unique improper cocircuit, < needs to be a ranking in order to
have that R(P, <) is an OM. On the other hand, it is easy to see that if < is a ranking on
P, then R(P, <) is a product of permutohedra and, in particular, is symmetric, yielding the
claim. O

Proposition 11. The ranking COM of (P, <) is a lopsided system if and only if (P, <) has
width at most 2. In this case, the tope graph of R(P, <) is the covering graph (i.e., undirected
Hasse diagram) of a distributive lattice.

Proof. If (P, <) contains an antichain of size 3, then the corresponding face of R(P, <) does
not satisfy ideal composition, so that R(P, <) is not lopsided. Conversely, if all antichains
have size at most 2, then the zero entries of a sign vector X encoding a ranking of (P, <
) correspond to maximal antichains of size 2. Thus, choosing any sign on a zero entry
just corresponds to fixing a linear order on the two elements of the antichain. Since these
antichains are maximal and X encodes a ranking, the resulting sign vector encodes a ranking,
too. This proves ideal composition.

Let us now prove the second part of the claim. By Dilworth’s Theorem [17], (P, <) can
be covered by two disjoint chains, C' and D. A linear extension of (P, <) corresponds to an
order-preserving mapping of C' to positions between consecutive elements of D or above or
below its maximal or minimal element, respectively. A linear extension < of (P, <) can thus
be codified by an order-preserving mapping f from C' to the chain D=Du i, ie., D with a
new top element 1 added: f(c) = d € D signifies that the subchain f~'(d) of C' immediately
precedes d in the linear extension <. If there are no comparabilities between C' and D in
(P, <), then the tope graph of R(P, <) is the covering graph of the entire distributive lattice
L of order-preserving mappings from C' to D since covering pairs in L correspond to pairs
of linear extensions which are distinguished by a single neighbors swap. Additional covering
relations between C' and D yield lower and upper bounds for the order-preserving mappings,
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whence the resulting (distributive) linear-extension lattice of (P, <) constitutes some order-
interval of L. O

1<3<2<5<4<6

56 45
5 6 23
34
36
3 4
12
1 2 2<1<4<6<3<5
(a) (b)

FIGURE 5. From (a) the Hasse diagram of (P, <) having width 2 to (b) the
tope graph of the lopsided system R(P, <) oriented as a distributive lattice.

In Figure 5(a), an ordered set (P, <) of width 2 is displayed, which has the natural order
on {1,...,6} among its linear extensions. Figure 5(b) shows the tope graph of the lopsided
system R(P, <) and highlights the pair of diametrical vertices that determine the distributive
lattice orientation (and its opposite); the natural order is associated with the (median) vertex
(indicated by a small open circle). If we added the compatibility 3 < 6 to the Hasse diagram,
then the tope graph shrinks by collapsing the (two) edges corresponding to {3,6}. The
resulting graph with F; = 13 vertices is known as the “Fibonacci cube of order 5”.

More generally, the Fibonacci cube of order n —1 > 1 is canonically obtained as the tope
graph of R({1,...n}, <), where ({1,...n}, <) is the ordered set determined by the (cover)
comparabilities 1 <3 <5< ... <2[%7 |+land2<4<6<...<2[%|and k < k+3 for all
k =1,...,n—3. The incomparable pairs thus form the set £ = {{i,i+1}:i=1,...,n—1}}.
The intersection graph of F is a path of length n—1, which yields a “fence” when orienting its
edges in a zig-zag fashion. This fence and its opposite yield the mutually opposite ordered sets
of supremum-irreducibles for the (distributive) “Fibonacci” lattice and its opposite. Recall
that the opposite (R, <) = (R, <) of an ordered set (R, <) is defined by switching < to
>, that is: @ <° y if and only if y < x.

Similarly, to the fact that hyperplanes, carriers, and open halfspaces of a ranking COM are
also ranking COMs, the class of ranking COMs is also closed with respect to contractions.
On the other hand deleting an element in a ranking COM may give a COM which is not a
ranking COM.

To give a small example, consider the minor R(P, <)\ {5, 6} of the lopsided system R (P, <)
of Figure 5. Suppose by way of contradiction, that R(P, <) \ {5,6} could be represented by
some R(Q, <). The ordered set (Q, <) must be of width 2 since the tope graph of R(Q, <)
is obtained from the graph in Figure 5(b) by contracting the five edges labeled 56 and thus
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includes no 3-cube. We can keep the current labeling without loss of generality to the point
that @ must include four antichains {1,2}, {2,3}, {3,4}, {3,6} of size 2 with exactly this
intersection pattern. But then the fifth antichain must be disjoint from {1,2} and {2, 3}
but intersecting both {3,4} and {3,6}, whence it must be {4,6}, which however yields a
contradiction as {3,4, 6} cannot be an antichain in (@, <). Furthermore, R(P, <)\ {5, 6} is
easily seen to be the COM amalgam of ranking COMs, i.e., the class is also not closed under
COM amalgamations.

It would be interesting to determine the smallest minor-closed class of COMs containing
the ranking COMs.

11. COMS AS COMPLEXES OF ORIENTED MATROIDS

In this section we consider a topological approach to COMs. In the subsequent definitions,
notations, and results we closely follow Section 4 of [10] (some missing definitions can be
also found there). Let B¢ = {x € R? : ||z|| < 1} be the standard d-ball and its boundary
S = 9B% = {x € R : ||z|| = 1} be the standard (d — 1)-sphere. When saying that a
topological space T is a “ball” or a “sphere”, it is meant that 7" is homeomorphic to B or
S for some d, respectively.

11.1. Regular cell complexes. A (regular) cell complex A constitutes of a covering of a
Hausdorff space ||A|| = [J,ca 0 with finitely many subspaces o homeomorphic with (open)
balls such that (i) the interiors of o € A partition [|A|| (i.e., every € ||A[| lies in the interior
of a single 0 € A), (ii) the boundary do of each ball 0 € A is a union of some members of
A [10, Definition 4.7.4]. Additionally, we will assume that A obeys the intersection property
(ili) whenever 0,7 € A have non-empty intersection then o N7 € A. The balls 0 € A are
called cells of A and the space ||A[| is called the underlying space of A. If T' is homeomorphic
to [|A]] (notation T' == ||A]|), then A is said to provide a regular cell decomposition of the
space T. We will say that a regular cell complex A is contractible if the topological space
[|A]| is contractible. If 0,7 € A and 7 C o, then 7 is said to be a face of 0. A’ C A'is a
subcomplex of A if 7 € A’ implies that every face of 7 also belongs to A’. The 0-cells and
1-cells of A are called vertices and edges. The I-skeleton of A is encoded by the graph G(A)
consisting of the vertices of A and graph edges corresponding to the edges of A. The set of
cells of A ordered by containment is denoted by F(A) (in [13], F(A) is also called an abstract
cell complex). Two cell complexes A and A’ are combinatorially equivalent if their ordered
sets F(A) and F(A’) are isomorphic. We continue by recalling several results relating regular
cell complexes.

The order complex of a finite ordered set P is an abstract simplicial complex Ag.q(P)
whose vertices are the elements of P and whose simplices are the chains ¢ < z1 < -+ < xp,
of P. The geometric realization ||A|| of a complex A basically consists of simultaneously
replacing all abstract simplices by geometric simplices, see [12] for a formal definition. In
particular, [|Aq(P)|| is the geometric realization of A,.q(P). For an element x of P let
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P, ={y € P:y<uaz}and Pc, = P, U{z}. The following fact expresses that a regular
cell complex is homeomorphic to the order complex of its ordered set of faces.

Proposition 12. [10, Proposition 4.7.8] Let A be a regular cell complex. Then ||A]| =
[|1Aord(F(A)]|. Moreover, this homeomorphism can be chosen to be cellular, i.e., it restricts
to a homeomorphism between o and ||Ayrq(F<o)||, for all o € A.

The ordered sets of faces of regular cell complexes can be characterized in the following
way:

Proposition 13. [10, Proposition 4.7.23] Let P be an ordered set. Then P = F(A) for
some regular cell complex A if and only if ||Ayra(P<y)|| is homeomorphic to a sphere for all
x € P. Furthermore, A is uniquely determined by P up to a cellular homeomorphism.

11.2. Cell complexes of OMs. Now, let £ C {+1,0}” be the set of covectors of an oriented
matroid. Then (£, <) is a semilattice with least element 0 (where < is the product ordering
on {£1,0}” defined above). The semilattice (LU{1}, <), i.e., the semilattice £ with a largest
element 1 adjoined, is a lattice, called the big face lattice of £ and denoted by Frig(L). Let
Fiig(L)°P denote the opposite of Fg(L).

Proposition 14. [10, Corollary 4.3.4 & Lemma 4.4.1] Let (E, L) be an oriented matroid of
rank 7. Then Fiig(L)P is isomorphic to the face lattice of a PL (Piecewise Linear) regular
cell decomposition of the (r — 1)-sphere, denoted by A(L). The tope graph of L encodes the
1-skeleton of A(L).

11.3. Cell complexes of COMs. We collected all ingredients necessary to associate to
each COM a regular cell complex. Let £ C {#+1,0}” be the set of covectors of a COM.
Analogously to oriented matroids, let Fy;,(£) := (LU{1}, <) denote the ordered set £ with a
top element 1 adjoined and call Frig(L) the big face semilattice of L. Let Fyig(L£)° denote the
opposite of Fyig(L). Fpig(L)? is isomorphic to the semilattice comprising the empty set and
the faces of £ ordered by inclusion. Recall that for any X € £, the deletion (E\ X, F(X)\X)
corresponding to the face F'(X) is an oriented matroid, which we will denote by £(X). Since
F(Y) C F(X) if and only if Y € F(X), the order ideal Fy;(L)%y coincides with the interval
[, X] of Fig(£)? and is isomorphic to the opposite big face lattice Fyig(L(X))P of L(X).
By Proposition 14, if r is the rank of £(X), then Fy(L£(X)) is isomorphic to the face
lattice of a PL cell decomposition A(L(X)) of the (r — 1)-sphere. Additionally, the tope
graph of £(X) encodes the 1-skeleton of A(L(X)). Denote by o(£(X)) the open PL ball
whose boundary is the (r — 1)-sphere occurring in the definition of A(L(X)). We will call
the cells of A(L(X)) faces of o(L£(X)). The faces of A(L(X)) correspond to the elements of
L(X)U {i} Notice in particular that the adjoined element 1 corresponds to the empty face
in A(L(X)) and 0 € F(X) \ X corresponds to the unique maximal face o(L£(X)).

By Proposition 12, for any X € £ we have ||A(L(X))|| = [|Aora(Frig(L(X))P)]].
Furthermore, since Fp;g(L£(X))% is isomorphic to Fuig(L) Py, ||Aord(Frig(L(X))P)|| =
[|A0ra(Frig(L)Zy)ll. - Thus for each X € £, [|Aoa(Frig(£)%y )|l is homeomorphic to
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[JA(L(X))\o(£L(X))||, which is a sphere by Proposition 14. Now, by Proposition 13, Fy; (L)%
is the face semilattice of a regular cell complex A(L). Moreover, from the proof of Propo-
sition 13 it follows that A(L) can be chosen so that its cells are the balls o(£(X)), X € L,
whose boundary spheres are decomposed by A(L(X)). Since F(X)NF(Y) = F(X oY) for
any two covectors X,Y € L such that FI(X) and F(Y') intersect, Fyig(L(X 0Y))% is isomor-
phic to a sublattice of F;q(L£(X))? and to a sublattice of Fpig(L(Y))P. Therefore the cells
A(L(X)) and A(L(Y)) are glued in A(L) along A(L(X oY)), whence A(L) also satisfies the
intersection property (iii). Notice also that since the 1-skeleton of each A(L(X)) yields the
tope graph of £(X) and A(L) satisfies (iii), the 1-skeleton of A(L) encodes the tope graph
of £. We summarize this in the following proposition, in which we also establish that A(L)
is contractible.

Proposition 15. If (E, L) is a COM, then A(L) is a contractible reqular cell complex and
the tope graph of L is realized by the 1-skeleton of A(L).

Proof. We prove the contractibility of A(L) by induction on the number of maximal cells of
A(L) by using the so-called gluing lemma [7, Lemma 10.3] and our decomposition procedure
(Proposition 7) for COMs. By the gluing lemma, if A is a cell complex which is the union
of two contractible cell complexes A’ and A” such that their intersection Ag = A’ N A" is
contractible, then A is contractible.

If A(L) consists of a single maximal cell o(£(X)), then (E, L) is an OM and therefore
is contractible. Otherwise, as shown above there exists an element e € E such that if we
set L' := L2 and £” := L, then (E, L) is the COM amalgam of the COMs (E, £') and
(E,L") along the COM £' N £" = N7(£2). By induction hypothesis, the cell complexes
A(L"),A(L"), and A(L' N L") are contractible. Each maximal cell of A(L) corresponds to
a maximal face of £, thus by Proposition 7 it is a maximal cell of A(L’), of A(L"), or of
both (in which case it belongs to A(L' N L")). Since each cell of A(L) belongs to a maximal
cell, this implies that A(L) C A(L") UA(L"). Since £' U L" C L, we also have the converse
inclusion A(L") U A(L") € A(L). Finally, since £'N L" = N=(LY), the definition of carriers
implies that A(L' N L") = AL )N A(L). O

11.4. Zonotopal COMs. As in the introduction, let E be a central arrangement of n hy-
perplanes of R? and £ be the oriented matroid corresponding to the regions of R? defined by
this arrangement. Let X = {x1,...,X,} be a set of unit vectors each normal to a different
hyperplane of E. The zonotope Z := Z(X) of X is the convex polytope of R? which can be
expressed as the Minkowski sum of n line segments

Z =[x, x1] + [—x2,X2] + ... + [~Xp, Xy

Equivalently, Z is the projection of the n-cube Cy, := {3°1" | Aje; : =1 < \; < 41} C R™ under
X (where eq,..., e, denotes the standard basis of R"), which sends e; to x;, i =1,...,n:

n
Z:{Z)\ixi i—1< N <+1}CRL

i=1
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The hyperplane arrangement E' is geometrically polar to Z: the regions of the arrangement

are the cones of outer normals at the faces of Z. The face lattice of Z is opposite (anti-

isomorphic) to the big face lattice of the oriented matroid £ of X, that is, F(Z) ~ Fy;g(£);

for this and other results, see [10, Subsection 2.2]. Therefore the zonotopes together with

their faces can be viewed as the cell complexes associated to realizable oriented matroids.
The following properties and examples of zonotopes are well-known:

any face of a zonotope is a zonotope;

a polytope P is a zonotope if and only if every 2-dimensional face of P is a zonotope
and if and only if every 2-dimensional face of P is centrally symmetric;

two zonotopes are combinatorially equivalent if and only if their 1-skeletons yield
isomorphic graphs;

the d-cube is the zonotope corresponding to the arrangement of coordinate hyper-

planes (called also Boolean arrangements [13]) in R
the permutohedron is the zonotope corresponding to the braid arrangement in R

A regular cell complex A is a (combinatorial) zonotopal complez if each cell of A is combi-
natorially equivalent to a zonotope [13]. Analogously, A is a cube complex if each of its cells
is a combinatorial cube. A geometric zonotopal or cube complex is a zonotopal (respectively,
cube) complex A with a metric such that each face is isometric to a zonotope (respectively,
a cube) of the Euclidean space. Moreover, faces are glued together by isometry along their
maximal common subfaces. The cell complex A(L) associated to a lopsided set (E, L) is
a geometric cube complex: A(L) is the union of all subcubes of the cube [—1,+1]F whose
barycenters are sign vectors from £ [4].

A COM (FE, L) is called locally realizable (or zonotopal) if L(X) is a realizable oriented
matroid for any X € £. Then A(L) is a zonotopal complex because each cell A(L(X)), X € L,
is combinatorially equivalent to a zonotope. A zonotopal COM (E, L) is called zonotopally
realizable if A(L) is a geometric zonotopal complex. Clearly, zonotopally realizable COMs
are locally realizable. The converse is the content of the following question:

Question 1. Is any locally realizable COM zonotopally realizable?

Proposition 16. If L is a realizable COM, then L is zonotopally realizable (and thus locally
realizable). In particular, each ranking COM is zonotopally realizable.

Proof. Since L is realizable there is a set of oriented affine hyperplanes of R% and an open
convex set C, such that £ = L(E, C). Without loss of generality we can assume that C is the
interior of a full-dimensional polyhedron P. Let F' be the set of supporting hyperplanes of P.
Consider the central hyperplane arrangement A resulting from lifting the affine arrangement
EUF to R4, The associated OM £’ is realizable and therefore zonotopally realizable. Since
A(L) is a subcomplex of A(L'), also L is zonotopally realizable. O

11.5. CAT(0) Coxeter COMs. We conclude this section by presenting another class of
zonotopally realizable COMs. Namely, we prove that the CAT(0) Coxeter (zonotopal) com-
plexes introduced in [24] arise from COMs. They represent a common generalization of
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benzenoid systems (used for illustration in Section 6), 2-dimensional cell complexes obtained
from bipartite cellular graphs [1], and CAT(0) cube complexes (cube complexes arising from
median structures) [2]. One can say that CAT(0) zonotopal complexes generalize CAT(0)
cube complexes in the same way as COMs generalize lopsided sets.

A zonotope Z is called a Coxzeter zonotope (an even polyhedron [24] or a Cozeter cell [14])
if Z is symmetric with respect to the mid-hyperplane Hy of each edge f of Z, i.e., to the
hyperplane perpendicular to f and passing via the middle of f. A cell complex A is called
a Cozxeter complez if A is a geometric zonotopal complex in which each cell is isometric to a
Coxeter zonotope. Throughout this subsection, by A we denote a Coxeter complex and by
||A]] the underlying metric space of A.

If Z is a Coxeter zonotope and f, f’ are two parallel edges of Z, then one can easily see that
the mid-hyperplanes Hy and Hy coincide. If Z = [—x1,%1] 4 [—Xa, X2] + . . . + [~Xp, Xp)], de-
note by H; the mid-hyperplane to all edges of Z parallel to the segment [—x;,x;], i =1,...,n.
Then Z is the zonotope of the regions defined by the arrangement {Hi, ..., H,}. It is well-
known [14, Definition 7.3.1] (and is also noticed in [24, p.184]) that Coxeter zonotopes are ex-
actly the zonotopes associated to reflection arrangements (called also Cozeter arrangements)
of hyperplanes, i.e., to arrangements of hyperplanes of a finite reflection group [10, Subsection
2.3]. For each i = 1,...,n, denote by Z; the intersection of Z with the hyperplane H; and
call it a mid-section of Z. The mid-sections Z; of a Coxeter zonotope Z of dimension d are
Coxeter zonotopes of dimension d — 1.

We continue with the definition of CAT(0) metric spaces and CAT(0) Coxeter complexes.
The underlying space (polyhedron) ||A|| of a geometric zonotopal complex (and, more gen-
erally, of a cell complex with Euclidean convex polytopes as cells) A can be endowed with
an intrinsic lp-metric in the following way. Assume that inside every maximal face of [|Al]
the distance is measured by the lo-metric. The intrinsic la-metric dy of ||A|] is defined by
letting the distance between two points z,y € ||A|| be equal to the greatest lower bound
on the length of the paths joining them; here a path in ||A[| from x to y is a sequence
T = x0,&1,...,Tm = y of points in ||A[| such that for each i = 0,...,m — 1 there exists a
face o; containing x; and w41, and the length of the path equals Z;’;Bl d(xi, zi41), where
d(x;,z;41) is computed inside o; according to the respective lo-metric. The resulting metric
space is geodesic, i.e., every pair of points in [|A|| can be joined by a geodesic; see [12].

A geodesic triangle T := T(z1,22,23) in a geodesic metric space (X, d) consists of three
points in X (the vertices of T') and a geodesic between each pair of vertices (the edges of
T). A comparison triangle for T(x1, 2, 23) is a triangle T'(z], 2%, %) in the Euclidean plane
R? such that dge (v}, 2) = d(z;,25) for 4,5 € {1,2,3}. A geodesic metric space (X,d) is a
CAT(0) space [23] if all geodesic triangles T'(z1,z2,23) of X satisfy the comparison axiom
of Cartan—Alexandrov—Toponogov: If y is a point on the side of T(x1,x2,x3) with vertices
21 and zo and y' is the unique point on the line segment [}, 4] of the comparison triangle
T (xh, b, a%) such that dge(xf,y') = d(xs,y) for i =1,2, then d(z3,y) < dg2(2%,y').

CAT(0) spaces can be characterized in several different natural ways and have numerous
properties (for a full account of this theory consult the book [12]). For instance, a cell complex
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endowed with a piecewise Euclidean metric is CAT(0) if and only if any two points can be
joined by a unique geodesic. Moreover, CAT(0) spaces are contractible.

A CAT(0) Cozeter complez is a Coxeter complex A for which ||A|| endowed with the
intrinsic lp-metric dy is a CAT(0) space. In this case, the parallelism relation on edges of cells
of A induces a parallelism relation on all edges of A: two edges f, f of A are parallel if there
exists a sequence of edges fo = f, f1,..., fr—1,fr = f’ such that any two consecutive edges
fi—1, fi are parallel edges of a common cell of A. Parallelism is an equivalence relation on the
edges of A. Denote by E the equivalence classes of this parallelism relation. For e € E, we
denote by A, the union of all mid-sections of the form Z. for cells Z € A which contain edges
from the equivalence class e (let ||A.|| be the underlying space of A.). We call each ||A¢|| (or
Ac), e € E, a mid-hyperplane (or a wall as in [24]) of ||A]|. Since each mid-section included
in A, is a Coxeter zonotope, each mid-hyperplane of a Coxeter complex is a Coxeter complex
as well. CAT(0) Coxeter complexes have additional nice and strong properties, which have
been established in [24].

Lemma 6. [24, Lemme 4.4] Let A be a CAT(0) Cozeter complex and A, be a mid-hyperplane
of A. Then ||Ac|| is a convexr subset of ||Al| and ||Ac|| partitions ||A]] in two connected
components ||A7 || and ||AF|| (called halfspaces of ||A]).

If 2 € ||A7|| and y € ||AF]|, then x and y are said to be separated by the mid-hyperplane
(wall) ||A¢||. A path P in [|A[| traverses a mid-hyperplane ||Ac|| if P contains an edge xy
such that z and y are separated by [|A||. Two distinct mid-hyperplanes ||A.|| and [|Af|| are
called parallel if ||Ac|| N ||Af|| = @ and crossing if ||Ac|| N [|Af|] # @.

Lemma 7. [2/, Corollaire 4.10] Two vertices u,v of A are adjacent in G(A) if and only if
u and v are separated by a single mid-hyperplane of ||Al].

Lemma 8. [24, Proposition 4.11] A path P of G(A) between two vertices u,v is a shortest
(u,v)-path in G(A) if and only if P traverses each mid-hyperplane of ||A|| at most once.

These three results imply that the arrangement of mid-hyperplanes of a CAT(0) Coxeter
complex A defines a wall system sensu [24], which in turn provides us with a system L£(A)
of sign vectors. Define the mapping ¢ : A — {£1,0}¥ in the following way. First, for e € E
and x € A, set

-1 itz ellAl]l,

e(r) =140 if z € ||A],

+1 ifz € ||AF]]
Let ¢(z) = (pe(z) : € € E). Denote by L(A) the set of all sign vectors of the form ¢(z),z €
||A]]. Notice that if a point = of ||A|| does not belong to any mid-hyperplane of ||A[|, then

o(x) € {£1}¥; in particular, this is the case for the vertices of G(A). Moreover, Lemma 8
implies that ¢ defines an isometric embedding of G(A) into the hypercube {£1}%.
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Theorem 5. Let A be a CAT(0) Cozeter complex, E be the classes of parallel edges of A,
and L(A) := U{p(z) : & € ||A]]} C {£1,0}F. Then (E,L(A)) is a simple COM and G(A)
is its tope graph.

Proof. We proceed by induction on the size of E. It suffices to show that (E, L(A)) is simple
and satisfies the conditions (1),(3),(4), and (2') of Theorem 3. That L£(A) satisfies (N1)
is evident. To verify the condition (N2), let ¢, f € E. If the mid-hyperplanes ||A.|| and
[[Af]] cross, then the four intersections [|AZ|| N [|AF[], [|AZ] N 1AL 1AF] N [[AF]l, and
[|AF]IN HA;H are nonempty, and as X and Y with {X. X, Y.Y;} = {£1} one can pick the
sign vectors p(z) and ¢(y) of any two points z € ||AF|| N [[AF]] and y € [|AZ] N]|AL]].
Otherwise, if [|A¢|| and [|Af|| are parallel, then one of the four pairwise intersections of
halfspaces is empty, say [|A_ ]| N HA;H =g, and as X and Y one can take the sign vectors
»(z) and ¢(y) of any points z € [|AF||N HA;H and y € [|AF]IN [|AF]|. This establishes that
(E, L(A)) is simple.

Notice that the tope graph of (E, £L(A)) coincides with G(A). Indeed, let X be a tope of
L(A). Then X = ¢(z) for some z € [|Al|. Let € Z for a cell Z of ||A||. The sign maps of
L(A) restricted to Z define an oriented matroid whose topes are the vertices of Z. Therefore
Z contains a vertex v such that ¢(v) = p(z) = X, whence each tope of £L(A) is a vertex of
G(A). Conversely, since each vertex v of G(A) does not belong to any mid-hyperplane of
[|A]], @(v) is a vertex of {#1}¥, and thus a tope of £(A). This shows that the tope graph
of £(A) and the 1-skeleton of A have the same sets of vertices. Lemma 7 implies that two
vertices u and v are adjacent in G(A) if and only if they are adjacent in the tope graph of
L(A). Then Lemma 8 establishes the condition (3). The condition (4) immediately follows
from the definition of L(A).

Now we establish condition (2) that all hyperplanes £2(A) of (E, £(A)) are COMs. Notice
that X € £9(A) if and only if X = () for some x € ||A.||. Therefore the hyperplane £I(A)
of L(A) coincides with the restriction of £(A) to the points of the mid-hyperplane [|A[|.
Hence £9(A) can be viewed as £(A,), where £(A.) is the set of all sign vectors of {£1,0} of
the form (), € ||A¢||. By Lemma 6, ||Ac|| is a convex subset of ||Al[, thus A, is a CAT(0)
Coxeter complex. Let E’' denote the classes of parallel edges of A.; namely, E’ consists of
all f € E\ {e} such that the mid-hyperplanes ||A.|| and [|Af|| are crossing. Notice that the
fth mid-hyperplane [|(A¢) || of ||Ac|] is just the intersection ||Ac||N[[Af||. Analogously, the
halfspaces [|(Ae) || and H(Ae)}rH coincide with the intersections ||A ]| N[|Acl| and HAer al
[|Acl], respectively. Define ¢ : [|A|] = {#1,0}F as follows. For & € ||A.|| and f € ', set

-1 ifIL’EH(AC);H,

gi@) =30 ifze(All,
+1ifz € [[(AF)-

Let ¢'(z) = (¢}(z) : f € E'). Denote by L'(Ac) the set of all sign vectors of the form
¢'(z),z € ||A¢]|. By the induction hypothesis, (E’,L'(A.)) is a COM. For any point = €
[|Ac]|, ¢(x) coincides with ¢'(z) on E'. Since @e(z) =0, pe(z) = =1 if [|Ag|| is parallel to
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[[Acl] and [|Ae|| C ||AZ]l, and @e(z) = +1 if [[Ay|| is parallel to ||Ac|| and [|Ac]| C [|AT]],
L(A¢) can be obtained from £'(A.) by adding to all sign vectors of £'(A.) in each coordinate
of E'\ E' a respective constant 0, —1, or +1. Hence (E, L(A)) is a COM, thus establishing
@).

Finally, we show that £(A) satisfies the condition (1), i.e., the composition rule (C). Let
X and Y be two sign vectors of £(A) and x and y be two points of [|A]| such that p(z) = X
and ¢(y) =Y. As in the case of realizable COMs presented in the introduction, connect the
two points z and y by the unique geodesic y(z,y) of ||A]| and choose € > 0 small enough
so that the open ball of radius ¢ around z intersects only those mid-hyperplanes of ||Al| on
which z lies. Pick any point w from the intersection of this e-ball with y(z,y) \ {z} and let
W = p(w). We assert that W = X o Y. Pick any e € E. First suppose that X, # 0. From
the choice of w it immediately follows that W, = ¢pc(w) = @e(z) = X.. Now suppose that
Xe=0. If Yo =0, then z,y € ||A¢||. Since by Lemma 6, ||A|| is a convex subset of ||A]|, we
have w € y(z,y) C ||Ac||, whence W, = 0 = X, o Y,. Finally, if Y. # 0, say Y. = +1, then
since the set |[Af|| U ||A¢|| is convex, either w € ||Af|] or w € [|A¢||. In the first case, we
have W, = 41 = X, o Y, and we are done. On the other hand, we will show below that the
case w € [|Ac]| is impossible.

FIGURE 6. To the proof of composition rule in Theorem 5.
Indeed, suppose by way of contradiction that w € ||A.]|. Since z € ||A¢||,y € ||AF]|, and

[|Ae|| is convex, there exists a point z € y(z, y) such that v(z, z) C ||Ac|| and v(z,y) \ {2} C
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[|AF||. Pick points 2’ € vy(x,z) and 2” € (z,y) close enough to z such that each of the
couples 2/, z and z, 2" belongs to a common cell of ||A]|. The choice of z implies that 2/, z, 2"
cannot all belong to a common cell of [|A[|. Denote by 2’ a maximal cell containing 2’, z and
by 2" a maximal cell containing z, 2”. Then z belongs to a common face Zy of Z’ and Z”. Let
II" and II” denote the supporting Euclidean spaces of Z’' and Z”, respectively. Let £ be the
line in I1” passing via the point z and parallel to the edges of Z” from the equivalence class
e and let (T be the ray with origin z and containing the points of £N ||AF]| (this intersection
is a non-empty half-open interval). Let £y be the line in II” passing via z and z” and let £
be the ray of £y with origin z and containing [z, 2”]. Since £ is orthogonal to the supporting
plane of the mid-section 2 = 2’ N A,, the angle between £ and [z, 2'] is 5. Now suppose
that 2" is selected so close to z that the orthogonal projection z{j of z” on the line ¢ belongs
to the intersection Zg N ¢F.

As a result, we obtain two right-angled triangles T'(z, 2/, %)) and T'(z, 2", z{), the first
belonging to II and the second belonging to II” (see Figure 6 for an illustration). Therefore,
their union is isometric to a convex quadrilateral @ = Q(q, ¢, q},¢") in R? having the sides
q¢,4'q),45q", and ¢"q of lengths da(z,2'),da(2, =), d2(2(, 2"), and da(2”, z), respectively.
Let p be the intersection of the diagonals ¢'¢” and gq( of @ and let p* be the point (of A) on
the segment [z, z{j] such that da(z,p*) = dre(g,p) and da(z{],p*) = dg2(q{/,p). Then

do(2',2) + da(2,2") = dga(q', q) + dr2(q,q") > dr2(q', ¢")
=dp2(q',p) + dr2(p, ¢") = da(Z',p") + da(p*, 2"),

contrary to the assumption that z € v(z,2”) C 7(z,y). This establishes our claim and
concludes the proof that £(A) satisfies the composition rule (C). O

We conclude this section by showing that in fact all COMs having square-free tope graphs
arise from 2-dimensional zonotopal COMs:

Proposition 17. A square-free partial cube G is the tope graph of a COM L(G) if and only if
G does not contain an 8-cycle with two subdivided diagonal chords (graph X in Fig.1 in [30])
as an isometric subgraph. The resulting L(G) is a zonotopal COM.

Proof. Notice that a square-free tope graph G of a COM does not contain X as an isometric
subgraph. Indeed, since G is square-free, the four 6-cycles of X are convex and, moreover,
X must be a convex subgraph of G. Since X isometrically embeds into a 4-cube, it can be
directly checked that X is not the tope graph as a COM, consequently, X cannot occur in
the tope graph of a COM.

Conversely, let G be a square-free partial cube not containing X as an isometric subgraph.
By Proposition 2.6. of [30], any pair of isometric cycles intersect in at most one edge. By
replacing each isometric cycle of G with a regular polygon with the same number of edges,
we get a 2-dimensional Coxeter zonotopal complex ||A(G)||. Since isometric cycles of a graph
generate the cycle space, this complex is simply connected. Since the sum of angles around any
vertex of [|A(G)]| is at least 27, by Gromov’s result for 2-dimensional complexes [12, p.215],
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[|A(GQ)]] is CAT(0). Thus, A(G) is a 2-dimensional CAT(0) Coxeter zonotopal complex and
by Theorem 5, G can be realized as the tope graph of a COM. g

12. CONCLUDING REMARKS

In this paper, we show how COMs naturally arise as a generalization of oriented matroids
and lopsided sets by relaxing the covector axioms. Furthermore, we give several descriptions
of COMs, in particular, in terms of cocircuit axioms. Nevertheless, such important features
of the theory of OMs like duality and topological representation still lack generalization. We
believe that the following problem, which is well-known for OMs and lopsided sets, is an
important next step.

Problem 1. Establish duality theory for COMs.

By Proposition 6, the halfspaces of a COM are COMs. Particular examples are the affine
oriented matroids, which are halfspaces of OMs. Even stronger, Lemma 4 shows that the
intersections of halfspaces, i.e., the fibers, of a COM are COMs. While the following is true
by definition for realizable COMs (see for instance the proof of Proposition 16), we believe
that every COM arises this way from an OM:

Conjecture 1. Every COM is a fiber of some OM.

This generalizes the corresponding conjecture of Lawrence [29] that lopsided sets are fibers
of uniform OMs. Not only would Conjecture 1 be a natural generalization of the realizable
situation, but using the Topological Representation Theorem of Oriented Matroids [21] it will
also give a natural topological representation for COMs. In fact, Conjecture 1 is equivalent
to the following conjecture: For every COM L there is a number d such that £ can be
represented by a set of (d — 2)-dimensional pseudospheres restricted to the intersection of a
set of open (d — 1)-dimensional pseudoballs inside a (d — 1)-sphere.

For locally realizable COMs, the following version of Conjecture 1 would imply a positive
answer to Question 1:

Conjecture 2. Every locally realizable COM is a fiber of a realizable OM.

Conjecture 2 can be rephrased as: The tope graph of a locally realizable COM is a convex
subgraph of the 1-skeleton of a zonotope. Analogously, Conjecture 1 can be rephrased as:
The tope graph of a COM is a convex subgraph of the tope graph of an OM.
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On tope graphs of complexes of oriented matroids

Kolja Knauer? Tilen Marc?
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Abstract

We give two graph theoretical characterizations of tope graphs of (complexes of) oriented ma-
troids. The first is in terms of excluded partial cube minors, the second is that all antipodal subgraphs
are gated. A direct consequence is a third characterization in terms of zone graphs of tope graphs.

Further corollaries include a characterization of topes of oriented matroids due to da Silva, an-
other one of Handa, a characterization of lopsided systems due to Lawrence, and an intrinsic char-
acterization of tope graphs of affine oriented matroids. Moreover, we obtain purely graph theoretic
polynomial time recognition algorithms for tope graphs of the above and a finite list of excluded
partial cube minors for the bounded rank case.

In particular, our results answer a relatively long-standing open question in oriented matroids and
can be seen as identifying the theory of (complexes of) oriented matroids as a part of metric graph
theory. Another consequence is that all finite Pasch graphs are tope graphs of complexes of oriented
matroids, which confirms a conjecture of Chepoi and the two authors.
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1 Introduction

A graph G = (V, E) is a partial cube if it is (isomorphic to) an isometric subgraph of a hypercube graph
Qp, 1., dg(u,v) = dq, (u,v) for all u,v € V, where d denotes the distance function of the respective
graphs. Partial cubes were introduced by Graham and Pollak [25] in the study of interconnection net-
works. They form an important graph class in media theory [21], frequently appear in chemical graph
theory [20], and quoting [29] present one of the central and most studied classes in metric graph theory.

Important subclasses of partial cubes include median graphs, bipartite cellular graphs, hypercellular
graphs, Pasch graphs, and netlike partial cubes. Partial cubes also capture several important graph classes
not directly coming from metric graph theory, such as region graphs of hyperplane arrangements, dia-
grams of distributive lattices, linear extension graphs of posets, tope graphs of oriented matroids (OMs),
tope graphs of affine oriented matroids (AOMs), and lopsided systems (LOPs). A recently introduced
unifying generalization of these classes are complexes of oriented matroids (COMs), whose tope graphs
are partial cubes as well [3]. As it turns out, all of the above mentioned classes or partial cubes are
indeed tope graphs of COMs.

Partial cubes admit a natural minor-relation (pc-minors for short) and several of the above classes
including tope graphs of COMs are pc-minor closed. Complete (finite) lists of excluded pc-minors are
known for median graphs, bipartite cellular graphs, hypercellular graphs and Pasch graphs, see [9, 10,
11]. Another well-known construction of a smaller graph from a partial cube is the zone graph [29].

In this paper we focus on COMs and their tope graphs. We present two characterizations of the
tope graphs and thus two graph theoretical characterizations of COMs. The first characterization is in
terms of its complete (infinite) list of excluded pc-minors. As corollaries we obtain excluded pc-minor
characterizations for tope graphs of OMs, AOMs, and LOPs. Moreover, in the case of bounded rank the
list of excluded pc-minors is finite. We devise a polynomial time algorithm for checking if a given partial
cube has another one as pc-minor, leading to polynomial time recognition algorithms for the classes with
a finite list of excluded pc-minors. Another consequence is a characterization of tope graphs of COMs in
terms of iterated zone graphs, which generalizes a result of Handa [26] about tope sets of OMs.

The second characterization of tope graphs of COMs is in terms of the metric behavior of certain
subgraphs. More precisely, we prove that a partial cube is the tope graph of a COM if and only if all
of its antipodal (also known as symmetric-even [5]) subgraphs are gated. As corollaries, this theorem
specializes to tope graphs of OMs, AOMs, and LOPs. In particular, we obtain a new unified proof for
characterization theorems of tope sets of LOPs and OMs due to Lawrence [30] and da Silva [14], re-
spectively. Moreover, this characterization allows to prove that Pasch graphs are COMs, confirming a
conjecture of Chepoi, Knauer, and Marc [11]. Finally, our characterization is verifiable in polynomial
time, hence gives polynomial time recognition algorithms for tope graphs of COMs, OMs, AOMs, and
LOPs, even without bounding the rank. Note that a polynomial time recognition algorithm for tope
graphs of OMs was known before, see [24]. However, this algorithm works without a characterization
of the graphs, but constructs the set of cocircuits from the topes and there verifies the cocircuit axioms.

In particular, we answer a long-standing open question on OMs, i.e., the question for a purely graph
theoretical characterization of tope graphs, see [27, Problem 2] that can furthermore be verified in
polynomial time, which was posed in [22, Problem 1.2]. Since the tope graph determines a COM, OM,
AOM, or LOP up to isomorphism, see [3], our results can be seen as identifying the theory of (complexes
of) oriented matroids as a part of metric graph theory.

Content of the paper: The main theorem of the paper is Theorem 1.1, saying that a graph G is the
tope graph of a COM, i.e., G € Ycou, if and only if G is antipodally gated, i.e., G € AG, if and only if G
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(0>

(++-++)

Figure 1: A COM realized by a hyperplane arrangement and an open polyhedron in R?. The arrows on
the hyperplanes indicate their positive side.

does not contain a partial cube minor from a specific set 27, i.e., G € Z(27). (Generally, for a set X
of partial cubes we denote by Z(X) the class of partial cubes that do not have any graph from X as a
partial cube minor.) Let us here give an outline of its proof ingredients and its corollaries, before going
into the technicalities starting in the next section. The general strategy will be to prove first 9coym € AG,
then Z(27) € Yom, and finally AG € F(L27).

Let us start by introducing the idea of a COM, which usually is encoded as a system of sign-vectors
% € {+,—,0} on a finite ground set &. In the illustrative realizable case one can think of £ as the
relative positions of cells in an oriented hyperplane arrangement intersected with an open polyhedron.
See Figure 1 for an instructive example. This is a unifying generalization of realizable LOPs, OMs, and
AOM:s. The definition of LOPs, COMs, OMs, and AOMs can all be given in terms of axiomatics of the
set of covectors £ and also from this point of view it is reflected how COMs generalize the other ones
naturally, see Definition 3.1.

The tope graph of a system of sign vectors is the graph induced by its topes, i.e., covectors without
zero entries, in the hypercube {+,—}¢. In case of COMs the tope graph (without labeling of the vertices)
determines the COM up to isomorphism, see [3]. Moreover, the tope graph of a COM is a partial cube,
see [3]. One way of thinking of being a partial cube is that the edges receive colors corresponding to
the dimensions of the hypercube, see Figure 2.

Of particular importance to us are two types of metric subgraphs. An antipodal subgraph H of G
has the property, that for each vertex v in H there is an antipode — v, such that the H is smallest convex
subgraph of G containing v and —yv. The antipodal subgraphs of the graph in Figure 2 are exactly the
vertices, edges, and bounded faces. The second property of a subgraph H is the one of being gated. This
means, that for every vertex v € G, there is a gate v’ in H, such that for every v/ € H there is a shortest
path from v through v’ to v”. In partial cubes this amounts to the fact that there is path from v to H that
does not use any color that is present on the edges of H. We say that a graph is antipodally gated if all
of its antipodal subgraphs are gated. The graph in Figure 2 is antipodally gated, but also for instance
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Figure 2: The tope graph of the COM from Figure 1. The color classes of edges giving the embedding
into the cube correspond to the hyperplanes of the arrangement in R?.

the subgraph induced by the vertices incident to red or green edges is gated. A non-gated subgraph is
given by the path P of length two induced by the three left-most vertices. A vertex that has no gate in P
is the degree four vertex v, since all paths from v to P use a color present in P.

Exploring correspondences between axiomatical behavior of sign-vectors and metric subgraphs of
partial cubes, in Theorem 4.9 we show that tope graphs of COMs are antipodally gated. This is the first
part of the proof of Theorem 1.1, i.e., %com € AG.

Clearly, there are partial cubes that do not satisfy Theorem 4.9, i.e., they contain a non-gated an-
tipodal subgraph. Figure 3 shows a partial cube in which the bottom Cj is an antipodal subgraph, that
is not gated, because the red vertex does not have gate.

contract \J/
restrict
restrict

.\-/ 7 ‘\/ ,

L]
Figure 3: A non antipodally gated partial cube and the partial cube minors obtained by contracting or
restricting with respect to the vertical edge class E,.

Instead of studying all the partial cubes, that have a non-gated antipodal subgraph, we use the notion
of partial cube minors, in order to classify only minimal such partial cubes with respect to this operation.
A partial cube minor is either a contraction of a color class or the restriction to one its sides. Hence, it
is a specialization of the standard graph minor notion. In Figure 3 we illustrate the partial cube minor
on an example.

The next and second step of our proof is providing a set £~ of partial cubes that are minor-minimal
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with respect to having a non-gated antipodal subgraph. The graph of Figure 3 is the smallest element of
L7, more of these graphs are depicted in Figure 10. It is easy to check that the minors in Figure 3 are
antipodally gated, i.e., the graph on top is minimally non antipodally gated. The class of tope graphs of
COMs is closed under pc-minors. This is illustrated by our realizable example in Figure 4. By definition
the class Z(£27) of partial cubes excludes the minors from 2~ as well. In Theorem 5.7 we use this to
show that, if G is not the tope graph of a COM, then it must have a partial cube minor from £~. This
concludes the second part of our proof since it means, that if G excludes 7, then it is the tope graph
of a COM, i.e., Z(£27) € Ycom-

Figure 4: Two partial cube minors obtained from the COM of Figure 2 by contracting and restricting
with respect to the red color class.

The last and most technical part of our proof is to show that the class of antipodally gated partial
cube does not contain a member of £~ as partial cube minor. The class #(27) is closed under partial
cube minors and graphs in £~ are minor-minimal having non-gated antipodal subgraphs. We will thus
show that the class of antipodally gated partial cubes is closed under partial cube minors (Theorem 6.1).
This implies, that if G has a partial cube minor from £, then it cannot be antipodally gated, i.e.,
AG € Z(£27). This concludes the last part of the circular proof of our main theorem, which we will
sketch quickly again.

Theorem 1.1. For a graph G the following conditions are equivalent:
() G is the tope graph of a COM, i.e., G € Ycom,
(ii) G is an antipodally gated partial cube, i.e., G € AG,
(iii) G is a partial cube with no partial cube minor from 27, i.e., G € F(27).

Proof The implication (i)=(ii) is Theorem 4.9. The implication (iii)= (i) is Theorem 5.7. Finally,
(ii)=>(iii) follows from the fact that all the graphs in 2~ have a non-gated antipodal subgraph asserted
in Lemma 5.1 and that the class AG is pc-minor closed, see Theorem 6.1. O

In order to get an idea of the further implications of this theorem without going into the technical
details we propose to jump directly to Section 7. The first corollary will establish a generalization of a
theorem of Handa and characterize tope graphs of COMs by the fact that all iterated zone graphs are par-
tial cubes. Afterwards resulting characterizations of tope graphs of OMs, LOPs, and AOMs (of bounded
rank) are given. Moreover, the polynomial time recognition is shown and answering a conjecture of [11]
it is shown that Pasch graphs are tope graphs of COMs.

