
DISTRIBUTIVE LATTICES ON GRAPH ORIENTATIONS

KOLJA B. KNAUER

ABSTRACT. Propp gave a construction method for distributive lattices on a class of orien-
tations of a graph – calledc-orientations. Given a distributive lattice we construct aset of
graphs, realizing the distributive lattice as the lattice of their c-orientations. One distribu-
tive lattice may arise from different graphs. We describe the set of graphs which generate
the same distributive lattice.

1. INTRODUCTION

This paper deals with finite directed graphs and finite distributive lattices. Given a
directed graphD we follow Propp and define two operations flip and flop which modify
the orientation locally. The set of all graphsD′ which are reachable fromD via a sequence
of flips and flops comes with a natural order relation. In fact it is a distributive lattice, the
flip flop poset (Theorem 1.1). Remarkably, the elements of theflip flop poset ofD can
also be characterized as the set of all orientations of the underlying graphG with a certain
numerical invariant on the cycles ofD (Theorem 1.2). The contributions of this paper are
the following results:

• Every finite distributive lattice is the flip flop poset of a digraphD (Theorem 2.1).
• A description of the class of digraphs which generate the same flip flop poset

(Theorem 3.10).

For a more general approach to flip flop posets induced by oriented matroids and general
sign matrices, see [4]. This paper is based on the fourth chapter of [4].

1.1. Preliminaries. The main object of this paper are directed graphsD = (V, A) with
vertex setV and arc setA ⊆ V × V . We will generally forbid loops, i.e. arc of the form
(v, v) are not allowed. To avoid confusion when necessary we shall specify vertex and arc
set ofD asV (D) andA(D), respectively. Given an undirected graphG = (V, E) we
call a directed graphD = (V, A) anorientation of G if there is a bijectionf : E → A
such thatf({u, v}) ∈ {(u, v), (v, u)}. If D is an orientation ofG thenG is unique up to
isomorphism and we call the isomorphism class ofG theunderlying graph of D. GivenD
we denote its underlying graph asD. For digraphsD, D′ we say thatD′ is areorientation
of D if D = D′. Clearly, two digraphsD, D′ are orientations of isomorphic graphs if and
only if D andD′ have identical underlying graphs which by definition is equivalent toD′

being a reorientation ofD. So instead of looking at a set of orientations of an undirected
graph we will choose one reference orientation and a set of its reorientations. A feature of
this point of view is that given a directed graphD = (V, A) any reorientationD′ can be
viewed as a subsetR ⊆ A, i.e. the arcs inR have to be reversed to obtainD′ from D. The
reason for still having the wordorientationin the title and in the abstract is that previous
research ([3, 6]) has been formulated using this term and that it sounds better.
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We define acut of D as an arc setS[X] ⊆ A induced byX ⊆ V . The cut consists of
all the arcs that are incident toX andV \X, i.e.

S[X] := {(v, w) ∈ A | #({v, w} ∩ X) = 1},

where# maps a set to its cardinality.
A cut is directed if either all its arcs point fromX to V \X (positively directed) or

from V \X to X (negatively directed). A cut of the formS[{v}] for v ∈ V is called a
vertex cut and denoted byS[v]. Vertices that induce positively and negatively directed
vertex cuts are also calledsourcesandsinks, respectively.

We introduce two operations on directed graphs to obtain a partial order on some of the
reorientations of a given connected digraphD. Reversing the orientation on all the arcs
of a positively directed vertex cut is called aflip . The inverse operation, i.e. reversing the
orientation on a negatively directed vertex cut, is called aflop. Fix an arbitrary vertex⊤ of
D – the forbidden vertex – and allow flipping and flopping all the other vertex cuts ofD.
For reorientations ofD′ andD′′ of D, we defineD′ ≤ D′′ if D′′ can be obtained fromD′

by a sequence of flips at vertices different from⊤. The binary relation≤ is a partial order
on the set of reorientations ofD that can be reached fromD via a sequence of flips and
flops. This set of reorientations ofD partially ordered by≤ is called theflip flop poset
Pff(D,⊤). See Figure 1 for an example.
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FIGURE 1. A digraphD and its flip flop poset with additional edge la-
bels. An edge is labelled with the vertex ofD whose flip it corresponds
to. The digraphD is the bottom-element ofPff(D,⊤). Every other
reorientation inPff(D,⊤) can be reached by a sequence of flips.

It turns out thatPff(D,⊤) is highly structured.

Theorem 1.1([6]). LetD = (V, A) be a connected digraph and⊤ ∈ V . Then the flip flop
posetPff(D,⊤) with forbidden vertex⊤ is a distributive lattice.

To explain a second feature of the setPff(D,⊤) we need to introduce some more ter-
minology. We call a sequenceW = (v1, a1, v2, . . . , ak−1, vk) of verticesvi ∈ V (D) and
arcsai ∈ A(D) a walk if ai ∈ {(vi, vi+1), (vi+1, vi)} for 1 ≤ i ≤ k − 1 and every
arc appears at most once inW . An arcai in W is a forward arc if ai = (vi, vi+1) and
backward arc if ai = (vi+1, vi). For a walkW denote byF (W ) set of its forward arcs.
If a walk contains every vertex at most once it is calledpath or (v1, vk)-path. Ifv1 = vk

and every other vertex appears at most once in the walk then wecall it a cycle. A walk is
calleddirected if it contains no forward or no backward arcs. A digraph is called acyclic
if it has no directed cycles.
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Now we definec-reorientations: Given a directed graphD denote its set of cycles by
C(D). For every reorientationD′ of D there is a unique arc setRD′ ⊆ A(D) such that
changing the orientation of the arcs inRD′ yieldsD′. The setRD′ yields a bijection of
C(D) andC(D′). For aC ∈ C(D) change the orientation of all its arcs that are inRD′ .
This gives the corresponding cycleRD′(C) of D′.

