DISTRIBUTIVE LATTICES ON GRAPH ORIENTATIONS

KOLJA B. KNAUER

ABSTRACT. Propp gave a construction method for distributive lagtiog a class of orien-
tations of a graph — callectorientations. Given a distributive lattice we construsea of
graphs, realizing the distributive lattice as the lattiEéheir c-orientations. One distribu-
tive lattice may arise from different graphs. We descriteegét of graphs which generate
the same distributive lattice.

1. INTRODUCTION

This paper deals with finite directed graphs and finite distive lattices. Given a
directed graphD we follow Propp and define two operations flip and flop which ifyod
the orientation locally. The set of all graph¥ which are reachable from via a sequence
of flips and flops comes with a natural order relation. In faet a distributive lattice, the
flip flop poset (Theorem 1.1). Remarkably, the elements offlthélop poset of D can
also be characterized as the set of all orientations of thdenlying graphG’ with a certain
numerical invariant on the cycles é&f (Theorem 1.2). The contributions of this paper are
the following results:

o Every finite distributive lattice is the flip flop poset of a cagh D (Theorem 2.1).
e A description of the class of digraphs which generate theestim flop poset
(Theorem 3.10).

For a more general approach to flip flop posets induced bytedenatroids and general
sign matrices, see [4]. This paper is based on the fourthtehap[4].

1.1. Preliminaries. The main object of this paper are directed graphs= (V, A) with
vertex sefi” and arc sed C V' x V. We will generally forbid loops, i.e. arc of the form
(v,v) are not allowed. To avoid confusion when necessary we shediify vertex and arc
set of D asV (D) and A(D), respectively. Given an undirected gragh= (V, E) we
call a directed graplDb = (V, A) anorientation of G if there is a bijectionf : E — A
such thatf ({u,v}) € {(u,v), (v,u)}. If D is an orientation of5 thenG is unique up to
isomorphism and we call the isomorphism clas&dheunderlying graph of D. GivenD
we denote its underlying graph &s For digraphsD, D’ we say tha)’ is areorientation

of D if D = D’. Clearly, two digraph®), D’ are orientations of isomorphic graphs if and
only if D andD’ have identical underlying graphs which by definition is egilent toD’
being a reorientation ab. So instead of looking at a set of orientations of an undéect
graph we will choose one reference orientation and a se$ ofédrientations. A feature of
this point of view is that given a directed graph= (V, A) any reorientatiorD’ can be
viewed as a subsét C A, i.e. the arcs in have to be reversed to obtali from D. The
reason for still having the wordrientationin the title and in the abstract is that previous
research ([3, 6]) has been formulated using this term andttbaunds better.

2000Mathematics Subject ClassificatioA5C20, 05C38, 06D05.
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We define acut of D as an arc sef[X] C A induced byX C V. The cut consists of
all the arcs that are incident 6 andV'\ X, i.e.

SX]:={(v,w) € A| #({v,w} N X) =1},
where# maps a set to its cardinality.

A cut is directed if either all its arcs point fromX to V\ X (positively directed) or
from V\ X to X (negatively directed) A cut of the formS[{v}] for v € V is called a
vertex cut and denoted bys[v]. Vertices that induce positively and negatively directed
vertex cuts are also callesshurcesandsinks, respectively.

We introduce two operations on directed graphs to obtairrt@aparder on some of the
reorientations of a given connected digraph Reversing the orientation on all the arcs
of a positively directed vertex cut is calledlg . The inverse operation, i.e. reversing the
orientation on a negatively directed vertex cut, is calléida. Fix an arbitrary vertex™ of
D —the forbidden vertex — and allow flipping and flopping all the other vertex cutdaf
For reorientations oD’ and D" of D, we defineD’ < D" if D" can be obtained from®’
by a sequence of flips at vertices different framThe binary relatior< is a partial order
on the set of reorientations @ that can be reached froi via a sequence of flips and
flops. This set of reorientations @ partially ordered by< is called theflip flop poset
Pz (D, T). See Figure 1 for an example.