In the following we survey in more detail the Structure of the paper:
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The next two sections (2 and 3) are preliminaries dedicated on the one hand to partial cubes and
on the other hand to systems of sign vectors. They can be skipped and looked back at when necessary.
Apart from this purpose a couple of results of independent interest are given in Section 2.

In Section 2 we introduce partial cubes with some more care, as well as metric subgraphs such
as convex, gated, antipodal, and affine subgraphs and we discuss their behavior with respect to pc-
minors and expansions. This section is quite technical and heavy in definitions since it introduces all the
necessary background and auxiliary lemmas, that are needed for the rest of the paper. We discuss zone
graphs of partial cubes, which play a role in part of our proof. We devise a polynomial time algorithm for
checking if a given partial cube has another one as a pc-minor (Proposition 2.4). We give an expansion
procedure of how to construct all antipodal partial cubes from a single vertex (Lemma 2.14) and provide
an intrinsic characterization of affine partial cubes (Proposition 2.16).

Section 3 is dedicated to the introduction of the systems of sign-vectors relevant to this paper,
i.e. COMs, OMs, AOMs, and LOPs, and their behavior under the usual minor-relations. Also, here quite
some amount of definitions is introduced, that however coincides with the standard such as given in [3].

In Section 4 we bring the content of the first two sections together and explain how systems of
sign-vectors lead to partial cubes and vice versa. We show how metric properties of subgraphs and pc-
minors correspond to axiomatic properties and minor relations of systems of sign-vectors. In particular
we prove that tope graphs of COMs are antipodally gated (Theorem 4.9), and characterize tope graphs
of OMs, AOMs, and LOPs as special tope graphs of COMs. Theorem 4.9 gives the first implication for
our characterization theorem (Theorem 1.1).

In Section 5 we introduce the (infinite) set of excluded pc-minors of tope graphs of COMs and provide
some of its crucial properties, that will be used throughout the proofs in the following sections. In partic-
ular, we show that every member of the class has an antipodal subgraph that is not gated (Lemma 5.1).
We conclude Section 5 with the the proof that partial cubes excluding all pc-minors from the class are
tope graphs of COMs (Theorem 5.7). In particular, Theorem 5.7 gives the second implication of Theo-
rem 1.1.

Finally, in Section 6 we show that the class of antipodally gated partial cubes under pc-minors (Theo-
rem 6.1). Since the members of our set 2~ of excluded pc-minors have non-gated antipodal subgraphs,
this yields the third and last implication of Theorem 1.1.

Section 7 is dedicated to the corollaries of our theorem, that are announced above. In, particular
we prove the generalization of Handa’s Theorem (Corollary 7.1) and prove a conjecture of [11] (Corol-
lary 7.7). We conclude the paper with several further questions in Section 8.

2 Pc-minors, expansions, zone graphs, and metric subgraphs

In the present section we will give a thorough introduction to the theory of partial cubes and its elements
that are important to our characterization. This will contain many definitions and lemmas, that will be
used later. Of central importance are partial cube minors, expansions, zone graphs, and their interactions
with metric subgraphs, such as convex, antipodal, affine, and gated subgraphs.

Let us start by giving an alternative way of characterizing partial cubes. Any isometric embedding
of a partial cube into a hypercube leads to the same partition of edges into so-called ©-classes, where
two edges are equivalent, if they correspond to a change in the same coordinate of the hypercube. This
can be shown using the Djokovi¢-Winkler-relation © which is defined in the graph without reference to
an embedding, see [17, 36]. We will describe next, how the relation © can be defined independently of
an embedding.

A subgraph G’ of G is convex if for all pairs of vertices in G’ all their shortest paths in G stay in
G’. For an edge a = uv of G, define the sets W(u,v) = {x € V : d(x,u) < d(x,v)}. By a theorem of
Djokovi¢ [17], a graph G is a partial cube if and only if G is bipartite and for any edge a = uv the sets
W (u,v) and W(v,u) are convex. In this case, setting a®a’ for a = uv and a’ = u’v’ if ©’ € W(u,v) and
v/ € W(v,u) yields ©.
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We index the set of equivalence classes of © by a set §&. For f € & we denote the equivalence
class by Ej.For an arbitrary (oriented) edge uv € Ej, let E; := W(u,v) and E; := W(v,u) the pair of
complementary convex halfspaces of G. Now, identifying any vertex v of G with v € Q¢ = {+,—}¢ which
for any class of © associates the sign of the halfspace containing v gives an isometric embedding of G

into Qg.

2.1 Pc-minors, expansions, and zone graphs

We will now introduce the notions of Pc-minors (i.e., contraction and restriction) and zone graphs, which
are methods to obtain smaller partial cubes from bigger ones, as well as, expansions, which are inverses
of contractions. An important observation in this section is a polynomial time algorithm for checking for
a given partial cube minor (Proposition 2.4).

2.1.1 Restrictions

Given f € &, an (elementary) restriction consists in taking one of the subgraphs G[Ef’] or G[E}f]
induced by the complementary halfspaces E; and E}’, which we will denote by ps-(G) and p+(G),
respectively. These graphs are isometric subgraphs of the hypercube Qg (¢y. Now applying two elemen-
tary restriction with respect to different coordinates f, g, independently of the order of f and g, we will
obtain one of the four (possibly empty) subgraphs induced by E; nE,, E)T n E;, E}' NE,, and E}' n E;’.
Since the intersection of convex subsets is convex, each of these four sets is convex in G and consequently
induces an isometric subgraph of the hypercube Q¢\(f,s}. More generally, a restriction is a subgraph of
G induced by the intersection of a set of (non-complementary) halfspaces of G. See Figures 3, 4, and 5
for examples of restrictions. We denote restrictions by py(G), where X € {+,—}¢ is a signed set of
halfspaces of G. For subset S of the vertices of G and f € &, we denote ps+(S) := ps+(G)N S and
ps-(8) := ps-(G)NS, respectively. We will say that E; crosses a subset of vertices S of G if p;+(S) # 0
and p-(S) # 0.

The smallest convex subgraph of G containing V' is called the convex hull of V’ and denoted by
conv(V’). The following is well-known, also see Figure 5:

Lemma 2.1 ([1, 2, 9]). The set of restrictions of a partial cube G coincides with its set of convex subgraphs.
Indeed, for any subset of vertices V' we have that conv(V’) is the intersection of all halfspaces containing
V’. In particular; the class of partial cubes is closed under taking restrictions.

2.1.2 Contractions

For f € &, we say that the graph G/E; obtained from G by contracting the edges of the equivalence class
Ef is an (elementary) contraction of G. For a vertex v of G, we will denote by g (v) the image of v
under the contraction in G/Ey, i.e. if uv is an edge of Ey, then 7, (u) = 7;(v), otherwise 7 (u) # 7 (v).
We will apply s to subsets S € V, by setting 714(S) := {m;(v) : v € S}. In particular we denote the
contraction of G by m;(G). See Figures 3, 4, and 6 for examples of contractions.

It is well-known and in particular follows from the proof of the first part of [12, Theorem 3] that
7¢(G) is an isometric subgraph of Q\(y}. Since edge contractions in graphs commute, i.e. the resulting
graph does not depend on the order in which a set of edges is contracted, we have:

Lemma 2.2. The class of partial cubes is closed under contractions. Moreover, contractions commute in
partial cubes, i.e. if f,g € & and f # g, then m,(7,(G)) = 77 (74(G)).

Consequently, for a set A C &, we denote by m,(G) the isometric subgraph of Q(& \ A) obtained from
G by contracting the classes A C & in G. See Figure 6 for examples.
The following can easily be derived from the definitions, see e.g. [11]:
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Figure 5: The convex subgraphs of a partial cube ordered by inclusion. Green background means gated,
thick outline means antipodal.

Lemma 2.3. Contractions and restrictions commute in partial cubes, i.e. if f,g € & and f # g, then
pg+(15(G)) = 15 (pg+(G)).

The previous lemmas show that any set of restrictions and any set of contractions of a partial cube
G provide the same result, independently of the order in which we perform the restrictions and contrac-
tions. The resulting graph G’ is also a partial cube, and G’ is called a pc-minor of G. In this paper we
will study classes of partial cubes that are closed under taking pc-minors. Clearly, any such class has a
(possibly infinite) set X of minimal excluded pc-minors. We denote by & (X) the pc-minor closed class
of partial cubes excluding X.

Proposition 2.4. Let X be a finite set of partial cubes. It is decidable in polynomial time if a partial cube G
is in 7 (X).

Proof. Let G, G be partial cubes. Denote by n’ and n the number of vertices of G’ and G, respectively,
and with k’ and k the number of ©-classes in G’ and G. We will show that testing if G’ is a pc-minor of
G can be done in polynomial time with respect to n. This clearly implies the result.

For every subset V' of at most n’ vertices of G do the following: First compute conv(V’) and count
the number of ©-classes of G crossing it, say it equals to k”. Then k” < k, and if k” < k’ discard the
subgraph. On the other hand, if k” > k’, then for every subset S of size k” —k’ of the ©-classes crossing
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Figure 6: Some contractions of a partial cube. Thick edges mean peripherality.

conv(V’), contract in conv(V’) all the ©-classes of S. Finally, check if the resulting graph is isomorphic
to G'.

Using Lemma 2.3, we know that G’ is a pc-minor if and only if it can be obtained by first restricting
and then contracting, and by Lemma 2.1, taking restrictions coincides with taking convex hulls. We need
to prove that one can take a convex hull of exactly n’ vertices. For that assume that G’ can be obtained
from G by first restricting to G” and then contracting. For each vertex v’ of G’ pick a vertex v in G”
such that v/ maps to v/ under contraction. Then the set of all such v” is also a subset in G, call it S. We
claim that taking a convex hull of S and then contracting gives G’. In fact, the obtained graph must be
a subgraph of G’ since the convex hull of S is a subset of G”. On the other hand, every vertex of G’ is
obtained in this way since S includes a representative of pre-image of every vertex of G’. This gives the
correctness of the algorithm.

For the running time, we have a loop of length 0(n™). In each execution we compute conv(V”’)
which via Lemma 2.1 can be easily done by intersecting all the halfspaces containing V’. Then we have
ﬁ((k/f(jk,)) = ﬁ((]:;)) < ﬁ((k"/)) = 0(n*’) choices for the contractions of the ©-classes, each of which can
clearly be done in polynomial time, too. Note that k' < n’. Finally, we check if the obtained graph is
isomorphic to G’, which only depends on n’. O

2.1.3 Expansions

Later on we will also consider the inverse operation of contraction: a partial cube G is an expansion
of a partial cube G if G’ = 117(G) for some ©-class f of G. Indeed expansions can be detected within
the smaller graph. Let G’ be a partial cube containing two isometric subgraphs G| and G such that
G’ = G} UG}, there are no edges from V(G \ G,) to V(G \ G), and denote by G; := G[V(G;)NV(G})]
the subgraph induced by the vertices that are in both G{ and GJ. A graph G is an expansion of G’ with
respect to G, if G is obtained from G’ by replacing each vertex v of G; by a vertex v; and each vertex
v of G, by a vertex v, such that u; and v;, i = 1,2 are adjacent in G if and only if u and v are adjacent
vertices of Gi’ , and v;v, is an edge of G if and only if v is a vertex of G,. The following is well-known:
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Lemma 2.5 ([9, 12]). A graph G is a partial cube if and only if G can be obtained by a sequence of
expansions from a single vertex.

We will make use of the following lemma about the interplay of contractions and expansions:

Lemma 2.6. Assume that we have the following commutative diagram of contractions:

G L ﬂ'-fl(G)

lﬂf 2 lﬂ fa

74,(6) —25 (4, (G))

If G is expanded from 7, (G) along sets Gy, Gy C 4, (G), then 1y, (G) is expanded from 7y, (75, (G)) along
sets ¢, (Gy) and 75, (Gy).

Proof. Let 1y, (G) be expanded from 7y, (,(G)) along sets Hy, Hy. Consider v € 7y, (74, (G)). Vertex v
is in Hy N H, if and only if its preimage in 7¢,(G) is an edge a € Ey, . This is equivalent to ﬂ:_l(a) being
intersected by E+ and E in G. But this means, that the image of n’l(a) inmg (G),sayl:=mg (n L(a)),
has at least one vertex in G1 N G,. The image I is contracted to v y Tf,, thus I is an edge or a vertex
Since every edge of 7, (G) must have both its endpoints in G, or both its endpoints in G,, we deduce that
I'has avertex in G1NG, if and only if v in 714 (G1)N 7, (G,). This proves that HyNH, = 1y, (Gy)N 7, (Gy).

Removing H;NH, = 1y, (Gy)N 7y, (Gy) from 7 (74, (G)) cuts it into two connected components, one
a subset of Hy, one a subset of H,. On the other hand, removing G; N G, from 7 (G) also cuts it into
two connected components, one in G, and one in G,. Since 77, maps connected subgraphs to connected
subgraphs, we see that H; = 1;,(G) and H, = 7, (G,), or the other way around. O

Let G be a partial cube and f € & indexing one of its ©-classes Ef. Assume that a halfspace E}r (or
E;) is such that all its vertices are incident with edges from E - Then we call EF (or E;) peripheral. In
such a case we will also call E; a peripheral ©-class, and call G a peripheral expansion of 7¢(G). Note
that an expansion along sets Gy, G, is peripheral if and only if one of the sets G;, G, is the whole graph
and the other one an isometric subgraph. An expansion is called full if G; = G,. Note that in this case,
the expanded graph is isomorphic to G;0OK,. See Figure 6 for examples of peripheral and non-peripheral
expansions.

2.1.4 Zone graphs

For a partial cube G and f € & the zone graph of G with respect to f is the graph {;(G) whose vertices
correspond to the edges of E; and two vertices are connected by an edge if the corresponding edges of
Ej lie in a convex cycle of G, see [29]. Here, a convex cycle is just a convex subgraph that is a cycle.
In particular, {; can be seen as a mapping from edges of G that are not in E but lie on a convex cycle
crossed by E to the edges of {¢(G). If {(G) is a partial cube, then we say that {((G) is well-embedded
if for two edges a,b of {((G) we have a®b if and only if the sets of ©-classes crossing C;l(a) and
C;l(b) coincide and otherwise they are disjoint. As an example, note that all zone graphs of the graph
in Figure 2 are well-embedded paths, while all zone graphs of the graph on top in Figure 3 are triangles.
For yet another example, see Figure 7. A consequence of Corollary 7.1 will be that out of these three
examples only the first one is the tope graph of a COM.

For discussing zone graphs in partial cubes the following will be useful. Let vyuy, vou, € E, be edges
in a partial cube G with v;,v, € E}. Let C;,...,C,, n > 1, be a sequence of convex cycles such that vyu;
lies only on Cy, vyu, lies only on C,, and each pair C; and C;, 4, fori € {1,...,n—1}, intersects in exactly
one edge and this edge is in E,, all the other pairs do not intersect. If the shortest path from v, to v, on
the union of Cy,...,C, is a shortest vy, v,-path in G, then we call Cy, ..., C, a convex traverse from v u;
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Figure 7: A partial cube all of whose zone graphs are either 4-cycles or 6-cycles, but none of them are
well-embedded.

to vyu,. In [31] it was shown that for every pair of edges v uy, vou, in relation © there exists a convex
traverse connecting them.

Lemma 2.7. Let G be a partial cube and f € &. Then {(G) is a well-embedded partial cube if and only if
for any two convex cycles C,C’ that are crossed by E; and some E, both C and C’ are crossed by the same
set of ©-classes.

Proof. The direction “=” follows immediately from the definition of well-embedded.

For “<” let G satisfy the property that for any two convex cycles C,C’ that are crossed by E¢ and
some E, both C, C’ are crossed by the same set of ©-classes.

Define an equivalence relation on the edges of {((G) by a ~ b if and only if Cfl(a) and 5;1(b) are
crossed by the same set of ©-classes. Let a’,b’ € E; be two edges of G corresponding to vertices of
4 f(G). Then, there exists a convex traverse T from a’ to b, i.e., no two cycles in T share ©-classes apart
from f. By the property on convex cycles in G all such paths from a’ to b’ in { #(G) are crossed by the
same set of equivalence classes and each exactly once. Furthermore, if there was a path in {¢(G) not
corresponding to a traverse, its cycles would repeat ©-classes of G, thus cross several times equivalence
classes of {¢(G). Thus, every equivalence class of ~ cuts {¢(G) into two convex subgraphs. We have
that {¢(G) is a partial cube and the embedding we defined shows that it is well-embedded. O

Awell-embedded zone graph ¢ ¢(G) thus induces an equivalence relation on the ©-classes of G except
f, that are involved in convex cycles crossed by E¢. We denote by e the class of ©-classes containing E,.
Note that e corresponds to a ©-class of {¢(G) and vice versa.

The following will be useful:

Lemma 2.8. Let {(G) be a well-embedded partial cube and g,h two equivalent ©-classes of G and C a
convex cycle crossed by Ey, E,, Ey. If a € Ey is an edge such that a = C N Ef ﬂE; =CnNEy ﬂE;, then each
edge of Ey is either in E;’ NE} orin E NE,.

Proof. Suppose otherwise, that there is an edge b in E; NE} NE; . The interval from a to b is crossed by
Ej, but not by E,. Let T be a convex traverse from a to b. Then there exists a convex cycle on T crossed
by E¢ and Ej, but not by E, contradicting Lemma 2.7. O
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Lemma 2.8 justifies that if {¢(G) is a well-embedded partial cube and g € &\ {f }, then we can orient
g in £ (G) such that pg-(Z(6)) = ¢ (pz+(G).

Lemma 2.9. Let G be a partial cube, f € & such that {¢(G) is a well-embedded partial cube, AC &\ {f}
and X € {+,— A We have 1z ocay (£ (6)) = £ (a(G)) and p e (£ (6)) = £ (px(G)).

Proof. For the contractions, clearly any contraction in {¢(G) corresponds to contracting the correspond-
ing equivalence classes in G. Conversely, if some ©-classes A are contracted in G, this affects only the
classes of {(G) such that all the corresponding edges in G are contained in A.

Taking a restriction in {(G) can be modeled by restricting to the respective sides of all the elements
of the corresponding class of ©-classes of G.

By Lemma 2.8, if a set of restrictions in G leads to a non-empty zone graph, there is an orientation
for all the elements of the classes of ©-classes containing them leading to the same result. O

2.2 Pc-minors and expansions versus metric subgraphs

In this section we present conditions under which contractions, restrictions, and expansions preserve
metric properties of subgraphs, such as convexity, gatedness, antipodality, and affinity. An important
result of the section is an intrinsic characterization of affine partial cubes (Proposition 2.16).

2.2.1 Convex subgraphs

Let G = (V, E) be an isometric subgraph of the hypercube Q. and let S be a subset of vertices of G. Let f
be any coordinate of &. We will say that E is disjoint from S if it does not cross S and has no vertices in
S. Note that a non-crossing class E; can have verticesin S, e.g., ﬂE;r # 0. Thus, disjointness is stronger
than to be non-crossing. The following three lemmas describe the behavior of convex subgraphs under

contractions, restrictions, and expansions. Their (short) proofs can be found in [11].

Lemma 2.10. If H is a convex subgraph of G and f € &, then p¢+(H) is a convex subgraph of p;+(G). If
Ef crosses H or is disjoint from H, then also mt¢(H) is a convex subgraph of 7¢(G).

Lemma 2.11. If S is a subset of vertices of G and f € &, then 1 (conv(S)) C conv(7(S)). If Ef crosses
S, then 1 (conv(S)) = conv(7;(S)).

Lemma 2.12. If H' is a convex subgraph of G’ and G is obtained from G’ by an isometric expansion, then
the expansion of H of H' is a convex subgraph of G.

2.2.2 Antipodal subgraphs

Let H be a subgraph of G. If for a vertex x € H there is a vertex —yx € H such that conv(x, —yx) = H
we say that —yx is the antipode of x with respect to H and we omit the subscript H if this causes no
confusion. Intervals in a partial cube are convex since intervals in hypercubes equal (convex) subhyper-
cubes, therefore conv(x,—yx) consists of all the vertices on the shortest paths connecting x and —x.
Then it is easy to see, that if a vertex has an antipode, it is unique. We call a subgraph H of a partial
cube G = (V, E) antipodal if every vertex x of H has an antipode with respect to H. Note that antipodal
graphs are sometimes defined in a different but equivalent way and then are called symmetric-even,
see [5]. By definition, antipodal subgraphs are convex. See Figure 5 for examples of antipodal and
non-antipodal subgraphs. Their behavior with respect to pc-minors has been described in [11] in the
following way:

Lemma 2.13. Let H be an antipodal subgraph of G and f € &. If E is disjoint from H, then p;+(H) is an
antipodal subgraph of p;+(G). If Ey crosses H or is disjoint from H, then nt¢(H) is an antipodal subgraph
of m¢(G).
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In particular, Lemma 2.13 implies that the class of antipodal partial cubes is closed under contrac-
tions. Next we will deduce a characterization of those expansions that generate all antipodal partial
cubes from a single vertex, in the same way as Lemma 2.5 characterizes all partial cubes. Let G be an
antipodal partial cube and G;, G, two subgraphs corresponding to an isometric expansion. We say that
it is an antipodal expansion if and only if —G; = G,, where —G; is defined as the set of antipodes of G;.

Lemma 2.14. Let G be a partial cube and 7t,(G) antipodal. Then G is an antipodal expansion of 7,(G) if
and only if G is antipodal. In particular, all antipodal partial cubes arise from a single vertex by a sequence
of antipodal expansion.

Proof. Say 7,(G) is expanded to G along sets Gy, G,. Let v € Gy and v/ € G a vertex with 7, (v/) =v.

If G is antipodal, there exists a vertex —v’ whose distance to v is equal to the number of ©-classes of
G. In particular, the shortest path must cross E,, proving that 7,(—v’) € G,. But 7t,(—v’) = —v proving
that —v € G,.

Conversely, if —G; = G, it is easy to see, that the antipode of v/ is in ﬂ.’;l(—v). O

A further useful property of antipodal subgraphs of partial cubes proved in [11] is the following:

Lemma 2.15. Let H be an antipodal subgraph of G and u,v € H, then H contains an isometric cycle C
through v,u—g v such that conv(C) = H.

2.2.3 Affine subgraphs

We call a partial cube affine if it is a halfspace of an antipodal partial cube. All graphs except the one
on the top and the K; 3 in Figure 5 are affine. We can give the following intrinsic characterization of
affine partial cubes, that will play a crucial role in our characterization of tope graphs of AOMs, see
Corollary 7.3.

Proposition 2.16. A partial cube G is affine if and only if for all u, v vertices of G there are w,—w in G
such that conv(u, w) and conv(v,—w) are crossed by disjoint sets of ©-classes.

Proof. Let G = E}'(é) be a halfspace of an antipodal partial cube G. For u,v € G consider the antipode
—gv of vin Ef’(é). By Lemma 2.15, we can consider an isometric cycle C through v,u,—zv such that

conv(C) = G. The two vertices w,z on C NE*(G) that are incident with edges from E ¢ (G) are connected
on C by a shortest path crossing all the ©-classes of G, i.e. z = —gw. By symmetry of w,—;w, we can
assume that v appears before u on a shortest path from w to —gw. Thus w,—gw € G are such that
conv(u, w) and conv(v,—sw) are crossed by disjoint sets of ©-classes.

Conversely, let G be such that for all u, v € G there are w,—w € G such that conv(u, w) and conv(v, —w)
are crossed by disjoint sets of ©-classes. We construct G by taking a copy G’ of G and join w with an edge
to (—w)’ for each pair w,—w € G. Associating all these new edges to a new coordinate of the hypercube
we get an embedding into a hypercube of dimension one higher. First we show that G is a partial cube.
Since G and its copy on their own are partial cubes, suppose now that u € G and v/ € G’. In G we
can take w,—;w € G such that convg(u, w) and convg (v, —gw) are crossed by disjoint sets of ©-classes.
Consider a shortest path from u to w, then the edge to (—w)’, and finally a shortest path from (—w)’ to
v’. Since none of the original ©-classes was crossed twice, this is a shortest path of the hypercube that
G is embedded in.

It remains to show that G is antipodal. For every vertex v € G there exists w,—w € G such that
conv(v,w) and conv(v,—w) are crossed by disjoint sets of ©-classes. In fact, in this case conv(v, w) and
conv(v, —w) together cross all ©-classes of G. Hence taking a shortest path from v to w, then the edge to
(—w)’ and from there a shortest path to v/ yields a path from v to v’ crossing each ©-class of G exactly
once. This implies that v/ is an antipode of v. O
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By Lemma 2.3 a contraction of a halfspace is a halfspace and by Lemma 2.13 antipodal partial cubes
are closed under contraction, therefore we immediately get:

Lemma 2.17. The class of affine partial cubes is closed under contraction.

2.2.4 Gated subgraphs

A subgraph H of G, or just a set of vertices of H, is called gated (in G) if for every vertex x outside H
there exists a vertex x’ in H, the gate of x, such that each vertex y of H is connected with x by a shortest
path passing through the gate x’. It is easy to see that if x has a gate in H, then it is unique and that
gated subgraphs are convex. See [18] for several results on gated sets in metric spaces. See Figure 5 for
examples of gated and non-gated subgraphs.

In [11] it was shown that gated subgraphs behave well with respect to pc-minors:

Lemma 2.18. If H is a gated subgraph of G, then p;+(H) and 7 ;(H) are gated subgraphs of p¢+(G) and
7¢(G), respectively.

In the next lemma we will see that expansions can turn gated graphs into non-gated graphs.

Lemma 2.19. Let G be an expansion of m,(G) along sets Gy, G,. Let H be a gated subgraph of m,(G), v a
vertex of 7,(G) and v’ the gate of vin H. If v € GyNG,, v/ ¢ G; NG, and there exist v/’ € H, v/ € G; NG,
then the expansion of H in G is not gated.

Proof. Let v,v',v",H be as in the lemma and without loss of generality assume that v/ € G;\G,. Let Ef
correspond to Gy and E, to G, in G. Since vertex v € G; N Gy, it is expanded to an edge in G. Let u be
the vertex on this edge in E}. Then every shortest path form u to the expansion of H must cross at least
the same ©-classes as a shortest path from v to v’. On the other hand, v, v’ € Gy, thus in G, there exists
a shortest path from v to v'. Then there exists a shortest path from u to the expansion of H, first crossing
E, and then all the ©-classes in the shortest path from v to v’. Note that the expansion of v’ is not the
gate of u since there is no shortest path from u to the expansion of v’ in E} passing this vertex. Thus if
u has a gate to the expansion of H, it must be at distance d(v,v’) to u and the shortest path connecting
them must be crossed by exactly those ©-classes that cross shortest paths from v to v'. Then this gate
must be adjacent to the expansion of v and be in E;". This is impossible, since v’ € G1\G. O

3 Systems of sign-vectors

In the present sections we will introduce the standard definitions concerning systems of sign-vectors. In
particular we will introduce the axiomatics for COMs, AOMs, OMs, and LOPs and operations such as
reorientations and minors. Recall that Figure 1 depicts the example of a COM.

We follow the standard OM notation from [8] and concerning COMs we stick to [3]. Let & be a non-
empty finite (ground) set and let §§ # & C {+,—,0}¢. The elements of £ are referred to as covectors.

For X € £, and e € & let X, be the value of X at the coordinate e. The subset X = {e € & : X, # 0}
is called the support of X and its complement X° = &\ X = {e € & : X, = 0} the zero set of X. For
X,Y € £, wecall S(X,Y) ={f € 6 : X;Y; = —} the separator of X and Y. The composition of X and
Y is the sign-vector X o Y, where (X oY), =X, if X, #0and (X oY), =Y, if X, = 0. For a subset AC &
and X € ¢ the reorientation of X with respect to A is the sign-vector defined by

_ ] X, ifeeA
GX)e := { X,  otherwise.

In particular —X :=, X. The reorientation of £ with respect to A is defined as ,.¢ := {,X | X € £}. In

particular, —¥ :=, Z.
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We continue with the formal definition of the main axioms relevant for COMs, AOMs, OMs, and
LOPs. All of them are closed under reorientation.

Composition:
(C) XoYe % forallX,Y € £.

Since o is associative, arbitrary finite compositions can be written without bracketing X; o...0X; so
that (C) entails that they all belong to £. Note that contrary to a convention sometimes made in OMs we
do not consider compositions over an empty index set, since this would imply that the zero sign-vector
belonged to . The same consideration applies for the following two strengthenings of (C).

Face symmetry:
(FS) Xo—Y e ¥ forallX,Y € £.

By (FS) we first get X o—Y € £ and then X oY = (Xo—X)oY =Xo—(Xo—-Y)€ L forallX,Y € £.
Thus, (FS) implies (C).

Ideal composition:
(IC) XoYe ¥ forallX € £ andY € {+,—,0}¢.

Note that (IC) implies (C) and (FS). The following axiom is part of all the systems of sign-vectors
discussed in the paper:

Strong elimination:

(SE) for each pair X,Y € £ and for each e € S(X,Y) there exists Z € £ such that Z, = 0 and Zp =
(X oY)y forall f € £\S(X,Y).

An axiom particular to OMs is:

Zero vector:
(Z) the zero sign-vector 0 belongs to .Z.

We will not make proper use of the axiomatization of AOMs due to [4, 28] apart from illustrating that
AOMs are a natural subclass of COMs, see Definition 3.1. Let us however briefly introduce an operation
on sign-vectors needed to axiomatize AOMs:

o ifeeS(X,Y)
XeY),:= { (XoY), otherwise.
Affinity:

(A) LetX,Y € ¢ such that for all e € S(X,—Y) and W € £ with W, =0 there are f,g € §\ S(X,—-Y)
such that Wy # (X o—Y); and W, # (=X oY),. We have (X ® —Y)oZ € £ forall Z € .

We are now ready to define the central systems of sign-vectors of the present paper:
Definition 3.1. A system of sign-vectors (&,.%) is called a:

o complex of oriented matroids (COM) if < satisfies (FS) and (SE),

o daffine oriented matroid (AOM) if < satisfies (A), (FS), and (SE),

o oriented matroid (OM) if < satisfies (Z), (FS), and (SE),

o lopsided system (LOP) if < satisfies (IC) and (SE).
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Note that for OMs one can replace (Z) and (FS) by (C) and:
Symmetry:
(Sym) X e ¥ forallX € £.

Let £ C {0,—1,1}¢ be a system of sign-vectors and e € &. For X € £ let X\e be the element
of {0,—1,1}4\M¢} obtained by deleting the coordinate e from X. Define operations £ /e = {X\e | X €
£,X, = 0} as taking the hyperplane of e (usually referred to as contraction) and £\e = {X\e | X € ¥}
as the deletion of e. A sign-system that arises by deletion and taking hyperplanes from another one is
called a minor. Furthermore denote by .Sf: ={X\e€|X € ¥, X,=+}and & :={X\e|X € L, X, =
—} the positive and negative (open) halfspaces with respect to e.

A theorem due to Karlander [28] characterizes AOMs as exactly the halfspaces of OMs. However,
his proof contains a flaw that has only been observed and fixed recently in [4].

The following is easy to see, see e.g. [3, Lemma 2].

Lemma 3.2. For any system of sign-vectors the operations of taking halfspaces, hyperplanes and deletion
commute.

Our systems of sign-vectors behave well with respect to the above operations:

Lemma 3.3. The classes of COMs, AOMs, OMs, and LOPs are minor closed. Moreover, COMs and LOPs are
closed under taking halfspaces.

Proof. The result for OMs is folklore and can be found for instance in [6]. For COMs this was shown in [3,
Lemma 1] and [3, Lemma 4]. For LOPs it is easy to see, that (IC) is preserved under minors and taking
halfspaces. The minor-closedness of AOMs is a little more involved, when only using the axioms given
above, see e.g. [15] but using that they are halfspaces of OMs this follows directly from Lemma 3.2. [

The rank of a system of sign-vectors (&, .Z) is the largest integer r such that there is subset A C & of
size |&| — r such that £\A = {+,—,0}". In other words, the rank of (&, .%) is just the VC-dimension of
<, see [35]. Note that this definition of rank coincides with the usual rank definition for OMs, see [14].

A system of sign-vectors (&, ¥) is simple if it satisfies the following two conditions:

(N1*) foreache€ &, {+,— 0} ={X,: X € ¥};
(N2*) for each pair e # f in &, there exist X,Y € & with {X.X;,Y.Y;} = {+,—}.

An element e € & not satisfying (N1%) is called redundant. Note that redundant elements in OMs
are zero everywhere and are called loops, see [8], but in COMs also a sign can be present on a redundant
element. Two elements e, f € & are called parallel if they do not satisfy (N2*). Note that parallelism is
an equivalence relation on &. We denote by e the class of elements parallel to e, for e € &. The notion
of parallelism coincides with the one in OMs.

For every COM (&, £) there exists up to reorientation and relabeling of coordinates a unique simple
COM, obtained by successively applying operation £\e to the redundant coordinates e € & and to
elements of parallel classes with more than one element. See [3, Proposition 3] for the details. Note
that by Lemma 3.2 the order in which these operations are taken is irrelevant and by Lemma 3.3 all the
classes of systems of sign-vectors at consideration here, are closed under this operation. We will denote
by (&, %) the unique simplification of (&, £).
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4 Systems of sign-vectors and partial cubes

This section finally builds the link between systems of sign-vectors and partial cubes, that in a sense is
the very basis of our results. It is therefore built on properties established in Sections 2 and 3. We begin
with a kind of dictionary between axiomatic properties of systems of sign vectors and the behavior of
metric subgraphs of partial cubes. In particular we will show in Theorem 4.9 that in tope graphs of
COMs all antipodal subgraphs are gated and its corollaries for OMs, AOMs, and LOPs later. Recall that
Figure 2 shows the tope graph of a COM.

The topes of a system of sign-vectors (&, %) are the elements of 7 := £ N {+,—}. If (§, %) is
simple, we define the tope graph G(%) of (&, %) as the (unlabeled) subgraph of Q. induced by 7. If
(&, %) is non-simple, we consider G(.£) as the tope graph of its simplification (&, £).

In general G(.%) is an unlabeled graph and even though it is defined as a subgraph of a hypercube
Qg it could possibly have multiple non-equivalent embeddings in Q. We call a system (&, %) a partial
cube system if its tope graph G(¢) is an isometric subgraph of Q. in which the edges correspond to
sign-vectors of ¢ with a single 0. It is well-known that partial cubes have a unique embedding in Q¢ up
to automorphisms of Q, see e.g. [32, Chapter 5]. In other words, the tope graph of a simple partial cube
system is invariant under reorientation. For this reason we will, possibly without an explicit note, identify
vertices of a partial cube G(%) with subsets of {+,—}¢. The following was proved in [3, Proposition 2]:

Lemma 4.1. Simple COMs are partial cube systems.

Before presenting basic results regarding partial cube systems, we discuss how the minor operations
and taking halfspaces as defined in Section 3 affect tope graphs. So let (£,.%) be a simple partial cube
system.

First note that deletion does not affect the simplicity of (£, .%). Furthermore, since (&, .¢) is a partial
cube system, the tope graph G(£\e) corresponds to 7,(G(%£)) obtained from G(£) by contracting all
the edges in the ©-class corresponding to coordinate e, as defined in Section 2. Noticing that £(Q,),
for a hypercube Q,, equals {+,—,0}" we immediately get the following lemma from the definition of the
rank of a system of sign-vectors.

Lemma 4.2. The rank of a partial cube system (&, %) is the largest r such that G(¥£) contracts to Q,.

Also, the halfspace ' is easily seen to be simple and its tope graph corresponds to the restriction
Pe+(G(£)) to the positive halfspace of E, for e € &, as defined in Section 2.

The hyperplane ¢ /e does not need to be a simple system of sign-vectors nor a partial cube system.
However, we can establish the following:

Lemma 4.3. Let (&, %) be a partial cube system and e € &. If {,(G(£)) is a well-embedded partial cube,
then {(G(&£)) = G(£L/e).

Proof. Clearly, both sets of vertices correspond to the set of edges of G(£). If there is an edge in G(£/e),
it corresponds to two edges of G(¢) in E, such that the ©-classes different than E, crossing the interval
between the two edges form parallel elements of G(#/e). This means that the interval does not cross
E, in other elements besides the two edges. The interval must include a convex traverse between the
two edges, but since there is no other edge in E, in it, the traverse is a convex cycle. This implies that
there is a corresponding edge in {,(G(%)).

Now, let {.(G(£)) be a well-embedded partial cube. An edge of it corresponds to a convex cycle C.
By Lemma 2.7 all cycles crossing E, and another ©-class from C cross all its ©-classes. By Lemma 2.8, the
corresponding elements in £ /e are parallel. Therefore the edge corresponds to an edge of G(£/e). O

The correspondences before the lemma in particular give that deletions and halfspaces of partial
cube systems coincide with pc-minors, which together with Lemma 3.3 gives:
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Proposition 4.4. Let (&, %) and (&', %) be simple partial cube systems with tope graphs G(£) and G(£”),
respectively. If (&',.%’) arises from (&, %) by deletion and taking halfspaces, then G(%") is a pc-minor of
G(&£). Moreover, the families of tope graphs of COMs and LOPs are pc-minor closed.

In the following, we will describe further how pc-minors and equivalently deletions and halfspaces
of partial cube systems translate metric graph properties as introduced in Section 2 into properties of
sign-vectors.

ForX € ¥ weset 7(X):={T € 7 | X oT = T} and denote by G(X) the subgraph of G(¢) induced
by Z(X). Note that in OMs the set 7 (X) is sometimes denoted as star(X), see [8]. Furthermore, let
H (L) ={G(X) | X € £} be the set of subgraphs of G(¢) obtained by considering G(X) for all X € £.
Conversely, given a convex subgraph G’ of a partial cube G with ©-classes & denote by y(G’) € {+,—,0}¢
the sign-vector defined by setting for e € &§:

+ ifG'CE},
1(G).={— ifG' CE,
0 otherwise.

Note that for each vertex v € G(£), y(v) = v. Furthermore, let £(5¢) = {(G') | G’ € 5} for a set #°
of convex subgraphs of G.

Proposition 4.5. In a simple partial cube system (&, %) for each X € ¥ its tope-graph G(X) is a convex
subgraph of G(£). Conversely, if G = (V,E) is a partial cube and ¢ a set of convex subgraphs of G, such
that 7 includes all the vertices of G, then there is a simple (&, £) such that G = G(£) and ¢ = #(Z).

Proof. Let X € £. Since G(¥) is an isometric subgraph of Qg, each e € & can be identified with a
©-class E, for e € & such that the halfspaces E and E of G(£) \ E, are convex. Now, 7 (X) induces
the subgraph ﬂ eex Ef“, i.e. is a restriction of G(%¢) and therefore is convex.

For the converse, by Lemma 2.1 any convex subgraph G’ € s# may be described as the intersection
of convex halfspaces E;”~ for some E, with e € &. This allows for a correspondence of convex graphs
G’ € # and sign-vector via y(G') € {+,—,0}¢ and establishes # = #(¥). Since every vertex is
contained in %, we have G = G(%). O

The following establishes a connection between the gates of a convex set and the composition oper-
ator. The statement specialized to tope graphs of OMs can be found in [8, Exercise 4.10].

Lemma 4.6. Let G be a partial cube embedded in a hypercube, G’ a convex subgraph of G and v a vertex
of G. Then w is the gate for v in G’ if and only if y(w) = x(G") o y(v). Therefore, a subgraph G’ is gated
if and only if for all v € G there is a w € G such that y(G") o y(v) = y(w).

Proof. First note that y(w) = y(G)o y(v) & S(x(v), y(w)) =S(x(v), x(G")). Thus, if ¥y (w) = y(G) o
x(v) then S(y(v), y(w)) = S(x(v), x(G')). Hence, the concatenation of a shortest (v,w)-path and a
shortest (w, w’)-path for w’ € G’ does not cross any ©-class twice, since by convexity of G’ the @-classes
crossed by the second part all are from y(G’)°. Hence it is a shortest path.

Now, let v € G and w a gate for v in G’. Suppose e € S(y(v), y(w)) \ S(x(v), x(G’)). This means
a ©-class E, for e € & splits G and also G’ into two halfspaces, but v and w do not lie on the same
side. This is w cannot lie on a shortest path from v to a vertex in the halfspace of G’ not containing w.
This contradicts that w is a gate for v in G’ and hence S(y (v), y(w)) = S(x (v), x(G")), which implies
W)= x(Goyx(v). O

Lemma 4.7. In an antipodal partial cube G, the antipodal mapping v — —v is a graph automorphism
and for every convex subgraph —y(G’) = y(—G’).
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Proof. Since every vertex has a unique antipode, v — —v is indeed a mapping. Since it is an involution it
is bijective. To show that it is indeed a homomorphism let vw be an edge of G. Since G is a partial cube
and since conv(v,—v) = G there is a shortest (v, —v)-path starting with the edge vw. Analogously, there
is a shortest (w, —w)-path starting with the edge vw. Say this edge is in ©-class E,. Now, S(y (v), x (—v))\
S(x(v), x(—w)) = e and hence S(y (—v), y(—w)) =e, i.e. —v —w is an edge.

Now, let G’ be a convex subgraph of G. Since y(G’) just records the signs of the halfspaces of the
classes of & which contain G’ and the antipodal mapping sends each vertex v to the vertex sitting on all
the other sides, we obtain the result. O

For a partial cube G isometrically embedded in a hypercube Q. define the set of sign vectors
L(G)={X €{0,+,—}¢| forall v € G there exists w € G : X o (—y(v)) = y(W)}.

Lemma 4.8. Let G be a partial cube isometrically embedded in a hypercube Q. Then £(G) is a partial cube
system that satisfies (FS) (and therefore (C)) and the set (% (G)) of corresponding subgraphs coincides
with the antipodal gated subgraphs of G.

Proof. Clearly, the topes of £ (G) correspond to the vertices of G. Moreover, a sign-vector with a single
0O-entry is in £(G) if and only if both of the possibly signings of that entry are topes of £(G).

Since (FS) implies (C) (also when restricted to topes) we have that X € £(G) implies X o y(v) €
£(G) for all v € G. To show (FS) for £(G) let X,Y € ¥(G) and v € G and note that (X o (—=Y)) o
(—x()) =Xo(—(Y ox(v))). Since by (C) we have that Y o y(v) € £(G) it follows that X o(—Y) € Z(G).

We prove now the second part of the statement. Let X € £(G) and a vertex v € G(X). We have
that X o—y (v) € 7(X) is the antipode of v in G(X). This is, G(X) is antipodal. Furthermore, since (FS)
implies (C) we also have that X o y (v) € 7(X), for all v € G. By Lemma 4.6 we have that G(X) is gated.

Conversely, if A is an antipodal gated subgraph of G, then by Lemma 4.6, we have that for the gate
v’ of v in A it holds y(A) o y(v) = y(v'). Now, the antipode of the gate of v in A has to correspond to
x(A)o—x(v). Thus, y(A) € £(G).

O

Proposition 4.5 states that in a simple system of sign-vectors there is a correspondence between
its vectors and a subset of the set of convex subgraphs of its tope graph. The following proposition
determines which convex subgraphs are in the subset if the system is a COM. For its statement denote
by Ycowm the class of tope graphs of COMs. Moreover, we call a partial cube antipodally gated if all its
antipodal subgraphs are gated and denote their class by AG.

Theorem 4.9. For a simple COM (&, ¢) with embedded tope graph G we have

% ={x(G")| G antipodal subgraph of G(£)}
={x(G") | G’ antipodal gated subgraph of G(%)}
= 2(G).

In particular, tope graphs of COMs are antipodally gated, i.e, Ycom S AG.
Proof. Trivially, we have
{x(G") | G’ antipodal gated subgraph of G(£)} € {x(G’) | G’ antipodal subgraph of G(£)}.

The equality
2(G)={x(G") | G’ antipodal gated subgraph of G(£)}

is precisely Lemma 4.8, while the inclusion £ € ¥(G) follows immediately from (FS).
Thus, we end by proving {¥(G’) | G’ antipodal subgraph of G(£)} € £. Let G’ be an antipodal
subgraph of G(£). We show y(G’) € & by induction on |x(G")°]. If |x(G")°| = 0 then y(G') € &
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and we are done. If |y(G)°| > O then take a maximal proper antipodal subgraph G” of G’. Since
vertices are antipodal subgraphs, G” exists. By induction hypothesis ¥ (G”) € £. Define G" to be
the subgraph of G’ induced by all antipodes of vertices of G” with respect to G’. By Lemma 4.7, we
have G = G”. Moreover, y(G”) = y(G") o —x(G"). Since G” is a proper antipodal subgraph of G’,
there exists an e € x(G”) N x(G’)°. Then e € S(x(G"), x(G"")) and we now can apply (SE) to y(G")
and y(G") with respect to e. We obtain Z € £ such that Z, = 0 and Z; = (x(G") o y(G")); for all
f € &\S(x(G"), x(G")). By the inclusions that we have shown in the first two parts of the proof, Z
corresponds to an antipodal subgraph G(Z). By (SE), G(Z) strictly contains G” and is contained in G’.
By the maximality of G” we have G(Z) = G’ and therefore y(G')=Z € %£. O

As a consequence of Theorem 4.9 we immediately get:

Corollary 4.10. Every simple COM is uniquely determined by its tope set and up to reorientation by its tope
graph.

Corollary 4.10 had only been proved in a non-constructive way, see [3, Propositions 1 & 3]. The
constructive statement here is in fact a generalization of a theorem known for OMs, usually attributed
to Mandel, see [13] and the fact that an OM is determined up to reorientation by its tope graph is due
to [7].