We want to investigate the set of reorientations ofD which agree with the same number
of forward arcs among corresponding cycles, i.e. we call

reorc(D) := {D′ | D′ = D and#F (RD′(C)) = #F (C)∀C ∈ C(D)}

the set ofc-reorientations of D.

Theorem 1.2([6]). For an acyclic, connected digraphD = (V, A) we have

Pff(D,⊤) = reorc(D).

The definition of a flip flop poset can be modified such that Theorem 1.2 holds for
arbitrary digraphs. Just flip cuts induced by strong components instead of vertex cuts
and choose oneforbidden strong componentper connected component. For the sake of
simplicity we will restrict ourselves to connected acyclicdigraphs.

2. EVERY DISTRIBUTIVE LATTICE IS THE FLIP FLOP POSET OF ADIGRAPH

We describe a method which from a distributive latticeL constructs a set[D] of acyclic
digraphs with unique source such thatPff(D̃,⊤) ∼= L for everyD̃ ∈ [D].

An essential ingredient for this will beBirkhoff ’s Representation Theorem for Finite
Distributive Lattices, see [1]. To state the theorem we need to make a few definitions.

Given a distributive latticeL denote byJ (L) the subposet of join-irreducible elements
of L, i.e.J (L) consists of those elements ofL that cover exactly one element ofL. As
usual we sayx coversy and denote it byx ≻ y wheneverx is minimal withx > y in L.

Given on the other hand a posetP , denote byO(P ) the inclusion order on the ideals
(downsets) ofP .

Birkhoff’s Theorem asserts thatO(P ) is a distributive lattice andJ (O(P )) ∼= P and
O(J (L)) ∼= L for distributive latticesL.

Now we turn back to the construction of a graph class[D] whose elements have a given
distributive latticeL as their flip flop poset. Define a directed graphD′ with a vertex
v′ ∈ V (D′) for every elementv ∈ J (L) and arcs

(u′, v′) ∈ A(D′) :⇐⇒ u ≺J (L) v.

Add a vertex⊤ to D′ and introduce arcs from the sinks and sources ofD′ to ⊤. Call this
new graphD. SinceV (D) = V (D′) ∪ {⊤} the construction yields a bijection

f : J (L) → V (D)\{⊤}

by mappingv ∈ J (L) to v′ ∈ V (D′) = V (D)\{⊤}.
Denote by[D] the set of digraphs that can be obtained fromD by adding transitive

arcs, where an arc(u, v) is calledtransitive if there is a directed(u, v)-path inD. Since
V (D̃) = V (D) for everyD̃ ∈ [D] the bijectionf can be seen as a bijection fromJ to
V (D̃)\{⊤}. The construction of[D] is exemplified by Figure 2.

Theorem 2.1. LetL be a distributive lattice and̃D ∈ [D]. ThenPff(D̃,⊤) is isomorphic
to L.
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L J (L) D [D]

⊤⊤

FIGURE 2. The construction of[D] from L. The dashed arcs in the
drawing of[D] are the transitive arcs ofD. Every element of[D] results
from D by adding a set of transitive arcs toD.

Proof. By constructionD̃ has no negatively directed vertex cuts apart from⊤, i.e. no flops
can be performed at̃D, i.e. D̃ is a minimum ofPff(D̃,⊤) by definition ofPff(D̃,⊤).
According to Theorem 1.1Pff(D̃,⊤) is a distributive lattice. In particularPff(D̃,⊤) has
a unique minimum, which consequently must beD̃. Thus every element ofPff(D̃,⊤) can
be reached by a sequence of flips starting atD̃.

By Birkhoff’s Theorem, it is enough to showO(J (L)) ∼= Pff(D̃,⊤).
Let g : Pff(D̃,⊤) → {Ĩ | Ĩ ⊆ V (D̃)\{⊤}} mapD̃′ ∈ Pff(D̃,⊤) to a vertex set̃I

whose vertex cuts{S[v] | v ∈ Ĩ} can be flipped in some order to reachD̃′ from D̃.
Since flipping different vertex sets̃I, Ĩ ′ ⊆ V (D̃)\{⊤} yields different reoriented arc

setsS[Ĩ], S[Ĩ ′], there is a uniquẽI ⊆ V (D̃)\{⊤} whose vertex cuts have to be flipped to
obtainD̃′ from D̃, for everyD̃′ ∈ Pff(D̃,⊤). This is, for everyĨ ⊆ V (D̃)\{⊤} whose
vertex cuts can be flipped there isg−1(Ĩ) ∈ Pff(D̃,⊤).

EveryĨ ⊆ V (D̃) corresponds to anI ⊆ J (L) via the bijectionf given in the construc-
tion of [D].