D Pg(D,T)

FIGURE 1. A digraphD and its flip flop poset with additional edge la-
bels. An edge is labelled with the vertex Bfwhose flip it corresponds
to. The digraphD is the bottom-element oP:(D, T). Every other
reorientation inPg(D, T) can be reached by a sequence of flips.

It turns out thatPg (D, T) is highly structured.

Theorem 1.1([6]). LetD = (V, A) be a connected digraph and € V. Then the flip flop
posetPs(D, T) with forbidden vertex is a distributive lattice.

To explain a second feature of the $&t(D, T) we need to introduce some more ter-
minology. We call a sequend® = (vy,a1,vs,...,ax_1,vy) Of verticesv; € V(D) and
arcsa; € A(D) awalk if a; € {(vi,vi+1), (viy1,v;)} for1 < i < k — 1 and every
arc appears at most onceliti. An arca; in W is aforward arc if a; = (v;, v;+1) and
backward arc if a; = (v;11,v;). For a walkiV denote byF' (W) set of its forward arcs.
If a walk contains every vertex at most once it is calpedh or (vq, vy )-path. Ifvy = v
and every other vertex appears at most once in the walk theralvi¢ a cycle A walk is
calleddirected if it contains no forward or no backward arcs. A digraph idexhhcyclic
if it has no directed cycles.
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Now we definec-reorientations: Given a directed graphdenote its set of cycles by
C(D). For every reorientatiod’ of D there is a unique arc sé&p, C A(D) such that
changing the orientation of the arcs Ry yields D’. The setRp: yields a bijection of
C(D) andC(D'). For aC € C(D) change the orientation of all its arcs that areflp.
This gives the corresponding cyd&, (C) of D’.

We want to investigate the set of reorientationgofvhich agree with the same number
of forward arcs among corresponding cycles, i.e. we call

reor.(D) := {D" | D' = D and#F(Rp/(C)) = #F(C)VC € C(D)}
the set ofc-reorientations of D.
Theorem 1.2([6]). For an acyclic, connected digraph = (V, A) we have
Pg(D, T) =reor.(D).

The definition of a flip flop poset can be modified such that Taeod.2 holds for
arbitrary digraphs. Just flip cuts induced by strong comptséstead of vertex cuts
and choose on#rbidden strong componeiper connected component. For the sake of
simplicity we will restrict ourselves to connected acydigraphs.

2. EVERY DISTRIBUTIVE LATTICE IS THE FLIP FLOP POSET OF ADIGRAPH

We describe a method which from a distributive latticeonstructs a séD)] of acyclic
digraphs with unique source such that(D, T) = L for everyD € [D].

An essential ingredient for this will bBirkhoff’s Representation Theorem for Finite
Distributive Latticessee [1]. To state the theorem we need to make a few definitions

Given a distributive latticd. denote by7 (L) the subposet of join-irreducible elements
of L, i.e. 7(L) consists of those elements bfthat cover exactly one element 6f As
usual we say: coversy and denote it by > y whenever: is minimal withz > y in L.

Given on the other hand a poset denote byO(P) the inclusion order on the ideals
(downsets) ofP.

Birkhoff's Theorem asserts th&(P) is a distributive lattice and’ (O(P)) = P and
O(J (L)) = L for distributive lattices..

Now we turn back to the construction of a graph cld3swhose elements have a given
distributive latticeL as their flip flop poset. Define a directed graph with a vertex
v € V(D') for every element € J(L) and arcs

(u',0") € A(D') = u <1 v.
Add a vertexT to D’ and introduce arcs from the sinks and source®ofo T. Call this
new graphD. SinceV (D) = V(D’) U {T} the construction yields a bijection
frI(L) = V(D)\{T}

by mappingv € J(L) tov' € V(D') = V(D)\{T}.

Denote by[D] the set of digraphs that can be obtained fréhby adding transitive
arcs, where an ar, v) is calledtransitive if there is a directedu, v)-path inD. Since
V(D) = V(D) for everyD e [D] the bijectionf can be seen as a bijection frafh to
V(D)\{T}. The construction ofD] is exemplified by Figure 2.