The following justifies that we can restrict ourselves to simple COMs when studying tope graphs.
Lemma 4.11. A partial cube G is in Yoy if and only if £(G) is a simple COM.

Proof. If £(G) is a simple COM, then G is by definition its tope graph, thus G is in 9gy. On the other
hand, let G be a graph in %oy, and & its up to reorientation unique simple COM. By Theorem 4.9,
¥ ={Xe€{0,-1,1}¥ | Xo—TeF forallT € 7} = £(G). ]

Th following will be essential for the Handa-type characterization of tope graphs of COMs in Corol-
lary 7.1. It can be seen as the graph theoretical analogue of the fact the COMs are closed under taking
hyperplanes.

Lemma 4.12. In a COM (&, %) all zone graphs {¢(G(%£)) are well-embedded partial cubes. In particular
Yeowm Is closed under taking zone graphs.

Proof. Suppose there are two convex cycles C,C’ in G(%) that contradict Lemma 2.7, i.e., both are
crossed by E; and E, and C is crossed by E, but C’ is not. By the second equivalence in Theorem 4.9,
the cycles are gated. Without loss of generality assume that C’ is completely in E?l' . On the other hand,
we can reorient E; and E, in a way that the vertices on CNE;' are in E; n E;, E}r NE, and E; NE, . But
then any vertex in C’ that is in E; N E; has no gate to C, a contradiction.
Now, since COM is closed under taking hyperplanes by Lemma 3.3, Lemma 4.3 gives that 9oy is
closed under taking zone graphs.
]

Let us finally describe how tope graphs of the other systems of sign-vectors from Section 3 specialize
tope graphs of COMs. We will denote the classes of tope graphs of OMs, AOMs, and LOPs by ¥oum, 9aom»
and % op. The following three propositions will be cast in the proofs of the characterizations of %gy,
Yrom, and % op, see Corollaries 7.2, 7.3, and 7.4.

A consequence of Lemma 4.7 is:

Proposition 4.13. A graph is in %oy if and only if it is antipodal and in Yoy
A not yet intrinsic description of tope graphs of AOMs follows:

Proposition 4.14. A graph is in Yagy if and only if it is a halfspace of a graph in Yoy
Interpreting axiom (IC) in the partial cube model we also get:

Proposition 4.15. A graph is in %, op if and only if all its antipodal subgraphs are hypercubes and it is in
Geom-
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5 The excluded pc-minors

In the present section we will introduce the set £~ of minimal excluded pc-minors for tope graphs of
COMs. After providing several properties with respect to pc-minors and zone graphs, we give a couple
of methods of detecting a member of 27 in a given graph. The main result of the section is that partial
cubes excluding 2~ are topes graphs of COMs (Theorem 5.7). The proofs in this section use properties of
zone graphs established in Section 2, minor-closedness of COMs seen in Section 3, as well as properties
of tope graphs of COMs shown in Section 4

Let Q, be the hypercube, v € Q, any of its vertices and —v its antipode. Let Q, := Q, \ —v be the
hypercube minus one vertex. Consider the set of partial cubes arising from Q; by deleting any subset of
N(v)U{v}. It is easy to see that if n > 4 a graph obtained this way from Q;, is a partial cube unless v
is not deleted but at least two of its neighbors are deleted. Denote by Q* the partial cube obtained by
deleting exactly one neighbor of v, and by Q,,~(m) the graph obtained by deleting v and m neighbors
of v, respectively, where for Q;~(0) we sometimes simply write Q, . It is easy to see that Q, and Q,~
are tope graphs of (realizable) COMs. For n < 3 all the partial cubes arising by the above procedure
are isomorphic to Q; or Q,, thus the interesting graphs appear for n > 4. Denote their collection by
27 ={Q,",Q, (m)|4<n;1<m<n}.

Qi (4)

Q" Qi () Qi (2) Qi (3)

Figure 8: Graphs Q,*,Q,~ (m), for 1 <m < 4. The square vertex has no gate in the bold Cj.

Lemma 5.1. The set 2 is pc-minor minimal, i.e. any pc-minor of a graph in 2~ is not in 2. Furthermore,
any graph in 2~ contains an antipodal subgraph that is not gated, i.e. 2~ C AG, where AG denotes the
complementary class of AG.

Proof For any G € £~ a contraction or a restriction of it is a graph isomorphic to a hypercube, a
hypercube minus a vertex, or a hypercube minus two antipodal vertices. All pc-minors of these graphs
are isomorphic to a hypercube or a hypercube minus a vertex. Thus, no proper pc-minor of G is in 2.

To see that any graph in £~ contains an antipodal subgraph that is not gated, let G € 2 and let
w be a neighbor of v that was deleted from Q; to obtain G. The convex subgraph A € G obtained
from restricting Q, to the halfspace containing w and not v is isomorphic to Q. ;- In particular, A is
antipodal. But A is not gated, since the neighbor u of —v in G \ A has no gate in A. In fact, in can be seen
by Lemma 4.6, that the gate of u, if existent, must be of the form y(A) o y(u) = y(—v) which is not in
G. O

The following lemma will be useful for detecting pc-minors from 2. We define H to be the full
subdivision of a graph G if every edge of it is replaced by a path of length 2 to obtain H. The vertices of
H that correspond to vertices of G are called its original vertices.

Lemma 5.2. Let G be a partial cube and H an isometric subgraph isomorphic to a full subdivision of K,,
such that

e no vertex of G is adjacent to all the original vertices of H,

o the convex hull of H is neither isomorphic to Q,, nor Q,~,
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o H is inclusion minimal with this properties.
Then the convex hull of H is in 2.

Proof. Let H be as in the lemma. First note that m > 4 since for m = 2, H is isomorphic to P; = Q;, and
for m = 3, H is isomorphic to Cq. Taking into account that there is no vertex of G adjacent to all the
original vertices of H, the convex hull in both cases is isomorphic to Q, or to Q.

Now consider H embedded in a hypercube Q,, with m > 4. Since H is an isometric subgraph of
G, it is a partial cube and thus has up to reorientation a unique embedding in Q,,. Note that one (and
therefore the only) possible embedding, is such that there exists a vertex v in Q,, adjacent to exactly
the original vertices of H. Indeed, embed the original vertices as vectors with precisely one + and the
subdivision vertices as vectors with two +-signs. Then, v can be chosen to be the vector consisting only
of —. By the assumption, v is not in G. Let {vy,...,v,,_;} be any subset of the original vertices of H
of size m— 1. Since H is inclusion minimal, the convex hull of {vi,...,v,_;} is a graph isomorphic to
Q,,_; or Q,—; in which v is a missing vertex. Note that the antipode of v in Q,, is at distance m from
v. We have proved that all the vertices of Q,, at distance at most m — 2 from v are in G while some of
the neighbors of the antipode of v in Q,, are possibly not in G. Thus the convex hull of H is a graph in
2°. O

A second useful lemma, tells us how to find excluded pc-minors in non-antipodal graphs with an-
tipodal contractions.

Lemma 5.3. Let G be a partial cube with v € G such that —v ¢ G, and E,, ..., E,,_be ©-classes of G such
that . (G) is antipodal for all 1 < i < k. Then either G contains a convex subgraph from 2~ or G contains
a convex Q,_ or Q. crossed by precisely E,,, ..., E,, such that —v is a missing vertex of it. In particular, if
the latter holds and E,,...,E, are all the ©-classes of G, then G is isomorphic to Q-

Proof. Let v € G be a vertex without an antipode in G. Let E, , ..., E,, be the ©-classes as above. Every
contraction 7, (G) is antipodal, therefore 7, (v) has an antipode in 7, (G). Let v; € G be the preimage
of the antipode _ml(G)“e,(V) of 7, (v) in 7, (G) for 1 < i < k, respectively. By definition, v;,..., v
are pairwise at distance 2, thus a part of an isometric subgraph isomorphic to the subdivision of Kj.
Moreover, there is no vertex adjacent to all of them, since v has no antipode in G. By Lemma 5.2, the
convex hull of v, ..., vy is isomorphic to one of Q. Q. or there is an inclusion minimal subdivided K.
for k” < k whose convex closure is not isomorphic to QuorQ, .In the former case we are done while
in the latter case the convex closure of the inclusion minimal subdivided K}, is in 2.

Assuming that E, ,..., E,,_ are all the classes of G, the convex hull of v,,..., v is crossed by all the
©-classes of G, hence it is G. Then G is isomorphic to Q; or Q;~ if it has no convex subgraph in 2.
Since G is not antipodal, it must be isomorphic to Q; . O

Lemma 5.4. Let G be a partial cube. If a zone graph {,(G) is not a well-embedded partial cube, then G
has a pc-minor in {Q;*,Q;~(m) |1 < m < 4}.

Proof. For the sake of contradiction assume G does not satisfy the conditions of Lemma 2.7, i.e., there
are convex cycles Cy, C, both crossed by E, and Ef and C; is crossed by E, but C, is not. Without loss of
generality assume that C, is completely in E;. On the other hand, we can reorient E, and E; in a way
that the vertices on C, NE are in E;' N E;r, Efn E; and E; NE; . But then any vertex v in Cj that is in
E, N E}’ has no gate to C;.

We will now see, that this leads to the existence of a pc-minor in {Q;*} u {Q;_(m) |1<m<4}
First contract any ©-class different from E,, Ef, E, but crossing C,, obtaining graph G’. Then C; is
contracted to a convex 6-cycle C; in G/, by Lemma 2.11. It is non-gated since the image of v in G’ still
isinE; N E}r n E; while E; N E}r n EgJr N C; = 0. Now consider a maximal sequence S of contractions of
©-classes different from E,, Ey, E, such that for the image C;" of C{ we have that conv(C}’) is a 6-cycle.
Since v has no gate to Cy, contracting all the ©-classes different from E,, E, E, maps v to a vertex in
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conv(C;")\ C; contradicting that conv(C;’) is a 6-cycle. Thus S is not equal to all the ©-classes different
from E, Ef,E,.

Pick any ©-class Ej, not in SU{E,, Ey, E, }. By maximality conv(7,(Cy')) is not a 6-cycle thus it must be
isomorphic to Q5 or Q3. Let u be a vertex in Q; or Q3 adjacent to three vertices 7, (1), 74 (uz), mp(uz) €
m,(Cy) with u; € C{’ for i € {1,2,3}. No preimage u’ of u is adjacent to any u;, for i € {1,2,3}, since
otherwise u” would be in conv(C;"). Thus, u’,u;,u,,us are pairwise at distance two. Since conv(C;’) is
a 6-cycle, there is no vertex adjacent to all of them. Together with their connecting 2-paths they form
an isometric K4. Moreover, their convex hull is not isomorphic to Q; or Q™ since such graphs have no
convex 6-cycles. By Lemma 5.2, G has a pe-minor in {Q;*,Q;~(m) |1 <m < 4}. O

Lemma 5.5. If G € 7, then there is a sequence (es,...,e;) of ©-classes such that ¢, . (G)is not a
partial cube.

Proof. Let G € {Q,*,Q,, (m) | 1 <m < n} for some n > 4. Let v € Q,, the vertex from the definition of
2°.

If n = 4 one can easily see in Figure 8 that G has a zone graph containing a Cs if G € {Q}*,Q;(1),Q;(2)}
ora Cy if G € {Q;7(3),Q,(4)} i.e., the zone graph is not a partial cube.

Letnow n > 4. If G € {Q,*,Q, (m) | 1 < m < n—1}, let w be one of the neighbors of v that
is in G and let e be the ©-class of G coming from the edge vw in Q,,. It is easy to see that {,(G) €
{Q.*1,Q,2;(m) | 1 < m < n—1}. If otherwise G = Q,~(n), then let w be any of the neighbors of v.
Then w is missing in G and let e be the ©-class of G coming from the edge vw in Q,. One can check
that {,(G) = Q,~;(n—1). The lemma follows by iterating the given zone graphs until arriving at a non
partial cube. O

A useful sort of converse of the proof of Lemma 5.5 is the following:
Lemma 5.6. If G is partial cube and {,(G) € 2~ for some ©-class e, then G has a pc-minor in 2.

Proof. Assume that {,(G) is well-embedded since otherwise G has a pc-minor in 2, by Lemma 5.4. Let
G be pc-minor minimal, without affecting H := {,(G) and let N be the number of ©-classes of H. Then
by minimality G is the convex hull of E, and has N + 1 ©-classes. There exist two isometric copies of H
in B with edges of E, being a matching of them. Let v, ..., vy be the original vertices of the subdivided
Ky in the first copy and vy, ..., vy, the original vertices of the subdivided Ky in the second copy. Not both
subdivisions can have a vertex adjacent to all of the original vertices of the subdivisions since then there
would be an edge in E, between the two vertices, which is not true by the definition of H. Without loss
of generality, assume that vy, ..., vy have no common neighbor. Then by Lemma 5.2, either G has a pc-
minor in £~ and we are done, or the convex hull of vy,..., vy is isomorphic to Q or Q. Analogously,
if v{, cee, Vz/v have no common neighbor their convex hull is isomorphic to Qy or Q™. But then H is
isomorphic to Q, or Q) which is not the case. Thus v{, U v]’\, have a common neighbor, say u. Then
u,vq,...,Vvy are pairwise at distance 2, without a common neighbor. Then by Lemma 5.2, either G has
a pc-minor in 27 or their convex hull H is isomorphic to Qy, ; or Q7 ;. The latter cannot be since then
H is not in 2. Therefore, G has the pc-minor in 27. O

We are ready to prove the main theorem of this section.

Theorem 5.7. A partial cube that has no pc-minor from the set 2~ is the tope graph of a COM, i.e.,
F(27) € Yeom-

Proof. For the sake of contradiction, assume that we can pick G, a smallest graph that is not in ¥y but
in Z(27). In particular, since & (L27) is pc-minor closed, every pc-minor of G is in 9coum-

By Lemma 4.11, G is a graph in %oy if and only if £(G) is a COM. Since G is not in Y¢op, but G is
a partial cube and by Lemma 4.8 £(G) is a partial cube system that satisfies (C), [3, Theorem 3] gives
that £ (G) has a hyperplane #(G)/e that is not a COM.

Since G € #(27), by Lemma 5.4 we have that G’ := {,(G) is a well-embedded partial cube. By
Lemma 4.3 we get G’ = G(£(G)/e), i.e., it is the tope graph of the hyperplane.
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Claim 5.8. We have &(%£(G)/e) = £(G').

Proof. By Lemma 4.8, the elements of £ (G’) correspond to antipodal subgraphs of G’. Furthermore, it
is not hard to see that elements of &(£(G)/e) correspond to antipodal subgraphs of G that are crossed
by E,, where redundant coordinates have been deleted. If A is an antipodal subgraph of G crossed by E,,
then by Lemma 4.7, each edge uv € E, of A has an antipodal edge —yu —4 v € E,. Thus the zone graph
of A corresponding to E, is an antipodal subgraph of G’ and we get that & (£(G)/e) € £(G').

Conversely, assume that there is an antipodal graph A’ in G’ that does not correspond to a zone graph
of an antipodal subgraph of G. By definition of G’ we can identify its vertices with edges of G in E,.
Let A be the convex hull of those edges in G that correspond to vertices of A’, and let E,, E, ..., E,, be
the ©-classes crossing A. Since A’ does not correspond to a zone graph of an antipodal graph, A is not
antipodal.

By minimality of G, for every Eej the contraction T, (G) is the tope graph of a COM. This is, £ (nej G)=
%£(G)\e; is a COM. Hence, by Lemma 3.3 its hyperplane (£(G)\e;)/e is a COM as well. Now Lemma 3.2
gives Z((Z(G)\ej)/e) = F(£(G)/e)\ej. We have proved that &(£(G)/e)\e; is a COM for every
E, € {E,,...,E}. Note that T!.'ej(G/) is the tope graph of & (£ (G)/e)\e; and therefore it is in Gom-

By Theorem 4.9, the covectors of the COM corresponding to “e,(Gl ) are precisely its antipodal sub-
graphs. Since T, (A') is antipodal, it corresponds to a covector. But then this covector is in & ((Z(G)\e i)/e),
i.e. there is an antipodal graph in 7, (G) whose zone graph is T, (A). By definition this must be T, (A),
proving that T, (A) is antipodal for every E, € {Ee;s s Ee )

Let v € A be a vertex without an antipode in A. Without loss of generality, v € E;. By Lemma 5.3, A
either has a pc-minor in 2~ and we are done, or there is a Q; or Q;~ in A crossed by precisely E, , .. ., E,,
and its missing vertex is the missing antipode of v in A. Then this convex subgraph is precisely E, NA.

First assume that E, N A is isomorphic to Q;. Thus, v has a neighbor in E,, say u. If u has no
antipode in A we deduce as above that E is isomorphic to Q, or Q; . Since v € A the halfspace ES
must be isomorphic to Q; and thus A = Q; OK,. But then the zone graph of A corresponding to E, is not
antipodal and A’ is not antipodal. A contradiction.

Finally, assume that E, is isomorphic to Q, . Then there are k vertices in E, at distance 2 from v
and pairwise also at distance 2 but there is no vertex adjacent to all of them. By Lemma 5.2, A either
has a pc-minor in 2~ and we are done, or A is isomorphic to Q0rQ - In the first case, none of the
zone graphs of Q,_, is antipodal, while in the second case A is antipodal. A contradiction. This finishes
the proof that £(G)/e = £(G’).

O

Now we can assume that G’ is a well-embedded partial cube, but is not in Yoy since £(G’) =
F(£(G)/e), and £(G)/e is not a COM. By minimality of G, G’ = {,(G) has a pc-minor H' € 27,
i.e., H = px(m4(Z.(G))) for some ©-classes A and an oriented set X of ©-classes of G’. By Lemma 2.9
we have H' = {,(px/(74(G))) for ©-classes A’ and an oriented set X’ of ©-classes of G. Let H be the
graph py/(7y(G)). Lemma 5.6 gives that H has a pc-minor in 27, contradicting that G € #(£27). This
concludes the proof of Theorem 5.7.

O

6 Antipodally gated partial cubes are pc-minor closed

The main result of the present section is that if in a partial cube all antipodal subgraphs are gated, then
the same holds for all its minors (Theorem 6.1). Recall that the class of these antipodally gated partial
cubes is denoted by AG. Since by Lemma 5.1 none of the graphs in £ is in AG, minor-closedness of AG
implies that antipodally gated partial cubes exclude minors from 27, i.e., AG C & (£ 7). This section is
proof wise the hardest one of the paper. It heavily builds on interactions of antipodality and gatedness
with respect to pc-minors, expansions, and zone-graphs established in Section 2. We want to prove:
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Theorem 6.1. If G is antipodally gated, then so are all pc-minors of G.
For this we will show two auxiliary statements. The first one is:

Lemma 6.2. Let G be an antipodal graph from AG such that all its pc-minors are in AG as well and G’ an
expansion of G. Then one of the following occurs:

1. G’ is antipodal,

2. G’ is a peripheral expansion of G,

3. G’ is not in AG.

The second one shows how to use the first one in order to prove Theorem 6.1.

Lemma 6.3. If Lemma 6.2 holds for all pairs G, G’ where G’ is on less than n vertices, then Theorem 6.1
holds for all the partial cubes on at most n vertices.

Proof of Lemma 6.3. Suppose that Theorem 6.1 does not hold and let G be a minimal counterexample,
while Lemma 6.2 holds for all the expansions of size less than the size of G. First, observe that AG is
closed under restrictions, since restrictions cannot create new antipodal subgraphs and gated subgraphs
remain gated. So, let 7,(G) ¢ AG be a contraction of G that is not in AG. Let A be a smallest antipodal
subgraph of 7,(G), that is not gated in 7,(G). In particular A is a proper subgraph. By the minimality
in the choice of 4, itself is in AG. Now, by the minimality in the choice of G, all pc-minors of A are also
in AG. Let A’ denote the expansion of A with respect to e, that appears as a proper subgraph of G. If E,
does not cross A’, then A’ = A is antipodal subgraph and is non-gated, since otherwise A = m,(A’) would
be gated as well by Lemma 2.18. This contradicts G € AG. If E, crosses A, we can apply Lemma 6.2 to
A, since A’ has less vertices than G. We get that either A’ is antipodal, A’ is a peripheral expansion of A,
or A’ is not in AG. The latter cannot be since G in AG. In the former two cases, either A’ is antipodal or
has A as a subgraph. In both cases, we have an antipodal subgraph that is contracted to A in 7,(G). By
Lemma 2.18, the antipodal subgraph in G is non-gated contradicting G € AG. O

Proof of Lemma 6.2. Suppose that the lemma is false. Let G, G’ be a minimal counterexample, i.e. G is
an antipodal graph from AG such that all its pc-minors are in AG. Furthermore, G’ is an expansion of G
that is not antipodal, not peripheral, but in AG, with minimal number of vertices possible. Let E, be the
©-class such that 7,(G") = G.

Claim 6.4. Any pc-minor of G’ is in AG.

Proof. Let n be the number of vertices in G’. Since G’ is a minimal counterexample to Lemma 6.2, the
lemma holds for all the graphs on less than n vertices. Then by Lemma 6.3, Theorem 6.1 holds for all
graphs on at most n vertices. In particular it holds for G/, thus all its pc-minors are in AG. O

We will call a contraction of a partial cube antipodal if the contracted graph is antipodal. The
following claim is immediate since a contraction of an antipodal graph is antipodal and contractions
commute.

Claim 6.5. If 7,(H) is an antipodal contraction of H, then m,(7¢(H)) is an antipodal contraction of mt¢(H)
forall f € &.

Every contraction 7,(G’) of G’, E, # E., makes E, peripheral or it is antipodal, since otherwise the
contraction 7,(G’) together with the contraction 7.(7,(G")) would yield a smaller counterexample to
the lemma. We can divide the ©-classes of G’ into two sets: call the index set of the ©-classes of the
antipodal contractions ./, and the index set of the remaining ©-classes 2. By the above, a contraction
1,(G’) of G, for every e € 98, makes E, peripheral in 7,(G’). Note that ¢ € .¢/, i.e. in particular .¢f
is non-empty. Also 2 is non-empty, because otherwise, every contraction of G’ is antipodal, thus by
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Lemma 5.3, G’ is isomorphic to Q,orQ, . The latter cannot be since G’ is not antipodal. The former
is impossible since then G = ©.(G') £ Q,_1, and G’ is a peripheral expansion.
Furthermore, note that peripherality of a ©-class is preserved under contraction.

Claim 6.6. For every e € 8 and every f € .o/, the ©-class E; is peripheral in 1,(G’).

Proof. Assume that this is not the case. Then 7,(G’) is not antipodal by definition, while Lt (m.(G")
is antipodal by Claim 6.5. Moreover, E; is not peripheral in ,(G") by assumption, while all pc-minors
7,(G’) are in AG by Claim 6.4. Thus 7,(G") and 717 (7,(G’)) are a smaller counterexample to the lemma,
a contradiction. O

Now, consider the halfspaces E} and E_ in G’. Contracting any ©-class e from % makes E, peripheral
in 7,(G’), which implies that either Tte(Ech) or m,(E) is a peripheral halfspace in 1,(G’). For this reason
denote by 88" those e € 2 such that 7, (E") is peripheral and let 8~ = B\ 87, i.e., m,(E) is peripheral
foree %B~.

Claim 6.7. Let e € B* end f € B~. Then n7(m,(G")) is antipodal. Moreover, E is peripheral in m,(G").

Proof. Since peripherality is closed under contraction, both 7 f(rre(E:’)) and 7z (7. (E, ")) are peripheral
in 74 (7,(G")). Thus 77(7,(G")) = K,0A for some graph A. On one hand contracting E, in 77(7.(G"))
gives an antipodal graph by the choice of E., on the other hand it is isomorphic to A. Thus A is an
antipodal graph. Then also 77(7,(G")) = K,0A is antipodal.

Now consider the pair of graphs 7(7,(G")) and 7,(G’). The first is antipodal by the above, while
the second is its expansion. Since both are pc-minors of G', 7,(G’) is in AG and th(ﬂ.'e(G/)) and all its
pc-minors are in AG as well, by Claim 6.4. Furthermore, 7,(G’) is not antipodal since e € 2. By the
minimality of G’ the expansion 7,(G") must be peripheral, proving that Ej is peripheral in n,(G). O

Let G” be obtained from G’ by a maximal chain of contractions of ©-classes 6 = {ey,... ,ep}, such
that G” is non-antipodal. Note that 6 C 98 since every contraction from a ©-class in .« makes the graph
antipodal. Moreover, by Claim 6.7 we have 6 € 8" or ¥ € #~. Without loss of generality assume
that ¢ € B*.

Claim 6.8. The contraction 7, (G') contains a hypercube that is crossed exactly by B\ {e;}.

Proof. By assumption E; is not peripheral in G’, hence there exists a vertex v € EI not incident with
any edge of EY. For every e € #%, E} is peripheral in ,(G’), thus there is an edge in E, connecting v
and an edge in E,. Thus for every e € 88, there is a path from v to E_ first crossing an edge in E, and
then an edge in E.. Vertex v together with the end-vertices of these paths form a collection of vertices
pairwise at distance 2. They have no common neighbor, since this neighbor would have to be in E_, but
v has no neighbor in E. Since all pc-minors of G’ are in AG, Lemma 5.2 implies that the convex hull C
of these vertices is isomorphic to Q;; or Q;~ for some n > 0. This convex subset is crossed exactly by all
the ©-classes of " and E..

Contracting to 7, (G'), C is is contracted into a hypercube crossed by all A%\ {e;} and E,. Then the
lemma holds. O

The graph G” and all its pc-minors are in AG by Claim 6.4 and all its contractions are antipodal. By
Lemma 5.3, we have G” = Q7. Now, we will consider the sequence of expansions of G” leading back the
first contraction nel(G’ ). Note that G” is crossed by precisely those ©-classes that are not in 4. These
are the ©-classes ./ U 87, and the ©-classes B\ 6.

By Claims 6.6 and 6.7, every ©-class in .o/ U~ is peripheral in 7, (G) thus also in every contraction
of it. For each e € . U 87 \{c}, without loss of generality, say that E: is the peripheral halfspace of
it. For E, the halfspace E is peripheral, since e; € #7, so we can assume that E; is peripheral for
each e € . U 8. Since G’ = Q, is crossed by each E, and E_ is non-peripheral in it, E, is also
non-peripheral in every expansion in the sequence.
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Let |/ U 8B~ | =k and | 87\ ¢| ={. Then G” = Q, with n =k +{, can be seen as a collection of 2k
disjoint subgraphs spanned on the edges of 7\ € each isomorphic to Q,, except for one isomorphic to
Q,, and all connected in a hypercube manner by edges of .o/ U #8™. The subgraph isomorphic to Q; is
precisely the subgraph (,c - Ey -

In other words g+ 4(G”) = Q and for X € {+,—}7Y% we have px(G”) = Q, unless if X =
(+,...,4) in which case px(G”) = Q- Next we prove that this structure is preserved when expanding
back towards 7, (G).

Claim 6.9. Let £ = { +p—1, where p = |%|. We have 7 g+ (., (G')) = Qi and for X € {+,—}Y% we
have py(m,,(G")) £ Q; if and only if X # (+,...,+).

Proof. We will prove the claim by induction on the number p, where G; is the jth expansion, starting
from G” = G, and ending in 7, (G") = G,_;. By the paragraph before the claim, the claim holds for G”.

By induction assumption let the claim hold for G;, j = 0, and let G;,; be its expansion, in the
sequence of the expansions leading to 7, (G). Let f € 6 be such that 714(G;,,) = G; and H,, H, be the
subgraphs of G; we expand along.

First, we will prove that each copy of Qg ; in G; not crossed by the ©-classes .o/ U 88~ is contained
in H; N H,. Denote ./ U B~ = {fi,..., f;}. Consider an edge uv € Ey, in G; such that u € Hy N H,. If
ue E}f andv € E then EJr is perlpheral in the expanded graph G, . Thus, v € H; N H,.

Now assume that ue E . and v e EJ,*( We will prove that if additionally v ¢ (), u4- E,, then we
can also conclude v € Hy N H,. Soletu,v € E  for some other f; € ./ U B~ \ {f;}. For the sake of
contradiction assume that v ¢ H; N H,. Wlthout loss of generality v € H;. If v has a neighbor in Ef+
say v/, then by the above arguments, if v/ € H; N H, then also v € H; N H,. Thus, if v/ exists, then it is
in H; \H 5.

Consider the contractions 7y, (Gj1) and 7z, (G;). Since fy € &/ U B~ both graphs are antipodal.
By Lemma 2.6, the expansion from 7, (G;) to mg,(Gj;1) corresponds to sets 7y, (H;) and 7g, (Ha).
Since v,v’ € H;\H,, their image iy, (v) = 7, (v') is in g, (H)\7y, (Hp). Since u € Hy N Hy, its
image is in 7y, (H;) N 7y, (Hy). Let —mp, (v),—mg, (1) be the antipodes of my, (v), 7y, (w) in 7f, (G;),
respectively. Since 7, (Gj;1) is an antipodal expansion of 7z, (G;) by Lemma 2.14 we have, —ng, (v) €
ns, (Hp\ g, (H,) and —ng, (u) € mg,, (Hy) N 7g, (Ha).

Since v € E}: also 7z, (v) € EJ:, thus —ng, (v) € EE. Similarly, since u € EE also s, (u) € E", thus
—ng,(u) € E}:.

Consider the contraction from G; to 7, (G;). By induction hypothesis, the structure of G; is such that
E7 n is isomorphic to a hypercube crossed by Ey, thus two vertices x,z of G; are contracted to —myz, (v).
Since —m, (v) € my, (Hy)\ 7y, (H,), we have x,z € Ho\H.

On the other hand, at least one vertex w € H; N H; of G; is contracted to —7s, (u). It also holds that
the vertices x,z € E; and w € E+ Since uv is an edge, —Trf,(u) 75, (v) is an edge. Hence, xw or zw
has to be an edge - say without loss of generality zw is an edge. Then we have a pair of adjacent vertices
w,z such that w e Hy NHy N E}' and z € H{\H,NE, e We have already shown that this is impossible.
Thus, u € Hy NH, implies v € H; N H,.

Now consider the copies of Q;,; in G;. By Claim 6.8, 7, (G’) contains a hypercube crossed by exactly
all the ©-classes of %1\{e;}. The latter implies that Gj;1 contains a hypercube crossed by precisely the
©-classes crossing copies Q. ; in G; plus the ©-class obtained while expanding to G;,;. In particular
this implies that one of the copies of Q. ; in G; gets completely expanded, i.e. that copy is completely in
H;NH,. Since none of the copies of Qy4; in G; is in ﬂeeduf@- E:’, by the above paragraph this property
propagates to all the copies of Qg , i.e. all of them are completely in H, N H,. Since the non-cube
(MNeeyug- EX cannot expand to a cube, Gj,; is as stated in the claim. O

The following claim will suffice to finish the proof of the lemma.

27

147



Claim 6.10. If the expansion G’ of 7, (G') is such that .(G') is antipodal and E, is not peripheral in G,
then G’ is not in AG.

Proof. Consider the expansion along sets G; and G,. Since e; € %7, the halfspace E is peripheral in
7., (G"). Moreover, by Claim 6.9 we have E_ = Q;;_; and Ef 2Q;,; ;. On the other hand, since E is
not peripheral in G’, there is an edge 22" € 7, (G')NE, such that z € (G;\G,)NE_ and 2’ € GyNG,NE .

Note that .(G’) is an antipodal expansion of e, (1.(G")) = Qj_1- By Lemma 2.6, it is an expansion
along sets .(G;) and 7.(G,). In the following we will use Lemma 2.6 to get properties of G;, G, from
the expansion 7.(G1), 7 (G,).

We consider two cases, either 7.(G’) is a full expansion of nel(nC(G/)) = Qy,4j_1 or not. In the first
case, every vertex of Tfel(”c(G/)) is in 7t.(G;) N 7:(G,), thus for any edge E, in 7., (G") we have that one
of its endpoints is in G; N G, and any vertex not incident to E. is in Gy N Gy, as well. Since E} % Q. 4
there is a missing vertex in it.

Let v be a vertex in (G;\G,) N E_ that is as close as possible to a missing vertex. We have proved
above that v exists (one candidate would be z). Since the expansion is full, by the above paragraph, v is
not adjacent to the missing vertex. Then by the above paragraph its neighbor in E and by the choice of
v all its neighbors in E_ closer to the missing vertex are in G; N G,. In the expansion G’, the expansions
of these vertices together with v give rise to vertices pairwise at distance 2. Since v is not expanded they
have no common neighbor. By Claim 6.4 G’ and all its pc-minors are in AG, thus by Lemma 5.2, their
convex hull C is a cube minus a vertex or a cube minus two antipodes. Moreover, by the choice of v and
since E_ = Q.7 in 7, (G,), the hull C also has the missing vertex. However, now also its expansion
is missing, thus two adjacent vertices are missing from C. Thus, C is not isomorphic to a cube minus a
vertex or a cube minus two antipodes.

Now consider that 71.(G") is not a full expansion of 7, (7.(G")) = Q;7_;. Then there exists a vertex
v of 7, (7.(G")) with v € 1.(G)\7.(G,). Then there is a vertex w of 7, (G) in the preimage of v such
that w € (G,\G1)NE; . Let again 2z’ € 7, (G’) be an edge as in the first paragraph, i.e. 2z € E such that
z2€(G\Gy)NE; and 2’ € G,NG,NEF. Then let y € E_ be the closest vertex to z such that y € G,\G;
(one candidate would be w). Now, let x be a vertex in the interval from z to y such that x € G;\G, and
x is as close as possible to y. Then all the vertices in the interval from x to y are in G, N G, except for
x,y. Thensince E_ = Q,;_, the interval from x to y is isomorphic to a hypercube, i.e. antipodal. Then,
also its expansion is an antipodal graph, but one preimage of z’ has no gate in it by Lemma 2.19. O

By the above claim the sequence of contractions cannot exist which gives a contradiction. Thus there
is no G’, G and the lemma holds. O

Proof of Theorem 6.1. Since Lemma 6.2 holds, by Lemma 6.3 we obtain the theorem. O

7 Further characterizations and recognition of tope graphs

In this section we will describe the important implications of Theorem 1.1. It can be read without
having gone through the technicalities of the previous sections. In particular, we give polynomial time
recognition algorithm for tope graphs of COMs, specialize our results to tope graphs of OMs, AOMs,
and LOPs (of bounded rank), and prove a conjecture of [11]. But first of all, Theorem 1.1 can be
used to obtain a characterization of %oy in terms of zone graphs that is a generalization of a result of
Handa [26].

Corollary 7.1. A graph G is the tope graph of a COM, i.e. G € Yeop, if and only if G is a partial cube such
that all iterated zone graphs are well-embedded partial cubes.

Proof. If G € Ycoum, then by Lemma 4.12 all its zone graphs are well-embedded partial cubes and in
Ycom- Hence, the argument can be iterated to prove that {., . (G) is a partial cube for any sequence
of hyperspaces.
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If G ¢ Ycom, then by Theorem 1.1 there is an H € 2~ such that H = m4(px(G)) for some ©-classes

latter would be a partial cube, contradicting the choice of ey, ..., e;. Therefore there is an iterated zone
graph of G that is not a partial cube. O

Theorem 1.1 and Corollary 7.1 specialize to other systems of sign-vectors. Using Proposition 4.13
we immediately get the following corollary. Recall that for a set X of partial cubes we denote by Z(X)
the class of partial cubes that do not have any graph from X as a partial cube minor.

Corollary 7.2. For a graph G the following conditions are equivalent:
(D) G is the tope graph of an OM, i.e., G € Yoy,
(i) G is an antipodal partial cube and all its antipodal subgraphs are gated,
(iii) G is in (&™) and antipodal,
(iv) G is an antipodal partial cube and all its iterated zone graphs are well-embedded partial cubes.

Note that the equivalence (i)« (ii) corresponds to a characterization of tope sets of OMs due to da
Silva [14] and (i) &> (vi) corresponds to a characterization of tope sets of Handa [27].

Let us call an affine subgraph G’ of an affine partial cube G conformal if for all v € G’ we have
—¢V € G’ & —;v € G. We give an intrinsic characterization of Goy:

Corollary 7.3. For a graph G the following conditions are equivalent:
(i) G is the tope graph of an AOM, i.e., G € Ypowm,
(ii) G is an affine partial cube and all its antipodal and conformal subgraphs are gated,
(iii) Gisin F(L27) (or G € Yeom), affine, and all its conformal subgraphs are gated.

Proof. By Proposition 4.14, G € 9oy if and only if G is an affine partial cube such that the antipodal G
containing G as a halfspace is in %q);. By Corollary 7.2 this is equivalent to all antipodal subgraphs of
G being gated. It is easy to see, that the antipodal subgraphs of G correspond to the antipodal and the
conformal subgraphs of G and they are gated if and only if the corresponding antipodal and conformal
subgraphs of G are. This proves (i)< (ii).

O

For lopsided sets the (i) < (ii) part of the corollary corresponds to a characterization due to Lawrence [30].
For the complete statement denote 2~ :={Q,~ | n = 3}.

Corollary 7.4. For a graph G the following conditions are equivalent:
() G is the tope graph of a LOR i.e., G € % op,
(ii) G is a partial cube and all its antipodal subgraphs are hypercubes,
(i) Gisin F(2 ).

Proof. By Proposition 4.15 and Theorem 1.1 G € ¥ op is equivalent to the property that G has all an-
tipodal subgraphs gated and isomorphic to hypercubes. But hypercubes are always gated. This gives
D e (D).

The implication (ii)=(iii) follows from the fact that %;op is pc-minor closed while the graphs from
L7 are (pc-minor minimal) non-hypercube antipodal graphs.
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To prove (iii)=>(ii), let G be a pc-minor-minimal partial cube with an antipodal subgraph not iso-
morphic to a hypercube. Then G is antipodal and not isomorphic to a hypercube. Let G be embedded in
a Q,, for some minimal n € N. Now, G can be seen as Q, minus a set of antipodal pairs of vertices. Take
a pair u, v of vertices in Q,, not in G at a minimal distance in Q,,. If d(u,v) = 1, contracting the ©-class
of uv contract G to an antipodal subgraph not isomorphic to a hypercube, contradicting that G is pc-
minor-minimal. The interval conv(u,v) in Q,, intersected with G is a convex subgraph of G isomorphic
to a hypercube minus a vertex. Note that d(u,v) > 2, since otherwise the subgraph is not connected.
Since G is pc-minor-minimal, the subgraph is the whole G and thus G isin 2. O

Recall that by Lemma 4.2 the rank of a COM is the dimension of a maximal hypercube to which its
tope graph can be contracted. Considering COMs of bounded rank, we can reduce the set of excluded
pec-minors to a finite list. For any r > 3 define the following finite sets

2, :=1{Q,,Q, (M), Q5 (r+2),Quuy [4<n<r+1;1<m<n} C 27 U{Qu},

and
27 ={Q, ,Q113=n=<r+1}c Q2 U{Q,1}

Corollary 7.5. For a graph G and an integer r > 3 we have:
® G € Yeom of rank at most r < G € F(L).
® G € Yoy of rank at most r < G € F(L,) and G is antipodal.
® G € Ypom of rank at most r < G € F(L,"), G is affine and all its conformal subgraphs are gated.
® GEYopofrank at most r & G € F(L2.7).

Proof. The respective proofs follow immediately from Theorem 1.1 and Corollaries 7.2, 7.3, and 7.4
together with the observation that the largest hypercube that is a contraction minor of Q,* and Q,,~(m)
is of dimension n—1 for 0 < m < n—1 and of Q;~(n) € 2~ is of dimension n — 2. Now, the graphical
interpretation of the rank as given in Lemma 4.2 gives the result. ]

Note that using Proposition 2.4 can easily be seen to yield a polynomial time recognition algorithm
for the recognition of the bounded rank classes above. However, Theorem 1.1 also yields polynomial
time recognition algorithms for the unrestricted classes.

Corollary 7.6. The recognition of graphs from any of the classes 9com» 9aom> Yom> Giop can be done in
polynomial time.

Proof. By [19], partial cubes can be recognized and embedded in a hypercube in quadratic time. For a
partial cube embedded in a hypercube checking if it is antipodal can be done in linear time by checking
if every vertex has its antipode. Note that the convex hull of any subset can be computed in linear time
in the number of edges (for instance by using Lemma 2.1 for a graph embedded in a hypercube) and
checking if a convex subgraph is gated is linear by Lemma 4.6.

We proceed by designing recognition algorithms using the (i)¢>(ii) part of the respective character-
izations. We start by computing conv(u,v) for all pairs of vertices u,v and storing them. We check
if conv(u,v) is antipodal, and if so we check if it is gated and if it is isomorphic to a hypercube,
i.e. |conv(u,v)| = 2¢@"), If all the antipodal graphs obtained in this way are gated, then G € %oy,
otherwise we do not proceed. If G is among the antipodal subgraphs, then %,y. Moreover, if all the
antipodal subgraphs are isomorphic to hypercubes, then G € ¢ op.

We continue by checking for each conv(u,v) if it is an affine subgraphs. For each pair u’,v' €
conv(u, v) such that |conv(u’,v’)| < |conv(u, v)| we store the pair in NA(u,v), and we search for a pair
W, —conv(uy)W € conv(u,v) such that the set of ©-classes on a shortest (u’,w)-path and on a shortest
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(v, —conv(u,vyW)-Path are disjoint. Note that the convex hulls are already computed. If this is the case for
all such u’,v’, we store conv(u, v) as an affine subgraph. The correctness follows from Proposition 2.16.

Now we check if the whole graph is affine, in this case say G = conv(u,v). Then for every affine
subgraph conv(u’, v') and vertex w € conv(u’, v'), we check if the pair w, —cony(u vyW is a pair in NA(u', v')
if and only if w,—gw is a pair in NA(u, v). If this is the case, conv(u’,v") is a conformal subgraph and we
check if it is gated. Finally, if all conformal subgraphs are gated, then G € Y5qy- O

A partial cube is called Pasch, their class is denoted by ., if any two disjoint convex subgraphs lie
in two disjoint halfspaces. We confirm a conjecture from [11]:

Corollary 7.7. The class &, of Pasch graphs is a subclass of 9coy-

Proof. Correcting the list given in [9, 10], in [11] the list of excluded pc-minors of Pasch graphs has been
given, see Figure 9. With this it is easy to verify that &, C #(£27). Another way of seeing the inclusion
is using [11, Theorem A], which confirms that the convex closure of any isometric cycle in a Pasch graph
is gated. By Lemma 2.15 in particular we have that all antipodal subgraphs are gated and the claim
follows from Theorem 1.1. O

alatal
e

Figure 9: The set of minimal forbidden pc-minors of .

Note that together with a recent paper [34], Corollary 7.7 implies that netlike partial cubes are tope
graphs of COMs. Moreover, it provides an alternative proof for the fact that hypercellular graphs are
tope graphs of COMs, see [11], and therefore also median graphs, and bipartite cellular graphs.

8 Problems

This final section resumes the central open problems that either result from our paper or might be
attacked from a new perspective using our results.
Let us start with the following:

Remark 8.1. Any partial cube is a convex subgraph of an antipodal partial cube.

To see this, consider an arbitrary partial cube G embedded in a hypercube Q,,. Construct an induced
subgraph A of the hypercube Q,,; where the convex subgraph with the last three coordinates equal
to 1 is G, the convex subgraph with the last three coordinates equal to —1 is —G and the other convex
subgraphs given by fixing the last three coordinates are isomorphic to Q,,. It is easily checked that A;
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is an antipodal partial cube with G a convex subgraph of it. Nevertheless even if G € Yoy, Ag is not
necessary in 9coy, €.8., it is easy to check that A, has a Q -minor. Thus, let us restate a conjecture
from [3, Conjecture 1] in terms of tope graphs.

Conjecture 1. Every tope graph of a COM is a convex subgraph of a tope graph of an OM.

Note that an affirmative answer to this question would immediately give a topological representation
theorem for COMs.

A question arising from Corollaries 7.2 and 7.3 is based on the observation that 9oy and %oy are
closed under contraction.

Problem 1. Find the list of minimal excluded affine and antipodal contraction-minors for the classes 9Yaom
and Yoy, respectively.

Using Proposition 2.16 it is easy to see, that the affine partial cubes in 2~ are exactly the graphs
of the form Q;~(m). So this gives a family of excluded contraction minors for 9Yoy. However, it is
not complete since some graphs of this family, e.g. the one arising from Q;~(1), have halfspaces that
are COMs which therefore have to be excluded as well. Moreover, the antipodal subgraphs obtained as
in the proof of Proposition 2.16 from the affine graphs Q,~(m) give a family of excluded contraction
minors for 9oy In particular, this implies that the only non-matroidal antipodal graphs with at most
five ©-classes are the ones coming from the four graphs Q;~(1),...,Q;(4) — a result originally due
to Handa [27]. However, also this family is incomplete, since the graph A, constructed above has no
halfspace in 2.

Several characterizations of planar partial cubes are known [1, 16], where the latter corrects a char-
acterization from [33]. A particular consequence of Corollary 7.5 is that tope graphs of OMs of rank
at most three are characterized by the finite list of excluded pc-minors 2;. By a result of Fukuda and
Handa [23] this graph class coincides with the class of antipodal planar partial cubes. Since planar
partial cubes are closed under pc-minors, we wonder about an extension of this result to general planar
partial cubes:

Problem 2. Find the list of minimal excluded pc-minors for the class of planar partial cubes.