First we show thatf maps every set̃I of vertices whose cuts can be flipped to reach an
element ofPff(D̃,⊤) to an order idealI ⊆ J (L), i.e. f(g(Pff(D̃,⊤))) ⊆ O(J (L)).

The vertex cuts at the sources ofD̃ are positively directed. But the sources are connected
to ⊤, which is not allowed to be flipped, so the cuts of the sources can be flipped exactly
once.

Furthermore every vertex cutS[v] can be flipped only after the vertex cutsS[u] for
(u, v) ∈ A(D̃) have been flipped. Iteratively every vertex cut can be flippedat most as
often as the sources. Together we have that every vertex cut can be flipped at most once in
a flip sequence andf maps the set of vertices̃I, whose cuts have been flipped in any flip
sequence to an idealI of J (L).

It remains to be shown that for every idealI of J (L) the vertex cuts of the setf−1(I) ⊆

V (D̃) can be flipped. So take an idealI. The corresponding vertex setĨ := f−1(I)

induces a directed cutS[Ĩ] in D̃. It is an elementary fact from graph theory that a cycle
in a digraph contributes as many forward arcs as backward arcs to its intersection with
a directed cut. So reversing the orientation onS[Ĩ] leaves the number of forward arcs
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among the cycles of̃D invariant. Thus reversingS[Ĩ] yields ac-reorientation ofD̃. By
Theorem 1.2 the cutS[Ĩ] can be reversed by a flip sequence of vertex cuts. Every vertex
cut in D̃ can be flipped at most once. Therefore for every arc(u, v) ∈ S[Ĩ] exactly one
of the vertex cutsS[u] andS[v] has to be flipped. But to flipS[v] one must have flipped
S[u] before. This is,S[u] and notS[v] must have been flipped. We haveu ∈ Ĩ and by
constructionf−1 maps the vertices of̃I incident toS[Ĩ] to the maxima ofI. So to reverse
S[Ĩ] the vertex cuts inf−1(I) must be flipped, i.e.g−1(f−1(O(J (L)))) ⊆ Pff(D̃,⊤).

�

This theorem is a slight generalization of a result in [5] which has been obtained in the
disguise of edge firing games. In [5] instead of the set[D] only the digraphD is considered.
Note that the elements of[D] form a Boolean lattice under arc set inclusion.

3. DIGRAPHS WITH THE SAME FLIP FLOP POSET

The construction for[D] used in Theorem 2.1 does not generally yield all the graphs
which flip flop generateL. Figure 3 where three quite different digraphs generate thesame
distributive lattice is one example. On the left we have the digraph from Figure 1. The
digraph in the middle results from the lattice by the construction of Theorem 2.1 and the
right one will remain the running example for the rest of the paper. The aim of the present
section is to understand the set of different digraphs generating the same distributive lattice.

⊤⊤ ⊤

FIGURE 3. Three digraphs generating the same distributive lattice.

3.1. The Embedded Flip Flop Poset.We analyze the digraphs which generate a given
distributive lattice. In the following we describe how a digraph not only generates a dis-
tributive lattice but also leads to an embedding of the flip flop poset into someZd. We take
Z

d together with thedominance order, i.e.

x ≤ y :⇐⇒ x(i) ≤ y(i) ∀1≤i≤d,
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wherex(i) refers to theith entry of a vectorx. Denote byei thed-dimensionalith unit
vector, i.e ei(i) = 1 andei(j) = 0 if i 6= j. By [d] we refer to the set{1, . . . d}. Given a
distributive latticeL an injectionφ : L →֒ Z

d is called anembeddingif for everyp, q ∈ L
we have

• p ≻ q ⇒ φ(p) − φ(q) ∈ {ei | i ∈ [d]}
• φ(p) ≥ φ(q) ⇒ p ≥ q

This is a slightly stronger version of the usual termorder embedding, since by the first
conditionφ has to be even cover preserving.

In the following we will construct a canonical embeddingφff of Pff(D,⊤) into Z
#V −1.

For convenience we assume the digraphD to have⊤ as unique sink. This means no flops
can be performed inD, i.e. D is the minimum ofPff(D,⊤). Thus everyc-reorientation
can be reached by some sequences = (S[v1], . . . , S[vk]) of flips. For any such sequence
s of lengthk define the vectorzs ∈ Z

#V −1 with entries

zs(v) := #{i ∈ [k] | S[vi] = S[v]}

for everyv ∈ V \⊤. Now givenD′ ∈ Pff(D,⊤) which can be reached via a flip sequence
s from D defineφff(D′) := zs.

We will denote theembedded flip flop posetφff(Pff(D,⊤)) by Pff(D,⊤). For an
example see Figure 4.

⊤D

Pff(D,⊤)

w

w

v

v

u

u

FIGURE 4. A digraph D with associated embedded flip flop poset
Pff(D,⊤) in Z

3.

It is not even clear thatφff is a mapping, but we will prove this and more in the follow-
ing:

Proposition 3.1. The above definedφff is an embedding ofPff(D,⊤) into Z
#V −1.

Proof. Before proving thatφff is a mapping, we prove that in this case it would be injective
as well. Lets, t be two flip sequences of vertex cuts, which can be applied toD′ ∈
Pff(D,⊤). We show, ifzs = zt thens and t lead to the same reorientationD′′. The
equationzs = zt encodes thats andt flip the same vertex cuts the same number of times
– only in a different order. This means that every arc inD′ is flipped the same number of
times alongs and alongt. Sinces andt start from the same reorientationD′ the resulting
reorientations must coincide.