Theorem 2.1. Let L be a distributive lattice and) € [D]. ThenPg(D, T) is isomorphic
to L.
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T

L J(L) D [D]

FIGURE 2. The construction ofD] from L. The dashed arcs in the
drawing of[D] are the transitive arcs db. Every element ofD] results
from D by adding a set of transitive arcs fa

Proof. By constructionD has no negatively directed vertex cuts apart from.e. no flops
can be performed ab, i.e. D is a minimum of P¢(D, T) by definition ofPH(D ™).
According to Theorem 1.P;(D, T) is a distributive lattice. In particulaPy (D T) has
a unique minimum, which consequently mustBeThus every element oPg (D, T) can
be reached by a sequence of flips startinﬁ)at

By Birkhoff’s Theorem, it is enough to sho®(7 (L)) = Pﬂc(D ™).

Letg : Pe(D,T) — {I | I € V(D)\{T}} mapD’ € Pg(D, T) to a vertex sef
whose vertex cut§S[v] | v € I} can be flipped in some order to reabhfrom D.

Since flipping different vertex sets I’ C V(D)\{T} yields different reoriented arc
setsS[] ] S[I'], there is a umqué cvV(®D D)\{T} whose vertex cuts have to be flipped to
obtain D’ from D, for everyD’ Pﬂc(D T). This is, for everyl C V(D)\{T} whose
vertex cuts can be flipped theregis' (I) € Pg(D, T).

Everyl C V(D) corresponds to ah C 7 (L) via the bijectionf given in the construc-
tion of [D].

First we show thaf maps every sef of vertices whose cuts can be flipped to reach an
element ofPg (D, T) to an order ideal C 7 (L), i.e. f(g9(Pz(D, T))) € O(J(L)).

The vertex cuts at the sourcesi/ofare positively directed. But the sources are connected
to T, which is not allowed to be flipped, so the cuts of the souregsbe flipped exactly
once.

Furthermore every vertex cuft[v] can be flipped only after the vertex cu$u| for
(u,v) € A(D) have been flipped. Iteratively every vertex cut can be flipgehost as
often as the sources. Together we have that every vertexanlieflipped at most once in
a flip sequence anfl maps the set of verticels whose cuts have been flipped in any flip
sequence to an idedlof 7(L).

It remains to be shown that for every iddadf 7 (L) the vertex cuts of the s¢gt™ (1) C
V(f)) can be flipped. So take an ideal The corresponding vertex sét:= =YD
induces a directed Cl.ﬁf[f] in D. Itis an elementary fact from graph theory that a cycle
in a digraph contributes as many forward arcs as backwasltarits intersection with
a directed cut. So reversing the orientation S)[[ﬂ leaves the number of forward arcs
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among the cycles ab invariant. Thus reversing’[f] yields ac-reorientation ofD. By
Theorem 1.2 the cufﬁ‘[f] can be reversed by a flip sequence of vertex cuts. Every vertex
cut in D can be flipped at most once. Therefore for every(ara) € S[I] exactly one
of the vertex cutsS{u] and S[v] has to be flipped. But to fligg[v] one must have flipped
S[u] before. This is,S[u] and notS[v] must have been flipped. We havec T and by
constructionf ~* maps the vertices dfincident toS[1] to the maxima of . So to reverse
S[I] the vertex cuts iy ~' (1) must be flipped, i.eg~'(f~(O(J(L)))) C Pg(D,T).

O

This theorem is a slight generalization of a result in [5] ethhas been obtained in the
disguise of edge firing games. In [5] instead of the 8tonly the digraphD is considered.
Note that the elements @D] form a Boolean lattice under arc set inclusion.

3. DIGRAPHS WITH THE SAME FLIP FLOP POSET

The construction fofD] used in Theorem 2.1 does not generally yield all the graphs
which flip flop generatd.. Figure 3 where three quite different digraphs generateahse
distributive lattice is one example. On the left we have tlgraph from Figure 1. The
digraph in the middle results from the lattice by the corcdtam of Theorem 2.1 and the
right one will remain the running example for the rest of tlager. The aim of the present
section is to understand the set of different digraphs geimgrthe same distributive lattice.