It is easy to see, that any answer here will be an infinite list, since a (strict) subfamily is given by the
set {G,0K, | n > 3}, where G, denotes the gear graph (also known as cogwheel) on 2n + 1 vertices, see
Figure 10.

G30K, G4,O0K, G50K,
Figure 10: The first three members of an infinite family of minimal obstructions for planar partial cubes.
This in particular shows, that if a pc-minor closed class is contained in an (ordinary) minor closed

graph class it can still have an infinite list of excluded minors. A tempting probably quite hard problem
is the following:

Problem 3. Give a criterion for when a pc-minor closed class has a finite list of excluded pc-minors.

32

152



Acknowledgments

We wish to thank Emanuele Delucchi and Yida Zhu for discussions on AOMs, Ilda da Silva for insights
on OMs, Hans-Jiirgen Bandelt and Victor Chepoi for several fruitful discussions on COMs and their tope
graphs, and Matjaz KovSe for being part of the very first sessions on tope graphs. The first author was
supported by grants ANR-16-CE40-0009-01, ANR-17-CE40-0015, and ANR-17-CE40-0018, the second
author by grants P1-0297 and J1-9109. Finally, we wish to thank the referees for comments that clearly
improved the quality of this paper.

References

[1] M. ALBENQUE AND K. KNAUER, Convexity in partial cubes: the hull number., Discrete Math., 339 (2016),
pp- 866-876.

[2] H.-J. BANDELT, Graphs with intrinsic S; convexities., J. Graph Theory, 13 (1989), pp. 215-227.

[3] H.-J. BANDELT, V. CHEPOI, AND K. KNAUER, COMs: complexes of oriented matroids., J. Comb. Theory, Ser.
A, 156 (2018), pp. 195-237.

[4] A. BAUM AND Y. ZHU, The axiomatization of affine oriented matroids reassessed., J. Geom., 109 (2018),
p. 21.

[5] A. BERMAN AND A. KOTZIG, Cross-cloning and antipodal graphs., Discrete Math., 69 (1988), pp. 107-114.
[6] A. BJORNER, Topological methods, in Handbook of combinatorics, Vol. 1, 2, Elsevier, 1995, pp. 1819-1872.

[7] A. BJORNER, P H. EDELMAN, AND G. M. ZIEGLER, Hyperplane arrangements with a lattice of regions.,
Discrete Comput. Geom., 5 (1990), pp. 263-288.

[8] A. BJORNER, M. LAS VERGNAS, B. STURMFELS, N. WHITE, AND G. M. ZIEGLER, Oriented matroids, vol. 46
of Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, second ed.,
1999.

[9] V. CHEPOIL, d-Convex sets in graphs, Dissertation (Russian), Moldova State University, Chisindu, 1986.
[10] V. CHEPOI, Separation of two convex sets in convexity structures., J. Geom., 50 (1994), pp. 30-51.
[11] V. CHEPOI, K. KNAUER, AND T. MARC, Partial cubes without Q; minors, ArXiv, (2016).
[12] V. CHEPOJ, Isometric subgraphs of Hamming graphs and d-convexity., Cybernetics, 24 (1988), pp. 6-11.

[13] R. CorDOVIL, A combinatorial perspective on the non-Radon partitions, J. Combin. Theory Ser. A, 38
(1985), pp. 38-47.

[14] 1. P E DA SILVA, Axioms for maximal vectors of an oriented matroid: a combinatorial characterization
of the regions determined by an arrangement of pseudohyperplanes, European J. Combin., 16 (1995),
pp.- 125-145.

[15] E. DELUCCHI AND K. KNAUER, Finitary affine oriented matroids. (in preparation).

[16] R. DESGRANGES AND K. KNAUER, A correction of a characterization of planar partial cubes., Discrete
Math., 340 (2017), pp. 1151-1153.

[17] D. Z. DJoKOVIC, Distance-preserving subgraphs of hypercubes, Journal of Combinatorial Theory, Series B,
14 (1973), pp. 263-267.

[18] A.W. M. DRESS AND R. SCHARLAU, Gated sets in metric spaces., Aequationes Math., 34 (1987), pp. 112-120.

[19] D. EPPSTEIN, Recognizing partial cubes in quadratic time., in Proceedings of the nineteenth annual ACM-
SIAM symposium on discrete algorithms, SODA 2008, 2008, pp. 1258-1266.

33

153



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

[31]

[32]
[33]

[34]

[35]

[36]

D. EPPSTEIN, Isometric diamond subgraphs, in Graph Drawing, vol. 5417 of Lecture Notes in Computer
Science, Springer Berlin Heidelberg, 2009, pp. 384-389.

D. EPPSTEIN, J.-C. FALMAGNE, AND S. OVCHINNIKOV, Media theory, Springer-Verlag, Berlin, 2008. Interdis-
ciplinary applied mathematics.

K. FUKUDA, Lecture Notes on Oriented Matroids and Geometric Computation, ETH Ziirich, 2004.

K. FUKUDA AND K. HANDA, Antipodal graphs and oriented matroids, Discrete Math., 111 (1993), pp. 245—
256. Graph theory and combinatorics (Marseille-Luminy, 1990).

K. FUKUDA, S. SAITO, AND A. TAMURA, Combinatorial face enumeration in arrangements and oriented
matroids., Discrete Appl. Math., 31 (1991), pp. 141-149.

R. L. GRAHAM AND H. O. POLLAK, On the addressing problem for loop switching, Bell System Tech. J., 50
(1971), pp. 2495-2519.

K. HANDA, A characterization of oriented matroids in terms of topes, European J. Combin., 11 (1990),
pp. 41-45.

K. HANDA, Topes of oriented matroids and related structures, Publ. Res. Inst. Math. Sci., 29 (1993),
Pp. 235-266.

J. KARLANDER, A characterization of affine sign vector systems, PhD Thesis, Kungliga Tekniska Hogskolan
Stockholm, 1992.

S. KLAVZAR AND S. SHPECTOROV, Convex excess in partial cubes, J. Graph Theory, 69 (2012), pp. 356-369.

J. LAWRENCE, Lopsided sets and orthant-intersection by convex sets, Pacific J. Math., 104 (1983), pp. 155-
173.

T. MARC, There are no finite partial cubes of girth more than 6 and minimum degree at least 3., Eur. J.
Comb., 55 (2016), pp. 62-72.

S. OVCHINNIKOV, Graphs and cubes., Berlin: Springer, 2011.
1. PETERIN, A characterization of planar partial cubes., Discrete Math., 308 (2008), pp. 6596-6600.

N. POLAT, On bipartite graphs whose interval space is a closed join space., J. Geom., 108 (2017), pp. 719-
741.

V. N. VAPNIK AND A. Y. CHERVONENKIS, On the uniform convergence of relative frequencies of events to
their probabilities., in Measures of complexity. Festschrift for Alexey Chervonenkis, Cham: Springer, 2015,
pp. 11-30.

P M. WINKLER, Isometric embedding in products of complete graphs., Discrete Appl. Math., 7 (1984),
pp. 221-225.

34

154



155



Partial cubes without (); minors

Victor Chepoi', Kolja Knauer!, and Tilen Marc?

!Laboratoire d’Informatique Fondamentale, Aix-Marseille Université and CNRS,
Faculté des Sciences de Luminy, F-13288 Marseille Cedex 9, France
{victor.chepoi, kolja.knauer}@lif.univ-mrs.fr

2 Institute of Mathematics, Physics, and Mechanics,
Jadranska 19, 1000 Ljubljana, Slovenia
tilen.marc@imfm.si

Abstract. We investigate the structure of isometric subgraphs of hypercubes (i.e., partial cubes) which do not contain
finite convex subgraphs contractible to the 3-cube minus one vertex Q3 (here contraction means contracting the edges
corresponding to the same coordinate of the hypercube). Extending similar results for median and cellular graphs, we show
that the convex hull of an isometric cycle of such a graph is gated and isomorphic to the Cartesian product of edges and
even cycles. Furthermore, we show that our graphs are exactly the class of partial cubes in which any finite convex subgraph
can be obtained from the Cartesian products of edges and even cycles via successive gated amalgams. This decomposition
result enables us to establish a variety of results. In particular, it yields that our class of graphs generalizes median and
cellular graphs, which motivates naming our graphs hypercellular. Furthermore, we show that hypercellular graphs are tope
graphs of zonotopal complexes of oriented matroids. Finally, we characterize hypercellular graphs as being median-cell — a

property naturally generalizing the notion of median graphs.

1. INTRODUCTION

Partial cubes are the graphs which admit an isometric embedding into a hypercube. They comprise
many important and complex graph classes occurring in metric graph theory and initially arising in
completely different areas of research. Among them there are the graphs of regions of hyperplane ar-
rangements in R? [15], and, more generally, tope graphs of oriented matroids (OMs) [16], median graphs
(alias 1-skeleta of CAT(0) cube complexes) [7,31], netlike graphs [38-41], bipartite cellular graphs [5],
bipartite graphs with Sy convexity [23], graphs of lopsided sets [8,37], 1-skeleta of CAT(0) Coxeter zono-
topal complexes [34], and tope graphs of complexes of oriented matroids (COMs) [9]. COMs represent a
general unifying structure for many of the above classes of partial cubes: from tope graphs of OMs to me-
dian graphs, lopsided sets, cellular graphs, and graphs of CAT(0) Coxeter zonotopal complexes. Median
graphs are obtained by gluing in a specific way cubes of different dimensions. In particular, they give rise
not only to contractible but also to CAT(0) cube complexes. Similarly, lopsided sets yield contractible
cube complexes, while cellular graphs give contractible polygonal complexes whose cells are regular even
polygons. Analogously to median graphs, graphs of CAT(0) Coxeter zonotopal complexes can be viewed
as partial cubes obtained by gluing zonotopes. COMs can be viewed as a common generalization of all
these notions: their tope graphs are the partial cubes obtained by gluing tope graphs of OMs in a lopsided
(and thus contractible) fashion.

In this paper, we investigate the structure of a subclass of zonotopal COMs, in which all cells are gated
subgraphs isomorphic to Cartesian products of edges and even cycles, see Figure 1(a) for such a cell. More
precisely, we study the partial cubes in which all finite convex subgraphs can be obtained from Cartesian
products of edges and even cycles by successive gated amalgamations. We show that our graphs share
and extend many properties of bipartite cellular graphs of [5]; they can be viewed as high-dimensional
analogs of cellular graphs. This is why we call them hypercellular graphs, see Figure 1(b) for an example.
There is another way of describing hypercellular graphs, requiring a few definitions.

Djokovié¢ [27] characterized partial cubes in the following simple but pretty way: a graph G = (V, E)
can be isometrically embedded in a hypercube if and only if G is bipartite and for any edge uv, the sets
W(u,v) = {z € V : d(z,u) < d(z,v)} and W(v,u) = {z € V : d(z,v) < d(z,u)} are convez. In this
case, W(u,v)UW (v,u) = V, whence W (u,v) and W (v, u) are complementary convex subsets of G, called
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(a) (b)

FIGURE 1. (a) a four-dimensional cell isomorphic to Cg x Cg. (b) a hypercellular graph
with eight maximal cells: Cg, Cy, Cy, Ko X Ko X Ky, Cg X Ky, and three K.

halfspaces. The edges between W (u,v) and W (v, u) correspond to a coordinate in a hypercube embedding
of G.

Moreover, partial cubes have the separation property S3: any convex subgraph G’ of a partial cube G
can be represented as an intersection of halfspaces of G [1,4,20]. We will call such a representation (or
simply the convex subgraph G’) a restriction of G. A contraction of G is the partial cube G’ obtained from
G by contracting all edges corresponding to a given coordinate in a hypercube embedding. Now, a partial
cube H is called a partial cube-minor (abbreviated, pc-minor) of G if H can be obtained by a sequence
of contractions from a convex subgraph of G. If T, ..., T, are finite partial cubes, then F(71,...,T},) is
the set of all partial cubes G such that no T;,i = 1,...,m, can be obtained as a pc-minor of G. We will
say that a class of partial cubes C is pc-minor-closed if we have that G € C and G’ is a minor of G imply
that G’ € C. As we will see in Section 2.2, for any set of partial cubes T, ..., T, the class F(T1,...,Ty)
is pc-minor-closed.

(a) (b)
FIGURE 2. (a) Q5 — the 3-cube minus one vertex.(b) the 3-cube condition.

It turns out that the class of hypercellular graphs coincides with the minor-closed class F(Q3 ), where
@5 denotes the 3-cube minus one vertex, see Figure 2(a). In a sense, this is the first nontrivial class
F(T). Indeed, the class F(C), where C is a 4-cycle, is just the class of all trees. Also, the classes F(T)
where T' is the union of two 4-cycles sharing one vertex or one edge are quite special. Median graphs,
graphs of lopsided sets, and tope graphs of COMs are pc-minor closed, whereas tope graphs of OMs are
only closed under contractions but not under restrictions. Another class of pc-minor closed partial cubes
is the class Sy also known as Pasch graphs. It consists of bipartite graphs in which the geodesic convexity
satisfies the separation property Sy [20,23], i.e., any two disjoint convex sets can be separated by disjoint
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half-spaces. It is shown in [20,23] that S4 = F(T1,...,Ty,), where all T; are isometric subgraphs of Qq;
see Figure 3 for the complete list, from which T5 and T7 were missing in [20,23]. In particular, Q3 is a
pe-minor of all of the T;. Thus, F(Q3) C S.

aitele}]
Sl

F1GURE 3. The set of minimal forbidden pc-minors of Sy.

Our results mainly concern the cell-structure of graphs from F(Q3 ). It is well-known [2] that median
graphs are exactly the graphs in which the convex hulls of isometric cycles are hypercubes; these hyper-
cubes are gated subgraphs. Moreover, any finite median graph can be obtained by gated amalgams from
cubes [33,43]. Analogously, it was shown in [5] that any isometric cycle of a bipartite cellular graph is
a convex and gated subgraph; moreover, the bipartite cellular graphs are exactly the bipartite graphs
which can be obtained by gated amalgams from even cycles. We extend these results in the following
way:

Theorem A. The convex closure of any isometric cycle of a graph G € F(Q3) is a gated subgraph
isomorphic to a Cartesian product of edges and even cycles. Moreover, the convex closure of any isometric
cycle of a graph G € Sy is a gated subgraph, which is isomorphic to a Cartesian product of edges and
even cycles if it is antipodal.

In view of Theorem A we will call a subgraph X of a partial cube G a cell if X is a convex subgraph
of G which is a Cartesian product of edges and even cycles. Note that since a Cartesian product of
edges and even cycles is the convex hull of an isometric cycle, by Theorem A the cells of F(Q3) can be
equivalently defined as convex hulls of isometric cycles. Notice also that if we replace each cell X of G by
a convex polyhedron [X] which is the Cartesian product of segments and regular polygons (a segment for
each edge-factor and a regular polygon for each cyclic factor), then we associate with G a cell complex
X(G).

We will say that a partial cube G satisfies the 3-convex cycles condition (abbreviated, 3CC-condition)
if for any three convex cycles C, Ca, C3 that intersect in a vertex and pairwise intersect in three different
edges the convex hull of C} U Cy U Cs is a cell; see Figure 4 for an example. Notice that the absence of
cycles satisfying the preconditions of the 3CC-condition together with the gatedness of isometric cycles
characterizes bipartite cellular graphs [5].

Defining the dimension of a cell X as the number of edge-factors plus two times the number cyclic
factors (which corresponds to the topological dimension of [X]) one can give a natural generalization of
the 3CC-condition. We say that a partial cube G (or its cell complex X(G)) satisfies the 3-cell condition
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FIGURE 4. The 3-convex cycles condition.

(abbreviated, 3C-condition) if for any three cells X7, X2, X3 of dimension k + 2 that intersect in a cell of
dimension k and pairwise intersect in three different cells of dimension k+1 the convex hull of X;UX,U X3
is a cell. In case of cubical complexes X, the 3-cell condition coincides with Gromov’s flag condition [30]
(which can be also called cube condition, see Figure 2(b)), which together with simply connectivity of X
characterize CAT(0) cube complexes. By [24, Theorem 6.1], median graphs are exactly the 1-skeleta of
CAT(0) cube complexes (for other generalizations of these two results, see [14,18]).

The following main characterization of graphs from F(Qj) establishes those analogies with median
and cellular graphs, that lead to the name hypercellular graphs.

Theorem B. For a partial cube G = (V, E), the following conditions are equivalent:

(i) G € F(Qy), i-e., G is hypercellular;
(i) any cell of G is gated and G satisfies the 3CC-condition;

(iil) any cell of G is gated and G satisfies the 3C-condition;

(iv) each finite convex subgraph of G can be obtained by gated amalgams from cells.

FIGURE 5. (a) a median-vertex. (b) a median-cycle. (¢) a median-cell.

A further characterization of hypercellular graphs is analogous to median and cellular graphs, see the
corresponding properties in Figure 5(a) and 5(b), respectively. We show that hypercellular graphs satisfy
the so-called median-cell property, which is essentially defined as follows: for any three vertices u, v, w of
G there exists a unique gated cell X of G such that if «/,v’,w’ are the gates of u,v,w in X, respectively,
then «/,v’ lie on a common (u, v)-geodesic, v, w’ lie on a common (v,w)-geodesic, and w’,u’ lie on a
common (w, u)-geodesic, see Figure 5(c) for an illustration. Namely, we prove:

Theorem C. A partial cube G satisfies the median-cell property if and only if G is hypercellular.

Theorem B has several immediate consequences, which we formulate next.

Theorem D. Let G be a locally finite hypercellular graph. Then X(G) is a contractible zonotopal complex.
Additionally, if G is finite, then G is a tope graph of a zonotopal COM.
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Theorem B also immediately implies that median graphs and bipartite cellular graphs are hypercellular.
Furthermore, a subclass of netlike partial cubes, namely partial cubes which are gated amalgams of even
cycles and cubes [40], are hypercellular. In particular, we obtain that these three classes coincide with
F(Q3,Cs), F(Q3,Q3), and F(Qz,Cs x Ka), respectively. Other direct consequences of Theorem B
concern convexity invariants (Helly, Caratheodory, Radon, and partition numbers) of hypercellular graphs
which are shown to be either a constant or bounded by the topological dimension of X(G).

Let G be a hypercellular graph. For an equivalence class E of edges of G (i.e., all edges corresponding
to a given coordinate f in a hypercube embedding of G), we denote by N(Ey) the carrier of f, i.e.,
subgraph of G which is the union of all cells of G crossed by Fy. It was shown in [9, Proposition 5] that
carriers of COMs are also COMs. A star St(v) of a vertex v (or a star St(X) of a cell X) is the union
of all cells of G containing v (respectively, X). The thickening G® of G is a graph having the same set
of vertices as G and two vertices u,v are adjacent in G2 if and only if u and v belong to a common
cell of G. Finally, a graph H is called a Helly graph if any collection of pairwise intersecting balls has a
nonempty intersection. Helly graphs play an important role in metric graph theory as discrete analogs of
injective spaces: any graph embeds isometrically into a smallest Helly graph (for this and other results,
see the survey [7] and the recent paper [18]). It was shown in [12] that the thickening of median graphs
are finitely Helly graphs (for a generalization of this result, see [18, Theorem 6.13]).

Theorem E. Let G be a hypercellular graph. Then all carriers N(Ef) and stars St(X) of G are gated.
If additionally G is locally-finite, then the thickening G® of G is a Helly graph.

Finally, we generalize fixed box theorems for median graphs to hypercellular graphs and prove that in
this case the fixed box is a cell. More precisely, we conclude the paper with the following:

Theorem F. Let G be a hypercellular graph.

(i) if G does not contain infinite isometric rays, then G contains a cell X fized by every automorphism
of G;

(ii) any non-expansive map f from G to itself firing a finite set of vertices (i.e., f(S) =S for a finite
set S) also fizes a finite cell X of G. In particular, if G is finite, then any non-expansive map f
from G to itself fizes a cell of G;

(iil) if G is finite and regular, then G is a single cell, i.e., G is isomorphic to a Cartesian product of
edges and cycles.

Structure of the paper: In Section 2 we introduce preliminary definitions and results needed for this
paper. In particular, we discuss convex and gated subgraphs in partial cubes, the notion of partial
cube minors and their relation with convexity and gatedness. We also briefly discuss the properties of
Cartesian products central to our work. Section 3 is devoted to the structure of cells in hypercellular
graphs and graphs from Sy; in particular, we prove Theorem A. Section 4 is devoted to amalgamation
and decomposition of hypercellular graphs; we prove Theorem B. In Section 5 we discuss the median
cell property of hypercellular graphs and prove Theorem C. Section 6 provides a rich set of properties
of hypercellular graphs. In Subsection 6.1 we expose relations to other classes of partial cubes and in
particular prove Theorem D. Subsection 6.2 gives several properties with respect to convexity parameters.
Subsection 6.3 is devoted to the proof of Theorem E. In Subsection 6.4 we prove several fixed cell results
for hypercellular graphs, in particular, we prove Theorem F. We conclude the paper with several problems
and conjectures in Section 7.

2. PRELIMINARIES

2.1. Metric subgraphs and partial cubes. All graphs G = (V, E) occurring in this paper are simple,
connected, without loops or multiple edges, but not necessarily finite. The distance d(u,v) := dg(u,v)
between two vertices u and v is the length of a shortest (u,v)-path, and the interval I(u,v) between u
and v consists of all vertices on shortest (u,v)—paths, that is, of all vertices (metrically) between u and v:

I(u,v) :=={z € V : d(u,z) + d(z,v) = d(u,v)}.

w
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An induced subgraph of G (or the corresponding vertex set A) is called convez if it includes the interval of
G between any two of its vertices. Since the intersection of convex subgraphs is convex, for every subset
S C V there exists the smallest convex set conv(S) containing S, referred to as the conver hull of S. An
induced subgraph H of G is isometric if the distance between any pair of vertices in H is the same as
that in G. In particular, convex subgraphs are isometric.

A subset W of V or the subgraph H of G induced by W is called gated (in G) [29] if for every vertex
z outside H there exists a vertex ' (the gate of z) in H such that each vertex y of H is connected with
z by a shortest path passing through the gate 2’. It is easy to see that if x has a gate in H, then it is
unique and that gated sets are convex. Gated sets enjoy the finite Helly property [44, Proposition 5.12
(2)], that is, every finite family of gated sets that pairwise intersect has a nonempty intersection. Since
the intersection of gated subgraphs is gated, for every subset S C V' there exists the smallest gated set
((S)) containing S, referred to as the gated hull of S. A graph G is a gated amalgam of two graphs Gy
and Go if G; and G constitute two intersecting gated subgraphs of G whose union is all of G.

A graph G = (V, E) is isometrically embeddable into a graph H = (W, F) if there exists a mapping
¢ : V. — W such that dg(¢(u), p(v)) = dg(u,v) for all vertices u,v € V, ie., ¢(G) is an isometric
subgraph of H. A graph G is called a partial cube if it admits an isometric embedding into some
hypercube Q(A) = {—1,+1}*. From now on, we will always suppose that a partial cube G = (V, E) is
an isometric subgraph of the hypercube Q(A) = {—1,+1}* (i.e., we will identify G' with its image under
the isometric embedding). If this causes no confusion, we will denote the distance function of G by d and
not dg.

For an edge e = uv of G, define the sets W (u,v) = {z € V : d(z,u) < d(z,v)} and W(v,u) = {z €V :
d(z,v) < d(z,u)}. By Djokovié’s theorem [27], a graph G is a partial cube if and only if G is bipartite and
for any edge e = uv the sets W (u,v) and W (v, u) are convex. The sets of the form W (u,v) and W (v, u)
are called complementary halfspaces of G. To establish an isometric embedding of G into a hypercube,
Djokovié [27] introduces the following binary relation © — called Djokovié- Winkler relation — on the edges
of G: for two edges e = wv and ¢’ = u/v' we set eO¢’ iff v’ € W(u,v) and v € W(v,u). Under the
conditions of the theorem, it can be shown that eO¢’ iff W (u,v) = W(u/,v’) and W (v,u) = W (v, '),
whence O is an equivalence relation. Let & = {E; : i € A} be the equivalence classes of © and let b be
an arbitrary fixed vertex taken as the basepoint of G. For an equivalence class E; € £, let {H,", H;r } be
the pair of complementary convex halfspaces of G defined by setting H;” := W (u,v) and H:r = W(v,u)
for an arbitrary edge uv € E; with b € W (u,v).

2.2. Partial cube minors. Let G = (V,E) be an isometric subgraph of the hypercube Q(A) =
{~1,+1}A. Given f € A, an elementary restriction consists in taking one of the subgraphs G(Hf’)
or G (H;r) induced by the complementary halfspaces H, and H]T, which we will denote by p,-(G) and
ps+(G), respectively. These graphs are isometric subgraphs of the hypercube Q(A \ {f}). Now applying
twice the elementary restriction to two different coordinates f, g, independently of the order of f and g,
we will obtain one of the four (possibly empty) subgraphs induced by the H] NH;, H] n H;r, Hf NH,,
and Hf n H;r Since the intersection of convex subsets is convex, each of these four sets is convex in
G and consequently induces an isometric subgraph of the hypercube Q(A \ {f,g}). More generally, a
restriction is a subgraph of G induced by the intersection of a set of (non-complementary) halfspaces of
G. We denote a restriction by pa(G), where A € Attt isa signed set of halfspaces of G. For subset S
of the vertices of G, we denote p4(S) := pa(G) N S. The following is well-known:

Lemma 1 ([1,4,20]). The set of restrictions of a partial cube G coincides with its set of convex subgraphs.

In particular, the class of partial cubes is closed under taking restrictions.

For f € A, we say that the graph G/E; obtained from G by contracting the edges of the equivalence
class Ey is an (f-)contraction of G. For a vertex v of G, we will denote by m;(v) the image of v under
the f-contraction in G/Ey, ie., if uv is an edge of Ey, then mf(u) = ms(v), otherwise ms(u) # ms(v).
We will apply 7y to subsets S C V, by setting 77(S) := {ns(v) : v € S}. In particular we denote the
f-contraction of G by mp(G).
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It is well-known and easy to prove and in particular follows from the proof of the first part of [21,
Theorem 3] that 7¢(G) is an isometric subgraph of Q(A \ {f}). Since edge contractions in graphs
commute, i.e., the resulting graph does not depend on the order in which a set of edges is contracted, we
have:

Lemma 2. Contractions commute in partial cubes, i.e., if f,g € A and f # g, then my(ms(G)) =
mf(mg(G)). Moreover, the class of partial cubes is closed under contractions.

Consequently, for a set A C A, we can denote by 74(G) the isometric subgraph of Q(A \ A) obtained
from G by contracting the classes A C A in G.

A partial cube G is an ezpansion of a partial cube G’ if G' = 7¢(G) for some equivalence class f
of ©(G). More generally, let G’ be a graph containing two isometric subgraphs G} and G% such that
G’ = G} UGY, there are no edges from G} \ G to G4\ GY, and G{ := G} N G} is nonempty. A graph
G is an isometric expansion of G' with respect to Go (notation G' = ¥(G")) if G is obtained from G’ by
replacing each vertex v of G} by a vertex vy and each vertex v of G} by a vertex ve such that u; and v;,
i = 1,2 are adjacent in G if and only if u and v are adjacent vertices of G and vivs is an edge of G if
and only if v is a vertex of Gj. The following is well-known:

Lemma 3 ([20,21)). A graph G is a partial cube if and only if G can be obtained by a sequence of
isometric expansions from a single vertez.

Lemma 4. Contractions and restrictions commute in partial cubes, i.e., if f,g € A and f # g, then
g+ (1 (G)) = mr(pg+(G)).

Proof. Let f,g € A and f # g. The crucial property is that F, is an edge-cut of G and E, N Ey = ().
If we see vertices as sign vectors in the hypercube, the vertex set of ms(pg+(G)) can be described as
{zeV(G): 2y =+}/Ef ={z € V(G)\V(Ef) : 2g = +}U{zy € Ef : 24 = yg = +}. The vertex set
of pgt (mp(G)) is {z € V(G) \ V(Ey)} U{zy € Ef} \ H, which again equals {z € V(G)\ V(Ef) : 7y =
+}U{zy € Ef : x4y = yy = +}. Furthermore, identifying a vertex of the form {z,y} € Ey with the vector
z arising from z or y by omitting the f-coordinate, adjacency is defined the same way in both graphs,
namely by taking the induced subgraph of the hypercube. This concludes the proof. [m]

The previous lemmas show that any set of restrictions and any set of contractions of a partial cube G
provide the same result, independently of the order in which we perform the restrictions and contractions.
The resulting graph G’ is also a partial cube, and G’ is called a partial cube-minor (or pc-minor) of G.
In this paper we will study classes of partial cube excluding a given set of minors.

2.3. Partial cube minors versus metric subgraphs. In this section we present conditions under
which contractions and restrictions preserve metric properties of subgraphs.

Let G = (V, E) be an isometric subgraph of the hypercube Q(A) and let S be a subgraph of G. Let f
be any coordinate of A. We will say that Ey crosses S iff SN Hy # {0 and SN H}' # (). We will say that
Ey osculates S iff Ey does not cross S and there exists an edge e = uv € Ef such that {u,v} NS # 0.
Otherwise, we will say that E; is disjoint from S.

Lemma 5. If S is a convex subgraph of G and f € A, then ps+(S) is a conver subgraph of ps+ (G). If
Ej crosses S oris disjoint from S, then also wy(S) is a convex subgraph of ws(G).

Proof. Let S be convex. Then by Lemma 1, S can be written as pa(G), where A is a signed set of
those ©-classes that osculate with S. Again by Lemma 1, ps+(S) = ps+(pa(G)) is a convex subgraph
of pp+(G), proving the first assertion. Now, if f € A\ A, then m4(S) = 7;(pa(G)), which by Lemma 4
equals pa(mf(G)), ie., mp(S) is a convex subgraph of m¢(G). 0
Lemma 6. If S is a conver subgraph of G' and G is obtained from G’ by an isometric expansion 1, then
S :=1(9’) is a convex subgraph of G.

Proof. Let f € A be such that G' = n¢(G) and 5" a convex subgraph of G’. By Lemma 1, there exists a
signed set of ©-classes A C A\ {f}, such that S" = pa(G’) = pa(n(G)). By Lemma 4, S" = w;(pa(G)),
thus pa(G) C S. For every gt € A, we have mf(p,-(G)) = py-(G'), thus it is disjoint with S. Then
S = pa(G), which is convex by Lemma 1. O
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Lemma 7. If S is a subset of vertices of G and f € A, then mwy(conv(S)) C conv(n(S)). If Ef crosses
S, then ms(conv(S)) = conv(ms(S)).

Proof. Let /' € mp(conv(S)), i.e., there is a y € ﬂ}l(y’) on a shortest path P in G' between vertices
z,z € S. Contracting f yields a shortest path Py in Gy between two vertices on m¢(S) containing y'.
This proves 7¢(conv(S)) € conv(ms(S)).

For the second claim note that since conv(S) 2 S, we have 7(conv(S)) 2 mf(S) and
conv(ms(conv(S))) 2 conv(ms(S)). Finally, since E; crosses S it also crosses conv(S) and by Lemma 5
we have that conv(m¢(conv(S))) = m¢(conv(S)), yielding the claim. O

We call a subgraph S of a graph G = (V, E) antipodal if for every vertex x of S there is a vertex 2~ of
S such that S = conv(z,z”) in G. Note that antipodal graphs are sometimes defined in a different but
equivalent way (graphs satisfying our definition are also called symmetric-even, see [13]). By definition,
antipodal subgraphs are convex.

Lemma 8. Let S be an antipodal subgraph of G and f € A. If Ey is disjoint from S, then pg+(S) is an
antipodal subgraph of ps+(G). If Ef crosses S or is disjoint from S, then 7¢(S) is an antipodal subgraph

of m¢(G).

Proof. If Ey is disjoint from S, then Sp(S) = S and by Lemma 5 is convex. This yields the first
assertion. For the second assertion, again by Lemma 5, 7(S) is convex. Moreover, by Lemma 7 if
conv(z,z”) = S, then 7¢(S) = mg(conv(z,z~)) = conv(ms({x,z~})). Since every vertex in m¢(S) is an
image under the contraction, m¢(S) is antipodal.

Lemma 9. If S is an antipodal subgraph of G, then S contains an isometric cycle C' such that conv(C) =

S.

Proof. Let x € S and let P = (z = z,21,...,2, = 2~ ) be a shortest path in S to the antipodal vertex
= of . It is well-known that the mapping  — 2~ is a graph automorphism of S, thus C' = (z =

20, 1, Tk = T, L] ,..., T, = ) is a cycle. Furthermore, by the properties of the map x +— ™ every
subpath of C' of length at most k is a shortest path. Thus, C is an isometric cycle of S. Since C' contains
antipodal vertices of S, we have conv(C) = S. O

Lemma 10. If S is a gated subgraph of G, then pg+(S) and ms(S) are gated subgraphs of ps+(G) and
¢ (G), respectively.

Proof. Let z € G with gate y € S, z € S, and let P be a shortest path from z to z passing via y. To
prove that pg+(S) is gated, suppose that @,z € py+(G). This implies y € py+(G), thus y is also the gate
of & in py+(S) in the graph ps+ (G).

To prove the second assertion, notice that the distance in 77(G) between x and z decreases by one if
and only if P crosses Ey and remains unchanged otherwise, thus m(P) is a shortest path in 77 (G). This
shows that 7 (y) is the gate of mf(z) in m;(S) in the graph m/(G).

2.4. Cartesian products. The Cartesian product Fy x F5 of two graphs F1 = (Vi, E1) and Fy = (V2, E»)
is the graph defined on V; x V5 with an edge (u,u’)(v,v’) if and only if u = v and w'v' € Ey or v/ = v/
and uv € FEj. This definition generalizes in a straightforward way to products of sets of graphs. If
G = F1 x...x Fy, then each Fj is called a factor of G. A subproduct of such G is a product F{ x ... x FJ,
where F is a subgraph of F; for all 1 < i < k. A layer is a subproduct, where all but one of the F}
consist of a single vertex and the remaining F} coincides with F;.

It is well-known that products of partial cubes are partial cubes, and thus products of even cycles and
edges are partial cubes, which we will be particularly interested in. It is easy to see that any contraction
of a product of even cycles and edges is a product of even cycles and edges. Furthermore, any Cartesian
product of even cycles and edges is antipodal, since taking the antipode with respect to all factors gives
the antipode with respect to the product. By Lemma 9 any such product is the convex hull of an isometric
cycle. We will use the following properties of these graphs frequently (and sometime without an explicit
reference):
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Lemma 11. Let G = Fy X ... X Fy, be a Cartesian product of edges and even cycles and let H be an
induced subgraph of G. Then H is a convex subgraph if and only if H is a Cartesian product F{ x ... X F},,
where each F| either coincides with F; or is a convex subpath of F;. Furthermore, H is a gated subgraph
of G if and only if H is a Cartesian product F{ x ... x F},, where each F either coincides with F; or is
a vertex or an edge of Fj.

Proof. Tt is well known (see for example [44] that convex subsets (respectively, gated subsets) of Cartesian
products of metric spaces are exactly the Cartesian products of convex (respectively, gated) subsets of
factors. Now, the proper convex subsets of an even cycle C' are exactly the convex paths, while the proper
gated subsets of C' are the vertices and the edges of C. O

Lemma 12. Let G = Fy x ... x Fy be a Cartesian product of edges and even cycles and let G' be a
connected induced subgraph of G. If for every 2-path P of G' its gated hull ((P)) is included in G', then
G' is a gated subgraph of G.

Proof. Let H be a maximal gated subgraph of G’. By Lemma 11 H is a subproduct F] x ... x F} of G,
such that for all 1 < i < k we either have F] = F; or F] is a vertex or an edge of F;. Suppose by way
of contradiction that H # G'. Since G’ is connected, there exists an edge ab in G’ such that a € H and
b e G'\H. Without loss of generality, assume that ab is an edge arising from the factor Fj. Thus ab can
be represented as ajb; X vy X ... X vy, where aiby is an edge of Fy, a; € F| and by ¢ Fl’ Consider the
subgraph H' = (F{Uab) X Fy x ... x F]. We assert that H' is a subgraph of G’. For any i > 1, consider
the layer L] of H' passing via the vertex a. Let L be the subgraph of G obtained by shifting L} along
the edge ab (thus both L] and L! are isomorphic to F}). We assert that L} is also included in G’. This
is trivial if L7 is a vertex, because then L = b. Otherwise, using that the gated hull of any 2-path of G’
is included in G, L is connected and L is in G’, one can easily conclude that L is also included in G'.
Propagating this argument through the graph, we obtain that H’ is a subgraph of G'. However, either its
factor (F{ Uaby) is an edge and H’ is gated by Lemma 11 or it is a 2-path and thus the gated subgraph
((F{ Uaiby)) x Fj x ... x F] is contained in G. This contradicts the maximality of H and shows that
H = G'. The proof is complete. O

3. CELLS IN HYPERCELLULAR GRAPHS AND GRAPHS FROM Sy

Let F(Q3) be the class of all partial cubes not containing the 3-cube minus one vertex Q3 as a pc-
minor. Our subsequent goal will be to establish a cell-structure of such graphs in the following sense. We
show that for G € F(Q3), the convex hull of any isometric cycle C of G is gated in G and furthermore
isomorphic to a Cartesian product of edges and even cycles. Using these results we establish that a finite
partial cube G belongs to F(Q3) if and only if G can be obtained by gated amalgams from Cartesian
products of edges and even cycles. Throughout this paper, we will call a subgraph H of a graph G a cell,
if H is convex and isomorphic to a Cartesian product of edges and even cycles.

Some of the results of this section extend to bipartite graphs satisfying the separation property Sa.
This is, any two disjoint convex sets A, B can be separated by complementary convex sets H', H”, i.e.,
A C H',BC H". By [20] and Theorem 7 of [23], the Sy separation property is equivalent to the Pasch
axiom: for any triplet of vertices u,v,w € V and z € I(u,v),y € I(u,w), we have I(v,y) N I(w,x) # 0.
The bipartite graphs with Sy convexity have been characterized in [20] and Theorem 10 of [23]: these are
the partial cubes without any pc-minor among six isometric subgraphs of Q4 five of which where listed
in [23] plus Q; — the cube Q4 minus one vertex. Note that we correct here the result in [20,23], where
Q) was missing from the list. All these six forbidden graphs can be obtained from Q3 by an isometric
expansion and thus if we denote by Sy the class of bipartite graphs with Ss, then hypercellular graphs
are in Sy.

The full subdivision H' of a graph H is the graph obtained by subdividing every edge of H once. The
vertices of H in H' are called the original vertices of the full subdivision.

Proposition 1. Let G = (V, E) be a partial cube and S C V. If conv(S) is not gated, then either there
exists f € A such that conv(m¢(S)) is not gated in w¢(G) or there is an m > 2 such that:

(i) G contains a full subdivision H of K41 as an isometric subgraph,
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(i) H contains a full subdivision H' of K,, such that no vertezx of G is adjacent to all original vertices
of H'.
Furthermore, if S is an isometric cycle of G, then m > 3.

Proof. Suppose that G contains a subset S such that X := conv(S) is not gated. We can assume that G
is selected in a such a way that for any element f € A, the convex hull of 74(S) is gated in 7;(G). Since
any f-contraction of an isometric cycle C' of size at least 6 is an isometric cycle 7;(C) of 7¢(G) , this
assumption is also valid for proving the claim in the case that S = C, because 4-cycles are always gated.

Let v be a vertex of G that has no gate in X and is as close as possible to X, where dg(v, X) =
min{dg(v,z) : z € X} is the distance from v to X. Let P, := {z € X : dg(v,z) = dg(v,X)} be the
metric projection of v to X. Let also Q, := {# € X : I(v,z) N X = {z}}. Obviously, P C Q. Notice
that v € V has a gate in X if and only if @, = P, and P, consists of a single vertex. We will denote
the vertices of P, by x1,...,2,,. For any vertex x; € P,, let ; be a shortest path from v to x;. Let v;
be the neighbor of v in 7;. From the choice of v we conclude that each vertex v; has a gate in X. From
the definition of P, it follows that z; is the gate of v; in X. Notice that this implies that the vertices
U1,. .., Uy are pairwise distinct. Since x; € 7; we have z; € W (v;,v). Furthermore, for any y € Q, \ {z;}
we have y € W (v,v;) since otherwise z;,y € Q,,, which contradicts that v; has a gate in X. Denote
the equivalence classes of © containing the edges vvi,...,vv, by Eg, ..., Eg, , respectively. Then each
Eg,,..., By, crosses X. For any edge zz' of ; comprised between v; and z; with z closer to v; than
Z', we have X C W(2',z) and v € W(z,2'). Thus any such edge zz’ belongs to an equivalence class Ef
which separates X from v. Therefore such Ey crosses any shortest path between v and a vertex y € Q.
Denote the set of all such f € A by A. Notice that dg(v, X) = dg(v,z;) = |A| + 1 for any x; € P,.

We continue with a claim:

Claim 1. Each equivalence class E. crossing X coincides with one of the equivalence classes Eg,,i =
1,...,m.

Proof. Assume that vv; ¢ E,. Denote X' := conv(me(S5)) in 7m.(G). Let also v := m(v) and 2} := me(1).
By Lemma 7, X’ coincides with 7.(X). Let 2/ € X’ be the gate of v/ in X’. Since for each f € A,
Ey separates v and X, Ey also separates v' and 2’. Thus de/(v', X’) > |A|. On the other hand, since
vor & Ee, der(V',2)) = |A| + 1. But 2 cannot be the gate in X', thus dg/(v/,2') = der (v, X') = |A|. Let
y be such that @’ = m(y). Since E. crosses X and X' = m.(X), we have y € X. Applying the expansion,
the distance between two vertices can only increase by one, thus dg(v,y) < |A| + 1. On the other hand,
it holds that dg(v,y) > |A| + 1 since dg(v,X) = |[A| + 1. Thus y € P, say y = z;, and every shortest
(v, y)-path traverses an edge in E.. Since E. crosses X, we have e ¢ A, whence E. = E,. O

First we prove that P, = Q,. Suppose by way of contradiction that z € @, \ P,. Then dg(v,z) >
dg(v, X) = |A|+1. For any f € A, Ef separates v from z. On the other hand, since z € W (v, v;), neither
of the equivalence classes Eg,,i = 1,...,m, separates v from z. Hence there exists an equivalence class
E, with e ¢ A separating v from z. Since e ¢ A, E, does not separate v from any vertex z; of P,. Hence
E, crosses X, contrary to Claim 1. This shows that P, = Q,.

Now we will prove that dg(z,;,:rj) = 2 for any two vertices z;,z; € P,, which will later yield the
existence of H' as claimed. Indeed, since x; is the gate of v; in X and x; is the gate of v; in X,

da(vi, zj) = da(vi, z;) + da (i, ) < da(vi,vj) + da(vj, z;) = 2+ dg(v;, ;).
Analogously, dg(vj,z;) = dg(vj, z;) + da(zi, zj) < 2+ dg(vi, z;). Summing up the two inequalities we
deduce that dg(xi, z;) < 2. Since G is bipartite, z; and z; cannot be adjacent, thus dg(z;, zj) = 2.

Finally, we will show that dg(v, X) = 2, yielding H as claimed. Suppose by way of contradiction that
da(v,X) > 3. Pick any f € A. Consider the graph G’ := 77(G) and denote the convex hull of the set
S :=ms(S) in G’ by X'. By Lemma 7, 77(X) C X'. Since any class Ep with f’ € A, separates v from X
(and therefore from S) in G, any equivalence class Ey with f' € A\ {f} separates v' := 7(v) from S" in
G'. Therefore, X’ is contained in the intersection of the halfspaces defined by f’ € A\ {f} that contain
S’. This implies that dg/(v', X') > |A| — 1. On the other hand, since de (v, 7f(2:)) = dg(v,x;) — 1 for
any ¢ = 1,...,m and my(z;) € X', we conclude that der (v, X') < dg(v,X) —1=|A|+1-1= |A]
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From the choice of the graph G, in the graph G’ the vertex v' must have a gate 2’ in the set X’. Since
der (V' mp(x)) = dg(v, @) — 1, i = 1,...,m, the vertex z’ cannot be one of the vertices of m¢(P,). Thus
der(v,2") = der (v, X') = |A| = 1 = dg (v, X) - 2.

Let o} := mp(x;),

i=1,...,m. Since 2’ is the gate of v/ in X’ and @} € X', we have dg/(v',2}) =
dey (V' 2") +der (2, @) On the other hand, since dg/ (v, @) = dg(v, X)—1 and der (v', 2") = dg(v, X) -2,
this implies that dg/(2/,2}) = 1 for any ¢ = 1,...,m. Since G’ is obtained by f-contraction of a partial
cube G, we conclude that G contains a vertex x such that my(x) = 2’ and for any i = 1,...,m either
dg(z,x;) = 1 or dg(z,x;) = 2. Since dg(z;,x;) = 2 and G is bipartite, either z is adjacent to all z;,
i=1,...,mor dg(xz,z;) =2 for all i = 1,...,m. First assume m > 2. In the second case, the vertices
Z1,..., %, and x together with their common neighbors define the required full subdivision H of K;41.

In the first case, we conclude that x € I(z;,z;) C X and since dg(v,z) = dg(v,z;) — 1, we obtain a
contradiction with the choice of x; from the metric projection P, of v on X. So, assume that m = 1.
Since P, = @, this implies that X is gated, contrary to our assumption.