Now we show thatφff is indeed a mapping.
Suppose two flip sequencess, t connect reorientationsD′ andD′′, but zs 6= zt. Since

in a distributive lattice all the maximal chains connectinga pair of elements have the same
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lengths andt have the same length – sayk. Takes, t of minimal length among all the
counterexamples. Among these shortest length counterexamples take a pairs, t with max-
imal starting orientationD′ with respect toPff(D,⊤). Let S[v1] andS[w1] be the first
elements ofs andt, respectively. Lets′ := (S[v1], . . . S[vi]) the initial subsequence ofs
such thatS[vi+1] is the first occurrence ofS[w1] in s or i = k. SinceS[w1] is positively
directed inD′ and alls′ can be flipped inD′ every vertex cut ins′ is disjoint fromS[w1].
Now flip S[w1] call the resulting reorientationD′′′. We distinguish two cases:

Case 1:S[w1] ∈ s.
Since all the elements ofs′ are disjoint fromS[w1] we can applys′ in D′′′. Since

zS[w1],s′ = zs′,S[w1] the reorientation resulting from flipping firstS[w1] and then
s′ and the one resulting from first flippings′ and thenS[w1] coincide. Sos̃ =
(S[w1], s

′, S[vi+2], . . . , S[vk]) is another flip sequence leading fromD′ to D′′.
Sincet ands̃ coincide in the first entry, deleting this entry results in two sequencest′ and

s̃′, which start inD′′′ and end inD′′. Moreoverzt 6= zs = zes together withzes − zS[w1] =
zes′ andzt′ = zt − zS[w1] implieszt′ 6= zes′ . Thuss̃′ andt′ are counterexamples of smaller
length and contradict our minimality assumption in the choice ofs andt.

Case 2:S[w1] /∈ s.
Again since all the elements ofs′ are disjoint fromS[w1] we can applys′ in D′′′. Since

S[w1] /∈ s we haves′ = s. Let D′′′′ be reorientation, which results from flippings in D′′′.
Definet′ by deleting the first entryS[w1] of t and attaching it to the end. Recall thatS[w1]
is positively directed inD′′, because it is positively directed inD′ and all vertex cuts ins
are disjoint toS[w1]. So applying all but the last flip oft′ to D′′′, yieldsD′′ we can flip all
t′ in D′′′. Now zs′ = zs 6= zt = zt′ but s′ andt′ start atD′′ ≻ D′. This contradicts the
maximality assumption in the choice ofD′.

Now that we have shown thatφff is an injective mapping, we prove the order preserving
properties.

If D′ ≻ D′′ then there isv ∈ V such that flippingS[v] in D′′ leads toD′. This is,
φff(D′) = φff(D′′) + ev.

To proveφ(D′) ≥ φ(D′′) ⇒ D′ ≥ D′′ suppose the contrary. So takeD′, D′′ incom-
parable inPff(D,⊤) with φ(D′) > φ(D′′), which minimize|φ(D′) − φ(D′′)|. Here we
denote by| · | the sum over the entries of a vector.

Let D′′′ be the meet ofD′ andD′′, i.e. D′′′ is the maximal element smaller than both
D′ andD′′. The unique existence ofD′′′ is a property of the distributive lattices. Now
D′ andD′′ can be reached by flip sequencess andt from D′′′, respectively. LetS[w1] be
the first element oft andS[v1] the first element ofs. Since both vertex cuts are positively
directed inD′′′ they must be disjoint. Thus, after flippingS[w1] the cutS[v1] must still be
positively directed and we can flip the initial subsequences′ = (S[v1], . . . S[vi]) of s with
S[vi+1] = S[w1], which necessarily occurs becauseφ(D′) > φ(D′′), i.e. zs > zt. The
same orientation can be obtained by flippings in D′′′ until (inclusively) the first occurrence
of S[w1]. Thus the orientation which results fromD′′′ by flippingS[w1] is smaller thanD′

andD′′, but bigger thanD′′′. This contradicts thatD′′′ was the meet ofD′ andD′′. �

Note that all the digraphs in the set[D] constructed in the previous section lead to the
same embedding.

Now that we have defined a construction for the embedding of the flip flop poset we
derive a description for the embedded point set. To do so, we find criteria when a vertex
can be flipped for thekth time in terms of how many times other vertices have been flipped.
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For everyv ∈ V (D) denote byv↓ the set of verticesw such that there is a directed
(w, v)-path and byv↑ the verticesw such that a directed(v, w)-path exists. Furthermore
denote by dist(v, w) the minimum number of arcs on a directed(v, w)-path inD.

Lemma 3.2. To flipS[v] for thekth time everyS[w] with w ∈ v↑ has to be flipped exactly
k − dist(v, w) times before.

Proof. Let w ∈ v↑. We proceed by induction on dist(v, w).
If dist(v, w) = 1, we havea = (v, w) ∈ A(D). Vertex cuts can only be flipped when

they are positively directed, soS[v] andS[w] can only be flipped in an alternating fashion
starting withS[v]. Thus before thekth flip of S[v] can be performed,S[w] has been flipped
exactlyk − 1 times.