) |

FIGURE 3. Three digraphs generating the same distributive lattice

3.1. The Embedded Flip Flop Poset.We analyze the digraphs which generate a given
distributive lattice. In the following we describe how a digh not only generates a dis-
tributive lattice but also leads to an embedding of the flip floset into som&?. We take

74 together with thelominance order, i.e.

x <y z(i) <y(i) Vi<i<d,
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wherez (i) refers to theith entry of a vector:. Denote bye; the d-dimensionalith unit

vector, i.ee; (i) = 1 ande;(j) = 0if i # j. By [d] we refer to the sefl,...d}. Given a
distributive latticeL an injectiong : L — Z% is called arembeddingif for everyp,q € L

we have

* p=q=¢(p)—d(q) € {e; | i€ [d}

* d(p) = 9(a) =>p=4¢
This is a slightly stronger version of the usual teonder embeddingsince by the first
condition¢ has to be even cover preserving.

In the following we will construct a canonical embedding of Pg(D, T) into Z#V 1,
For convenience we assume the digrdpko haveT as unique sink. This means no flops
can be performed i, i.e. D is the minimum ofPg(D, T). Thus every-reorientation
can be reached by some sequesce (S[v1],. .., S[vg]) of flips. For any such sequence
s of lengthk define the vectot, € Z#V ! with entries

zs(v) := #{i € [k] | S[vi] = S[v]}
for everyv € V\T. Now givenD’ € Pgz(D, T) which can be reached via a flip sequence
s from D define¢g (D) := zs.
We will denote theembedded flip flop posetog(Pg(D, T)) by Pg(D, T). For an
example see Figure 4.

4
Pe(D, T)

AN

D U v w T
FIGURE 4. A digraph D with associated embedded flip flop poset
Pe(D, T)in Z3.

It is not even clear thabg is a mapping, but we will prove this and more in the follow-
ing:
Proposition 3.1. The above defineg is an embedding o (D, T) into Z#" 1.

Proof. Before proving thatg is a mapping, we prove that in this case it would be injective
as well. Lets,t be two flip sequences of vertex cuts, which can be applief)'toc
Pg(D,T). We show, ifz, = z; thens andt lead to the same reorientatidn”. The
equationz, = z; encodes that andt flip the same vertex cuts the same number of times
— only in a different order. This means that every ar®his flipped the same number of
times alongs and along. Sinces andt start from the same reorientatid@ the resulting
reorientations must coincide.

Now we show thaby is indeed a mapping.

Suppose two flip sequences: connect reorientation®’ and D", butz, # z;. Since
in a distributive lattice all the maximal chains connectingair of elements have the same
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length s andt¢ have the same length — s&y Takes, ¢ of minimal length among all the
counterexamples. Among these shortest length counte&anake a pais, t with max-
imal starting orientatiorD’ with respect toPg (D, T). Let S[v;] and S[w;] be the first
elements ok andt, respectively. Let’ := (S[v1],...S[v;]) the initial subsequence of
such thatS[v;41] is the first occurrence df[w,] in s ori = k. SinceS[w1] is positively
directed inD’ and alls’ can be flipped inD’ every vertex cut iy’ is disjoint from S|w; ].
Now flip S{w;] call the resulting reorientatio®”’. We distinguish two cases:

Case 1:S[wy] € s.

Since all the elements of are disjoint fromS[w;] we can applys’ in D"’. Since

ZSlun],s = Zs,S[wy the reorientation resulting from flipping firs§[w;] and then
s’ and the one resulting from first flipping’ and thenS[w;] coincide. Sos =
(S[w1], ¢, S[viyal, - .., S[vk]) is another flip sequence leading frai to D”.

Sincet ands coincide in the first entry, deleting this entry results im®equences and
', which start inD"" and end inD”. Moreoverz; # z, = z5 together withez — zg(,,,] =
zz andzy = 2z — zg[,] IMplies zy # zz. Thuss’ andt’ are counterexamples of smaller
length and contradict our minimality assumption in the ckafs andt.

Case 2:S[wy] ¢ s.