Finally suppose that S is an isometric cycle C' of G whose convex hull X is not gated. Then the length
of C is at least 6 (if C' is a 4-cycle, then X = C is gated). Hence there exist at least three different
equivalence classes E,, Ee,, E,, crossing C' and X. By Claim 1, each of these classes coincides with a
class Eg,,i=1,...,m. Hence m > 3. O

Proposition 2. Let C' be an isometric cycle of G € Sy. Then the convex hull conv(C) of C in G is
gated.

Proof. The class Sy is closed by taking pc-minors [23, Theorem 10]. Therefore we can suppose that G is
maximally contracted graph from Sy containing an isometric cycle C' with X := conv(C) not gated. By
Proposition 1, X contains 3 vertices z1, x2, 3 at pairwise distance 2 and a vertex v at distance 2 from
each of the vertices x1,z2,x3. Let v, v2,v3 be the common neighbors of v and z1,x2, 3, respectively.
Let also z; be a common neighbor of z; and xj, for all {,j,k} = {1,2,3}. By Proposition 1, the set
T = {v,z1, 22, 23,01, V2, V3, 21, 22, 23} defines four 6-cycles which are isometric cycles of G. The convex
hull in G of each of these 6-cycles is a subgraph of a 3-cube. On the other hand, T is contained in each
of the three intervals I(v;, z;). Since dg(vi, z;) = 4, the convex hull of T is a subgraph of a 4-cube. The
convex hull of the 6-cycle C1 = (21, 23, T2, 21, T3, 22) cannot be a 3-cube. We conclude that one of the 2-
paths (z1, 23, 22), (@2, 21, 23), (x3, 22, %1), say (x1,23,22), is a convex path of G. Consider the convex sets
I(x1,x2) and I(v,23). They are disjoint, otherwise z3 must be adjacent to v and x3, which is impossible.
Let H,H’' be two complementary halfspaces separating I(z1,x2) and I(v,z3), say I(x1,22) C H and
I(v,z3) C H'. Then necessarily z1, 22 € H', otherwise, if say z; € H, then z3 € Cy C I(z1,21) C H,
a contradiction. But then zy € I(22,v) C H' and z2 € I(z1,v) C H’, which is impossible. This final
contradiction shows that I(z1,22) and I(v,x3) cannot be separated, i.e., G ¢ Sy. Thus, the convex hull
of any isometric cycle C of a partial cube G from Sy is gated. O

Analogously to [5], we will compare the Djokovié-Winkler relation © to the following relation ¥*. First
say that two edges zy and 2y’ of a bipartite graph G are in relation VU if they are either equal or are
opposite edges of some convex cycle C of G. Then let U* be the transitive closure of ¥. Let C(G) denote
the set of all convex cycles of G and let C(G) be the 2-dimensional cell complex whose 2-cells are obtained
by replacing each convex cycle C of length 25 of G by a regular Euclidean polygon [C] with 2j sides.

Recall that a cell complex X is simply connected if it is connected and if every continuous map of the
1-dimensional sphere S! into X can be extended to a continuous mapping of the disk D? with boundary
S! into X. Note that a connected complex X is simply connected iff every continuous map from S* to
the 1-skeleton of X is null-homotopic.

Lemma 13. If G is a partial cube, then the relations © and U* coincide. In particular, C(G) is simply
connected.

Proof. The proof of the first assertion is the content of Proposition 5.1 of [36] (it also follows by adapting
the proof of Lemma 1 of [5]). To prove that C(G) is simply connected it suffices to show that any
cycle C of G is contractible in C(G). Let k(C) denote the number of equivalence classes of © crossing
C. By induction on k(C), we will prove that any cycle C' of G is contractible to any of its vertices
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w € C. Let Ef be an equivalence class of © crossing C' and let uv and «/v" be two edges of C' from ©.
By the first assertion, there exists a collection Ci,Cy, ..., Cy, of convex cycles and a collection of edges
€y = uv,e1,...,em—1,n = v’ € Ey such that ¢; € C; N Ciyq for any i = 1,...,m — 1. Suppose that
u,u’ € H}r and v,v" € H . Let Pr=Cin H}r,Pf =CiNH, fori=1,...,m. Let P’ be the path
between u and u’ which is the union of the paths Pfr, ..., P Analogously, let P” be the path between
v and v’ which is the union of the paths P ,..., P, . Finally, let PT := C'n H;“ and P~ :=CnNH,,
and suppose without loss of generality that the vertex w belongs to the path P*. Let C’ be the cycle
which is the union of the paths P’ and P* and let C” be the cycle which is the union of the paths P~
and P”. Since G is a partial cube, any equivalence class of © crossing P’ or P" also crosses the paths PT
and P~. On the other hand, Ey does not cross the cycles C’ and C”. This implies that k(C") < k(C)
and k(C") < k(C). By induction assumption, C” can be contracted in C(G) to any of its vertices, in
particular to the vertex v. On the other hand, the union | J;_,[C;] can be contracted to the path P’ in a
such a way that each edge e; is contracted to its end from P”. In particular, v is mapped to u. Finally,
by induction assumption, C’ can be contracted to the vertex w. Composing the three contractions (C”
to v, [J;—1[Ci] to P’, and C’ to w), we obtain a contraction of C' to w. O

Let C be an even cycle of length 2n. Let G be a subgraph of C' isomorphic to a path of length ¢ at
least 2 and at most n. Let Ex;(C) be an expansion of C' with respect to Gy and Gy = C. We will call
the graphs Ex,(C) half-expanded cycles.

Proposition 3. Let G’ be a Cartesian product of edges and even cycles and let G be an isometric
expansion with respect to the subgraphs Gy and GY of G', such that G contains no convex subgraph
isomorphic to a half-expanded cycle. Then either G is a Cartesian product of edges and even cycles or
one of G, GY coincides with G' while the other is isomorphic to a subproduct of edges and cycles.

Proof. Let G' = Fy x Fy x...x F,,, where each F;,i = 1,...,m is either a K3 or an even cycle C. Then G’
is a partial cube from F(Q3). The graph G is obtained from G’ by an isometric expansion with respect to
G and GY, i.e., G and G} are two isometric subgraphs of G’ such that G' = G{ UG}, Gj) := G1NGY # 0,
there is no edge between G \ G4 and G4 \ G}, and G is obtained from G’ by expansion along G{. If

" = G4 = G’, then the expansion of G’ with respect to G} and G4 is the product G’ x K, and we are
done. Thus we can assume that Gj, is a proper subgraph of G'.

Claim 2. Let L be a layer of G, i.e., L = {v1} x...x{vj—1} x F; x{vip1} X ... x{vm } withv; € F; for all
j #i. If Fy is a cycle and GYNL or G4NL is different from L and contains a path of length at least 2, then
G is a Cartesian product of edges and cycles. More precisely, G = Fy X ... X F;_1 X F/ x Fip1 x ... X Fpy,
where F] is an isometric expansion of F; along two opposite vertices of F;.

Proof. Since we can reorder the factors, suppose without loss of generality that ¢ = 1 and denote G” =
Fyx...x Fy,. We have L = I x {v} = C x {v} with v € V(G”), such that G} N L includes a path P; of
length at least 2 but differs from L. Since L is a convex 2j-cycle of G, Py is a shortest path of G'. If L is
included in Gj, then the expansion of L along P; is isomorphic to a half-extended cycle and is a convex
subgraph of G by Lemma 6, which is impossible. Thus L is not included in GY%, yielding that LN G} is a
shortest path P, of G'. Since Py and P, cover the cycle L, the only possibility is that P; and P, intersect
in two antipodal vertices of the cycle L. Thus the image of L in G is a cycle of length 2j + 2. Consider
any layer L' = C x {v'} of G’ adjacent to L, i.c., v'v € E(G"). Then LU L’ is a convex subgraph of G’,
thus by Lemma 6 the expansion of L U L’ is a convex subgraph H of G. If L' is contained in G, then
the intersection of H with the half-space of G corresponding to G} is a convex subgraph isomorphic to a
half-extended cycle. Thus L’ cannot be entirely in G, and for the same reason it cannot be entirely in
GY,. Again the only possibility is that G} N L’ and G4 N L’ are shortest paths of L’ that intersect in two
opposite vertices of L'.

Let vi,v2 € LN G and up,ug € L' N Gy. We assert that after a possible relabeling, v; is adjacent
to up and vy is adjacent to ug. Suppose that this is not true. Then the neighbors v{ and v} of v; and
vg, respectively, in L' are both different from wu; and uy. Analogously, the neighbors v} and ) of uy
and ug, respectively, in L are both different from v; and vy. We can assume without loss of generality
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that v} and v are not in G}, otherwise we can exchange vy and vy or u; and up. We assert that G}
is not an isometric subgraph of G’. Indeed, the distance in G’ between u; and vy is at most j and the
interval I(vy,u1) is contained in the union QU Q’, where @ is the subpath between v; and u} of the path
between v; and vp passing via v} and Q' is the subpath between v{ and u; of the path between v} and
vl passing via u;. Since all vertices of @ except v; belong only to G5 and v{ does not belong to G,
we conclude that any shortest path in G’ between v and u; contains at least one vertex from G4 \ G,
showing that G is not an isometric subgraph of G’. Hence vy is adjacent to u; and vy is adjacent to ua.
Notice that then the both layers have the same side of the cycles in G} and G} since there is no edge
between G \ G5 and G \ G|. Propagating this argument through the graph, we conclude that all layers
L” parallel to L have the same vertices in G and G%. Hence the traces on F; = C with respect to G and
GY, of L and L" coincide: they are two paths P; and P, of C' covering the cycle and intersecting in two
opposite vertices a’,2” of C. Therefore, the graph Gf, with respect to which we perform the isometric
expansion is the subgraph of G’ induced by ({2} x V(G"))U ({z"} x V(G")), G/ is the subgraph induced
by V(P1) x V(G"), and G is the subgraph induced by V(P,) x V(G"). Consequently, the expansion of
G’ with respect to G} and GY% produces a graph G isomorphic to C' x G”, where the length of the cycle
C" is two more than the length of C. This establishes the claim. O

By Claim 2, we can further assume that every layer L of G’ coming from a cyclic factor satisfies one
of the following two conditions: either both G} and G} include L, or one of G{,G% includes an edge, a
vertex, or nothing while the other includes the whole layer L. Consequently, for each cyclic factor F; = C'
of G' and each layer L := {v1} x ... x {v;o1} x C' x {viz1} x ... x {vn}, the intersection L N Gy is the
whole layer L, an edge, a vertex, or empty.

We will now analyze the structure of the subgraph G, of G’ along which we perform the isometric
expansion. Suppose that G’ is obtained from G by contracting the equivalence class Ey.

Claim 3. If R’ = (uy,v1,v2,us) is a 4-cycle in G’ such that the edges ujvy and vivy do not lie in the
same layer and uy,v1,vs € V(GY), then ug also belongs to V(GY).

Proof. If this is not the case, then assume without loss of generality that uy € G} \ G%. Since the 4-
cycle R is a convex subgraph of G', by Lemma 6 the expansion of R’ along Gy is a convex subgraph
of G isomorphic to @3, thus is a half-extended cycle, a contradiction. This contradiction shows that
ug € V(Gy). [}

We continue with an auxiliary assertion:
Claim 4. Any convex cycle Z of G crossed by Ey is a 4-cycle.

Proof. Assume by way of contradiction that Z has length ¢(Z) > 6. Therefore Z is contracted to a convex
cycle Z' of length ¢(Z) — 2 of G'. The convex sets in a Cartesian product are products of convex sets
of the factors. Thus either Z’ is a layer of G’ or Z’ is a 4-cycle which is a product of two edges from
two different factors. In the first case Z’ is a layer which has two antipodal vertices in Gj, one path
between these vertices in G \ G5, and the other path in G5 \ G/, and this case was covered by Claim 2.
Thus assume that Z’ is a 4-cycle (vq,v2,ug,u1) that has edges vive,ujuz projected to factor Fy and
edges viuy, vauy projected to factor Fp. Moreover, let v1,us € V(G) NV (Gh), va € V(GY) \ V(GS), and
up € V(GH)\V(G)). If both factors Fy, Fy are isomorphic to Ka, then they can be treated as a single cyclic
factor because Ko x K3 is a 4-cycle and Z’ is a layer. Then the result follows from Claim 2. Thus assume
that F is a cycle of length at least 6 — otherwise we are in the above case. Let L = (v1,ve,...,v9,v1)
and Lo = (uy,ug,. .., us;,u1) be the two layers of Fy that include Z’. They include vertices uy, vy which
are not in Gj,. Since i > 3 by isometry of G} and G4, we have vz € G \ G5 and uz € G5\ G'. But v3
and ugz are adjacent, which is impossible. This establishes that any convex cycle Z of G crossed by Ey
has length 4. O

Claim 5. G is a subgraph of G' of the form Hy x Ha x ... x Hp,, where each factor satisfies H; C F;
and is either a vertex, an edge, or the entire F;. In particular, Gj, is convez in G'.

Proof. First we prove that Gj, is connected. Let ajas and bibs be any two edges in the equivalence class
Ej. Edges ajaz and biby get contracted to vertices o/, of G'. By Lemma 13, aia and bibs can be
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connected by a sequence C = C1,Cy, ...,y of convex cycles of G such that ajas € C1,b1by € C, and
any two consecutive cycles C; and Cjy intersect in an edge of Ey. Hence the cycles of C are contracted
in G’ to a path Q" between o’ and . Since all cycles C; of C are crossed by Ejf, by Claim 4 each
Ciyi=1,...,k, is a 4-cycle. Thus, additionally to a’,b’ also all other vertices of the path @’ belong to
G{. Consequently, @’ and b’ belong to a common connected component of G{,. Since aja and biby are
arbitrary edges from Ey, the graph Gj is connected.

To prove the second assertion, let I be a maximal subgraph of Gj of the form I x Iy X ... X Ip,
where each I; is a connected nonempty subgraph of F;. We claim that I coincides with Gf. If not,
since I and G, are connected, there exists an edge vw of G, such that v € V(I) and w € V(Gyp) \ V(I).
Let L := {v1} x ... x {vim1} X F; x {viz1} x ... X {vn,} be the layer of G’ that includes the edge vw.
Suppose that the ith coordinates of v and w are the adjacent vertices v} and v}’ of Fj, respectively. Set
I''=9Lx...x L.y x{v}} x Liy1 x ... x Iy and I" := I} x ... x [_1 x {v/'} x Ijy1 X ... X I,. Then
ve V') CV() and w € V(I”). Since w ¢ V(I), by the definition of I, the subgraph I” contains a
vertex not belonging to Gjy. Let z be a closest to w vertex of V/(I”)\ V(Gy). Let y be a neighbor of  in
I(z,w). Since I" is convex, y € I(z,w) C V(I"). By the choice of z, we deduce that y is a vertex of Gj.
Let 2’ and 3’ be the neighbors of respectively z and y in I’ (such vertices exist by the definitions of I’
and I” and the fact that v] and v} are adjacent in F;). Since V(I') C V(I), the vertices 2’ and y' belong
to Gy. Since the 4-cycle (z,y,y’,2’) does not belong to a single layer and y,y, 2" are vertices of Gj), by
Claim 3 also z is a vertex of Gy, a contradiction with its choice. This establishes that I coincides with
Gp.

OFinally, we assert that each I;,7 =1,...,m, is a vertex, an edge, or the whole factor F;. The assertion
obviously holds if F; is an edge. Now, let F; = C be an even cycle. Since I; # ) and Gy = Iy x Iy X ... X Iy,
the assertion follows from the conclusion after Claim 2, that the intersection of G, with any layer is the
whole layer, an edge, a vertex, or empty. O

Let H' be the subgraph of G’ induced by all vertices of G’ not belonging to Gj,.
Claim 6. H' is either empty or is a connected subgraph of G'.

Proof. By Claim 5, Gy is a connected subgraph of G’ of the form Hy x Hj X ... x Hp,, where each H;
is a vertex, an edge of Fj, or the whole factor F;. Suppose that G, is a proper subgraph of G'. By
renumbering the factors in the product Fy x Fy x ... x F,, we can suppose that there exists an index
m’ < m, such that for each i <m/, H; is a proper subgraph of F; and that for each m’ < i < m, we have
H; = F;. For each i <m/, let F! be the (nonempty) connected subgraph of F; induced by V(F;)\ V (H;).
For any i < m, let H/ be the subgraph Fy x ... x Fi_1 X F/ x Fji1 X ... x Fpp of @' = Fy X ... x Fp,.
Obviously, each such H is a connected subgraph of H' (and of G'). Moreover, V(H') = JI*, V(H]) and
any two Hj and H} with i, < m share a vertex. This shows that H' is a connected subgraph of G'. O

Now, we are ready to conclude the proof of the proposition. If both G} and G} are proper subgraphs
of G/, then G is also a proper subgraph of G’. By Claim 6, the subgraph H' of G’ induced by all vertices
not in Gj, is connected. This implies that G’ contains edges running between the vertices of G} \ G4 and
G4\ G', which is impossible. Consequently, we can suppose that G} coincides with G’ and GY, coincides

with Gfj. By Claim 5, G5 = G{, has the form Hy x Hy x ... x Hy,, where each H; is a vertex or an edge
of F;, or the whole factor Fj. O

Since each half-extended cycle can be contracted to a @5, we immediately have the following lemma.
Lemma 14. If G € F(Qy), then G has no convex subgraph isomorphic to a half-extended cycle.
Now we are ready to prove the first part of Theorem A.

Theorem 1. The convex closure of any isometric cycle of a graph G in F(Q3) is a gated subgraph
isomorphic to a Cartesian product of edges and even cycles.

Proof. Let G be a minimal graph in F(Q3) for which we have to prove that the convex closure of an
isometric cycle C' of G is a product of cycles and edges. Since G is minimal and convex subgraphs of
graphs in F(Q3) are also in F(Q3 ), we conclude that G coincides with the convex closure of C. If C
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is a 4-cycle, then C' is a convex subgraph of G and we are done. Analogously, if C' is a 6-cycle, then
since G € Qy, either C' is convex or the convex hull of C' is the 3-cube Q3. So, assume that the length
of C is at least 8. By minimality of G, any equivalence class of G crosses C. Any contraction of G is a
graph G’ in F(Q3) and it maps C to an isometric cycle C" of G'. By Lemma 7, G’ is the convex hull of
C’, thus by minimality choice of G, G’ is a Cartesian product of cycles and edges, say G’ is isomorphic
to Fy X Fy X ... x Fy,, where each Fj,i = 1,...,m, is either a Ky or an even cycle C. The graph G is
obtained from G’ by an isometric expansion, i.e., there exist isometric subgraphs G} and G4 of G’ such
that G’ = G{ UG, Gj := G{ NGY # 0, there is no edge between G} \ G4 and G4 \ G}, and G is obtained
from G’ by expansion along Gf).

By Proposition 3 and Lemma 14, either G is a Cartesian product of edges and even cycles or G
coincides with G and G, = G is a proper convex subgraph of G’ of the form Hy x Hy x ... X Hy,, where
each H; is a vertex, an edge of Fj, or the whole factor F;. In the first case we are done, so suppose that
the second case holds. Let G; be the image of G;- after the expansion, for j = 0,1,2. Since G, = Gj is
convex, Gy is a convex subgraph of G isomorphic to G x K. If G’ is the f-contraction of G, then Gy
and G4 are the subgraphs induced by the halfspaces Hf+ and ij of G. Let ajaz and b1bs be two opposite
edges of C belonging to Ey. Since G is the convex hull of C, the cycle C intersects every equivalence
class of the relation © in G. In particular, this implies that contracting Ey, the edges ajaz and b1by are
contracted to vertices a’ and ¥’ of Gj,. Since Gy, is a convex subgraph of G', the image of C' under this
contraction is an isometric cycle ¢ of G'. Since o/, € C’, C" is contained in Gj,. Since by Lemma 7 G’
is the convex hull of C’, we conclude that G| = Gy = G5, contrary to the assumption that G is a proper
subgraph of G'. O

Together with Proposition 2, the following gives the second part of Theorem A.
Proposition 4. The antipodal subgraphs of graphs from Sy are gated and are products of edges and cycles.

Proof. Let G be a antipodal graph not in F(Q3 ). Then G can be contracted to a graph G’ that contains
a convex subgraph X isomorphic to Q3. By Lemma 8 any contraction of an antipodal graph is an
antipodal graph, thus we can assume that G’ is maximally contracted, i.e. every contraction of G’ is in

F(Q3). Denote the central vertex of X with z, the isometric cycle around it with (vo,v1,...,vs5), and
assume that x is adjacent to exactly vo, vz and vy. Let @', v, ..., v} € V(X') be the antipodes of vertices
in X.

First assume that G’ has exactly three ©-classes, namely Eyy,, Epy,y, Egy,. Then either G/ = X or
G’ = Q3. In the first case G’ is not antipodal, while in the second case X is not a convex subgraph of
G’'. Thus assume that there exists another O-class, say F,,.. Contracting this class we obtain a graph
G” that has no Q3 convex subgraphs, thus the convex closure X’ of X in G” must be isomorphic to Q3.
Let y be a vertex in G’ that gets mapped to the vertex in X'\ X in G”. Vertex y and v; are adjacent in
G" with edge in Ey,,, but since X is convex in G’ any path from v; to y in G’ must be of length 2 and
first cross an edge in F,,, and then an edge in F,,,. Thus there is only one such path, say P, and it is
a convex subgraph. On the other hand, the path (vs,v4,v5) is convex in X, thus it is convex in G'. But
then the paths (vs,v4,v5) and P are convex subgraphs that cannot be separated by two complementary
halfspaces. The latter holds since there is a path between them consisting of edges in Egy,, Ezvgs Ezv,, but
each of these ©-classes intersects either one convex set or another. Thus G’ is not in Ss. By [23, Theorem
10], contracting a graph in Sy gives a graph in 4. Thus also G is not in Sy. O

The example in Figure 6 shows that the second condition of Theorem A does not characterize bipartite
graphs with Sy convexity.
4. GATED AMALGAMATION IN HYPERCELLULAR GRAPHS

This section is devoted to the proof of Theorem B. First, we present the 3CC-condition for partial
cubes G in a seemingly stronger but equivalent form:
3-convex cycles condition (3CC-condition): for three convex cycles Cq,Cs,C3 of G such that any two
cycles C;, C;, 1 < i < j < 3, intersect in an edge e;; with eja # e23 # e31 and the three cycles intersect
in a vertex, the convex hull of C; UCo U C3 is a cell of G isomorphic to C; x K3 and Cj, Cy are 4-cycles.
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FIGURE 6. An expansion of @ that is apiculate and lopsided. In particular, the graph is
not in Sy, the convex hull of any isometric cyle is gated, and its antipodal subgraphs are
cubes and thus products of edges and cycles.

Any cell X’ which is contained in a cell X of a partial cube G is called a face of X. By Lemma 11
equivalently, the faces of X are the gated subgraphs of G included in X. We denote by X(G) the set of
all cells of G and call X(G) the combinatorial complez of G. The dimension dim(X) of a cell X of G is
the number of edge-factors plus two times the number of cyclic factors. Let us now recall the stronger
3C-condition for partial cubes G:

3-cell condition (3C-condition): for all k > 0 and three (k + 2)-dimensional cells X7, X5, X3 of G such
that each of the pairwise intersections Xi2, Xo3, X13 is a cell of dimension &+ 1 and the intersection X253
of all three cells is a cell of dimension k, the convex hull of X; U X5 U X3 is a (k + 3)-dimensional cell.

The proof of Theorem B is organized in the following way. We start by showing that any hypercellular
graph satisfies the 3CC-condition. Together with Theorem A, this shows that (i)=>(ii). We then obtain
(ii)=(iii), while (iii)=-(ii) holds trivially. To prove (ii)=(i), we show that the class of partial cubes
satisfying (ii) is closed by taking minors. Since Q3 does not satisfies the 3CC-condition, we conclude
that all such graphs are hypercellular. The last and longest part of the section is devoted to the proof of
the equivalence (i)<(iv).

Since by Theorem A, hypercellular graphs have gated cells, the following lemma completes the proof
of (i)=(ii).

Lemma 15. Any hypercellular graph G satisfies the 3CC-condition.

Proof. Let C1,C5,C3 be three convex cycles of a partial cube G € F(Q3) such that any two cycles
C;,C;, 1 <i < j <3, intersect in an edge e;; and the three cycles intersect in a vertex v. We proceed
by induction on the number of vertices of G. By induction assumption we can suppose that G is the
convex hull of the union C7 U Cy U C3. If each of the cycles C1, Cy, C3 is a 4-cycle, then their union is an
isometric subgraph H of G isomorphic to Q3. Since G € F(Q5 ), H is not convex. Therefore the convex
hull of H = C7 U Cy U (5 is the 3-cube @3, and we are done. Thus suppose that one of the cycles, say
C1, has length > 6. Let the edge ej2 be of the form vjv. Let u be the neighbor of v; in C) different
from v. Let Ey be the equivalence class of © defined by the edge uv;. We claim that E; does not cross
Cy and Cs, or, equivalently, that Cy U C3 C W (v1,u). Since G € F(Qj ), by Proposition 2, each of the
cycles C1, Cy, C3 is a gated subgraph of G. Since u is adjacent to v; € Cy, the vertex v; is the gate of u
in Cy, whence Cy C W (v, u). Analogously, since C is gated and v € C1 N C3, the gate of u in C3 must
belong to I(u,v) C Cj. Since the length of C is at least 6, this gate cannot be adjacent to u and v, thus
v is the gate of u in C3. Since vy € I(u,v), again we conclude that C3 C W (vy,u). Hence E; does not
cross the cycles Cy and Cs. Let G’ := m7(G) and C} := my(C;), for i = 1,2, 3. Since each Cj,i=1,2,3 is
gated, by Lemma 10 each C{,7 = 1,2,3 is a gated subgraph of G’ and by Lemma 7 G’ is the convex hull
of C1UC5U (Y. Notice that the three cycles C7, Ch, C pairwise intersect in the same edges as the cycles
C1,C9,C3 and all three in the vertex v.
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Since G’ € F(Q3), by induction assumption G’ is isomorphic to the Cartesian product C' x Ka, where C
is isomorphic to one of C{, C%, C4. The graph G is obtained from the graph G’ by an isometric expansion
with respect to the subgraphs G} and G} of G’. By Proposition 3 and Lemma 14,

(i) G is a Cartesian product of edges and even cycles or

(ii) G} coincides with G’ and G}, is isomorphic to a subproduct of edges and cycles.
The only convex cycles of length at least 6 in a product of edges and cycles are layers. Therefore in the
case (i) C7 must be a layer L in the product. Each of cycles Cy and C5 shares an edge with Cy. The
only such cycles are 4-cycles between layer L and any other layer adjacent to L. Since also Cy and C3
share an edge, they must both be between L and some layer L’. Then L and L’ form a cell isomorphic
to L x Ko =2 (7 x K> that is the convex hull of C; UCy U Cj3.

Finally, assume (ii) holds. Since G’ = C x Kj, G} is either a vertex, an edge, a 4-cycle, a layer
isomorphic to C, or the whole G'. Thus, G intersects no cyclic layer in just two antipodal vertices, i.e.,
no convex cycle of G’ gets extended. A contradiction, since C] should be extended. O

We will now establish the implication (ii)=-(iii), while (iii)=-(ii) trivially holds.

Proposition 5. If G is a partial cube in which cells are gated and which satisfies the 3CC-condition,
then G satisfies the 3C-condition.

Proof. Since the properties of G are closed under restriction, without loss of generality we consider
G = conv(X7 U XU X3). Since cells are gated in G, by Lemma 11 X935 is a subproduct of Xi2, Xa3, X13
and Xj; is a subproduct of X; and X for all ¢, j € {1,2, 3}, where in all cases the factors of the subproducts
are vertices, edges, or factors of the superproducts. Indeed by the conditions on the dimensions, the
subproducts all have the same factors than their superproducts except that either one edge-factor from
the superproduct is a vertex in the subproduct or one cyclic factor from the superproduct is an edge in the
subproduct. This gives that any v € X123 has exactly one neighbor v;; € X;; \ X123 for all 4, j € {1,2,3}.
Now, since the cells X1, Xa, X3 are products, a path of the form (v, v,vy;) C X; is contained in the
unique convex cycle C; of X; accounting for the two supplementary dimensions of X; compared to X123,
for all {¢,j,k} = {1,2,3}. Since G satisfies the 3CC-condition, conv(Cy U C2 U C3) is a cell X, of G
isomorphic to C; x K3 and C; = Cj, are 4-cycles, for some {i, j, k} = {1,2,3}. Moreover, by the product
structure of X; the O-classes of C; and their order on C; do not depend on the choice of v € X3, for
all i € {1,2,3}. Therefore, for all v,w € X123 and some i € {1,2,3} we have X, & X, = C; x Ko, where
corresponding edges are in the same ©-class of G. Since they are separated by ©-classes crossing X123, for
different v, w € X903, the cells X, and X,, are disjoint and by construction the union of all of them covers
X1 U XU X3, We obtain that X7 U XU X3 C Xq93 X C; X Ko, which is a (k + 3)-dimensional cell of G,
thus gated and thus convex. Since G = conv(X;U XU X3), we get conv(XqUXoUX3) = Xq93 x C; X Ko,
which establishes the claim. O

To show (ii)=>(i), in Proposition 6 we prove that the class of partial cubes satisfying (ii) is minor-closed.
Since Q3 does not satisfy the 3CC-condition, the graphs satisfying (ii) cannot be contracted to Q3 , thus
they are hypercellular.

Proposition 6. The family of partial cubes having gated cells and satisfying the 3CC-condition is a
pe-minor-closed family.

Proof. If a condition of the proposition is violated for a convex subgraph of a partial cube G, then it is
also violated for G. Therefore the family in question is closed under restrictions.

Let now G be a partial cube satisfying the conditions of the proposition and let G’ be a contraction
of G along some equivalence class Ef. Pick a cell X’ in G’. By Lemma 6, the expansion X of X' is a
convex subgraph of G, thus X also satisfies the conditions of the proposition. By the 3CC-condition, X
has no convex subgraph isomorphic to a half-expanded cycle. Thus Proposition 3 provides us with the
structure of X; in particular, X includes a cell Y such that m;(Y) = X’. Since the cells of G are gated,
by Lemma 10, X’ is gated. Therefore the cells of G’ are gated.

Now, let C1,C%,C% be three convex cycles of G’ such that any two cycles C{,C}7 1<i<j<3,
intersect in an edge egj and the three cycles intersect in a vertex v’. Let G} and G} be the subgraphs

172



of G’ with respect to which we perform the expansion of G’ into G. By Proposition 3 (or directly using
the fact that Cf,C%, C4 are convex cycles), for each CY, i € {1,2,3}, we have one of the following three
options: (a) either both G} N C! and G4, N C} coincide with C/, or (b) one of G{ N C} and G, N C} is
the whole cycle C/ and other is an edge, a vertex, or empty, or (¢) both Gf N C} and G4 N C} are paths
corresponding to halves of C! with intersection in two antipodal vertices of C/. Using this trichotomy, we
divide the analysis in the following cases.

Case 1. For G} or GY, say for G}, and for at least two of the three cycles Cf, C4, C%, say for Cf,Ch, we
have G} N C] = C} and G N C} = C}.

Then the edges €/ and €53 are in Gf. Thus either G} NCy = C4 or G1 N CY is a half of Cj that includes
€}3 and €h3. Then in the expansion we have 3 convex cycles C1,Cs, C3 pairwise sharing an edge and a
vertex in the intersection of all three, such that 77(C;) = C! for i € {1,2,3}. Since the 3CC-condition
holds in G, two of the cycles C1, Cy, C3 are 4-cycles and all three are included in a cell X isomorphic to
C} x Ky where CY is the third cycle. Since a contraction can only shorten the cycles, at least two of the
cycles C1, C4, Cf are 4-cycles and the convex hull of all three must be included in a cell 7¢(X). The only
contraction of Cy x K3 that has at least three convex cycles is isomorphic to C,’C X Ko.

Case 2. For G} or G, say for G, among C},C},C} there exists a unique cycle, say Cf, such that
@ ne, =

By symmetry and in view of Case 1, for two other cycles C% and C% we have only one of the following
options: (1) either G5 N C} = O for exactly one j € {2,3} or (2) for all j € {2,3} and &k € {1,2} we have
that G, N C} is a half of the cycle C7.

First consider the option (2). By properties of Cf, in the half-space G of G corresponding to G in
the expansion there exists a convex cycle Cy of the same length as Cf such that 7;(C1) = C]. Moreover
C% and Cf get expanded to convex cycles Ca, C3 each sharing exactly one edge with C and having one
vertex in the intersection of all three. Since the cells of G are gated, the cycles Cy, C3 are gated. The
cycles Ca, C3 share at least one edge. If a vertex of ehs is in G) NG5, then Co and Cj share 2 edges, which
impossible because Cy and C3 are gated. By the 3CC-condition, two of Cy, Cs, C3 are 4-cycles, which is
impossible because in G’ one of those 4-cycles C; will get contracted to an edge and not to the cycle C.

Now consider the option (1) that G5 N Cy = C4 and both G} N C, G4 N C4 are halves of Cj. Since
v € G1NGY, the antipode u of v in CY also belongs to G1NGY4. Hence Cf gets expanded to v, its antipode
u, and €75 € G| N GY. Therefore to ensure that we do not have G} N C} = Cj for some k € {1,2} and
J € {1,2,3}, we must have G| N Cy = €}, and G5 N C] = €,. Now the expansion of C] U Cy U Cj has
4 convex cycles: the expansion C3 of Cf, the convex cycles C and Cy that get mapped to C] and Cj
by the contraction and a 4-cycle Cy between C; and Cs. Cycles Cy,Cs, Cy pairwise intersect in three
different edges and all have a common vertex, thus their convex closure X is isomorphic to C5 X K (since
the cycle C3 must have length at least 6). This proves that C; is a 4-cycle. Let Cs be the fourth cycle,
sharing edges with C5 and Cj different from Cj. Then C5 shares two edges with Cy which is possible
only if Cy = C5. Thus we see that again 7¢(X) is a gated cell including C7, C5, C5.

Case 3. For every i € {1,2,3}, G{NC! and G,NC} are halves of C/ intersecting in two antipodal vertices
of CI.

If G} N G} contains any vertex of eéj for 4,5 € {1,2,3}, then there exist convex cycles C; and Cj in
G that share two edges, which is impossible. Thus C}, C}, C4 get extended to cycles Cy, Ca, C3 pairwise
sharing an edge and a vertex in common. Then two of them must be 4-cycles, which is not the case
because then two of them get contracted to edges. We have proved that the 3CC-condition also holds for
G’, thus the class we consider is closed under contractions. This finishes the proof. O

The remaining part of this section is devoted to the proof of the equivalence (i)<(iv). For an equivalence
class Ey of ©, we denote by N(Ey) the carrier of f, ie., the subgraph of G which is the union of
all cells of G which are crossed by Ey. The carrier N(Ey) splits into its positive and negative parts
Nt (Ey) := N(Ef)N H‘;r and N™(Ey) := N(Ef) N H .
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Lemma 16. Let G be a hypercellular graph and e, f € Aje # f. Then we(N(Ey)) is the carrier of Ey in
e(G).

Proof. Let Y € N(Ey) be a cell of G. Since contractions of products are products, 7.(Y’) is a product of
edges and even cycles in 7.(G) and clearly crosses Ey. Furthermore, since Y = conv(C) for a cycle C' in
G, we have by Lemma 7, that 7(Y") C conv(m(C)). Since 7.(G) is hypercellular, conv(m(C)) is a cell
by Theorem A. Thus, m(Y') is convex in m.(G) by Lemma 11. Therefore m.(Y') is a cell of m(N(Ey)).
Conversely, let Y be a cell in the carrier of f in 7.(G) and Y’ be its expansion with respect to e. By
Lemma 6, Y’ is convex and by Proposition 3 Y is either a product of cycles and thus a cell of N(Ey), or
Y’ consists of two cells YY" separated by E., where say Y is isomorphic to Y. Since f crosses Y,
Y" is in N(Ef) and Y arises as its contraction, so we are done. O

Lemma 17. Let G be a hypercellular graph. Then any two cells YY" of X(G) either are disjoint or
intersect in a cell of X (G).

Proof. Let YY" be two arbitrary intersecting cells of G. Let Yy := Y’ NY". Since Y’ and Y” are gated
subgraphs of G, Yj is also gated. In particular, Yj is a gated subgraph of Y’. Since Y’ is a product
of edges and cycles Fy x ... X Fp,, by Lemma 11, Yy is a product F| x ... x F},, where each F] is a
vertex, an edge, or the whole factor F;. Hence Y is a cell and we are done. Now suppose that some
F/ = P = (z,...,y,...,2z) is a path of length > 2 within the cyclic factor F;. Since P is convex, the
length of P must be less than half of the length of F;. Thus the antipodal vertex of y in the F;, say ¢/,
is not in P. Now, ' cannot have a gate w in P, since if w is between x and y there is no shortest path
from g’ through w to z. Symmetrically, if w is between y and z there is no shortest path from 3’ through
w to x. O

Lemma 18. Let G be a hypercellular graph and f € A. If two cells Y',Y" of N(Ey) intersect, then they
share an edge of Ey.

Proof. Let y € Y'NY" and suppose without loss of generality that y € H . Since Y’ € N(Ey), there exists
an edge u'v' € Ey with v/,v" € Y'. Suppose v’ € H and v e H}' Ifv' €Y” thenu' € I(v',y) CY" by
convexity of Y”, thus the edge u'v' belongs to Y’ NY” and we are done. So, suppose v’ ¢ Y. Let v be
the gate of v’ in Y” and let & be a vertex of Y N Hf (such a vertex exists because Y € N(Ey)). Since
v € I(v',z) and Hf is convex, we conclude that v € Hf Since y € Hy', on any shortest path P from v
to y we will meet an edge v"u” of Ey. Since v”,u” € I(v,y), v,y € Y”, and Y" is convex, the edge v"u”
belongs to Y”. On the other hand, since v € I(v/,y) and Y’ is convex, we conclude that the edge v
also belongs to Y. O

", 1
/ul

Proposition 7. For any equivalence class Ey of a hypercellular graph G, the carrier N(Ey) is a gated
subgraph of G. Therefore, N (Ey) is gated in the halfspace H}f, N7~ (Ey) is gated in H; , and the extended
halfspaces H}' UN(Ey) and H; UN(Ey) are gated in G.

Proof. First, since by Lemma 13 the relations © and ¥* coincide, N*(Ef), N7 (Ey) and consequently
N(Ey) are connected subgraphs of G.

Through Claims 7, 8, and 9 we will prove that N (Ey) is convex. Suppose that N (Ey) is not convex.
Choose two vertices y, z € NT(Ey) with minimal distance k(y, z) := dn+(Ey)(y, #) that can be connected
by a shortest path R of G outside N (Ey). Let P be a shortest y, z-path in N*(Ey). Let us prove that
P is a shortest path of G. If this was not the case, we could replace y by its neighbor ¢ in P. But
from the minimality in the choice of y, z, we conclude that I(y’,z) C N*(Ey). Thus, the subpath of P
between 3’ and z is a shortest path of G. Now, since y ¢ I(v/, z), we have z € W(y',y), yielding that
P is a shortest path of G. Again by the choice of y, z, we conclude that P and R intersect only in their
common endvertices y, z.

Claim 7. Any shortest path between a vertex of P and a vertex of R passes via y or z. In particular,
C := PUR is an isometric cycle of G.
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Proof. We claim that if @ is a shortest path connecting two interior vertices p of P and r of R, then
@ passes via y or z. Suppose that this is not the case. Then we can find a shortest path Q = (p :=
40, q1s - - - s Qk—1, gk = ) between two interior vertices p of P and r of R such that @ N C = {p,r}. Since
p,r € I(y,z) and Q C I(p,r), we conclude that @ C I(y, z), because intervals of partial cubes are convex.
This yields ¢1 € I(p,y)UI(p, z), since otherwise y, z € W(p, ¢1) and ¢1 € I(y, z) contradict the convexity of
W (p,q1). Since k(p,y) < k(z,y) and k(p, 2) < k(z,y), we conclude that I(p,y)UI(p,z) C N*(Ey), giving
q € N*(Ef). We can iterate this argument by first replacing p by ¢1 and ¢ by g, etc., and obtain that all
vertices q1, g2, ..., qr—1.qx = v belong to NT(Ey) and k(gi,y) < k(y.2),k(gi, z) < k(y, z). In particular,
r € N*(Ey) and k(r,y) < k(y,z),k(r,z) < k(y,z), thus by our assumption R C I(r,y) UI(r,z) C
NT(Ey). This contradiction shows that the path @ does not exist, i.e., any shortest path between a
vertex of P and a vertex of R passes via y or z. In particular, this implies that C' = PU R is an isometric
cycle of G. O

Claim 8. C' = PUR is a convez cycle of G.

Proof. We proceed as in the proof of Lemma 13. If C is not convex, then by Claim 7 there exist two
vertices p,p’ € P connected by a shortest path P’ which intersects P only in p,p’ or there exist two
vertices 7,7’ € R connected by a shortest path R’ which intersects R only in r,r’. Let P” be the subpath
of P between p and p’ in the first case and let R” be the subpath of R between r and 7’ in the second
case. Let C’ be the cycle obtained from C' by replacing the path P” by P’ in the first case and let C” be
the cycle obtained from C by replacing the path R” by R’ in the second case. If the first case occurs and
{p.p'} # {y. 2}, then k(p,p) < k(y, z), whence P’ C N*(Ey). Therefore applying Claim 7 to the cycle C’
instead of C, we conclude that C” is an isometric cycle of G. Analogously, if {r,r’} # {y, 2z}, then no vertex
of R’ belongs to N*(Ey). Indeed, if say w € "N N(Ey), then k(w,y) < k(y, 2), k(w, z) < k(y, z) and by
minimality the vertices r and ' belong to N (Ey), contrary to the assumption that RN N(Ey) = {y, z}.
Again applying Claim 7 to the cycle C” instead of C, we conclude that C” is an isometric cycle of G.
Finally, if {p,p'} = {y, 2}, then P” = P and one can see that either P" C N*(E;) and C" is an isometric
cycle of G or P'NN*(Ey) = {y, z} and we redefine C’ as the cycle formed by P and P’, which is isometric
by Claim 7. Similarly, if {r,'} = {y, 2}, then R” = R and we can suppose that C" is an isometric cycle
of G sharing with C either the path P or the path R. Consequently, in all cases we derive a new isometric
cycle of G (C” or C") obtained by replacing either a subpath P” of P by P’ or replacing a subpath R”
of R by R'. Suppose without loss of generality that we are in the first case, i.e., the new isometric cycle
is C.

Let 2" be a vertex of P” different from p,p’. Let 2 be the opposite of z” in the cycle C and let 2’ be the
opposite of x in the cycle C’. Since C and C” are isometric cycles of the same length of G, 2’ is a vertex
of P’ different from p,p’. Then p,p’ € I(z,2’), thus by convexity of I(x,2’) we obtain that 2" € I(x,z').
But this is impossible because 2’ and z” have the same distance to z because they are opposite to x in
C and C', respectively, and C and C' have the same length. This proves that C' is convex. O

Since the cells of N(Ey) are convex, the path P C N (Ej) of C' cannot be contained in a single cell.
Thus there exist two consecutive edges ¢/ = uv and €’ = vw of P and two cells Y',Y” of N(Ey) such
that u € Y\ Y, weY”\Y’, and v € Y NY”. By the following claim this is impossible.

Claim 9. If there exist two cells Y',Y" of N(Ey) and a convex cycle C with edges €/ = uv,e” = vw on
it, such that w € Y'\Y", w € Y"\Y', andv € Y'NY", then there exists a cell in N(Ey) that includes C.

Proof. By Lemma 17, the intersection Y" NY” is a product of edges and cycles. Since Y',Y” € N(Ey),
Lemma 18 yields that Y’ N'Y" contains at least one edge from Ey. Let F be a factor of Y/ NY” and L
be a corresponding layer that is crossed by Ey. We will establish the claim by proving that €, ¢” lie in a
cell of N(Ey), that is isomorphic to L x C. Pick any edge e = vz in Y' NY" that lies in the layer L.
First assume that e and €’ lie in the same layer of Y’. The factor F is an edge or an even cycle, but
it must be a strict subset of a factor of Y’ since ¢’ ¢ Y’ NY”. Thus L is isomorphic to an edge and this
edge must be in Ey. In particular, e € Ey. Since Y’ and Y are products of edges and cycles, there exists
a convex cycle C’ of Y’ passing via the edges e’ and e and there exists a convex cycle C” of Y” passing

20

175



via the edges e and ¢”. By Lemma 15, C, €, and C” are contained in a cell Y of G. Since e € Ey, this
cell is in N(Ey).