If dist(v, w) > 1 choosew′ as the first vertex on a shortest(v, w)-path after leavingv.
By the induction baseS[w′] must be flippedk−1 times to flipS[v] the desiredk times. As
dist(w′, w) < dist(v, w) the induction hypothesis yields thatw has to be flipped exactly
k − 1 − dist(w′, w) = k − dist(v, w) times. �

Lemma 3.3. To flipS[v] for thekth time everyS[w] with w ∈ v↓ has to be flipped exactly
k times before.

Proof. The proof works similarly to the one of Lemma 3.2. For details, see Lemma 4.2.1.
on page 70 in [4]. �

Having proved necessary conditions for a vertex cut to be flipped, we will now provide a
sufficient one. Denote byN−(v) the set{w ∈ V (D) | (w, v) ∈ A(D)} and byN+(v) :=
{u ∈ V (D) | (v, u) ∈ A(D)}. These terms always refer to the starting orientationD.

Lemma 3.4. If S[w] can be flippedk times for everyw ∈ N−(v) andS[u] can be flipped
k − 1 times for everyu ∈ N+(v) thenS[v] can be flippedk times.

Proof. For everyu ∈ N+(v) there is an reorientation such thatS[u] has been flippedk−1
times and for everyw ∈ N−(v) there is a reorientations such thatS[w] has been flippedk
times. LetD̃ be the join of all these reorientations. The unique existence of D̃ is asserted
by Theorem 1.2. By Lemma 3.2 and Lemma 3.3 the cutS[v] has been flipped at leastk−1

times to obtainD̃.
Suppose thatv has been flipped exactlyk − 1 times. So by Lemma 3.2 and Lemma 3.3

the setN+(v) has been flipped exactlyk − 1 times andN−(v) has been flipped exactlyk
times. The arcs that formerly pointed intov have been reversed an odd number of times.
Those which pointed away fromv have been reversed an even number of times. This
means thatS[v] is positively directed iñD, thus can be flipped again. �

It is a natural idea to apply the above lemmas along paths inD. This gives rise to a new
definition. We call the functionπ : V → Z≥0 thepotential function of D which assigns
to everyv the minimum number of forward arcs in a(v,⊤)-path.

Lemma 3.5. For everyv ∈ V the valueπ(v) gives the maximal number ofS[v]-flips
occurring in a flip sequence.

Proof. To see thatS[v] can be flipped at mostπ(v) times, assume the contrary.
So takev that minimizesπ(v) with the property thatS[v] can be flippedk > π(v)

times.
If π(v) = 0 then since⊤ is a source we havev = ⊤ but S[⊤] cannot be flipped by

definition – a contradiction. So letπ(v) > 0 and letP be a(v,⊤)-path which hasπ(v)
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forward arcs. Letai = (vi, vi+1) be the first forward arc inP . Sincevi ∈ v↓ Lemma 3.3
yields thatvi can be flippedk times. Applying Lemma 3.2vi+1 ∈ v↑i yields thatvi+1

can be flippedk − 1 times. On the other hand the continuation onP from vi+1 to ⊤ has
π(v) − 1 forward arcs, soπ(vi+1) ≤ π(v) − 1 < k − 1 which contradicts the minimality
assumption in the choice ofv.

Now we prove that for everyn ∈ Z≥0 and everyv ∈ V (D) the vertex cutS[v] can
be flipped at leastmin(n, π(v)) times. Sinceπ is bounded this clearly implies that every
vertex cutS[v] can be flipped at leastmin(n, π(v)) = π(v) times, by choosing some big
enoughn.

We proceed by induction onn.
For the induction base assumen = 0. We have to show thatS[v] can be flipped

min(0, π(v)) times for everyv ∈ V (D). Since for everyv ∈ V (D) we have
min(0, π(v)) = 0, we must show that every vertex can be flipped at least0 times. This is
trivially fulfilled.

Now letn > 0. The induction hypothesis is that for everyv ∈ V (D) the vertex cutS[v]
can be flipped at leastmin(n − 1, π(v)) times. We have to show that for everyv ∈ V (D)
the vertex cutS[v] can be flipped at leastmin(n, π(v)) times.

So letv ∈ V (D) be an arbitrary vertex. We can assume thatπ(v) = n. That is because
π(v) < n impliesmin(n, π(v)) = min(n − 1, π(v)) which by induction hypothesis gives
that S[v] can be flipped at leastmin(n, π(v)) times. If on the other handπ(v) > n we
can walk on a directed(v,⊤)-path fromv to a vertexv′ with π(v′) = n. If we can
prove thatS[v′] can be flippedn times then Lemma 3.3 yields thatS[v] can be flipped
n = min(n, π(v)) times as well.

By the definition ofπ we havemin(π(w), n − 1) = n − 1 for everyw ∈ N+(v).
Induction hypothesis yields that the vertex cuts induced byN+(v) can be flippedn − 1
times. Then Lemma 3.3 gives that the vertex cuts induced byv↓ ∪ {v} can be flipped at
leastn − 1 times.

For everyw ∈ (v↓ ∪ {v}) we haveπ(w) ≥ π(v) = n. So everyu ∈ N+(w) has
π(u) ≥ n − 1, so S[u] can be flipped at leastmin(π(u), n − 1)) = n − 1 times by
induction hypothesis. For everyw ∈ (v↓ ∪ {v}) flip all the S[u] with u ∈ N+(w) these
n − 1 times.