By symmetry, we are left with the case that e and ¢’ as well as e and ¢” lie in different layers of Y’ and
Y, respectively. Consequently, there exists a 4-cycle C’ = (u,v, z,u’) of Y’ passing via the edges ¢’ and
e and a 4-cycle C” = (w, v, z,w’) of Y passing via the edges ¢ and ¢”. By Lemma 15, C, C’, and C” are
contained in a cell Y = C' x K3 of G, where e lies in a layer corresponding to the factor K. If e € Ey,
then Y is a cell in N(Ey) and we are done. If e ¢ Ey, then L is isomorphic to an even cycle. Consider
2z, and let 2’ be its neighbor, different from v, that lies in Y/ NY” in L. Since z is in Y, z is incident to
a cycle C’ isomorphic to C' and lies on the path (v, z,w’) of C'. Considering ¢’ and edges vz, zw’, and
27', we can as before with C, €, €”, and e, obtain a cell Z isomorphic to C x Ks. The union of Y and Z
is isomorphic to C' x P3, where P3 is the path on 3 vertices. Inductively picking neighbors in the layer
L we obtain a graph isomorphic to C' x F, that contains C. O

We have sown that N*(Ey) and symmetrically N~ (Ey) are convex. To see that N(Ey) is convex, pick
two vertices x € N*(Ey),y € N~ (Ey), a shortest (x,y)-path R and a vertex z of R. Since R connects a
vertex of H}" with a vertex of H , necessarily R contains an edge z'y’ in Ey, say 2’ € H}' andy' € H; .
The vertex z belongs to one of the two subpaths of R between z and z’ or ¥ and y, say the first. Then
z € I(z,2’). Since x,2’ € N*(Ey) and NT(Ey) is convex, we conclude that z € NT(E;) C N(Ey),
showing that the carrier N(Ey) is convex.

Now, suppose that G is a minimal graph in F(Q3 ) containing a non-gated carrier N(Ey). Since N(Ey)
is convex and by Lemma 16 any contraction me(N(Ey)) for e € A, e # f, is the carrier of Ef in G’ = 7.(G)
and thus is gated in G, by Proposition 1 there exist two vertices x1, 22 € N(Ey) with dg(z1, z2) = 2 and
a vertex v ¢ N(Ey) at distance 2 from x1, z2, such that the vertices v, 1,2 do not contain a common
neighbor. Since G € F(Q3 ), the last condition implies that the convex hull of v, z1, 22 is a 6-cycle C1.
Let u be the unique common neighbor of z; and x5 in C. Since N(Ey) is convex, u also belongs to
N(Ey). Namely, if say v € H;r., then 21, u, 22 € N*(Ey). Since by Proposition 2 each cell of G is gated,
the vertices 21 and x5 cannot belong to a common cell. Thus there exist two cells Y/, Y of N (Ef) such
that the edge x1u belongs to Y’ and uzs belongs to Y”. By Claim 9, there exists a cell Y of the carrier
N(Ey) that includes C, contrary to the assumption that the vertex v of C does not belong to N(Ey).
This establishes that N(Ey) is gated. By Lemma 10 also N (Ey) is gated in H}r and N~ (Ey) is gated
in HJI. Consequently, the extended halfspaces H}r U N(Ef) and Hf’ U N(Ey) are gated in G. O

Now, we are ready to prove the following result (the equivalence (i) (iv) of Theorem B):

Theorem 2. A partial cube G is hypercellular if and only if each finite convex subgraph of G can be
obtained by gated amalgams from Cartesian products of edges and even cycles.

Proof. First suppose that a finite graph G is obtained by gated amalgam from two graphs Gi,Gy €
F(Q3). Suppose by way of contradiction that G ¢ F(Q3 ) and suppose that G is a minimal such graph.
Then any proper convex subgraph H of G is either contained in one of the graphs G, G or is the gated
amalgam of H N'G1 and H N G2, thus H € F(Q3) by minimality of G. Thus there exists a sequence
of contractions of G to the graph Q3. Let Ey be the first such contraction, i.e., the graph G’ := 7(G)
does not belong to F(Q3). On the other hand, by Lemma 10, G} := 7(G1) and G5 := 74(G2) are gated
subgraphs of G’. Moreover, G} and G5 belong to F(Q3 ) because G1 and G2 belong to F(Q3 ) and F(Q3)
is closed by contractions. As a result we obtain that the graph G’ ¢ F(Q3) is the gated amalgam of the
graphs G, G5 € F(Q3), contrary to the minimality of G. This establishes that the subclass of F(Q3)
consisting of finite graphs from F(Qy ) is closed by gated amalgams.

Conversely, suppose that G is an arbitrary finite convex subgraph of a graph from F(Q3 ). We follow
the schema of proof of implication (3)=-(4) of [5, Theorem 1]. If G is a single cell, then we are done.
Otherwise, we claim that G is a gated amalgamation of two proper gated subgraphs G; and Gs.

First suppose that there exist two disjoint maximal cells Y and Y. Let ¢/ € Y and y” € Y” be two
vertices realizing the distance d(Y',Y"”) = min{d(z,z) : z € Y,z € Y”}. Since Y NY” = (), necessarily
y # y”. Since Y’ and Y” are gated, from the choice of y/,y” it follows that ¢’ is the gate of y” in Y’
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and y” is the gate of ¥/ in Y. Let y be a neighbor of 4’ on a shortest path between 3" and y”. Suppose
that the edge y'y belongs to the equivalence class Ey. Notice that y” is also the gate of y in Y” and
y' is the gate of y in Y’. Therefore Y’ C W(y/,y) = H}r and Y C W(y,y') = H} . Consequently, Y'
and Y” are not contained in the carrier N(Ey), thus H;r \ N(Ey) and H; \ N(Ey) are nonempty. By
Proposition 7, N(Ey), H;r UN(Ey), and H U N(Ey) are gated subgraphs of G, thus G is the gated
amalgam of H;r UN(Ey) and H; U N(Ey) along the common gated subgraph N(Ey).

Thus further we may suppose that all maximal cells of G pairwise intersect. Since they are gated and
G is finite, by the Helly theorem for gated sets [44, Proposition 5.12 (2)], the maximal cells of G intersect
in a non-empty cell Xj.

Claim 10. There exists an equivalence class Ey of G such that the carrier N(Ey) of Ey does not contain
all mazimal cells of G and Ey contains an edge uv with v € Xo and u ¢ Xo. Moreover, all mazimal cells
of the carrier N(Ey) contain the edge uv.

Proof. By definition, Xy is a proper face of each maximal cell X of G. Therefore, there exists an edge
uwv with v € Xo and u € X \ Xo. Suppose that uv belongs to the equivalence class Ef of G. Then
Xo € W(v,u). Notice that X belongs to the carrier N(Ey) of Ey. Since u ¢ Xy, there exists a maximal
cell X’ such that u ¢ X'. Since v € X', we assert that X’ does not belong to N (Ey). Indeed, suppose Ey
contains an edge u”v” with both ends in X’. Assume without loss of generality that W (u,v) = W (u”, v")
and W(v,u) = W(v",u"). Since u € I(v,u”) and v,u” € X', by the convexity of X’ we conclude that
u € X', a contradiction. This shows that N(Ey) consists of all maximal cells containing the edge uwv. 0

Let Ey be an equivalence class of G as in Claim 10, in particular, uv is an edge of E; with v € Xo
and u ¢ Xo. Let Xi,..., X} be the maximal cells of G containing the edge uv. By the second assertion
of Claim 10, N(Ey) coincides with the union Ule X;. Let Xpq1,..., Xy be the remaining maximal
cells of G, i.e., the maximal cells not containing the vertex u (such cells exist by the choice of Ey). Set
Y := Ui%s4 1 Xi and notice that by the choice of Xy we have Y C W (v, u).

Let Z be the subgraph of G induced by the intersection of N(Ey) with Y, i.e., Z = |Ji%,, Z;, where
Zi:=N(Ef)NX;, i =k+1,...,m. By Proposition 7, N(Ey) is gated. Since by Proposition 2 each cell
X; of Y is also gated, each Z; is gated, and thus is a face of X;, i =k +1,...,m, by Lemma 11.

Now we define a gated subgraph Z* of G, which extends Z and separates N(Ey) from Y, i.e., it contains
their intersection and there is no edge from N(Ef) \ Z* # 0 to Y \ Z* # 0. Each maximal cell X; in
N(Ey) is a Cartesian product of edges and even cycles, say X; = Fy x ... x F},. Let L; be the layer of X;
containing the edge uv. Suppose that L; = {v1} x ... {vj—1} x Fy x {vj41} x ... x {vp}, where F} is the
Ith factor of X; and v, is a vertex of the factor Fy,s # I. If L; = uv, i.e. L; comes from an edge-factor
F = u;v}, then set Zf := F1 x ... x Fj_1 X {vg} X Fip1 % ... % Fy. Since u ¢ Z¥, Z is a proper gated
subgraph of X;. Now, suppose that L; comes from a cyclic factor F; of X;. Let vw; be the edge of L;
incident to v and different from wv. Suppose that the edges uv and vw; of L come from the edges u}v}
and vjw’ of Fj, respectively. Set ZF := F1 x ... x Fi_1 x {0}, wi} x Fi11 x ... x Fp. Again, since u ¢ Z7,
Z]f is a proper gated subgraph of X;. Equivalently, Z]f is the subgraph of X; induced by all vertices of
X whose gates in the gated cycle L; is either v or w;. Notice also that in both cases Z;-‘ is a proper face

of X; included in W (v, u). Finally, set Z* := Ule Z5.
Claim 11. For each j =1,...,k, we have Z* N X; = Z]’-‘.

Proof. By definition, Z7 € Z* N Xj;. To prove the converse inclusion, it suffices to show that for any
j e {l,...,k}, j' # j, we have Z]’-‘, NX; € Z;. Consider the layers L;j of X; and Lj of X containing
the edge uv. Each of them consists either of the edge uv or is a gated cycle of G. If L; is uv, then Z7
coincides with X; N W (v, u). Since Zj, € W (v, u), necessarily Z;, € X; C Z;. Now suppose that L; is
an even cycle. Suppose by way of contradiction that Z7, N X; contains a vertex « not included in Z7.
Since & € W (v, u), the gate of z in Lj is a vertex 2’ of L NW (v, u) different from v. Since Xj is convex,
z',v € I(z,u) C Xj. Since Xj is gated and contains three different vertices u, v, 2’ of the gated cycle
Lj, necessarily X contains the entire cycle L;. This implies Ly = L; and w; = wj. By definition of
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Z]*H we also conclude that 2/ = wj. Since € X, by definition of Z]‘-‘ we must have x € Z]’-‘, contrary to
the choice of x. O

Claim 12. For eachi=k+1,...,m, we have Z* N X; = Z;. In particular, Z*NY = Z.

Proof. For each maximal cell X;,i = 1,...,k, of N(Ey), consider the intersection Zj; of X; with each
cell X;,i = k+1,...,m, of Y. From the definition of Z it follows that each Z;;i = k+ 1,...,m,
can be viewed as the union of all Zj;, j = 1,...,k, thus Z can be viewed as the union of all Zj;,
j=1.. ki=k+1,...,m.

Now, let k41 < i < m. First we prove that for any 1 < j < k the set Zj; is included in X;NZ* (which
coincides with Z; by Claim 11). This is obviously so if the layer L; is the edge uv: in this case, since
Xi C W(v,u), Zj = X; N X; is a subset of W(v,u) N X; = Z3. Now, suppose that L; is an even cycle.
Suppose by way of contradiction that Z;; = X; N X; contains a vertex & whose gate 2’ in L; is different
from v and w;. Since x € W (v, u), necessarily w; and 2’ belong to the interval I(x,v). Since z,v € Zj;
and Zj; is convex, wj,a’ € Zj;. Since Zj and Lj; are gated and Zj; N L; contains the vertices u, v, 2/,
necessarily L; must be included in Zj;. Since u € L; \ Zj;, we obtained a contradiction. This establishes
the inclusion Z;; € Z* N X; C Z*.

We have Z* N X; = (U?:1 ZJ*) nx; = U§:1(Z; N X;). By Claim 11, the latter equals to U?ZI(Z* n
X;NnX;) = Ué'zl(Z* NZj) = U?;l Zji, where the last equation holds by the inclusion established above.
Finally, by the definition, |f_, Z;; = Z;. O

Claim 13. Let S be a subgraph of G such that the intersection of S with any maximal cell of G is
non-empty and gated (i.e., a face by Lemma 11). Then S is a gated subgraph of G.

Proof. Let X be a maximal cell of G, x € X a vertex, and S* := SN X. By our assumptions, S* is a
nonempty face of X, thus a gated subgraph of G. Let x* be the gate of z in S*. We assert that z* is
also the gate of = in the set S, i.e., for any vertex y € S, we have z* € I(z,y). Suppose that y belongs
to a maximal by inclusion cell R in S. Let Ryp := X N R and let o be the gate of x in Ry. Since R C S,
necessarily Ry C S*, whence z* € I(x,xg). Therefore, to prove that z* € I(z,y) it suffices to show that
xo € I(z,y). For this it is enough to prove that x( is the gate of z in R. Suppose by way of contradiction
that the gate of z in R is a vertex =’ different from zg. Then z’ € I(z,79) C X because X is convex.
Since 2’ € R, we conclude that 2’ € X N R = Ry. This contradicts the assumption that zg is the gate of
z in Ro. Hence z* is the gate of x in S, establishing that S is gated. ]

By Claims 11 and 12, the intersection of Z* with each cell X;,i = 1,...,m, of G is a proper face of
X; (and thus a gated subgraph of G). Hence Z* satisfies the conditions of Claim 13, thus Z* is a gated
subgraph of G. Since Z* C N(Ey) "W (v,u) and u € N(Ef) \ Z*, Z* is a proper subgraph of N(Ey).
Since by Claim 12 Z* NY = Z and Z is a proper subgraph of Y, the gated subgraph Z* separates any
vertex of N(Ey)\ Z* # 0 from any vertex of Y\ Z* =Y \ Z # . Consequently, G is the gated amalgam
of N(Ey) and Y U Z* along Z*, concluding the proof of the theorem. O

5. THE MEDIAN CELL PROPERTY

Three (not necessarily distinct) vertices z, y, z of a graph G are said to form a metric triangle xyz if the
intervals I(z,y), I(y,z), and I(z,z) pairwise intersect only in the common end vertices. A (degenerate)
equilateral metric triangle of size 0 is simply a single vertex. We say that a metric triangle zyz is a
quasi-median of the triplet u, v, w if

d(u,v) = d(u,z) + d(z,y) + d(y,v),
d(v,w) = d(v,y) + d(y, z) + d(z, w),
d(w,u) = d(w, z) + d(z,z) + d(z, u).
Observe that, for every triplet u,v,w, a quasi-median zyz can be constructed in the following way:

first select any vertex z from I(u,v) N I(u,w) at maximal distance to u, then select a vertex y from
I(v,z) N I(v,w) at maximal distance to v, and finally select any vertex z from I(w,z) N I(w,y) at
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maximal distance to w. In the case that the quasi-median is degenerate (x = y = 2), it is a median of
the triplet u, v, w.
We continue with the following characterization of metric triangles in hypercellular graphs:

Proposition 8. If G is a hypercellular graph and xyz is a metric triangle of G, then z,y, z belong to a
common cell of G. In particular, the gated hull ({(x,y,z)) coincides with the convex hull conv(z,y, z) and
is a cell of G.

Proof. First we prove the result for an arbitrary finite hypercellular graph G. By Theorem B either G is a
single cell and we are done, or G is a gated amalgam of two proper gated subgraphs G; and Ga. Suppose
without loss of generality that y, z € V(G1). If z € V(G1), then we can apply induction hypothesis to G
and conclude that z,y, z belong to a common cell of G1, and thus to a common cell of G. Now suppose
that z € V(G2) \ V(G1). Let 2’ be the gate of z in G;. Since 2’ belongs to G1 and z not, 2’ # z. Since
2’ € I(z,y) N I(z,z), we obtain a contradiction with the assumption that zyz is a metric triangle of G.
Thus z,y, z belong to a common cell of G. Since each cell of G is gated and zyz is a metric triangle, the
gated hull of z,y, z coincides with the convex hull conv(z,y, z) and is a cell.

Now, suppose that G is an arbitrary hypercellular graph. Let G’ be the subgraph induced by the
convex hull of z,y, and z. Then G’ is a finite hypercellular graph. By the above result for finite graphs,
we have that G’ is a convex Cartesian product of edges and even cycles. Therefore, G’ is the convex hull
of an isometric cycle of G. By Theorem A, G’ is a gated cell of G. ]

For a triple of vertices u,v,w of a graph G, a u-apez relative to v and w is a vertex z := (uvw) €
I(u,v) N I(u,w) such that I(u, ) is maximal with respect to inclusion. A graph G is apiculate [6] if and
only if for any vertex u the vertex set of G is a meet-semilattice with respect to the base-point order <,
defined by v <, v/ & v € I(u,?'), that is, I(u,v) N I(u,w) = I(u, (vvw)) for any vertices v, w. Note that
many partial cubes are not apiculate, see [15] for this discussion with respect to tope graphs of oriented
matroids. For any triplet u,v,w of vertices of an apiculate graph G, the vertices u, v, w admit unique
apices z := (wvw),y := (vuw), and z := (wuv) and admit a unique quasi-median defined by the metric
triangle zyz.

Lemma 19. [6, Proposition 2] Every Pasch graph G is apiculate. Consequently, every hypercellular
graph is apiculate.

We say that a triplet u, v, w of vertices in an apiculate graph G admits a median cell (respectively, a
median cycle) if the gated hull ((z,y, z)) of the unique quasi-median zyz of u,v,w is a Cartesian product
of vertices, edges, and cycles (respectively, a cycle or a single vertex). Notice that any median-cell is
either a vertex or is a Cartesian product of even cycles of length > 6. A graph G is called cell-median
(respectively, cycle-median) if G is apiculate and any triplet u,v,w of G admits a unique median cell
(respectively, unique median cycle or vertex). By Proposition 3 of [5], bipartite cellular graphs are cycle-
median. This result has been extended in [40] by showing that all graphs which are gated amalgams
of even cycles and hypercubes are cycle-median, and those are exactly the netlike cycle-median partial
cubes. Now, we are ready to prove Theorem E.

Theorem 3. A partial cube G = (V, E) is cell-median if and only if G is hypercellular.

Proof. First we prove that hypercellular graphs are cell-median. By Corollary 3 and Lemma 19 it follows
that any graph G from F(Q3) is apiculate. Therefore, to show that G is cell-median it suffices to show
that if 2yz is a metric triangle of G, then the gated hull ((z,y, z)) of z,y, z is a cell; this is Proposition 8.

Conversely, to prove that cell-median partial cubes are hypercellular graphs we will use Theorem B(ii).
Namely, we have to prove that a cell-median partial cube G satisfies the 3CC-condition and that any cell
X of G is gated. Suppose by way of contradiction, that G contains a cell X and a vertex not having a
gate in X. Let v be such a vertex closest to X. Since v does not have a gate, we can find two vertices
z,y € X such that I(z,v) N X = {z},I(y,v) N X = {y}, and = is closest to v in X. From the choice of v,
we conclude that I(v,z) NI(v,y) = {v}. Hence, the vertices v, z, and y define a metric triangle of G. By
the median-cell property, the convex hull of v,z,y is a gated cell Y of G. Let Z := X NY. Notice that
z,y € Z and v ¢ Z. Notice also that Z is convex but not gated, otherwise we will get a contradiction

24

179



with the choice of v. Since Z is convex, Z is a subproduct of X and Y and is a Cartesian product of
convex paths and cycles. Let Z = Z; X Za X ... X Zp,. Suppose also that X = X; x Xy x ... x X, and
Y =Y1 xYa x...x Yy, where each X;,i=1,...,m, and each Y},j = 1,...,m, is an even cycle, an edge,
or a vertex, and each Z; is a convex subgraph of each X; and Y;, i = 1,...,m. Since Z is not gated, at
least one factor, say Z1, is a convex path of length at least 2, and X; and Y are even cycles.

Let z be a vertex of Z = Z; x Zy X ... X Zp, of the form z = 21 X z2 X ... X zp,. Then the layers
X1 XzagX...Xzpmof X and Y] X 22 X ... X 2z, of Y are respectively a convex and a gated cycle of G.
These two cycles intersect in a path of length at least two, namely in Z; X 23 X ... X zp,. By the following
Claim 14, this is impossible. This contradiction establishes that the cell X is gated.

Claim 14. Let C,Cy be two distinct convex cycles of a partial cube G. If Cy is gated, then C1 N Cy is
empty, a vertex, or an edge of G.

Proof. Suppose by way of contradiction that C; N Cy contains a path (v, v,v2) of length 2. Let u be
the antipodal to v vertex of Cy. If u € Cy, then u,v € Cy and by convexity of Cy we deduce that
Cy = I(u,v) C Cy, thus C; = Cy, a contradiction. Consequently, u ¢ Cs. Let = be the gate of u in Cs.
Since vy, ve € Co, x € I(u,v1) N I(u,v2). From these inclusions we conclude that either x = v or z is the
antipodal to v vertex of Cy. Since v1, vy € I(u,v), necessarily x # v. But if z is the antipode of v in Cs,
then Cy C I(v1,u) U I(v2,u), which is only possible if C; = Cs. [m]

To establish the 3CC-condition, let Cj,Csy,C3 be three convex cycles of G such that any two cycles
C;,C5, 1 < < j <3, intersect in an edge e;; and the three cycles intersect in a vertex x. Since the
cells of G are gated, Cy,Co,C3 are gated cycles of G. Let ejo = xwa, €23 = xwg, and e13 = zxs. Let
v1,v9, and vs be the vertices of respectively Ci,Cs, and C3 antipodal to x. If vy,ve, and vs define a
metric triangle, then the gated hull of vy, v2,v3 is a Cartesian product of vertices, edges, and even cycles
containing C1,Cy, and Cs, and we are done. So suppose without loss of generality that there exists a
vertex uy € I(v1,v2) N I(v1,v3) adjacent to v1. Notice that zo and 3 are the gates of v1 in the cycles Ca
and Cj, respectively. In fact this is true since the gate of vy in Cy must be in I(vi,z2) N Cy = {22} and
the gate of vy in C5 must be in I(vy,z3) N Cs = {z3}.

Since u; is adjacent to vy, one can easily show that the gates yo and y3 of u; in Cy and Cs are two
vertices adjacent to z2 and z3, respectively. If yo or y3 coincides with z, then uy € I(vq,z), contrary to the
assumption that the cycle C is convex. Thus gy is the second neighbor of x5 in C5 and y3 is the second
neighbor of 23 in C5. Since ya,y3 € W (u1,v1), 29, z, 23 € W(v1,u1), and W(uy,v1) is convex, we deduce
that d(y2,y3) = 2. Consequently, y2 and y3 have a common neighbor zy. First suppose that zo # o,
i.e., zo is not adjacent to one of the vertices y2,y3, say zo and y are not adjacent. Since Cy and C3 are
convex, zp cannot be adjacent to x. Thus d(zp,2) = 3, whence the 6-cycle Cy := (29, y2, x2, x, x3,ys3) is
isometric. Since Cj intersects Cy and C3 along paths of length 2, by Claim 14, this cycle cannot be gated
and thus cannot be convex. Since G is cell-median, the convex hull of Cy cannot be a Q3 , thus its convex
hull is a 3-cube Q3. Therefore the intervals I(ys, z) and I(z,y3) are squares of G which necessarily must
coincide with Cy and C3. Consequently, g is adjacent to y2 and y3, contrary to the assumption that zg
and yo are not adjacent. Now, suppose that zp = zo, i.e., Co = (z, 22,92, 20) and C3 = (z,x0,ys, 3)-
In this case, y2 = vo and y3 = v3. If C is also a 4-cycle, then we get an isometric @5, which must be
completed to a 3-cube, otherwise v1, y2, and y3 define a metric triangle whose gated hull is not a cell.

So, C is a cycle of length at least 6. We assert that the gated hull of vy, y2, and y3 is a cell isomorphic
to C1 x Ks. For the sake of contradiction, assume that this is not the case and assume that C; has
minimal length among all convex cycles with two 4-cycles attached to them such that they pairwise
intersect in three different edges, all three in a vertex, and their convex hull is not a cell. If the vertices
y2,y3 have a second common neighbor p, then we get an isometric ()3 which must be completed to a
Q3. Consequently, zo and x3 have a common neighbor different from x, which is impossible because C
is convex. Thus z¢ is the unique common neighbor of y» and y3. Let u] be the apex of u; with respect
to the pair y2,ys. We assert that u; = uj. Suppose not and let u} be a neighbor of u; in I(uq,u}).
Consider the gate of v} in Cj. If this gate is not the vertex vy, then it must be one of the neighbors
of vy in €y and v} must be adjacent to this vertex. But if this is say the neighbor v{ of v1 in the path
I(vy,22), then v] cannot belong to a shortest path between «} and z3, whence v] cannot serve as a gate
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of wj. Thus vy must be the gate of u} in Cy. In this case, d(u},z2) = 2 + d(v1,xz2) = d(u),y2) + 1. Since
d(u),y2) = d(ur,y2) — 1 and d(u1,y2) + 1 = d(u1,22) = 1 + d(v1,x2), we will obtain a contradiction.
This shows that u} = uy, i.e., I(u1,y2) N I(u1,y3) = {u1}. Since yp and y3 are closer to u; than z¢ and
T is the unique common neighbor of y2 and y3, we conclude that the triplet ui,y2,ys defines a metric
triangle. Hence ((u1,y2,¥s)) is a gated cell U of G.

Since (y2, o, y3) is a convex path of length 2 of the cell U = Uy X ... X Uy, necessarily (y2,xo,y3)
is contained in a layer of U which is a gated cycle C] of G, say Cf = U; X ug X ... X uy, for a cyclic
factor U; of length > 6. First suppose that u; ¢ C]. Then the length of C] is smaller than the length
of Cy. From the choice of Cy and since C| pairwise intersects the cycles Cy and Cs, we conclude that
the gated hull of C] U Cy U Cj is a cell U’ isomorphic to C X K3. But then in U’ we can find a gated
cycle Cy isomorphic to C] and containing the convex path (z2,z,23). Since C} is shorter than C and
z1,z,73 € Cf N C1, we obtain a contradiction with Claim 14. Now, let uy € C|. Then obviously the
cell U coincides with Cf. Since C] and C; are gated cycles of the same length and we have the edges
ViU, ToYa, TTo, and z3ys, one can easily show that any vertex 2’ of Cf is adjacent to a unique vertex z of
C such that the subgraph H of G induced by C; UCY is isomorphic to Cy x K». To conclude the proof of
the 3CC-condition, it remains to show that H is a convex subgraph of G. For this it suffices to show that
for any vertex ¢ ¢ V(H) adjacent to a vertex p of H, ¢ does not belong to a shortest path between p and
some vertex ¢’ of H. Suppose without loss of generality that p € C; and let p’ be the unique neighbor
of p in C]. Then obviously p is the gate of ¢ in Cy, thus p € I(g,71) for every ri € Cy. Analogously, p’
must be the gate of ¢ in C], otherwise since d(q,p’) = 2, the gate of ¢ must be one of the neighbors of
P/ in C] and we obtain a Kj 3, which is forbidden in partial cubes. Therefore p’ € I(q,72) for any vertex
ry € C}. Since p € I(q,p’), we conclude that p € I(g,r2). This implies that p € I(g,¢), thus ¢ cannot lie
in I(p,q’). This establishes the 3CC-condition and concludes the proof of the theorem. O

6. PROPERTIES OF HYPERCELLULAR GRAPHS

We continue with several properties of hypercellular graphs, in particular we prove Theorems D, E,
and F. First, we show how hypercellular graphs are related with other known classes of partial cubes. We
also establish some basic properties of geodesic convexity in hypercellular graphs and establish a fixed-cell
property. Some of these results directly follow from Theorem B.

6.1. Relations with other classes of partial cubes. By one of their characterizations provided in [5],
bipartite cellular graphs are the bipartite graphs in which all isometric cycles are gated. It is shown in [5]
that bipartite cellular graphs are partial cubes and that any finite bipartite graph is a bipartite cellular
graph if it can be can be obtained by successive gated amalgamations from its isometric cycles. In [40],
Polat investigated a class of netlike partial cubes in which each finite convex subgraph is a gated amalgam
of even cycles - let us call them Polat graphs for now. They are exactly the netlike partial cubes satisfying
the median cycle property and generalize bipartite cellular graphs as well as median graphs. Theorem B
and Theorem C have the following corollary:

Corollary 1. Bipartite cellular graphs are precisely the graphs in F(Qs ,Q3), while median graphs are
precisely the graphs in F(Qgz,Cs) and Polat graphs are F(Q3,Cs x K3). In particular, the latter class
contains the first two and all three classes are contained in the class of hypercellular graphs.

Proof. Since the hypercellular graphs are exactly the graphs from F(Q3 ), the last assertion follows from
the first ones. Median graphs, bipartite cellular graphs, and Polat graphs are pc-minor closed families.
Since Q3 and @3 are not cellular, Q5 and Cg are not median, and @5 and Cg x K3 are not Polat graphs,
this settles the inclusion of all three families in F(Qj3, Q3), F(Q53, Cs), and F(Q3 , Cs x K2), respectively.

Conversely, let G be a graph from F(Qj , Q3). Since G is hypercellular, by Theorem B any finite convex
subgraph of G can be obtained by successive gated amalgamations from cells. Since Q3 is a forbidden
pe-minor, all cells of G are edges or even cycles. Thus G is a bipartite cellular graph.

Analogously, let G be a graph from F(Q;,Cs). Then G does not contain convex cycles of length
> 6. Hence any cell of G is a cube. Consequently, any finite convex subgraph of G can be obtained by
successive gated amalgamations from cubes, i.e., G is median. Alternatively, by Theorem C, G satisfies
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the median cell property. Since, any cell of G is a cube, all median cells of G are vertices and therefore
G is a median graph.

Finally, let G be a graph from F(Qj3,Cs x K2). Since G is hypercellular, by Theorem B any finite
convex subgraph of G can be obtained by successive gated amalgamations from cells. Since Cg x K3 is a
forbidden pc-minor, all cells of G are even cycles or cubes. Thus, G is a Polat graph. O

With a cell X = F} x ... x F,, of G we associate a convex polyhedron [X] obtained as a Cartesian
product of segments and regular polygons, where each face F; which is a K> is replaced by a unit segment
and any face F; which is an even cycle C of length 2n is replaced by a regular polygon with 2n sides.
Hence dim(X) can be viewed as the (topological) dimension of [X]. Since by Lemma 17, in a hypercellular
graph G the intersection of any two cells is also a cell, the union of all convex polyhedra [X], X € X(G),
can be viewed as a polyhedral cell complex, which we denote by X(G). The dimension dim(G) of a graph
G from F(Qy) is the dimension of this cell complex, i.e., the maximum dimension of a cell of G. Notice
that the 1-skeleton of X(G) coincides with G and the 2-skeleton of X (G) coincides with C(G).

The following was announced as Theorem D in the introduction:

Corollary 2. Any finite hypercellular graph G is the tope graph of a COM, more precisely, G is a
tope graph of a zonotopal COM. Consequently, the zonotopal cell complex X(G) of any locally-finite
hypercellular graph G is contractible.

Proof. By [9, Proposition 3], each COM can be obtained from its maximal faces (which are all oriented
matroids) using COM amalgamations. Since a gated amalgamation is a stronger version of a COM
amalgamation and each Cartesian product of edges and even cycles is the tope graph of a realizable
oriented matroid, Theorem B implies that each finite graph G from F(Qg) is the tope graph of a
zonotopal COM. From the contractibility of the cell complexes of all COMs established in [9, Proposition
14], it follows that for any finite hypercellular graph G its zonotopal complex X(G) is contractible.
Now, we will prove the contractibility of X(G) for any locally-finite hypercellular graph G. For this, we
will represent G as a directed union of finite convex subgraphs G; of G. Let vg be an arbitrary fixed vertex
and let B;(vo) be the ball of radius 7 centered at vg. Since G is locally-finite, each such ball B;(wvp) is finite.
Moreover, since G is a partial cube, the convex hull conv(A) of any finite set A of G is finite (because
conv(A) coincides with the intersection of V(G) with the smallest hypercube H of H(A) hosting A and H
is finite-dimensional). Hence the subgraph G; of G induced by conv(B;(vp)) is a finite convex subgraph
of G, and thus hypercellular. Therefore, by the first part, each of the zonotopal complexes X(G;), i > 0,
is contractible. Consequently, X(G) is the direct union | J;~, X(G;) of contractible complexes, thus X(G)
is contractible by Whitehead’s theorem. - O

6.2. Convexity properties. The geodesic convexity of a graph G = (V, E) satisfies the join-hull commu-
tativity property (JHC) if for any convex set A and any vertex x ¢ A, conv(zUA) = (J{I(x,v) : v € A} [44]
holds. It is well-know and easy to prove that JHC property is equivalent to the Peano axiom: if u, v, w
is an arbitrary triplet of vertices, x € I(u,w) and y € I(v,z), then there exists a vertex z € I(v, w) such
that y € I(u, z). A graph G is called a Pasch-Peano graph [10,44] if the geodesic convexity of G satisfies
the Pasch and Peano axioms. In particular, such a graph is in Sy.

Corollary 3. Any hypercellular graph G is a Pasch-Peano graph.

Proof. Both the Pasch and the Peano axioms concern triplets of vertices u, v, w and vertices included in
the convex hull of w,v,w. Since the convex hull of any finite set of vertices in a partial cube is finite,
to prove that a hypercellular graph is Pasch-Peano, it suffices to prove that each finite hypercellular
graph is Pasch-Peano. Since each of the Pasch and Peano axioms are preserved by gated amalgams and
Cartesian products [10,44], now the result directly follows Theorem B and the fact that cycles and edges
are Pasch-Peano graphs. [m]

The Helly number h(G) of a graph G is the smallest number i > 2 such that every finite family of
(geodesically) convex sets meeting h by h has a nonempty intersection. The Caratheodory number ¢(G)
is the smallest number ¢ > 2 such that for any set A C V' the convex hull of A is equal to the union of the
convex hulls of all subsets of A of size ¢. The Radon number r(G) of a graph G is the smallest number
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r > 2 such that any set of vertices A of G containing at least r + 1 vertices can be partitioned into two
sets Ay and Ap such that conv(A;) N conv(As) # 0. More generally, the mth partition number (Tverberg
number) is the smallest integer p,, > 2 such that any set of vertices A of G containing at least pp, + 1
vertices can be partitioned into m sets Ay, ..., Ay, such that N, conv(A;) # 0. For a detailed treatment
of all these fundamental parameters of abstract and graph convexities, see [44].

The following result is straightforward:

Lemma 20. For G = Ky, h(G) = r(G) = 2 and ¢(G) = 1. If G = C, then h(G) = r(G) < 3 and
¢(G) =2 (h(G) =r(G) =3 if C is of length at least 6).

Corollary 4. Let G be a hypercellular graph. Then h(G) < 3, ¢(G) < 2dim(G), and r(G) < 10dim(G)+1.
More generally, py, < (6m — 2)dim(G) + 1.

Proof. We will use the results of [44, Chapter II, §2] for Cartesian products and of [10] or [44, Chapter II,
§3] for gated amalgams of convexity structures. Notice also that since in partial cubes convex hulls of finite
sets are finite, it suffices to establish our results for finite hypercellular graphs G. By these results, h(G7 X
Ga) = max{h(G1), h(G2)} and if G is the gated amalgam of G; and G, then h(G) = max{h(G1), h(G2)}.
By these formulas, Lemma 20, and Theorem B , we conclude that h(G) < 3 for any hypercellular graph G.
In case of the Caratheodory number, we have ¢(G1 x G2) < ¢(G1) +¢(G2) and ¢(G) = max{c(G1),c¢(G2)}
if G is a gated amalgam of Gy and Ga. By the first formula and Lemma 20, we conclude that if X is
a Cartesian product of k¥’ cyclic factors and k" edges, then ¢(X) < 3k’ + 2k” and dim(X) = 2k" + k",
yielding ¢(X) < 2dim(X). To deduce the upper bounds for Radon and partitions numbers, we will use
the following inequality of [28] (see also [44, 5.15.1]) for all convexities: pp(G) < ¢(G)(m-h(G) —1)+ 1.
Replacing in this formula 2(G) = 3 and ¢(G) < 2dim(G), we obtain the required inequalities. O

For cellular graphs, an exact bound p,, < 3m for partition number was obtained in [26].

We conclude this subsection with a local-to-global characterization of convex and gated sets in hypercel-
lular graphs. A similar characterization of gated sets was obtained for bipartite cellular graphs [5, Propo-
sition 1] and netlike graphs [38, Theorem 6.2]. Notice also that other local characterizations of convex
and gated sets are known for weakly modular graphs [22]. The following result is similar to the content
of Claim 13.

Proposition 9. A connected subgraph H of a hypercellular graph G is convez (respectively, gated) if and
only if the intersection of H with each cell of G is convex (respectively, gated).

Proof. We closely follow the proof of Proposition 1 of [5]. Necessity is evident: any cell X of G is convex
and gated, therefore X intersect each convex (respectively, gated) subgraph in a convex (respectively,
gated) subgraph.

As to the converse, in both cases we will first show that H is convex. For two vertices y, z we denote by
k(y,z) := du(y, z) the distance between y and z in H. Suppose the contrary and let v,z be two vertices
of H minimizing k(y, z) such that I(v, ) is not included in H. Then there exists a shortest (v, x)-path Q
whose inner vertices do not belong to H. Let P be any path of minimal length joining v and x inside H.
We assert that P is a shortest path of G. By the choice of v, z, the paths P and @ intersect only in v and
z. Let u be a neighbor of v in P. If P were longer than @, then u ¢ I(v,z), whence v € I(u,z). Since
k(u,z) < k(v,z), by the minimality in the choice of the pair v,z we conclude that Q C I(u,z) C H, a
contradiction. Thus P is a shortest path of G. Let w be the neighbor of v in Q. If the vertices w and u
have a common neighbor y different from v, since u,w € I(v,z) and y € I(w, u), from the convexity of the
interval I(v, z) we conclude that y € I(v,x). This implies that y € I(w,z) N I(u,z). Since I(u,z) C H,
we conclude that y € H. Since w ¢ H, the intersection of H with the square (v, u,y, w) (which is a cell of
@) is not convex. This contradiction shows that I(u,w) = {u,v,w}. Hence I(u,w)NI(u,z) = {u} and
I(w,u) N I(w,z) = {w}. On the other hand, the minimality in the choice of the pair v,z implies that
I(z,u)NI(z,w) = {z}. Consequently, the triplet z,u, w defines a metric triangle of G. By Proposition 8,
this metric triangle zuw is included in a cell X of G. Since X is convex and v € I(u, w), we obtain v € X.
But then X N H is not convex because v, € X N H and w € I(v,z) \ H. This contradiction shows that
H is convex.
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Now suppose that the intersection of H with each cell of G is gated. Suppose that H is not gated.
Choose a vertex z at minimum distance to H having no gate in H. Let x be a vertex of H closest to
z, and let y be a vertex of H such that the interval I(z,y) does not contain =, where d(z,y) is as small
as possible. Then the intervals I(z,y),I(y,z), and I(z,z) intersect each other only in the common end
vertices. Hence z,y, and z define a metric triangle xyz. By Proposition 8, xyz is contained in a cell X.
Since z ¢ H and z,y € H, the choice of the vertices z and x,y implies that X N H is not gated. This
contradiction establishes that H is gated and concludes the proof. ]

6.3. Stars and thickening. A star St(v) of a vertex v (or a star St(X) of a cell X) is the union of all
cells of G containing v (respectively, X).

Proposition 10. For any cell X of a hypercellular graph G in which all cells are of finite dimension, the
star St(X) is gated.

Proof. Since St(X) is a connected subgraph of G, by Proposition 9 it is enough to prove that the inter-
section of St(X) with any cell Y of G is gated. We apply Lemma 12 to the cell Y to show that St(X)NY
is gated. First, notice that St(X)NY is connected. Indeed, let X1, Xs ... be the maximal cells of St(X)
intersecting Y. Since X, Xo... intersect in X and each of these cells intersects Y, by the Helly property
for gated sets, ¥ N X7 N Xs... is non-empty and gated. Thus, any two vertices of St(X) NY can be
connected with a path in St(X) NY passing via this intersection, whence St(X)NY is connected.

Let P = (y',z,y") be any 2-path in St(X)NY and let C = ((P)) be its gated hull in Y. We will prove
that C is included in St(X). This is obviously so if the path P is included in a single cell X; of St(X).
Indeed, in this case C' is included in the gated subgraph X; NY. So, assume that the edges 3’z and xy”
do not belong to a common cell of St(X). Notice that each of these edges belong to a cell of St(X):
for example, the edge zy’ belongs to all cells of St(X) that contain a furthest from X vertex of the pair
{z,y'}. Let X; be a cell of St(X) including the edge zy'. Analogously, let X; be a cell of St(X) including
the edge zy”. By what was assumed above, X; and X are not included in each other, in particular
X; # X;. Let X;; := X; N X;. Then X;; is a cell of St(X) containing & but not containing ¢ and y".

Let Z be a maximal cell of the form Z = ((C'U Z")) for some subcell Z’ of X;; containing z. Note that
such a cell exists since Z’ can be chosen to be z and C' is a cell of Y containing . Since the intersection
of cells is a cell, we can further assume that Z’ := X;; N Z. We assert that Z = ((C'U X;;)). Suppose
that this is not the case. Then there exists an edge zw € X;; with z € Z' = X;;NZ and w ¢ Z. Let k be
the dimension of Z’. We will use the following property of cells of hypercellular graphs, which is a direct
consequence of Lemma 11:

Claim 15. If D' is a subcell of dimension £ of a cell D of G and v'v is an edge with v' € D’ and
v € D\ D', then dim({((D' Uv'v))) =L+ 1.

Since Z' Uy’ C X; with x € Z',y ¢ Z' C X;;, by the previous claim the dimension of ((Z' U xy')) is
k + 1. Similarly, the dimension of ((Z" Uzy”)) is k + 1. Moreover, Z' U zw C X;; with z € Z',w ¢ Z',
thus ((Z' U zw)) has also dimension k + 1. Now we have ay/, ((Z' U zw)) C X; with z € ((Z' U zw)) since
z € Z and y' ¢ ((Z'Uzw)) since ¢/ is not in Xjj, thus ((Z’UzwUzy’)) has dimension k+2. Analogously,
((Z' U zw U zy")) has dimension k + 2. Finally, since 2y”, ((Z’' Uzy')) C Z with o € ((Z' U ay')) and
y" ¢ ((Z' Uzy')), the dimension of ((Z' Uy’ Uxy")) is also k + 2.

Consequently, we have proved that ((Z'UzwUzy')), ((Z'UzwUazy")), and ((Z'Uzy' Uzy")) are three
cells of dimension k + 2 that pairwise intersect in the cells ((Z' U zw)), ((Z’ Uay')), and ((Z' U zy")) of
dimension k + 1 and the intersection of all three cells is the cell Z’ of dimension k. By Theorem B(iii),
there is a (k + 3)-dimensional cell W that includes all of them. In particular, W = ((C'U Z' U zw)). Since
the gated hull of Z’' Uwz is a subcell Z” of X;; properly containing Z’ and since W = ((C U Z")), we
obtain a contradiction to the maximality of Z.

Thus, Z = ((C'UXj;)) is a cell of St(X)NY including C' and X C Xjj;, whence C' C St(X). Lemma 12
implies that St(X)NY is gated. O

The thickening G of a hypercellular graph G is a graph having the same set of vertices as G and

two vertices u, v are adjacent in G2 if and only if « and v belong to a common cell of G. A graph H is
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called a Helly graph if any collection of pairwise intersecting balls of G has a nonempty intersection [7].
Analogously, H is called a 1-Helly graph (respectively, clique-Helly graph) if any collection of pairwise
intersecting 1-balls (balls of radius 1) of G (respectively, of maximal cliques) has a nonempty intersection.

Proposition 11. The thickening G® of a locally-finite hypercellular graph G is a Helly graph.

Proof. Pick any vertex v of G and let Bj(v) denote the ball of radius 1 of G® centered at v. From the
definition of G® it immediately follows that Bj(v) is isomorphic to the star St(v) of v in G. Since G is
locally-finite, St(v) is finite. By Proposition 10, St(v) is a gated subgraph of G. By the Helly property of
finite gated sets, we conclude that G2 is a 1-Helly graph. Any maximal clique K of G2 is the intersection
of all 1-balls centered at the vertices of K, therefore the family of maximal cliques of G2 can be obtained
as the intersections of 1-balls of G®. By [18, Remark 3.6], G is a clique-Helly graph. By Theorem D
the zonotopal cell complex X(G) of G is contractible and therefore simply connected. This easily implies
that the clique complex of G® is simply connected. Consequently, G2 is a clique-Helly graph with a
simply connected clique complex. By [18, Theorem 3.7], G2 is a Helly graph. O

Propositions 10 and 11 together with Proposition 7 conclude the proof of Theorem E.

6.4. Fixed cells. In this subsection we prove Theorem F. First, we follow ideas of Tardif [42] to generalize
fixed box theorems for median graphs to hypercellular graphs. We will prove that the fixed box in the
case of hypercellular graphs is a cell. We obtain this cell verbatim as in the case of median graphs. Set

F(G) :={W : W is an inclusion maximal proper halfspace of G and V(G) \ W is not}.
Let Z(G) = Nwer W (if F(G) = (0, then set Z(G) := G). Now we recursively define Z®(G). Set
Z%(G) = G and for every ordinal «, let Z°tY(G) := Z(Z%(G)) if Z*(G) has been defined and let

Z%(G) = Np<aZ®(@) if  is a limit ordinal. For every graph G there exists a minimal ordinal y such
that Z7(G) = Z771(G). Finally, define Z*(G) := N,Z7(G).

Lemma 21. Let G be a hypercellular graph not containing infinite isometric rays. Then Z*°(G) is a
finite cell of G.

Proof. First notice that since G does not contain infinite isometric rays and all cells of G are Cartesian
products of cycles and edges, all cells of G are finite. Since Z>°(G) is an intersection of convex subgraphs,
Z>°(G) is convex. Since every cell X of G is a Cartesian product of edges and even cycles, any proper
halfspace of X is maximal by inclusion, hence F(X) = (). Therefore, Z(X) = X. Suppose by way of
contradiction that there exists a convex subgraph H of G which is not a cell and such that Z(H) = H.
Since H is convex, H is hypercellular. Since there are no infinite isometric rays, Z(H) = H if and only
if for every edge ab of H the halfspaces W (a,b) and W (b, a) are maximal, which is equivalent to the
condition that for every edge ab the carrier N(Ey) is the whole graph H. Let X be the intersection of
all maximal cells of H; consequently, X is a cell of H. As in the proof of Theorem 2, if there exist two
disjoint maximal cells of H, then for every edge f on a shortest path between them, the carrier N(Ey) is
not the whole graph H. Hence the maximal cells of H pairwise intersect. Since they are finite and gated,
by the Helly property for gated sets, X is nonempty. If X # H, by Claim 10, there exists an edge of H
whose carrier does not include all maximal cells, a contradiction. Hence H = X, i.e., H is a finite cell.
Consequently, Z°°(G) is a finite cell of G. O

We continue with the proof of assertion (i) of Theorem F.

Proposition 12. If G is a hypercellular graph not containing infinite isometric rays, then there ecists a
finite cell X in G fized by every automorphism of G.

Proof. Every automorphism ¢ of G maps maximal halfspaces to maximal halfspaces, thus ¢(Z*°(G)) =
Z*(G). By Lemma 21, Z*(G) is a finite cell, thus every automorphism of G fixes the cell Z*(G). O

A non-ezpansive map from a graph G to a graph H is a map f : V(G) — V(H) such that for any
z,y € V(G) it holds dy (f(z), f(y)) < da(,y).
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Lemma 22. Let G be a hypercellular graph and f be a non-expansive map from G to itself. Let u,v,w
be any three vertices of G and let X = ((u/,v',w’)) be their median-cell. If f(u) = u, f(v) = v, f(w) = w,
then f fizes each of the apices v’ = (wvw),v’ = (vwu),w’ = (wuv) and f(X) = X.

Proof. Denote by u/v'w’ the unique quasi-median of the triplet u,v,w. The map f fixes each of the
vertices u, v, w and maps shortest paths between them to shortest paths. This implies that f fixes the
vertices of the metric triangle u/v'w’. Let X = ((v/,v',w’)) be the gated cell induced by this triplet. Since
uw'v'w’ is a metric triangle, we conclude that X 2 Cy x ... x Cy, where each C; is an even cycle of length n;
at least 6. Moreover, we can suppose without loss of generality that u’,v’, w’ are embedded in this product
as v’ = (0,0,...,0), v' = (i1,42,...,4x), and w' = (j1,Ja,---, k), Where im, jm — im, om — Jm < Nn/2
for all 1 < m < k. Since f(u') =/, f(v/) =/, f(v') = w" and any vertex of X lies on a shortest path
between one of the pairs of v/, v/, w’, we conclude that f(X) C X. It remains to prove that f(X) = X.

Without loss of generality assume that among all j,, — i, with 1 < m < k, the difference j; — i1 is
minimal. The vertex y = (i1,0,0,...,0) belongs to I(u/,v’) and is located at distance j; — 41 from z =
(71,0,0,...,0) € I(w',u'). The vertices of I(u',v") at distance i; from u’ have the form (i1 —y1,v2, - - -, k),
for 0 < y; < ipm,1 < m <k, with yo + ...+ yx = y1. On the other hand, the vertices of I(w’,u’) at
distance ny — j; from v’ have the form (ji + z1,n2 — 22,...,np — 2;) for 0 < 2, < Ny — Jim, 1L <M < k
with 2o + ...+ z, = 21, where the m-th coordinate is computed in Z,,,. We will now find all pairs (y/, 2")
where y' € I(v/,v'),2' € I(w',v') and ¢/ and 2’ are at distance j; — .

We distinguish two cases. On one hand assume that for a chosen pair 3/, 2’ there exists a coordinate
m,1 < m < k such that the projections of (v, z’)-shortest paths to the m-th coordinate belong to
the interval between i,, and j,,. Then the distance between 3’ and 2’ is at least j,, — im, and since
Jm—im > j1—i1, we have y’ = (0,...,0,%,,0,...,0) and 2’ = (0,...,0,5m,0,...,0) with ju, —i,, = j1 —i1
and iy, = i1,Nm — jm = 11 — j1. This implies j,, = j1 and n,, = ni. Assume now that f maps y,z to
y',2'. There exists an automorphism ¢ of X that swaps coordinates 1 and m of X and fixes u/,v’,w'.
Since proving that f(X) = X is the same as proving that ¢(f(X)) = X, we can, in this case, assume
that f fixes y, z.

On the other hand, if for a pair ¥/, 2’ and every coordinate m,1 < m < k, the projection of (', z’)-
shortest paths to the m-th coordinate does not belong to the interval between i,, and j,,, then the
distance between y' = (i1 — y1,¥2,...,yx) and 2’ = (j1 + 21,02 — 22, ..., g — 2x) is ((i1 — 1) + (n1 — j1 —
z1)) + (y2 + 22) + ... + (yx + 21) = n1 — (j1 —41) > n/2 > ji — i1. Since this is impossible, we can by
the previous paragraph assume that f fixes y and z. Then f fixes (0,0,...,0), (1,0,...,0), (j1,0,...,0),
thus it must fix every (z,0,...,0), 0 <z < n;.

Now we will prove that every cyclic layer of the form (Cy, 22, ..., x)) is mapped by f to a cyclic layer of
the form (C1,zh, a5, ..., x},). We proceed by induction on &3 + 23+ ...+ x. It holds for (C1,0,0,...,0).
Without loss of generality consider only f(Ci,x2 + 1,23,...,25), assuming that f(C1,z2,...,z5) =
(f1(C1),y2,¥3,--.,yk) for some automorphism f; of Cy.

For every xz; € Cp, the vertex y = f(x1,22 + 1,23,...,2;) must be equal or adjacent to
(f1(x1),y2: Y35 - - - » Yk), thus it must be of the form (f1(x)+s,y2,y3,---,yk) or (f1(x),y2,- -, Ym+S, ..., Yk)
for some 2 < m < k and s € {—1,0,1}. Now we analyze the options for a = f(x +n1/2 — 1,22 +
1,23,...,25) and b= f(z+n1/2+ 1,22+ 1,23,...,21). Both must be at distance at most two from each
other, at distance at most n;/2—1 from y, and a must be adjacent or equal to (fi(z+n1—1),y2,y3,- -, Yk)
while b must be adjacent or equal to (fi(z+n1+1),y2,¥3,-..,yk). Hy = (fi(z)+s,92,¥3,--.,Yk), this
implies that @ = (fi(x +n1/2 — 1) + s,y2,¥3,.-.,y%) and b = (fi(z +n1/2 + 1) + $,y2,Y3,- - -, Yk)-
Ify = (fil),y2,- - Ym + S, ., yk), then a = (fi(x +n1/2 — 1),92,. ... Ym + S,...,yx) and b =
(file +n1/2 +1),y2,...,Ym + S,...,yx). In each case y,a,b spans a cycle, since the length of C;
is at least six and f is a non-expansive map. Thus f(Ci,z2 + 1,23,...,2) is a cycle of the form
(F1(C)+5,y2,y3, - - yk) or (f1(C)sy2, -, Ym =+, .., yx) for some 2 <m < k and s € {—1,0,1}, proving
the assertion.

We have proved that f acting on X has blocks of imprimitivity of the form (Cy, x2, ..., z)) and it holds
f(Cl,O, ey 0) = (01,0, ey 0)7 f(cl,ig, e ,ik) = (Cl,ig, e 7k) and f(Cl,jz, e ,jk) = (Cl,jz, e ,jk).
By the induction on the number of factors of X, f acts as an automorphism on the quotient graph, thus
f acts as an automorphism on X.
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An endomorphism r of G with r(G) = H and r(v) = v for all vertices v in H is called a retraction of
G and H is called a retract of G.

Corollary 5. A retract H of a hypercellular graph G is a hypercellular graph.

Proof. Let r be a retraction of G to H. For arbitrary vertices u,v,w of H it holds r(u) = u,r(v) =
v,r(w) = w, thus by Lemma 22 X = r(X) C 7(G) = H, where X is the median cell of u,v,w. This
proves that H satisfies the median-cell property and by Theorem C, H is hypercellular. O

We continue with the proof of assertion (ii) of Theorem F.

Proposition 13. Let G be a hypercellular graph and let f be a non-expansive map from G to itself such
that f(S) = S for some finite set S of vertices of G. Then there exists a finite cell X of G that is fixed
by f. In particular, if G is a finite hypercellular graph, then it has a fized cell.

Proof. Let H be the subgraph of G induced by the set of all vertices v in conv(S) for which there exists
an integer n, > 0 such that f" (v) = v. Since S is finite, also conv(S) is finite, therefore H is finite
and nonempty. Notice that f(conv(S)) C conv(S), thus H D f(H) D f(f(H)) 2 ..., but since for every
v € V(H) there exists n, such that f™ (v) = v, the inclusions cannot be strict. Thus f(H) = H and f
acts as an automorphism on H.

Let u,v,w € V(H) be arbitrary vertices of H. Let n be the least common multiple of ny, 1, ny,. Then
f™ fixes each of the vertices u,v,w. By Lemma 22, f"(X) = X where X is the median cell of u,v,w.
Since X is finite, this proves that also X C H. Therefore H satisfies the median-cell property and, by
Theorem C, H is hypercellular. Applying Proposition 12 to H, we deduce that there exists a finite fixed
cell. O

The above proposition follows the ideas from [42], but the main difficulty is to prove Lemma 22. In
the case of median graphs this lemma is not needed since X is a single vertex. The next proposition uses
ideas from [32] to generalize yet another classical result on median graphs and to prove assertion (iii) of
Theorem F.

Proposition 14. If G is a finite regular hypercellular graph, then G is a single cell, i.e., G is isomorphic
to a Cartesian product of edges and even cycles.

Proof. Pick an arbitrary edge ab in G such that W (a,b) is an inclusion minimal halfspace. We will prove
that also W (b, a) is minimal. The carrier N(FE,) is the union of maximal cells of G crossed by Egp. For
each such maximal cell X of N(E,;) there exists a unique automorphism of X that fixes edges of EqpNX
and maps X NW(a,b) to X NW (b, a) and vice versa. This automorphisms extends to an automorphism ¢
of N(Egp) that maps N(Ez) N W (a,b) to N(Eq) NW (b, a) and vice versa. For the sake of contradiction
assume now that W (b, a) is not minimal and that there exists an edge ed with ¢ € N(Eq,) N W (b, a) and
d ¢ N(Eg). The vertex ¢ = ¢(c) € W(a,b) has the same degree in N(Eqy) as c. Since G is regular,
there must exist an edge ¢/d’ with d’ ¢ N(Eg). Since N(Ey) is gated, Evg does not cross the carrier
N(Egu), thus W(d', ) € W(a,b). This contradicts the choice of ab.

Since G is finite, we have proved that for every edge ab, W (a,b) and W (b,a) are minimal halfspaces.
Thus for every edge ab, we have N(E,) = G. This implies that Z(G) = G, thus Z*(G) = G. By
Lemma 21, G is a single cell. O

7. CONCLUSIONS AND OPEN QUESTIONS

In the present paper we have established a rich cell-structure for hypercellular graphs. In particular, we
have obtained that they generalize bipartite cellular and median graphs in a natural way. On the other
hand, we expect that other properties and characterizations of median graphs or cellular graphs extend
naturally to hypercellular graphs. Some of those questions concern the metric structure of hypercellular
graphs, while other questions ask for replacing metric conditions by topological or algebraic conditions.
Namely, in all our results we characterized hypercellular graphs among partial cubes. On can ask to what
extent we can characterize hypercellular graphs and their cell complexes among all graphs and complexes.
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For example, as we noticed already, by a result of Gromov [30], CAT(0) cube complexes are exactly
the simply connected cube complexes satisfying the cube condition, i.e., the cubical version of the 3C-
condition. As proved in [24], median graphs are exactly the graphs whose associated cube complexes
are CAT(0). In fact, it is shown in [24] (see also [14] for other similar results) that median graphs are
exactly the graphs of square complexes which are simply connected and satisfy the square version of
the 3CC-condition: any three squares pairwise intersecting in three edges and all three intersecting in a
vertex belong to a 3-cube. We believe that a similar result holds for hypercellular graphs. Namely, let X
be a hyperprism complex, i.e., a polyhedral cell complex whose cells are Cartesian products of segments
and regular polygons with an even number of sides and glued in a such a way that the intersection of any
two cells is a cell. The 1-skeleton of X is the graph G(X) having the 0-cells of X as vertices and 1-cells
as edges. Finally, we call a cell complex of a hypercellular graph a hypercellular complex. We conjecture
that hypercellular graphs can be characterized in the following way:

Conjecture 1. For a graph G, the following conditions are equivalent:
(i) G is hypercellular;
(ii) G is the 1-skeleton of a simply connected hyperprism complex X satisfying the 3C-condition;
(iii) G is the 1-skeleton of a simply connected polygonal complex X (whose 2-cells are regular polygons
with an even number of sides) satisfying the 3CC-condition.
Moreover, all hypercellular cell complexes are CAT(0) spaces.

Since CAT(0) spaces obey the fixed point property [17], the fact that hypercellular cell complexes are
CAT(0) spaces would immediately imply Proposition 13.

Median graphs are exactly the discrete median algebras (for this and other related results see the
paper [11] and the survey [7]). In [6], the apex algebras of weakly median graphs have been characterized.
The apex algebra of an apiculate graph G associates to each triplet of vertices u, v, w, the apex (uvw) of
w with respect to v and w.

Problem 1. Characterize the apex ternary algebras of hypercellular graphs.

In view of the fact that median graphs are precisely retracts of hypercubes [3], we believe that the
following is true:

Conjecture 2. A partial cube G is hypercellular if and only if G is a retract of a Cartesian product of
bipartite cellular graphs.

A group F acts by automorphisms on a cell complex X if there is an injective homomorphism F' —
Aut(X) called an action of F. The action is geometric (or F acts geometrically) if it is proper (i.e., cells
stabilizers are finite) and cocompact (i.e., the quotient X/F is compact). A group F is called a Helly
group [19] if F acts geometrically on the clique complex of a Helly graph. Analogously, we will say that a
group F is hypercellular if F acts geometrically on a cell complex X(G) of a hypercellular graph G (in this
case, G is locally-finite). Analogously to [18, Proposition 6.32] one can show that F acts geometrically
on the clique complex of the thickening G® of G. By Proposition 11, G® is a Helly graph, thus any
hypercellular group is a Helly group. Since all Helly groups are biautomatic [19], we obtain the following
corollary:

Corollary 6. Any hypercellular group is a Helly group and thus is biautomatic.

In Theorem D we have shown that finite hypercellular graphs are tope graphs of zonotopal COMs.
In [9] the question is raised whether zonotopal COMs are fibers of realizable COMs. In our case this
specializes to solving the following:

Problem 2. Is every finite hypercellular graph a convex subgraph of the tope graph of a realizable
oriented matroid?

In the first part of the paper we have obtained a few results for Sy similar to those for hypercellular
graphs. We believe, that it is possible to use analogous amalgamation techniques as we did for Theorem B
and Theorem D in order to prove:

Conjecture 3. Every finite graph in Sy is the tope graph of a COM.
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Corners and simpliciality in oriented matroids and partial cubes

Kolja Knauer! Tilen Marc?

April 21, 2021

Abstract

Building on a recent characterization of tope graphs of Complexes of Oriented Matroids (COMs),
we tackle and generalize several classical problems in Oriented Matroids, Lopsided Sets (aka ample
set systems), and partial cubes via Metric Graph Theory. These questions are related to the notion of
simpliciality of topes in Oriented Matroids and the concept of corners in Lopsided Sets arising from
computational learning theory.

Our first main result is that every element of an Oriented Matroid from a class introduced by
Mandel is incident to a simplicial tope, i.e, such Oriented Matroids contain no mutation-free elements.
This allows us to refute a conjecture of Mandel from 1983, that would have implied the famous Las
Vergnas simplex conjecture.

The second main contribution is the introduction of corners of COMs as a natural generalization
of corners in Lopsided Sets. Generalizing results of Bandelt and Chepoi, Tracy Hall, and Chalopin
et al. we prove that realizable COMs, rank 2 COMs, as well as hypercellular graphs admit corner
peelings. On the way we introduce the notion of cocircuit graphs for pure COMs and disprove a
conjecture about realizability in COMs of Bandelt et al.

Finally, we study extensions of Las Vergnas’ simplex conjecture in low rank and order. We first
consider antipodal partial cubes — a vast generalization of oriented matroids also known as acycloids.
We prove Las Vergnas’ conjecture for acycloids of rank 3 and for acycloids of order at most 7. More-
over, we confirm a conjecture of Cordovil-Las Vergnas about the connectivity of the mutation graph
of Uniform Oriented Matroids for ground sets of order at most 9. The latter two results are based on
the exhaustive generation of acycloids and uniform oriented matroids of given order, respectively.

1 Introduction

The hypercube Q,, of dimension n is the graph whose vertex set is {+,—}" and two vertices are adjacent
if they differ in exactly one coordinate. A graph G is called a partial cube if G is an isometric subgraph
of a hypercube Q, i.e., dg(u,v) = do (u,v) for all u, v € G. This class is central to Metric Graph Theory,
has applications from Chemistry [16] to Media Theory [17], and contains many graph classes appearing
naturally in many places, e.g. diagrams of distributive lattices, antimatroids, median graphs, skeleta of
CAT(0) cube complexes, linear extensions graphs of posets, region graphs of pseudoline arrangements
and hyperplane arrangements, and Pasch graphs. The classes of interest in this paper contain all the
above, see [4,29]. Namely, we are concerned with tope graphs of Complexes of Oriented Matroids
(COMs) [4], Affine Oriented Matroids (AOMs) [6], Lopsided Sets (LOPs) [33], and most of all Oriented
Matroids (OMs) and Uniform Oriented Matroids (UOM) [6]. COMs are a recent common generalization
of the other more established classes listed above. However, this generalization has been acknowledged
already several times in its short existence, see [5,15,23,25,31,38,41,44].
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While all the above families can be seen as subfamilies of partial cubes, they have been subject to
much more research than partial cubes in general. However, the point of view of partial cubes allows an
intuitive approach to these structures. In this paper we aim at promoting an analysis of Oriented Matroids
and related structures through their graph structure. The tope graph determines its OM uniquely up to
isomorphism [6], but only recently a good graph theoretic characterization has been found [29] from
the point of view of COMs.

Based on these results, we start by presenting OMs, COMs, AOMs, UOMs, and LOPs solely as graphs,
in particular as a subfamily of partial cubes. We begin with necessary standard definitions from Metric
Graph Theory: For a vertex v of the hypercube we call the vertex with all its coordinates flipped the
antipode of v. As stated above, a partial cube is an isometric subgraph of a hypercube, where the minimal
dimension it embeds into is called its isometric dimension. In a COM or OM the isometric dimension of
its tope graph corresponds to the size of its ground set. We call a partial cube G of isometric dimension
n antipodal if when embedded in Q,, for every vertex v of G also its antipode with respect to Q,, is in G.
Antipodal partial cubes are the tope graphs of acycloids introduced in [20] as generalizations of OMs.
A subgraph H of G is convex, if all the shortest paths in G connecting two vertices of H are also in
H. Convex subgraphs of partial cubes are partial cubes. A subgraph of G is antipodal if it is a convex
subgraph of G and an antipodal partial cube on its own. Finally, we call a subgraph H of a graph G
gated if for every vertex x of G there exists a vertex v, of H such that for every u € H there is a shortest
path from x to u passing through v,. Gated subgraphs are convex. Embedding a partial cube G in Q,
yields a partition of the edges of G into so-called ©-classes corresponding to the dimensions of Q,,. Each
©-class consists of the edges corresponding to a flip of a fixed coordinate. We denote by E; a ©-class of
G where f corresponds to a coordinate in {1,...,n}. We write E)T for the vertices having the coordinate
f equal to + and analogously define E;. The sets E}' and EJT are called halfspaces of G. Note that in
the standard language of oriented matroids, ©-classes correspond to elements of the OM, hence also
isometric dimension is sometimes just called the number of elements.

We are ready to state a characterisation — that serves as a definition in this paper — of (simple) COMs,
OMs, AOMs, LOPs, and UOMs:

Theorem 1.1 ([29]). There is a one to one correspondence between the classes of (simple):
(i) COMs and partial cubes whose antipodal subgraphs are gated,
(i) OMs and antipodal partial cubes whose antipodal subgraphs are gated,
(iii) AOMs and halfspaces of antipodal partial cubes whose antipodal subgraphs are gated,
(iv) LOPs and partial cubes whose antipodal subgraphs are hypercubes,
(v) UOMs and antipodal partial cubes whose proper antipodal subgraphs are hypercubes.

While the proof of the above theorem is rather complicated, the correspondence is simple: in all of
the above structures seen as sets of covectors, one obtains a graph by considering its tope graph, i.e.,
considering the subgraph induced in the hypercube by all covectors without O-entries. Conversely, one
can get the covectors from the tope graph by associating to its antipodal subgraphs sign-vectors that
encode their relative position to the halfspaces. This is explained in more detail in Section 2.

It is well-known that the isometric embedding of a partial cube into a hypercube of minimum dimen-
sion is unique up to automorphisms of the hypercube, see e.g. [40, Chapter 5]. Indeed, partial cubes
G, G, € Q,, are isomorphic as graphs if and only if there is f € Aut(Q,,) such that f(G,) = G;. This leads
to the fact that isomorphisms of simple COMs and their tope graphs correspond to each other. Since (un-
labeled, non-embedded) isomorphic tope graphs are sometimes considered as equal, this allow to speak
about isomorphism classes of COMs in a natural way.

A more refined notion of isomorphisms for COMs and partial cubes are reorientations. For partial
cubes G1,G, € Q, one says that G, is a reorientation of G, if there is f € Zj € Aut(Q,) such that

2
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f(Gy) = Gy, i.e., f only switches signs. This yields an equivalence relation whose classes are called
reorientation classes. Since we represent COMs, OMs, AOMs, and LOPs as graphs we say that G is an
OV, if G is in fact the tope graph of an OM, etc.

Figure 1: A realizable COM and its tope graph. Its bounded faces, edges and vertices are the antipodal
subgraphs.

Some COMs, OMs, AOMs, and LOPs can be particularly nicely represented by a geometric construc-
tion. Let {H;,...,H,} be a set of hyperplanes in an Euclidean space R and C a full-dimensional open
convex set in R?. The hyperplanes cut C in d-dimensional chambers and to every point in C one can
associate a vector in {+,—, 0}" that denotes its relative position to the hyperplanes (if they are given with
positive and negative side). These are the covectors. One can form a graph G whose vertices are the
chambers and two chambers are adjacent if and only if they are separated by exactly one hyperplane.
Such graphs are always COMs. If C = R? then the graph is an AOM, and if moreover all {Hy,...,H,}
cross the origin point, then the graph is an OM. If {H,, ..., H,} are the coordinate hyperplanes of R¢ and
C is arbitrary, then the graph is a LOP If a COM, OM, AOM, or LOP G is isomorphic to a graph obtained
in this way, we call it realizable. See Figure 1 for a realizable COM and its tope graph. Realizable COMs
embody many nice classes such as linear extension graphs of posets, see [4] and are equivalent to special
convex neural codes, namely so-called stable hyperplane codes, see [25,31].

An operation that is well known in the study of partial cubes is a contraction 7 that for a coordinate
f contracts all the edges in a ©-class E¢. The family of partial cubes is closed under the operation of
contraction as well as are the families of COMs, OMs, AOMs, and LOPs (in their graph representation)
as well as the class of antipodal partial cubes, see [29]. In fact the contraction operation defined directly
on the latter structures defined as covector systems is known as (one element) deletion.

The rank r(G) of a partial cube G is the largest r such that G can be transformed to Q, by a sequence
of contractions. The definition of rank in oriented matroid theory is equivalent, see [14]. Furthermore,
notice that viewing the vertices of G € Q,, as a set & of subsets of {1,...,n}, r(G) coincides with the
VC-dimension of &, see [52]. The latter correspondence has led to some recent interest in partial cubes
of bounded rank, see [12]. See Figure 2 for an antipodal partial cube of rank 3.

We call a vertex v of an antipodal partial cube G simplicial if deg(v) = r(G). In an OM G simplicial
vertices correspond to simplicial topes and it is a well known fact that the degree of each vertex must
be at least r(G). We are ready to formulate the well-known simplex conjecture of Las Vergnas [32] in
terms of tope graphs of OMs.

Conjecture 1 (Las Vergnas). Every OM has a simplicial vertex.

The conjecture is motivated by the fact that it holds for all realizable OMs [50]. Moreover, in [20]
it is shown that OMs of rank at most 3 are exactly the planar antipodal partial cubes. Hence, for rank 3
OMs Conjecture 1 can be easily deduced using Euler’s Formula. We extend this result by showing that
all antipodal partial cubes of rank at most 3 have simplicial vertices in Section 6.
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Figure 2: Contracting an antipodal partial cube to Q.

Conjecture 1 has furthermore been verified for UOMs of rank 4 up to 12 elements [8]. In Section 6 we
prove that even general antipodal partial cubes of isometric dimension up to 7 have simplicial vertices.

The largest class known to satisfy Conjecture 1 was found in [35, Theorem 7]. We call that class Man-
del here and consider it in depth in Section 4. Realizable OMs and OMs of rank at most 3 are Euclidean
and the latter are Mandel, but the class is larger. Indeed, Mandel [35, Conjecture 8] even conjectured
the following as a “wishful thinking statement”, since by the above it would imply the conjecture of Las
Vergnas:

Conjecture 2 (Mandel). Every OM is Mandel.

Let us now consider some strengthenings of Las Vergnas’ conjecture. First consider the property that
every ©-class of G contains an edge incident to a simplicial vertex. We say that such G is ©-Las Vergnas.
In the language of OMs this means that G has no mutation-free elements. It is known that rank 3 OMs
are ©-Las Vergnas [34]. In Proposition 6.5 we extend this result to all antipodal partial cubes of rank 3.
In Theorem 4.5 we extend the class of ©-Las Vergnas OMs significantly, by showing that Mandel OMs
are ©-Las Vergnas.

On the other hand, UOMs of rank 4 violating this property of isometric dimension 21 [45], 17 [8],
and 13 [51] have been discovered. See Figure 3 for an illustration of the latter. Thus, together with
Theorem 4.5 this disproves Mandel’s conjecture (Corollary 4.6).

We generalize the notion of simpliciality from OMs to COMs as follows: a vertex v € G is simplicial
if it is contained in a unique maximal antipodal subgraph A C G and deg(v) = r(A). In LOPs simplicial
vertices are usually called corners, see [9]. If G is a LOP and also an AOM, i.e, a halfspace E; of an OM G’,
then G has a corner if and only if G’ has a simplicial vertex incident to E,. By the examples from [3,9,51]
this proves that there are LOPs without corners. This was first observed in [9], where it is translated to
an important counter example in computational learning theory. In Section 5.2 we consider the concept
of a corner in COMs and show that realizable COMs (Proposition 5.5), COMs of rank 2 (Theorem 5.11),
and hypercellular graphs (Theorem 5.14) admit corner peelings. This generalizes results of [3,9,51].
Furthermore, together with the examples from [8,45,51] this yields locally realizable COMs that are not
realizable and refutes a conjecture of [4, Conjecture 2] (Remark 5.6).

Let us present another strengthening of Las Vergnas’ conjecture for UOMs. If v is a simplicial vertex in
aUOM G of rank r, then v is contained in a unique convex hypercube minus a vertex, lets denote it by Q.
This is a well known assertion and it directly follows from Lemma 4.3. If one fills in the missing vertex of
Q. and instead removes v and does the same to the antipodes of the vertices, one obtains a new UOM G
of rank r. This operation is called a mutation. Hence, a mutation is an operation that transforms a UOM
into another UOM. A simple analysis shows that the operation is reversible, i.e. the inverse operation is
also a mutation, and that the rank of both UOMs is equal. Thus, one can now consider a mutation graph
whose vertices are UOMs embedded into Q,,, for some n € N of fixed rank r and edges are corresponding

4
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Figure 3: A halfspace E of a non-Mandel OM G, where E, is the ©-class witnessing that G is not ©-Las
Vergnas. The bold subgraph is an OM of rank 3 on the vertices incident with E, in G.

to mutations. In fact, one can consider three mutation graphs corresponding to the different notions of
equivalence of OMs introduced above:

« 4" is the graph whose vertices are UOMs of rank r and isometric dimension n, embedded into
Q.. Two graphs are connected if and only if there exists a mutation between them.

9™ is the graph whose vertices are reorientation classes of UOMs of rank r and isometric dimen-
sion n embedded into Q,,. Two reorientation classes are connected if and only if there exists a
mutation between them.

e 9™ is the graph whose vertices are graph isomorphism classes of UOMs of rank r and isometric
dimension n. Two classes are connected if and only if there exists a mutation between them.

While mutation graphs 9" and 9™ seem natural in the graph theoretic language of OMs, the
situation is the same if one consider OMs in the standard definition since an isomorphism of a OM directly
translates to an isomorphism of its tope graph, see e.g. [7] or [6]. The graphs 4™" are motivated by the
topological representation of OMs and are the most studied ones. In particular, by Ringel’s Homotopy
Theorem [46,47] it follows that ™ is connected. Moreover, the induced subgraph of ¥™" on all the
realizable UOMs is connected by [48].

Las Vergnas’ conjecture implies the above graphs have minimum degree at least 1 (where loops can
occur). A much stronger affirmation for ¢¥™" appears in [48]:
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Conjecture 3 (Cordovil-Las Vergnas). For all r,n the graph ¢™" is connected.

Naturally one can conjecture the same assertion for all three graphs. Note that there is a hierarchi-
. o s P —nr . .
cal structure of these three open questions. Indeed, it is easy to see that connectivity of ¢ = implies
connectivity of ¢™" which implies that ¢™" is connected (Observation 3.1).

Our results with respect to Conjecture 3 include that ?n’B is connected, which is a consequence of
Ringel’s Homotopy Theorem [46,47] and strengthens the fact that 4™ is connected (Proposition 3.2).
Moreover, we show that connectivity of ¢™" implies connectivity of ¢™" (Proposition 3.3). Together
with the fact that Conjecture 3 (as well as Conjecture 1) is closed under duality, see [7, Exercise 7.9],
this allows us to verify Conjecture 3 for all n <9, computationally. See Table 1 for orders of the graphs
«™" and Figure 5 for a depiction of ¥4,

2 Preliminaries

We have already introduced contractions in partial cubes above. The inverse of a contraction is an
expansion. In fact one can look at expansions in the following way: if H is a contraction of G, i.e. H =
7,(G), then one can consider in H sets H; = m,(E) and H = m,(E,). Notice that they completely
determine the expansion, since G can be seen as a graph on the disjoint union of H; and H, where edges
between them correspond to H NH,. By expansion of H we refer to the subgraphs H,, H, and sometimes
to G. In case that H; = H or H, = H we say that the expansion is peripheral. A peripheral expansion is
proper if H; # H,. If G and H are OMs, then we say that Hq, H, is an OM-expansion, also called single-
element extension in OM theory. More generally, if H is an antipodal partial cube, then an expansion
Hy,H, of H is antipodal if the expanded graph G is again antipodal. It is well-known, see e.g [29,43],
that G is antipodal if and only if H; = —H,. Clearly, a OM-expansion is antipodal. An OM-expansion
H,,H, is in general position if the expansion is properly peripheral on all maximal proper antipodal
subgraphs, i.e. each maximal proper antipodal subgraph is either completely in H; or completely in H,
but not in H; N H,. Expansions in general position are central to the notion of Mandel OMs as well
as to the definition of corners in COMs, i.e., in both Section 4 and Section 5.2. It is well-known, that
every OM admits an expansion and indeed even an expansion in general position, see [49, Lemma 1.7]
or [7, Proposition 7.2.2].

Besides contractions and restrictions, there is another operation of particular interest in partial cubes
to obtain a smaller graph from a partial cube. This is the zone graph {¢(G) of G with respect to a ©-class
f, see [28]. In general the zone graph is not a partial cube, but indeed a characterization of COMs
from [29] (generalizing a result of Handa for OMs [22]) allows the following definition in COMs. Let
G be a COM, and F a subset of its ©-classes. The zone graph {(G) is the graph obtained from G,
whose vertices are the minimal antipodal subgraphs of G that are crossed by all the classes in F. It
turns out that all such antipodal subgraphs have the same rank, say r. Two such antipodal subgraphs
are connected in {z(G) if they lie in a common antipodal subgraph of G of rank r + 1. The above
mentioned characterizing property of COMs is that {(G) is always a COM. In the standard language of
OM:s, zone graphs are known as contractions of OMs. The zone graph operation will be used frequently
in Section 5.2.

In the paper we will talk about COMs as graphs, hence we introduced them this way. Nevertheless,
for certain results we need to define covectors and cocircuits of COMs which are one of the standard
ways to introduce OMs. Usually the covectors are represented as a subset ¥ C {+,—,0}" and have to
satisfy certain axioms in order to encode a COM, OM, AOM, LOP or UOM. If X € ¥ and e € [n] is a
coordinate of X, we shall write X, € {+,—, 0} for the value of X in coordinate e. When considering tope
graph, one restricts usually to simple systems. Here, a system of sign-vectors ¢ is simple if it has no
“redundant” elements, i.e., for each e € [n], {X, : X € £} = {+,—,0} and for each pair e # f in [n],
there exist X, Y € & with {X.X,Y.Y;} = {+, —}. We will assume simplicity without explicit mention. By
the graph-theoretical representation of COMs given in [29], the covectors correspond to the antipodal
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subgraphs of a COM G. Indeed, in a partial cube every convex subgraph is an intersection of halfspaces,
see e.g. [1], and one can assign to any convex subgraph H a unique sign-vector X(H) € {0,+,—}" by
setting for any coordinate e € {1,...,n}:

+ ifX CEJ,
X(H),={— ifXCE],

0 otherwise.

This correspondence yields a dictionary in which important concepts on both sides, graphs and sign-
vectors translate to each other. An easy example of this is that if the v € G is a vertex of an antipodal
partial cube, then for its antipode u we have X (u) = —X(v). Thus we will often denotes the antipodes
of a set of vertices H just by —H. Another noteworthy instance is the relation of gates and composition.
The composition of two sign vectors X,Y € {0,4,—}" is defined as the sign-vector obtained by setting
for any coordinate e € {1,...,n}:

X, ifX,#0,
Y, otherwise.

(X o Y)e = {
Proposition 2.1. [29]If H is a gated subgraph of a partial cube G, then for a vertex v with gate u in H,
we have X (u) =X (H) o X (v).

A set of covectors forms a COM if it satisfies the following two axioms:

(FS) Xo—-Y e Y forallX,Y € £.

(SE) for each pair X,Y € £ and for each e € [n] such that X,Y, = —1, there exists Z € ¥ such that
Z,=0and Z; = (X oY), for all f € [n] with X;Y; #—1.

For similar axiomatizations for LOPs, AOMs, UOMs, and OMs we refer to [4,5]. We will content
ourselves with the setting of COMs and otherwise use Theorem 1.1 as a definition. In order to formulate
(SE) in terms of antipodal subgraphs, we give some more terminology about how subgraphs and 6-
classes can relate. We will say that a ©-class E; crosses a subgraph H of G if at least one of the edges
in H is in E;. Moreover, E; separates subgraphs H,H' if H C E}' and H' € E; or the other way around.
We collect the coordinates separating H and H' in the set S(H,H’) — usually called the separator. Let us
now state the axiom of strong elimination for graphs:

(SE) Let X,Y be antipodal subgraphs of G and E, a ©-class such that X C Ef and Y C E, i.e, e €
S(X,Y). There is an antipodal subgraph Z of G that is crossed by E, and for all f # e we have:

- ifX,Y CE/ then Z CE/, and if X,Y CE; then Z C E[

- if E¢ crosses one of X, Y and the other is a subset of E}r then Z C E;r, and if E¢ crosses one

of X,Y the other is a subset of E; then Z C E;

- if Ef crosses both X and Y, then it crosses Z.

In some parts of the paper we will abuse a bit the distinction between covectors and antipodal
subgraphs in the way that we have suggested in the above definitions.

If G is an OV, then the set of covectors or antipodal subgraphs is usually ordered by reverse inclusion
to yield the big face lattice # (G) whose minimum is G itself. Indeed, if G is of rank r, then, it follows from
basic OM theory that the Z(G) is atomistic and graded, where r + 1 is the length of any maximal chain.
Moreover, an intersection of any two antipodal subgraphs is a (possibly empty) antipodal subgraph. The
antipodal subgraphs of rank r — 1 are themselves OMs and correspond to what is called cocircuits in
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the standard theory of OMs. In other words the cociruits of G are the atoms of Z(G), i.e., the maximal
proper antipodal subgraphs of G.

Another graph associated to an OM G of rank r is its cocircuit graph of G, i.e., the graph G* whose
vertices are the antipodal subgraphs of G of rank r —1 and two vertices are adjacent if their intersection
in G is an antipodal subgraph of rank r—2. We denote the cocircuit graph of G by G*, since it generalizes
planar duality in rank 3, see [20], however in higher rank (G*)* is not well-defined, because the cocircuit
graph does not uniquely determine the tope graph, see [13]. There has been extensive research on
cocircuit graphs [2,18,30,39]. However their characterization and recognition remains open. Cocircuit
graphs play a crucial role for the notion of Euclideaness and Mandel in Section 4.

In a general COM G, the poset Z(G) remains an upper semilattice, since antipodal subgraphs are
closed under intersection but there is no minimal element. There are different possible notions of cocir-
cuits that allow to axiomatize COMs, see [4]. We consider cocircuits in the setting of pure COMs G, i.e.,
all maximal antipodal subgraphs of G are of the same rank and G* is connected. If G is a non-antipodal
pure COM, then its cocircuits are just the maximal antipodal subgraphs. We will introduce the cocircuit
graph of pure COMs in Section 5.2, where it will serve for proving the existence of corners in COMs of
rank 2.

3 Mutation graphs of uniform oriented matroids

In this section we present results on the mutation graphs. The three different mutation graphs as defined
in the introduction are related as follows:

. —n,r
Observation 3.1. Let 0<r <n. We have ¥ ~ connected => ™" connected => ¥™" connected.

—n,r . . . . . .

Proof. If ¢ is connected, then also ¢™" is, since there is a weak homomorphism from the first to the
second, mapping an OM to its equivalence class. Similarly, if 4™" is connected then also 4™ is, since a
reorientation can be seen as an isomorphism. O

We start by analyzing the connectivity of mutation graphs for small rank. Since OMs of rank 1 or 2
are simply isomorphic to an edge or an even cycle, respectively, the first interesting case is when the rank
of OMs is 3. It is a well known fact that OMs of rank 3 can be represented as pseudo-line arrangements
on a sphere which can be further represented by wiring diagrams (see Figure 4). By Ringel’s Homotopy
Theorem [46,47] any two simple pseudo-line arrangements on a sphere can be transformed one into
another by performing mutations. Since it does not deal with orientations, Ringel’s Homotopy Theorem
implies that ¢¥™ is connected. As stated in Observation 3.1, this implies that also ¥™ is connected.
Now we present new results on the topic:

Proposition 3.2. For every n the graph G is connected.

Proof. We use the proof of Ringel’s Theorem as shown in [7], which in fact first uses that any pseudo-line
arrangement can be represented as a wiring-diagram and second uses representation in Coxeter groups.
In fact, a stronger statement is shown that any two labeled simple wiring diagrams can be transformed
one into another by performing mutations of bounded cells. This will suffice to deduce the claim.
Suppose that we have two UOMs of rank three .# and .’ and want to transform one into the other
by mutations. Both graphs can be represented as pseudo-line arrangements on a sphere which can be
further represented by wiring diagrams, as stated above. Then by Ringel’s Theorem the transformation
using mutation can be done modulo reorientations, i.e Ringel’s Theorem does not deal with orientations
in the wiring. So we only need to consider the case where .# and .#’ differ in the reorientation of
one element e, but also this can be done performing mutations on bounded cells. Represent .Z as a
wiring-diagram ./, where e is the top-element on the left and construct a wiring diagram .e/’ as shown
in Figure 4, with e being the bottom element on the left. In fact, when representing a pseudo-line
arrangement with wiring diagrams the top (or bottom) element can be chosen. Note that .«f’ represents
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', and the mutations transforming ./ into .«/’ do only mutations on bounded faces, i.e., push the line
e without changing its orientation. Thus, we have obtained .’ from .# by mutations. O

By Observation 3.1, this implies that also ¥™% and ¢™° are connected.

A A

€

Figure 4: How to construct the new pseudoline arrangement in the proof of Proposition 3.2. The arrow
points to the positive side of e.

We show that two of the open questions about the connectivity of mutation graphs are equivalent.

n\r|2]3]4]5]6]7] 8 | 9 | 10
2 1[11[1[1] 1 1 1 1
3 1[1]1]4[11] 135 482 | 312356
4 11 [1]11]2628] 9276595 ?
5 1[1] 1] 135 | 9276595 ?
6 1] 1 1 4382 ?
7 1 1 1 312356
8 1 1 1
9 1 1
10 1

Table 1: Known orders of 4™, retrieved from http://www.om.math.ethz.ch/.

Proposition 3.3. The graph 4™ is connected if and only if 4™ is connected.

Proof. As stated in Observation 3.1, the mapping from ¢™" to ¢™" defined by mapping the class of OMs
up to the reorientation into their isomorphism classes is a weak homomorphism of graphs. Hence if 4™"
is connected, so is ¥™".

Conversely, notice that the property of being a realizable OM is independent of reorientation or
permuting the elements. If ¢™" is connected, then there exists a sequence of mutations from any [A] €
9™ to a realizable class [B] € ¢™". This sequence can then be lifted to a sequence of mutations from
any A’ € 9"™" to a realizable B’ € ¢™". This proves that there exists a path from every A’ € ¥™" to a
reorientation classes of realizable OMs. Since by [48] the induced subgraph of all realizable classes in
9™" is connected, this proves that 4™" is connected. O

Proposition 3.3 allows to approach Conjecture 3 for small values of n and r from the computational
perspective, since it allows computations on the smaller graph ¢™". To provide an idea of the com-
putational weight of this task, Table 1 shows the known orders of such graphs 4™" for small n and r.
Moreover, Figure 5 displays the graph 454,

We verified computationally that for all the parameters from Table 1 where the isomorphism classes
of OMs are known, their mutation graph ¢™" is connected. By Proposition 3.3 also the corresponding
4™" are connected. This was possible by considering UOMs as (tope)graphs in which finding possible
mutations is easy, since only degrees of vertices need to be checked. We calculated the isomorphism
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Figure 5: The graph ¥®* where red vertices are isomorphism classes of realizable UOMs and blue ones
are non-realizable

class of the mutated graphs using the software Bliss [26] that is designed for calculations of isomor-
phisms of graphs. The computationally most demanding task was the graph ¥** where efficient graph
representation was needed. Checking connectivity of 9" is far more demanding.

4 Mandel’s OMs and Euclideanness

In this section we focus on Las Vergnas’ and Mandel’s Conjectures. The main result is that Mandel OMs
are ©-Las Vergnas and therefore not all OMs are Mandel. The concept of Euclideanness is based on
the structure of antipodal subgraphs of an OM, as discussed in Section 2. Furthermore, the property
of being Mandel relies on the definition of extensions in general postilion and the cocircuit graph, also
introduced in Section 2.

Let G be an OM of rank r. Recall the definition of cocircuit graph from Section 2, i.e., the graph
G* whose vertices are the antipodal subgraphs of G of rank r — 1 and two vertices are adjacent if their
intersection in G is an antipodal subgraph of rank r — 2.

Consider now a maximal path A,,...,A, in G* such that for all 1 < i < n the set A;_; NA; is the set
of antipodes of A; NA;,; with respect to A;. It follows from the topological representation of OMs [35],
that Ay, ...,A, induce a cycle in G*. Moreover, every A, /,; is the set of antipodes of A; with respect to
G, for 1 <i < n/2 and all intersections A; NA;;, are crossed by the same set F of ©-classes. Indeed,
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this cycle can be seen as the line graph of the the zone-graph {(G). Furthermore, each ©-class E; ¢ F
crosses exactly two pairwise antipodal A; and A, 5. The cocircuit graph G* is the (edge-disjoint) union
of such cycles.

Considering now a halfspace H of G, i.e. H is an AOM. The induced subsequence Ay, ...,A, of the
above cycle is called a line L in H. This name comes from the fact that in the topological representation
the sequence corresponds to a pseudo-line, see [35]. Let now E, € & be a ©-class of H. We say that E,
crosses a line L of G, if there exists A; on L that is crossed by E, but A;_; NA; or A; NA;,; is not crossed
by it. Note that in a line L of an AOM the crossed A; is unique if it exists. This allows to define the
orientation of L with respect to E,: If L is not crossed by E, we leave its edges undirected. Otherwise, let
A; be the element of L that is crossed by E, and assume that A; C E for j < i and A; C Ef for j > i. We
orient all edges of the form A;,A;,, from A; to A;,. This is, the path L is directed from E] to ET.