Now letw ∈ (v↓ ∪ {v}) be such thatS[w] has been flippedn − 1 times.
Case 1: All the vertices inN−(w) have been flippedn times orN−(w) = ∅. We can

flip S[w] thenth time by Lemma 3.4.
Case 2: There is a vertexw′ ∈ N−(w), which has been flipped onlyn − 1 times. Take

w′ and check which case applies tow′.
Because of acyclicity ofD we always arrive at a vertexw′ which falls into Case 1 and

we can reduce the portion of vertices inv↓∪{v} which have been flipped less thann times.
Iterating this process leads to the point where everyw ∈ (v↓ ∪ {v}) has been flippedn
times – particularlyv. �

Combining the above lemmas we obtain the promised description of the embedded flip
flop poset.

Theorem 3.6. Let D be acyclic, connected with unique sink⊤ then the canonically em-
bedded flip flop poset

Pff(D,⊤) = {0 ≤ z ≤ π | (v, w) ∈ A(D) ⇒ 0 ≤ z(v) − z(w) ≤ 1}

as point sets inZV (D)\⊤.
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Proof. Before proving the theorem recall thatPff(D,⊤) := φff(Pff(D,⊤)) was defined
previous to Proposition 3.1.

“⊆”:
Lemma 3.5 impliesPff(D,⊤) ⊆ {0 ≤ z ≤ π}. Recall that anyz ∈ Pff(D,⊤)

encodes in itsv-entry how many timesS[v] has been flipped. So Lemma 3.2 implies that
for (v, w) ∈ A (particularlyw ∈ v↑) we havez(w) ≥ z(v) − 1. Lemma 3.3 implies that
for (v, w) ∈ A (particularlyv ∈ w↓) we havez(w) ≤ z(v). This is

Pff(D,⊤) ⊆ {0 ≤ z ≤ π | (v, w) ∈ A(D) ⇒ 0 ≤ z(v) − z(w) ≤ 1}.

“⊇”:
Let 0 ≤ z ≤ π and(v, w) ∈ A(D) ⇒ 0 ≤ z(v) − z(w) ≤ 1. We proceed by induction

on |z| :=
∑n

i=1 z(i). If |z| = 0 thenz = 0 ∈ Pff(D,⊤).
Let |z| > 0. First suppose that for everyv ∈ V \⊤ there isu ∈ N−(v) with z(u) > z(v)

or aw ∈ N+(v) with z(v) = z(w). So takev such thatz(v) ≥ z(w) ∀w∈V \⊤. By the
maximality of z(v) there cannot be au ∈ N−(v) with z(u) > z(v) so there is an arc
(v, w) ∈ A such thatz(v) = z(w). Soz(w) is maximal as well and the same argument,
which we applied tov to obtainw can be applied tow to obtain ax ∈ N+(w) with
z(x) = z(w) and so on. SinceD is finite the iteration of this argument leads to a directed
cycle inD – a contradiction.

We conclude that there existsv ∈ V \⊤ such thatz(N−(v)) ≡ z(v) andz(N+(v)) ≡
z(v) − 1. Where “≡” stands forz being constantly the claimed value on the claimed
set. Since|z| > 0 ⇒ z(v) > 0 we have thatz′ := z − ev satisfies0 ≤ z′ ≤ π
and (v, w) ∈ A(D) ⇒ 0 ≤ z′(v) − z′(w) ≤ 1 and |z′| < |z|. By induction hypothesis
z′ ∈ Pff(D,⊤). So there is a sequence of flips leading fromD to D′ in which every
vertex cutS[v] has been flipped exactlyz′(v) times. We havez′(N−(v)) ≡ z(v) and
z′(v) ≡ z′(N+(v)) ≡ z(v) − 1 but after applying these flipsS[v] is positively directed in
D′. SoS[v] can be flipped again and we obtain thatz ∈ Pff(D,⊤). �

3.2. Plisśee Partitioned Posets.Two different digraphsD andD′ possibly generate the
same flip flop posetL but the embeddings ofL induced by them (cf. Theorem 3.6) may
well differ. To understand the relation ofD andD′ in this case, we relate the embeddings
of distributive lattices to chain partitions of the poset ofjoin-irreducibles ofL.

This will be done using a classical result of Dilworth [2], which naturally extends
Birkhoff ’s Representation Theorem for Finite Distributive Latticesto a bijection between
finite embeddeddistributive lattices and finitechain-partitionedposets. First we shall de-
fine the mappings, which generalizeJ andO from Birkhoff’s Theorem.

Let φ : L → L ⊂ Z
d be an embedding of a distributive latticeL into the dominance

order onZ
d. DefineJ (L) as the pair(J (L), {Ci}i∈[d]), where{Ci}i∈[d] is the chain

partition ofJ (L) defined byCi := {x ∈ J (L) | ∃y∈L : φ(x) − φ(y) = ei}.
Given on the other hand a chain partitioned poset(P, {Ci}i∈[d]) the corresponding dis-

tributive lattice of idealsO(P ) can be embedded intoZd as follows: associate a vector
zI ∈ Z

d to everyI ∈ O(P ), wherezI(i) := |I ∩ Ci| ∀i∈[d]. We denote this map byO.
Dilworth’s Theorem asserts that for any chain-partitionedposet (P, {Ci}i∈[d]) the

mapping O is an embedding of the distributive latticeO(P ) into Z
d. Moreover

J (O(P, {Ci}i∈[d])) ∼= (P, {Ci}i∈[d]) andO(J (L)) ∼= L for an embedded distributive
latticesL.

In the following we give a characterization of those chain partitions which are the image
underJ of the embedded flip flop posets of an acyclic digraph.
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⊤

Cu Cv Cw

wvu

FIGURE 5. Good plisśee partitioned poset, which comes from the em-
bedded distributive lattice of Figure 4 viaJ and its projection. Note that
π(i) = |Ci| for i ∈ {u, v, w}. Conversely the picture can be interpreted
as a digraph with its potential poset carrying the canonicalchain parti-
tion.

We call a chain partition{Ci}i∈[m] of a posetP plisséeif ∀i,j∈[m]∀p,q∈P : Ci ∋ p ≻
q ∈ Cj implies thatCi ∪ Cj = {r1 ≤ . . . ≤ ri+j} is a chain with

{{r2k+1 | 1 ≤ 2k + 1 ≤ i + j}, {r2k | 1 ≤ 2k ≤ i + j}} = {Ci, Cj}.

In this case we say thatCi ∪ Cj alternatesbetweenCi andCj .
Having P together with a plisśee partition{Ci}i∈[m], we define theprojection of

(P, {Ci}i∈[m]) as the directed graph∆(P, {Ci}i∈[m]) = (V, A), where the vertices are
given by

V := {Min(Ci) | i ∈ [m]} ∪ {⊤}

and(v, w) ∈ A if either
v = Min(Ci) andw = Min(Cj) andMin(Ci) < Min(Cj) andCi ∪ Cj alternates
or v = Min(Ci) and|Ci| = 1 andw = ⊤.
Since ∆(P, {Ci}i∈[m]) is an acyclic digraph with unique sink⊤ it induces a po-

tential functionπ. A plisśee partition(P, {Ci}i∈[m]) is calledgood if for the poten-
tial function π of ∆(P, {Ci}i∈[m]) we havev = Min(Ci) ⇒ π(v) = |Ci| for every
v ∈ V (∆(P, {Ci}i∈[m])). See Figure 5 for an example.

Conversely, given an acyclic digraphD with unique sink⊤ and potential functionπ,
we define itspotential poset, as the setΠD := {vi | i ∈ [π(v)], v ∈ V (D)} together with
the order relation transitively induced by

vi ≤ wj :⇐⇒





i = j and (v, w) ∈ A(D)
or

i = j − 1 and (w, v) ∈ A(D)

The potential poset carries thecanonical chain partition

{Cv}v∈V := {vi | i ∈ [π(v)]}v∈V (D).

Theorem 3.7. The canonical chain partition of the potential poset is a good plisśee parti-
tion.

Proof. Let D be an acyclic connected digraph with unique sink⊤. We have to prove that
(ΠD, {Cv}v∈V (D)) is a plisśee partitioned poset. So letCw ∋ wj ≻ vi ∈ Cv. Theneither
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(i = j and(v, w) ∈ A(D)) or (i = j − 1 and(w, v) ∈ A(D)). In both cases it is easy to
see thatwj ≤ vi+1 andwj−1 ≤ vi by the respective other case – given that the claimed
elementsvi+1 andwj−1 exist.

Consider the case that(i = j and(v, w) ∈ A(D)). Since(v, w) ∈ A(D) we have
π(v) − π(w) ∈ {0, 1}. If π(v) = π(w) thenCw ∪ Cv = (v1 ≤ w2 ≤ v2 ≤ . . . ≤ vπ(v) ≤
wπ(w)) otherwiseCw ∪ Cv = (v1 ≤ w2 ≤ v2 ≤ . . . ≤ wπ(w) ≤ vπ(v)). So in both cases
Cw ∪ Cv is an alternating chain.

If (i = j − 1 and(w, v) ∈ A(D)) the same argument works.
To see that this plissée partition is good, letD′ := ∆(ΠD, {Cv}v∈V (D)) be the projec-

tion of the potential poset ofD. ObviouslyV (D′) = V (D) andA(D′) ⊇ A(D).
We must show that the potential functionπ′ of D′ coincides with the potential function

π of D. By the definition of potential functionA(D′) ⊇ A(D) implies π′ ≤ π. So
supposeπ′ < π. When we extendD to D′ arc by arc the potential function decreases in
some intermediate stepD′′.

So leta = (u, v) be an arc inA(D′)\A(D′′). Suppose addinga to D′′ decreasesπ.
There are two possibilities how this can happen.

On the one handa can decreaseπ(u), i.e. π(v) + 1 < π(u). By definition,a comes
from an alternating(Cu ∪ Cv)-chain inΠD. Since|Cu| = π(u) and |Cv| = π(v) it is
impossible forCu ∪ Cv to be an alternating chain.

On the other hand introducinga could decreaseπ(v), i.e. π(u) < π(v). But this again
contradicts the fact thatCu ∪ Cv is an alternating chain with minimal element inCu by
reasons of cardinality. �

Note that the arc set of the projection of(ΠD, {Cv}v∈V (D)) possibly strictly contains
A(D).

Now we are ready to provide another way of describing the embedded flip flop poset of
a digraph.