The edges of the cocircuit graph G* of an AOM G are partitioned into lines and for every ©-class E,
we obtain a partial orientation of G* by orienting every line with respect to E,. Let us call this mixed
graph the orientation of G* with respect to E,. Following Mandel [35, Theorem 6], an AOM is Euclidean
if for every ©-class E, the orientation of the cocircuit graph G* with respect to E, is strictly acyclic, i.e.,
any directed cycle (following undirected edges or directed edges in the respective orientation) consists
of only undirected edges. In other words, any cycle that contains a directed edge contains one into each
direction. Euclidean AOMs are important since they allow a generalization of linear programming from
realizable AOMs.

Following Fukuda [19], an OM is called Euclidean if all of its halfspaces are Euclidean AOMs. Since
non-Euclidean AOMs exist, see [19,35], also non-Euclidean OMs exist. However, there is a larger class
of OMs that inherits useful properties of Euclidean AOMs and that was introduced by Mandel [35].

We call an OM Mandel if it has an expansion in general position such that G; and G, are Euclidean
AOMs. Mandel [35, Theorem 7] proved (and it is up to today the largest class known to have this
property) that these OMs satisfy the conjecture of Las Vergnas:

Theorem 4.1 ([35]). If an OM G is Mandel, then it has a simplicial vertex.

As stated in the introduction, Mandel [35, Conjecture 8] conjectured that every OM is Mandel as
a “wishful thinking statement”, since with Theorem 4.1 it would imply the conjecture of Las Vergnas
(Conjecture 1). In the following we use the ideas from [35] to improve Theorem 4.1 to such an extent,
that we can disprove Conjecture 2.

We shall repeatedly use the following fact, that can be easily seen through the topological represen-
tation of OMs but is a bit less trivial in the graph view. Nevertheless, it was also proved with graphs
in [29, Lemma 6.2].

Lemma 4.2. Let G, G’ be COMs such that G is an expansion of G'. Then for every antipodal subgraph A’ of
G’ the expansion restricted to A’ is either an OM expansion or a peripheral expansion. In particular, there
exists an antipodal subgraph A of G that contracts to A'.

The following is a characterization of simplicial vertices in an OM, that can be found in [35, Propo-
sition 5] and [32, Proposition 1.4]. We provide a formulation in terms of the tope graph. Recall that in
an OM G a vertex v is simplicial if the degree of v coincides with the rank of G.

Lemma 4.3. Let G be an OM of rank r with ©-classes &. A vertex v € G is simplicial if and only if there is
a set F C & of size r and r maximal proper antipodal subgraphs incident with v such that for each E, € F
there is a corresponding antipodal subgraph which is crossed by F \ {E,} but not by E,. Moreover, in this
case v is incident with exactly the ©-classes of F and exactly the aforementioned r antipodal subgraphs.

As a last basic ingredient for the Theorem 4.5 we need the following. Let G be the tope graph of
a simple OM and E, its ©-class. Let v € E}. Since the lattice of antipodal subgraphs is atomistic and
graded, there are is a set of maximal proper antipodal subgraphs such that their composition is exactly
v. In particular, at least one of the latter maximal proper antipodal subgraphs must be in E. This is:
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Observation 4.4. Let E, be a ©-class in OM G. There exists a maximal proper antipodal subgraph A such
that neither A nor —A cross E,.

We are prepared to give the main theorem of the section. In the proof we will make use of the
Cartesian product of graphs G;, G,, being defined as the graph G, O G, whose vertices are V(G;) x V(G,)
and two vertices (x1, y1), (x5, y,) adjacent if and only if x; = x, and y, is adjacent to y, in G,, or y; =y,
and x; is adjacent to x, in G;.

Theorem 4.5. Let G be a simple, Mandel OM of rank r and E, a ©-class of G. Then there is a vertex of
degree r € G incident with E,, i.e., G is ©-Las Vergnas.

Proof. Let Gy, G, define an expansion of G in general position such that G; is a Euclidean AOM and let
E, € & be a ©-class of G. We prove the slightly stronger assertion that there exists a vertex v of degree
r in Gy \ G, incident with E,. We will proceed by induction on the size of G and distinguish two cases:

Case 1. G is not the Cartesian product with factor K, corresponding to E,.

By Observation 4.4, G has at least two antipodal subgraphs of rank r—1 not crossed by E,. Then half
of them lie in G; implying that at least one is in one of E” or E;. Without loss of generality assume that
itis in E,, otherwise reorient E,. This is, there is a line in G, that has at least one antipodal subgraph A
of rank r — 1 completely in E_ .

Orient the lines of G; with respect to E,. Note that every line of G, is a subline of a cycle in G*
that either has all its vertices (maximal proper antipodal subgraphs) crossed by E, or is crossed by E,
in exactly two maximal proper antipodal subgraphs. Since the expansion according to G; and G, is in
general position this implies that every line of G, is either crossed by E, in exactly one maximal proper
antipodal subgraph or in all its maximal proper antipodal subgraphs are crossed by E,. Thus all the lines
are oriented, except the ones with all maximal proper antipodal subgraphs on E,.

By the definition of Euclideaness, the orientation is strictly acyclic, hence we can find in G; NE, an
antipodal subgraph A of rank r—1 such that all its out-neighbors in the graph of cocircuits are intersected
by E,. Let A° be the set of all ©-classes that cross A. Let H be the contraction of G along all its ©-classes
besides E, and the ones in A°. Let H,, H, be the respective images of G;,G, in H. Then H; and H, are
isometric subgraphs, and every antipodal subgraph in H is an image of an antipodal subgraph in G, by
Lemma 4.2, hence it lies completely in H, or in H,. Moreover, every line in H is an image of a line in G
and its orientation with respect to ©-class E, is inherited from an orientation of G, since the orientation
is still pointing from E; to E}. Hence the orientation of H with respect to E, is strictly acyclic as well.
This proves that H is Mandel by the expansion in general position according to H; and H,.

By definition of H is obtained by contracting the ©-classes not crossing A. It is clear from OM theory
and directly follows from gatedness of antipodal subgraphs in an OM, that antipodal subgraphs contract
to antipodal subgraphs. Hence antipodal subgraph A is not affected by any of the contractions, hence
with a slight abuse of notation we can say that H also contains A as antipodal subgraph. Thus, the rank
of H is r since it properly contains A of rank r — 1.

Let A be the set of antipodes in H of vertices in A. Then A’ is also an antipodal subgraph of H disjoint
from A and only edges in E, are connecting them. Since A is antipodal, all the vertices in A have their
neighbor in A’. Thus H = AOK,. Since we are in Case 1, this gives that H is strictly smaller than G.

By the induction assumption, H has a vertex v of degree r in H; — H,. Since H = AOK, with the
K, factor corresponding to E,, all the vertices in H are incident with E,. In particular, v is incident with
E,. By Lemma 4.3, there is a set 9 of r maximal proper antipodal subgraphs incident with v such that
v has degree r —1 in each member of 93. Since a vertex of degree r cannot be incident with more than
r maximal proper antipodal subgraphs and v is incident with A, we have A € 4. Since v € H; —H, and
Hi,H, is an expansion in general position, all members of 4 are in H;. By Lemma 4.2, there is a set ¢
of r maximal proper antipodal subgraphs of G, such that each member of ¢ contracts to a member of 3
in H. Moreover, since the members of 9 are in Hy, the graphs in € are in G;. Clearly, A€ 6. Consider
the vertex v € Ain G. To prove that v has degree r and is incident with E, in G, by Lemma 4.3, it suffices
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to prove that the graphs in € are incident with v. Let D € % \ {A}, and D’ the corresponding graph in
. Since D’ and A intersect in a rank r — 2 antipodal subgraph and are both in H,, then A and D lie
on a line in G;. Moreover, since D’ is crossed by E,, so is D. Thus, this line is oriented from A towards
D, thus by the choice of A they are adjacent in G*, and in particular intersect in a rank r — 2 antipodal
subgraph. Moreover this subgraph must be the subgraph that contracts to the intersection of D’ and A.
Hence, v is in the intersection, thus in D. This proves that the vertex v has degree r and is incident with
E, also in G. By construction it lies in G; — G,.

Case 2. G is the Cartesian product G’ O K, with factor K, corresponding to E,.

If G has a ©-class Ey such that G is not a Cartesian product with factor K, corresponding to E¢, then
by Case 1, G has a vertex v of degree r in G; —G,. Moreover, in this case all the vertices of G are incident
with E,, in particular also v is.

If all of the ©-classes of G correspond to factors K,, then G is a hypercube and all its vertices are
simplicial and incident to E,. O

OMs with a ©-class not incident to a simplicial vertex have been found of different sizes [8,45,51].
We conclude:

Corollary 4.6. There exist OMs that are not Mandel. The smallest known on has 598 vertices (topes),
isometric dimension 13 (elements) and is uniform of rank 4. See Figure 3.

5 Corners and corner peelings

In the present section we introduce corners and corner peelings for general COMs. The first subsection is
concerned with the first definitions and results, and in particular contains a proof for existence of corner
peelings of realizable COMs. The second subsection contains corner peelings for COMs of rank 2 and
hypercellular graphs.

5.1 First definitions and basic results

We will approach our general definition of corner of a COM, that generalizes corners on LOPs and has
strong connections with simplicial vertices in OMs. The intuitive idea of a corner in a COM, is a set of
vertices whose removal gives a new (maximal) COM. As a matter of fact it is convenient for us to first
define this remaining object and moreover within an OM.

Recall the definition of an expansion in general position from Section 2. We will say that the subgraph
T of an OM H is a chunk of H, if H admits an expansion in general position Hy, H,, such that T = H;.
We call the complement C = H \ H; a corner of H. In the case that H has rank 1, i.e. H is isomorphic to
an edge K,, then a corner is simply a vertex of H.

This definition extends to COMs by setting C to be a corner of a COM G if C is contained in a unique
maximal antipodal subgraph H and C is a corner of H. We need two more helpful observation:

Lemma 5.1. If G’ is an isometric subgraph of a COM G such that the antipodal subgraphs of G’ are antipodal
subgraphs of G, then G’ is a COM.

Proof By Theorem 1.1 all antipodal subgraphs of G are gated, but since G’ is an isometric subgraph and
it has no new antipodal subgraph also the antipodal subgraphs of G’ are gated. Thus, by Theorem 1.1
G’ is a COM. O

We are now ready to prove that chunks and corners as we defined them achieve what we wanted. This
proof uses the correspondence between sign-vectors and convex subgraphs as introduced in Section 2.

Lemma 5.2. If C is a corner of a COM G, then the chunk G \ C is an inclusion maximal proper isometric
subgraph of G that is a COM.
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Proof. Let us first consider the case where G = H is an OM. Let T,—T be an expansion of H in general
position, i.e., —T is the set of antipodes of T. Since expansions in general position are OM-expansions,
T is a halfspace of an OM. Thus, T is a COM — even an AOM. This proves that T is a sub-COM. Assume
that it is not maximal and let R 2 T be a COM contained in H. Let X € R be an antipodal subgraph
of H that is not completely in T, and is maximal with this property. Since the expansion is in general
position, it holds X € —T and —X € T C R. Let E, € S(X,—X), i.e., E, separates X from —X. Such E,
clearly exists, since R is a proper sub-COM of H, thus X # H.

Considering R as a COM we apply (SE) to X,—X with respect to E, in order to obtain Z C R that
is crossed by E,. Note that X and —X are crossed by the same set of ©-classes X°. By (SE) the set
70 of ©-classes crossing Z strictly contains X°. Thus, if S(Z,X) = @, then Z is an antipodal subgraph
containing X, i.e., X was not a maximal antipodal subgraph of R. Let otherwise E; € S(Z,X). Apply
(SE) to X, Z with respect to E ¢ in order to obtain Z’ C R which is crossed by E ¢ Since Z 0 2X 0 we have
Z'° 2 X0 and furthermore S(Z’,X) G S(Z,X). Proceeding this way, we will eventually obtain an Z C R
with Z° 2 X0 and S(Z,X) = 0. Thus, Z € R is an antipodal subgraph containing X. By the choice of X,
Z is not completely in T. This violates the assumption that X was maximal. Thus, R = T.

Now, let G be a COM that is not an OM and let H be the unique maximal antipodal subgraph of G
containing C. By the above T = H\C is an isometric subgraph of H and a COM. Now, it follows that G\ C
is an isometric subgraph of G. Namely, since no vertex of C is adjacent to a vertex of G\ H and T being
an isometric subgraph of H, all shortest paths in G through C, can be replaced by shortest paths through
T. Finally, Lemma 5.1 implies that G \ C is a COM. Maximality follows from the first paragraph. O

Recall that simplicial vertices in LOPs are called corners. Before providing further central properties
of corners in COMs, let us see that we indeed generalize corners of LOPs.

Proposition 5.3. A subset C of the vertices of a LOP G is a corner if and only if C = {v} is contained in a
unique maximal cube of G.

Proof. OMs that are LOPs are cubes, so let v be a vertex of Q,,. The expansion with H; = Q,, \ {v} and
H, = Q, \ {—v} clearly is antipodal. Moreover, every proper antipodal subgraph of Q,, is contained in
either H; or H,. Thus, this expansion is in general position. Consequently v is a corner or Q,. Since
chunks are maximal sub-COMs, by Lemma 5.2, single vertices are precisely the corners of Q,,.

If now v is a corner of a LOP G, then by the definition of corners of COMs and the fact that in a LOP
all proper antipodal subgraphs are cubes, v is contained in a unique maximal cube of G.

Conversely if v is a vertex of a LOP contained in a unique cube, then this cube is also the unique
maximal antipodal subgraph of the LOB since in a LOP all proper antipodal subgraphs are cubes. Thus
v is a corner of the LOP O

Note that, as mentioned earlier, every OM admits an expansion in general position, see [49, Lemma
1.7] or [7, Proposition 7.2.2]. This yields directly from the definition:

Observation 5.4. Every OM has a corner.

Note however that COMs do not always have corners, e.g., with Proposition 5.3 one sees that the
AOMs obtained from the UOMs with a mutation-free element have no corner.

Lemma 5.2 yields the following natural definition. A corner peeling ina COM G is an ordered partition
Cy,...,Cy of its vertices, such that C; is a corner in G —{Cy, ..., C;_;}. In the following we generalize a
results from [51] for realizable LOPs.

Proposition 5.5. Every realizable COM has a corner peeling.

Proof. We show that a realizable COM G has a realizable chunk T. Represent G as a central hyperplane
arrangement 2 in an Euclidean space intersected with an open polyhedron P given by open halfspaces
0. Without loss of generality we can assume that the supporting hyperplanes of the halfspaces in @ are
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in general position with respect to the hyperplanes in .#. We shall call points in the Euclidean space,
that can be obtained as intersection of subset of hyperplanes s minimal dimensional cells. It follows
from the correspondence between antipodal subgraphs and covectors of a COM [29, Theorem 4.9], that
topes (chambers) surrounding minimal dimensional cells correspond to antipodal subgraphs of G.
Now, take some halfspace O € ¢ and push it into P until it contains the first minimal dimensional
cell C of . The obtained realizable COM T is a chunk of G, because restricting the antipodal subgraph
(an OM) corresponding to the cell C with respect to O is taking a chunk of C, while no other cells of G
are affected and the resulting graph T is a COM. O

In [4, Conjecture 2] it was conjectured that all locally realizable COMs, i.e., those whose antipodal
subgraphs are realizable OMs, are realizable. Proposition 5.5 yields a disproof of this conjecture, since
all antipodal subgraphs of a LOP are hypercubes, i.e., LOPs are locally realizable, but by the example in
Figure 3 and others there are LOPs that do not have corner peelings. Thus, they cannot be realizable.

Remark 5.6. There are locally realizable COMs, that are not realizable.

Indeed , LOPs are even zonotopally realizable, i.e., one can choose realizations for all cells such that
common intersections are isometric. It remains open whether every locally realizable COM is zonotopally
realizable, see [4, Question 1].

5.2 Corners and corner peelings in further classes

In this section we consider the question of the existence of corners and corner peelings in various classes
of graphs. By Proposition 5.3 simplicial vertices in LOPs are corners. Thus, Theorem 4.5 yields:

Corollary 5.7. Every halfspace of a Mandel UOM has a corner.

In the following we focus on COMs of rank 2 and hypercellular graphs. In both these proofs we use
the zone graph of a partial cube, see Section 2. We start with some necessary observations on cocircuit
graphs of COMs.

Cocircuit graphs of COMs

In the following we generalize the concept of orientation of the cocircuit graph introduced in Section 4
from AOMs to general COMs.

Lemma 5.8. If G is a COM and a hypercube Q, a minor of G, then there is an antipodal subgraph H of G
that has Q, a minor. In particular, the rank of a maximal antipodal subgraph of a COM G is the rank of G.

Proof. Since Q, is antipodal, by Lemma 4.2, there exist an antipodal subgraph H of G that contracts to
it. Then H is the desired subgraph. O

We define the cocircuit graph of a non-antipodal rank r COM as the graph whose vertices are the
rank r antipodal subgraphs and two vertices are adjacent if they intersect in a rank r — 1 antipodal
subgraph. By Lemma 5.8 the vertices of the cocircuit graph of a non-antipodal COM G correspond to the
maximal antipodal subgraphs of G. The cocircuit graph of a COM can be fully disconnected hence we
limit ourselves to COMs having all its maximal antipodal subgraphs of the same rank with G* connected.
We call them pure COMs. Note that AOMs are pure COMs.

Let G be a pure COM, {A;,A,} be an edge in G* and F be the set of ©-classes crossing A; NA,. We
have seen in Section 4 that if G is an AOM, then the maximal proper antipodal subgraphs of G crossed
by ©-classes in F induce a path of G* which we called a line. The following lemma is a generalization
of the latter and of general interest with respect to cocircuit graphs of COMs, even if we will use it only
in the case of rank 2.
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Lemma 5.9. Let G be a COM that is not an OM, {A,,A,} be an edge in G*, and F be the set of ©-classes
crossing Ay NA,. Then the maximal proper antipodal subgraphs of G crossed by ©-classes in F induce a
subgraph of G* isomorphic to the line graph of a tree.

Proof. Let G,A1,A,, F be as stated and r the rank of G. Consider the zone-graph {z(G). Recall that its
vertices are antipodal subgraphs of rank r — 1 crossed by ©-classes in F and two subgraphs are adjacent
if they lie in a common rank r antipodal subgraph. Since {(G) is a COM, see e.g. [29] and has rank 1,
we have that {z(G) is a tree. By definition, the maximal proper antipodal subgraphs of G crossed by ©-
classes in F correspond to edges of {(G), with two such edges connected if they share a vertex. Hence
they form a subgraph of G* that is isomorphic to the line graph of {(G). O

Lemma 5.9 implies that G* can be seen as the edge disjoint union of line graphs of trees. We can
use this to orient edges of G*. Similarly as in the settings of AOMs, we will call a line in G a maximal
path L =A;,...,A, in the cocircuit graph G* such that A;_; NA; is the set of antipodes of A; NA;,; with
respect to A;. Let now E, € & be a ©-class of G. Similarly as before we say that E, crosses a line L of G*
if there exists A; on { that is crossed by E, but A;_; NA; or A; NA;,, is not crossed by it. If A; exists, it
is unique. The orientation of L with respect to E, is the orientation of the path L in G* from E; to E if
E, crosses L and not orienting the edges of L otherwise. Notice that in this way we can orient the edges
of G* with respect to E, by orienting all the lines simultaneously. The orientation of each edge (if it is
oriented) is well defined: If {A;,A;;1} € E; is an edge in a line graph of a tree that is crossed by E, in A;
and Aj; is closer to A; than A; is, then {A;,A;;} is oriented from A; to A;,. Similarly if {A;,A;,,} € Ef
and A; is closer to A; than A; 4 is, then {A;,A; } is oriented from A; to A;,,. Furthermore, {A;,A;} is
not oriented if A;,A; are at the same distance to A;. See Figure 6 for an illustration.

Figure 6: A pure rank 2 COM and its cocircuits graph oriented with respect to E,.

COMs of rank 2

Mandel proved that every AOM of rank 2 is Euclidean, which by Corollary 5.7 implies that every rank 2
halfspace of a UOM has a corner. We generalize this result.

Let us first consider what corners in rank 2 COMs are. Up to isomorphism the only rank 2 OMs are
even cycles. An expansion in general position of an even cycle G = C,, is given by G, G, = —G;, where
G, consists of an induced path on n+ 1 vertices. Hence a corner in a rank 2 COM consist of n—1 vertices
inducing a path, included in a unique antipodal C,,. For example, the COM in Figure 6 has 11 corners.
Those contained in a square are single vertices and the ones contained in the Cg are paths with two
vertices.

Proposition 5.10. Let G be a pure COM of rank 2 and E, a ©-class of G. Then G has a corner in E} and
inE,.
e

Proof. Let E, € & be a ©-class of a pure rank 2 COM G. We shall prove that G has a corner in E, by
symmetry it follows that it has one in E,” as well. Without loss of generality assume that there is no ©-
class E; completely contained in E", otherwise switch E} with E}' or E depending on which is entirely
in E}. Orient the edges of G* with respect to E,.
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Since the rank of G is 2, the maximal antipodal subgraphs are even cycles and each line consist of
sequence of cycles pairwise crossing in edges from Ey, for some E;. We will say that the line follows Ey.
The induced subgraph of G* of all the maximal antipodal subgraphs crossed by E is the line graph of a
tree, by Lemma 5.9. We will denote it by G;. Let G; be crossed by some E, in A;. Then this splits the
vertices of G; —{A;} into the ones lying in E; and the ones lying in E,. We denote these by E;(G;) and
E;(G} ), respectively.

We shall prove that there is no directed cycle in G* N E;' consisting of only directed edges. For the
sake of contradiction assume that such a cycle exists and take one that is the union of as few parts of
lines as possible. Let the cycle be a union of a part of L;, a part of L,..., and a part of L,. Also denote
with E,,...,E, the respective ©-classes followed by Ly, ..., L,.

Since L; and L;y, intersect, L; must be crossed by E, and L;;, must be crossed by E,, . Without loss
of generality assume that L, passes E,, from E, to E:l, Lg passes E,, from E, to E:z, ..., and L passes
A :

First we show that each L; passes E,, , from EZH toE, . Assuming otherwise the intersection of
L;_, and L; lies in E_, , while the intersection of L;,, and L;,3 lies in EJr , by the assumption in the
previous paragraph. Then one of the lines L; 4, L;,s,...L;_; must pass E from E++ to E, ,say L;

E, fromE, to E;, otherwise reorient E e
n n

passes it. If this passing is in E*, then the cycle is not minimal, since one could just replace the hnes
Liy1,...,L; by the line following Ee starting from the intersection of L; and L;, to the crossing of E,_ |
and L;. In fact such a directed line ex1sts since by assumption the lines following E,, . pass E; from E;
to Ef thus the orientation of the shortest path from the intersection of L; and L;, to the crossing of L;
and E,,, is correct.

On the other hand, assume the passing is in E, - By assumption, the intersection of L;,; and L;,, is
in E+ Hence one of the lines Li;3,Liy4,.--L; rnust pass E,,, say L;. In particular it must pass it in Ef
by the choice of L;. But then again the cycle is not m1n1mal since one could just continue on the hne
following E,, startmg from the intersection of L;_; and L; to the crossing of E,, and L;. This cannot be.

Now we show that for each e;, e;,; it holds that E,, (G*) (- E’(G*) Since L;4, passes E,, from E,
to E+ it follows that L;,; passes E, in E_. Since G is the line graph of a tree, this implies that cither
E+ (G )CE, (G*) or E, (G*) CE, (G*) On the other hand, L; passes E, from E*’+1 to E,  hence

passes E, in E; Agam since G* is the line graph of a tree, this 1mp11es that E*(G*) c EJr (G*) or
E;(G:) C E;H(G:) Hence, Ee_m(G:) C Ee(_(Ge) and E;:(G:) C Ee’:H(G:)

Inductively E;(G:) c E;H(G:) C--CE, (GHc E;(G:) — contradiction. This proves that there is
no directed cycle in G* N E;f consisting of only directed edges.

We can now prove that G has a corner in E;. First, assume that G* N E} is non-empty and let
A€ G*NE} be a maximal antipodal subgraph, i.e., an even cycle, that has no out-edges in G*. By the
choice of E,, each line L that passes A is crossed by E,. We now analyze how lines pass A. Let L, L, be
lines passing A, following Ey,, E,, respectively. Since Ey, crosses at most one antipodal subgraph of G*l,
this implies that L; and L, simultaneously pass only A. In particular each antipodal subgraph of G} is
passed by at most one line passing A. Since G is the line graph of a tree, its every vertex is a cut vertex.
Then each line L, passing A and A¢ € G}, and following some E, splits G} — {A;} into two connected
components, E;(G:) and E;(G:), Thus we can inductively find L such that any other line passing A
passes an antipodal subgraph in G; in E}'(G:), reorienting Ey if necessary.

We now show that A includes a corner. Let A’ be an antipodal subgraph on L that is a neighbor of A.
Then ANA’ corresponds to an edge in Ey. Define the set C to include all the vertices of A in E; besides
the one vertex lying in ANA’. Then C is a corner of A, we will show that C is a corner of G. For the sake
of contradiction assume that a vertex v of C lies in a maximal antipodal subgraph A” different from A.

We prove that we can choose A” such that it shares an edge with A. Assuming otherwise, since G
is a pure COM, there is a path in G* between A and A”. This implies that there is a cycle C; in G with
subpath v'vv”, where v/ € A—A” and v/ € A” —A. By [11, Lemma 13], the convex cycles span the cycle
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space in a partial cube. If A is one of the convex cycles spanning Cy, then there is a convex cycle incident
with A in v and sharing an edge with A. If A is not used to span Cj, then a convex cycle incident with
edge v'v must be used, thus again we have a convex cycle sharing v and an edge with A.

We hence assume that A and A” share an edge g. By definition of C, ether g € E;, or g € E¢ but not
in ANA’. The latter case implies that L can be extended with A”, which cannot be since A in G* has no
out-edges. Moreover, by the choice of L, all the other lines passing A pass E; form E}’ to E;. Then in the
former case, some other line passing A can be extended, leading to a contradiction. This implies that G
has a corner.

Finally, consider the option that G* N E} is empty. Since G is the line graph of a tree, we can pick
A € G} that corresponds to a pendant edge in a tree, i.e. an edge with one endpoint being a leaf. Then
it is easily seen that A has a corner in E;". This finishes the proof. O

The following is a common generalization of corresponding results for cellular bipartite graphs [3]
(being exactly rank 2 hypercellular graphs, which in turn are COMS [11]) and LOPs of rank 2 [9].

Theorem 5.11. Every rank 2 COM has a corner peeling.

Proof. Notice that a rank 2 COM is pure if and only if it is 2 connected. Consider the blocks of 2-
connectedness of a rank 2 COM G. Then a block corresponding to a leaf in the tree structure of the block
graph has 2 corners by Proposition 5.10. This implies that G has a corner. Proposition 5.2 together with
the observation that G minus the corner has rank at most 2 yield a corner peeling. O

Hypercellular graphs

Hypercellular graphs were introduced as a natural generalization of median graphs, i.e., skeleta of
CAT(0) cube complexes in [11]. They are COMs with many nice properties one of them being that
all their antipodal subgraphs are Cartesian products of even cycles and edges, called cells. See Figure 7
for an example.

Figure 7: A hypercellular graph.

More precisely, a partial cube G is hypercellular if all its antipodal subgraphs are cells and if three
cells of rank k pairwise intersect in a cell of rank k — 1 and altogether share a cell of rank k — 2, then
all three lie in a common cell, for all 2 < k < r(G). See Figure 8 for three rank 2 cells (cycles) pairwise
intersecting in rank 1 cells (edges) and sharing a rank O cell (vertex) lying in a common rank 3 cell
(prism). Since median graphs are realizable COMs, see [37], which is also conjectured for hypercellular
graphs [11], they have corner peelings by Proposition 5.5. Here, we prove that hypercellular graphs
have a corner peeling, which can be seen as a support for their realizability.

The following lemma determines the structure of corners in hypercellular graphs, since the corners
of an edge K, and an even cycle C,, are simply a vertex and a path P,_;, respectively.

Lemma 5.12. Let G = O;A; be the Cartesian product of even cycles and edges. Then the corners of G are
precisely sets of the form O;D; C G, where D; is a corner of A; for every i.
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Figure 8: Any three cycles of a hypercellular graph that pairwise intersect in an edge and share a vertex
lie in a common cell.

Proof. Let D = G,—Gq be a corner of G, i.e. G1, G, define an expansion in general position. Every subset
of the form A;0O...0A;_0{v}0A;;;0...0A4, is an antipodal subgraph, thus it is either completely in
G; or in G,. We can use the latter to define an expansion in general position of A; according to Hy, Hy,
by v € H; if A;0...0A;_10{v}0A;;10...04, € Gj, for j € {1,2}. In fact each maximal antipodal
subgraph A of A; is either completely in H; or in H, (but not both) since A,0...0A;_;0A0A;,0...04,

is a maximal antipodal of G either completely in G; or in G, (but not both). Moreover, since G; = —G,
also H; = —H,.
It remains to prove that H,,H, are isometric.  Let v;,v, € H;. If there exists a

unique shortest vy,vy-path P in A;, then pairs of vertices of A;0...0A4; ;0{v;}04;,,0...04,
and A,0...04;_ 10{v,}0A;;;0...04, also have unique shortest paths. This implies that also
A,0...04;_0POA;10...04, € Gy, since G, is isometric. Thus P € H;. The only option that v, v, do
not have a unique vy, v,-path is that A; is a cycle of length 2k, for k > 2, and v;, v, antipodal vertices in
A;. Then for each vertex u of A; different form v;, v, holds that A;0O0...0A; ;0{u}0A;;0...04, € Gy,
thus u € H,. But then the neighbors of v; in A; are in H, which by the previous case implies that v; € Hy.
Similarly v, € H,, which cannot be, since then G, = G. This proves that H,, H, are isometric. In par-
ticula, if A; is a cycle C,,, then H,, H, are paths P, ., and if A; is an edge K,, then Hy, H, are vertices.
Thus each D; = H, — H; is a corner.

By definition of the corners D;, it holds D = (G, —G;) € O;D;, i.e. G —0O;D; C G;. We prove that the
equality holds. Let F be a set of ©-classes that cross 0;D;. Contracting all the ©-classes in F gives a COM
r(G) = O;A; where A} = ntp(A;) is a 4-cycle if A; is a cycle and A} = A; if A; is an edge. Thus the rank of
mp(G) is the same as the rank of G. Now if (G, —G1) € O;D;, it holds 7z (G,) = mz(G), since nz(0O;D;) is
a vertex. Defining the expansion of 7;(G,) according to H; = 7tz(G,) = 7p(G),Hy = mr(Gy) = mr(G),
gives a graph H that has a higher rank than nz(G) and G. But H can be obtain as a contraction of
the graph H’ obtained by expanding G with respect to G, and G,. Since G, G, define an expansion in
general position H' has the same rank as G. This is impossible.

We have proved that if G has a corner, then it is of the form O0;D;. As mentioned, every OM has a
corner. By symmetry, every set of vertices of the form O0;D; is a corner of G. O

We shall need the following property about hypercellular graphs.
Lemma 5.13. Every zone graph { ;(G) of a hypercellular graph G is hypercellular.

Proof. Every zone graph of the Cartesian product of even cycles and edges is the Cartesian product of
even cycles and edges, as it can easily be checked. Let {;(G) be a zone graph of a hypercellular graph
G. Then every cell of rank r in {;(G) is an image of a cell of rank r + 1 in G. Hence for every three
rank r cells pairwise intersecting in rank r —1 cells and sharing a rank r —2 cell from ¢ f(G), there exist
three rank r +1 cells pairwise intersecting in rank r cells and sharing a rank r—1 cell in G. Additionally
the latter three cells lie in a common cell H in G. Then the image of H in {;(G) is a common cell of the
three cells from ¢ (G). O

19

209



Let E, be a ©-class of a COM G. As usual, see e.g. [4,11], we call the union of antipodal subgraphs
crossed by E, the carrier of E,. The following is another generalization of the corresponding result for
cellular graphs [3] and as mentioned above for median graphs.

Theorem 5.14. Every hypercellular graph G has a corner peeling.

Proof. We prove the assertion by induction on the size of G. The technical difficulty of the proof is that
removing a corner in a hypercellular graph possibly produces a non-hypercellular graph. Hence we shall
prove the above statement for the larger family % of COMs defined by the following properties:

(1) Every antipodal subgraph of G € Z is a cell.
(2) Every carrier of G € & is convex.
(3) Every zone-graph of G € & isin Z.

We first prove that hypercellular graph are a part of &. By Lemma 5.13 only the first two properties
must be checked. Now, (1) holds by definition of hypercellular graphs. Moreover, (2) follows from the
fact that for any ©-class E, in a hypercellular graph the carrier of E, is gated [11, Proposition 7], thus
also convex.

We now prove that the graphs in & have a corner peeling. Let G € # and E, an arbitrary ©-class in
G. Since the carrier of E, is convex the so-called Convexity Lemma [24] implies that for any edge g € E
with exactly one endpoint in the carrier its ©-class E, does not cross the carrier. Now if the union of cells
crossed by E, does not cover the whole E, then for any edge g in E; with exactly one endpoint in the
union, one of E; orE is completely in E;. Repeating this argument with E, one can inductively find a
©-class E; with the property that the carrier of E; completely covers E;r, without loss of generality.

Let {;(G) be the zone graph of G with respect to Ef, i.e., the edges of E; are the vertices of {(G)
and two such edges are connected if they lie in a common convex cycle. By (3) {;(G) is in &, thus by
induction {¢(G) has a corner D;. By definition there is a maximal antipodal subgraph A in {¢(G) such
that the corner Dy is completely in A;. Moreover, there exists a unique maximal antipodal subgraph A
in G whose zone graph is A¢.

We lift the corner Dy from Ay to a corner D of A in the following way. If E in A corresponds to an
edge factor K, then A is simply K,0A;. In particular we can define D = {v}O0C; where v is a vertex of
K, in E; By Lemma 5.12, this is a corner of A. Since Dy lies only in the maximal antipodal graph A¢, D
lies only in A.

Otherwise, assume E; in A corresponds to a ©-class of a factor Cy; (an even cycle). We can write
A= CyD0A. Then Ay = K,0A' with a corner Dy = {v}OA’, by Lemma 5.12. We lift Dy to D = P,_;0A".
Here P,_; is the path in Cy consisting of the vertices in ET apart from the one lying on the edge not
corresponding to v in the zone graph. As above since Dy lies only in the maximal antipodal graph A¢, D
lies only in A.

We have proved that G has a corner D. To prove that it has a corner peeling it suffice to show that
G\D is a graph in &. Since removing a corner does not produce any new antipodal subgraph, all the
antipodal subgraphs of G\D are cells, showing (1). The latter holds also for all the zone graphs of G\D.
To prove that (2) holds for G\D consider a ©-class E, of G\D. By Lemma 5.2, G\D is an isometric
subgraph of G, i.e. all the distances between vertices are the same in both graphs. Since the carrier of E,
in G is convex and removing a corner does not produce any new shortest path, the carrier of E, is convex
in G\D. The same argument can be repeated in any zone graph of G\D. This finishes the proof. O

We have shown corner peelings for COMs of rank 2 and hypercellular graphs. A common generaliza-
tion are Pasch graphs [10,11], which form a class of COMs [29] that exclude the examples from [3,9,51]:

Question 1. Does every Pasch graph have a corner peeling?
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6 The minimum degree in antipodal partial cubes

Las Vergnas’ conjecture can be seen as a statement about the minimum degree of an OM of given rank.
Here we examine the relation of rank and minimum degree in general antipodal partial cubes.

6.1 Lower bounds

As stated in Section 1, if G is the tope graph of an OM, then r(G) < 6(G), see [7, Exercise 4.4]. In general
rank r antipodal partial cubes the minimum degree is not bounded from below by r. More precisely:

Proposition 6.1. For every r > 4 there is an antipodal partial cube of rank r and minimum degree 4.
Moreover, there is an antipodal partial cube of rank 4 and minimum degree 3.

Proof. In [29] it is been shown that every partial cube G with n ©-classes — thus embeddable in Q,, —is a
convex subgraph of an antipodal partial cube A;. Here, A; is obtained by replacing in a Q,,3 one Q,, by
G and its antipodal Q,, by —G. It is straight-forward to see that the minimum degree of A; is 6(G) + 3
and that the rank of Ag is at least n + 2. Indeed, for instance taking G as a path of length k > 1 we get
6(Ag)=4and r(Ag) =k +2.

Another construction is as follows. Take Q,, ~(i), with 1 <i < n and n > 4, to be the graph obtained
from Q,, by removing a vertex v, its antipode —v and i neighbors of —v. Such a graph is affine and each
antipode (in Q,,) of the removed neighbors of —v is without the antipode in Q; ~(i), is of degree n—1
and of rank n—1. Then construct the antipodal graph taking two antipodal copies of it. Such graph will
have minimum degree n— 1 and rank n. For n = 4 this gives the second part of the result. O

On the other hand, it is shown in [42] that if an antipodal partial cube G has 6(G) < 2, then
r(G) = 8(G). This implies that if an antipodal partial cube G has r(G) < 3, then r(G) < 6(G).
In relation to a question about cubic non-planar partial cubes we ask the following:

Question 2. Are there antipodal partial cubes with minimum degree 3 and arbitrary rank?

Indeed, since planar antipodal partial cubes are tope graphs of OMs of rank 3, see [20], any example
for the above question has to be a non-planar antipodal partial cube of minimum degree 3. It has been
wondered whether the only non-planar cubic partial cube is the (antipodal) Desargues graph [27], see
the left of Figure 2. To our knowledge even the restriction to antipodal partial cubes remains open. For
transitive cubic partial cubes it is known that the Desargues graphs is the only non-planar one, see [36].
On the other hand, it is open whether there are infinitely many non-planar partial cubes of minimum
degree 3.

6.2 Upper bounds

Bounding the minimum degree in a partial cubes G from above by its rank is a generalization of Las
Vergnas conjecture. As discussed in previous sections Las Vergnas conjecture is proved for OMs of rank
at most 3. In fact tope graphs of OMs of rank 3 are even ©-Las Vergnas, by Theorem 4.5 and the fact
that they are Euclidean. We show that this property extends to general antipodal partial cubes of rank 3.

For this approach we introduce a couple of natural notions from [29]. A partial cube G is called
affine if it is a halfspace E;' of an antipodal partial cube. The antipodes A(G) of an affine partial cube are
those u € G such that there is —u € G such that the interval

[u,—u] = {v € G | there is a shortest path from u to —u through v}

coincides with G. The antipodes of G are exactly the vertices of E; incident to E, when G is viewed as
subgraph of G’. We need a auxiliary statement about the rank of affine partial cubes.
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Lemma 6.2. If an affine partial cube G is a halfspace of an antipodal partial cube G’ of rank r, then G has
rank at most r — 1.

Proof. Suppose there is a sequence of contractions from G to Q. Then the same sequence of contraction
in G’ yields a minor H with Q; as a halfspace. Since H is antipodal, H = Q1. O

It was shown in [29] that affine partial cubes are closed under contractions. The following analyses
the behavior of the set of antipodes under contraction.

Lemma 6.3. Let G be affine with antipodes A(G) and E, a ©-class. Then A(7,(G)) = m,(A(G)).

Proof. Let u,v € V(G) such that 7,(u) = —n,(v) in 7,(G). Since G is affine, by [29, Proposition 2.16]
there is an x € A(G) such that [x,u] and [v,—x] cross disjoint sets of ©-classes. Since 7,(u) = —m,(v)
in 7,(G), we have that [u, v] crosses all classes of G except possibly E,. Thus, without loss of generality
either u = x or u is incident with E, its neighbors with respect to E, is x and v = —x. But then
T(x) =u. O

Lemma 6.4. Every affine partial cube of rank at most 2 has a vertex of degree at most 2 among its antipodes.

Proof. So, let the affine partial cube G be a minimal counterexample, i.e., all antipodes have degree
at least 3, but (since affine partial cubes are closed under contraction) every contraction destroys this
property.

Thus, let E, be a ©-class. By minimality, in 7,(G) there are two antipodes of degree 2. Then by
Lemma 6.3 there are two antipodal vertices x,—x € G such that in 7,(G) they have degree 2. Then,
x,—x are incident with E,, call their neighbor with respect to E,, x’ and —x’, respectively. Moreover,
x,—x have degree 3 and their other two neighbors are also incident with E,. Thus, also x” and —x’ have
at least two neighbors incident to E, and incident with the neighbors of x and —x. Thus, contracting all
other ©-classes yields a Q3-minor — contradiction. O

Proposition 6.5. Let G be an antipodal partial cube of rank 3 and E, a ©-class. There is a degree 3 vertex
incident to E,.

Proof. Suppose that the claim is false. Let G be a counterexample and E, a ©-class, such that all vertices
incident to E, have degree at least 4. Consider the contraction G’ = 7,(G) of G and let G;, Gi be the
antipodal expansion of G’ leading back to G. Since their preimage under 7, has degree at least 4, all
vertices in G} N G, have degree at least 3. But G} N G, are the antipodes of the affine partial cube G;.
Moreover, Gi is of rank 2 by Lemma 6.2. Thus, we have a contradiction with Lemma 6.4. O

While we have already used several times, that even OMs of rank 4 are not ©-Las Vergnas, surprisingly
enough Las Vergnas’ conjecture could still hold for general antipodal partial cubes. We have verified it
computationally up to isometric dimension 7. See Table 2 for the numbers.

ni{2(3(4(5]| 6 | 7 8

antipodal || 1 | 2 | 4 | 13 | 115 | 42257 ?
OM | 1|2|4| 9 | 35 381 | 192449

Table 2: Numbers of antipodal partial cubes and OMs of low isometric dimension. The latter can also
be retrieved from http://www.om.math.ethz.ch/.

Since already on isometric dimension 6 there are 13488837 partial cubes, instead of filtering those
of isometric dimension 7 by antipodality, we filtered those of isometric dimension 6 by affinity. There
are 268615 of them. We thus could create all antipodal partial cubes of dimension 7 and count them
and verify Las Vergnas’ conjecture also for this set. We extend the prolific Las Vergnas’ conjecture to a
much wider class.

Question 3. Does every antipodal partial cube of rank r have minimum degree at most r?
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7 Conclusions and future work

We have shown that Mandel OMs have the ©-Las Vergnas property, therefore disproving Mandel’s con-
jecture. Finally, Las Vergnas’ conjecture remains open and one of the most challenging open problems
in OM theory. After computer experiments and a proof for rank 3, we dared to extend this question to
general antipodal partial cubes, see Question 3. Another strengthening of Las Vergnas’ conjecture is the
conjecture of Cordovil-Las Vergnas. We have verified it by computer for small examples and it holds for
low rank in general. However, here we suspect the existence of a counter example at least in the setting
of g,

Our second main contribution is the introduction of corner peelings for COMs and the proof of their
existence in the realizable, rank 2, and hypercellular cases. A class that is a common generalization of
the latter two is the class % of Pasch graphs. Do these graphs admit corner peelings? See Question 1.

Let us close with two future directions of research that appear natural in the context of the objects
discussed in this paper.

7.1 Shellability

There is a well-known notion of shellability of posets. In the context of an OM or AOM, a shelling is a
special linear ordering of the vertices of its tope graph. See [7] for the definitions. It thus, is natural to
compare corner peelings and shellings.

It is known that AOMs and OMs are shellable, see [7]. Shellability is defined for pure regular com-
plexes thus the question of existence of shellings can be asked for all such COMs. It is not hard to see
that a COM consisting of two 4-cycles joined in a vertex is not shellable.

Question 4. Which COMs are shellable?

A necessary condition might be r-connectedness, if a COM has rank r. Another useful hint might
be the fact that an amalgamation procedure for COMs described in [4] is similar to the notion of con-
structibility, which is a weakening of shellability, see [21].

Corner peelings of LOPs are related to extendable shellability of the octahedron, see [9,51]. While
OMs have corners, AOMs do not always, as the example of Figure 3 shows. Hence, shellability does not
imply the existence of a corner or a corner peeling. However, there still might be a connection:

Question 5. If a shellable COM G has a corner peeling, can one find a shelling sequence that is a refinement
of a corner peeling sequence of G?
7.2 Murty’s conjecture

An important open problem in OMs is a generalization of the Sylvester-Gallai Theorem, i.e., for every set
of points in the plane that does not lie on a single line there is a line, that contains only two points.

The corresponding conjecture in OMs can be found in Mandel’s thesis [35], where it is attributed to
Murty. In terms of OMs it reads:

Conjecture 4 (Murty). Every OM of rank r contains a convex subgraph that is the Cartesian product of an
edge and an antipodal graph of rank r — 2.

The realizable case of Murty’s conjecture is shown by [50] and more generally holds for Mandel
OMs [35]. Indeed, we suspect that along our strengthening of Mandel’s theorem (Theorem 4.5) a ©-
version of Mandel’s results can be proved:

Conjecture 5. Every ©-class in a Mandel OM of rank r is incident to a vertex of an antipodal graph that is
the Cartesian product of an edge and an antipodal graph of rank r — 2.
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On the other hand it would be interesting to find OMs, that do not have this strengthened property.
Still Murty’s conjecture in general seems out of reach. We propose a reasonable weaker statement to
attack:

Question 6. Does every OM of rank r contain a convex Qryy-
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