Theorem 3.8. LetD be acyclic with unique sink⊤ then

Pff(D,⊤) = O(ΠD, {Cv}v∈V ).

Proof. To everyz ∈ Pff(D,⊤) we associate the setZ := {vi ∈ ΠD | i ∈ [z(v)]}. It is
clear thatz(v) = |Z ∩Cv| so if we show that the set of the so-obtainedZ ’s coincides with
O(ΠD) the definition ofO yields the theorem.

ForPff(D,⊤) ⊆ O(ΠD, {Cv}v∈V ) we showZ ∈ O(ΠD):
SupposeZ is no ideal so there isZ ∋ vk ≻ wℓ /∈ Z. By the definition ofZ we

havev 6= w. Since{Cv}v∈V is a plisśee partitionCv ∪ Cw is an alternating chain. We
distinguish two cases:

If Min(Cv ∪ Cw) = v1 then (v, w) ∈ A and ℓ = k − 1. We obtain
wℓ /∈ Z ⇒ z(w) < ℓ = k − 1 = z(v) − 1, which contradicts Theorem 3.6.

Similarly if Min(Cv ∪ Cw) = w1 then (w, v) ∈ A and ℓ = k. We obtain
wℓ /∈ Z ⇒ z(w) < ℓ = k = z(v), which contradicts Theorem 3.6.

Now for Pff(D,⊤) ⊇ O(ΠD, {Cv}v∈V ) we show thatO maps everyI ∈ O(ΠD) to a
z ∈ Pff(D,⊤):

Let I ∈ O(ΠD). Then vectorO(I) is mapped to the vectorz with entriesz(v) :=
|Cv ∩ I|. By definition of the canonical chain partition we have0 ≤ z ≤ π. Let (v, w) ∈
A. ThenCv ∪ Cw is an alternating chain. SinceI is an ideal we either havez(v) =
z(w) + 1 or z(v) = z(w). The description ofPff(D,⊤) by Theorem 3.6 yields that
z ∈ Pff(D,⊤). �
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Theorem 3.9. Let (P, {Ci}i∈[m]) be a chain partitioned poset. There is a digraphD such
that (P, {Ci}i∈[m]) ∼= J (Pff(D,⊤)) if and only if{Ci}i∈[m] is a good plisśee partition.

Particularly if {Ci}i∈[m] is a good plisśee partition then (P, {Ci}i∈[m]) ∼=

J (Pff(∆(P, {Ci}i∈[m]),⊤)).

Proof. Necessity. Let(P, {Ci}i∈[m]) ∼= J (Pff(D,⊤)). By Dilworth’s Theorem
O(P, {Ci}i∈[m]) ∼= Pff(D,⊤), which by Theorem 3.8 equalsO(ΠD, {Cv}v∈V ). So again
by Dilworth’s Theorem(P, {Ci}i∈[m]) ∼= (ΠD, {Cv}v∈V ) and by Theorem 3.7 this is a
good plisśee partition.

Sufficiency. Let (P, {Ci}i∈[m]) be a poset with a good plissée partition. By
definition we have (P, {Ci}i∈[m]) ∼= (Π∆(P,{Ci}i∈[m]), {Cv}v∈V ). Now Dil-
worth’s Theorem together with Theorem 3.8 gives that the latter is isomorphic to
J (Pff(∆(P, {Ci}i∈[m]),⊤)). �

Let D be an acyclic directed graph with unique sink⊤ and potential functionπ. Denote
by [D] the set of directed graphs which can be obtained fromD by adding or deleting
transitive arcs without changingπ. We state the following:

Theorem 3.10. Let L be a distributive lattice. The setD of acyclic directed graphs with
unique sink⊤, which flip flop generateL, i.e. {D | L ∼= Pff(D,⊤)} equals

{D ∈ [∆(J (L), {Ci}i∈[m])] | {Ci}i∈[m] is a good plisśee partition ofJ (L)}.

Proof. Let L ∼= Pff(D,⊤). This is equivalent toL ∼= Pff(D,⊤) for some embedding
L of L. After applying Dilworth’s Theorem toL ∼= Pff(D,⊤), Theorem 3.9 says that
this is equivalent to: There is a good plissée partition{Ci}i∈[m] of J (L) isomorphic to
J (Pff(D,⊤)). Also by Theorem 3.9 we have thatD can be taken to be∆(P, {Ci}i∈[m]),
i.e. Pff(∆(P, {Ci}i∈[m]),⊤) ∼= Pff(D,⊤). It is easily seen that digraphsD andD′ have
D ∈ [D′] if and only if ΠD

∼= ΠD′ , which by Theorem 3.8 is equivalent toPff(D,⊤) ∼=
Pff(D′,⊤). This yields equivalence toD ∈ [∆(J (L), {Ci}i∈[m])]. �

The digraphs in a class[D] are naturally ordered by arc set inclusion. It can be verified
that the projection∆ of the chain partitoned potential poset ofD is the maximum of this
order. On the other hand[D] does not have a unique minimum in general, so∆ is somehow
a natural representant for[D].

The above theorem shows that constructing graphs that generate the same flip flop
poset basically boils down to determining the good plissée partitions of the poset of join-
irreducibles. For further discussion of this topic, see [4].

Thanks to Stefan Felsner for fruitful discussions and a referee for his/her helpful advice.
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