Again since all the elements sfare disjoint fromS[w;] we can apply’ in D". Since
Slwq] ¢ s we haves’ = s. Let D" be reorientation, which results from flippirgn D"’.
Definet’ by deleting the first entr[w, | of ¢t and attaching it to the end. Recall th#{tv, ]
is positively directed inD”, because it is positively directed i’ and all vertex cuts i
are disjoint toS|w1]. So applying all but the last flip af to D", yields D" we can flip all
t"in D", Now z,» = 2z, # z; = 2z buts’ andt’ start atD” = D’. This contradicts the
maximality assumption in the choice 6f.

Now that we have shown that is an injective mapping, we prove the order preserving
properties.

If D' = D" then there ia» € V such that flippingS[v] in D" leads toD’. This is,
og(D') = ¢g(D") + €.

To prove¢(D’) > ¢(D”) = D’ > D" suppose the contrary. So tak¥, D" incom-
parable inPg(D, T) with ¢(D’") > ¢(D"), which minimize|¢(D’) — ¢(D")|. Here we
denote by - | the sum over the entries of a vector.

Let D"’ be the meet oD’ and D", i.e. D" is the maximal element smaller than both
D’ andD”. The unique existence dP””’ is a property of the distributive lattices. Now
D’ and D" can be reached by flip sequeneeandt from D', respectively. LetS[w,] be
the first element of and.S[v4] the first element of. Since both vertex cuts are positively
directed inD"” they must be disjoint. Thus, after flippirffw,] the cutS[v,] must still be
positively directed and we can flip the initial subsequesice (S[v1],. .. S[v;]) of s with
Slvi+1] = S[ws], which necessarily occurs becausd’) > ¢(D”), i.e. z; > z. The
same orientation can be obtained by flippirig D"’ until (inclusively) the first occurrence
of S[w1]. Thus the orientation which results fraB” by flipping S[w1] is smaller tharD’
and D", but bigger tharD"”. This contradicts thab’’ was the meet oD’ andD”. [

Note that all the digraphs in the é?] constructed in the previous section lead to the
same embedding.

Now that we have defined a construction for the embeddingeflip flop poset we
derive a description for the embedded point set. To do so, waecfiiteria when a vertex
can be flipped for théth time in terms of how many times other vertices have beepsdtip
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For everyv € V(D) denote byv! the set of verticess such that there is a directed
(w,v)-path and by the verticesw such that a directetv, w)-path exists. Furthermore
denote by disw, w) the minimum number of arcs on a directed w)-path inD.

Lemma 3.2. To flip S[v] for the kth time everyS[w] with w € v' has to be flipped exactly
k — dist(v, w) times before.

Proof. Letw € v'. We proceed by induction on dist w).

If dist(v,w) = 1, we havea = (v,w) € A(D). Vertex cuts can only be flipped when
they are positively directed, s$fv] and.S[w] can only be flipped in an alternating fashion
starting withS[v]. Thus before théth flip of S[v] can be performedy[w] has been flipped
exactlyk — 1 times.

If dist(v, w) > 1 choosew’ as the first vertex on a shortgst w)-path after leaving.
By the induction basé|w’] must be flipped: — 1 times to flipS[v] the desired: times. As
dist(w’, w) < dist(v, w) the induction hypothesis yields thathas to be flipped exactly
k —1—dist(w’,w) = k — dist(v, w) times. O

Lemma 3.3. To flip S[v] for the kth time everyS[w] with w € v! has to be flipped exactly
k times before.

Proof. The proof works similarly to the one of Lemma 3.2. For defaitse Lemma 4.2.1.
on page 70in [4]. O

Having proved necessary conditions for a vertex cut to bpdtip we will now provide a
sufficient one. Denote by~ (v) the se{w € V(D) | (w,v) € A(D)} and byN* (v) :=
{u e V(D) | (v,u) € A(D)}. These terms always refer to the starting orientafion

Lemma 3.4. If S[w] can be flipped: times for everyw € N~ (v) and S[u] can be flipped
k — 1 times for every, € N*(v) thenS[v] can be flipped: times.

Proof. For everyu € N (v) there is an reorientation such th#t] has been flippeél — 1
times and for everyw € N~ (v) there is a reorientations such tt#tv] has been flipped
times. LetD be the join of all these reorientations. The unique exigtarfd is asserted
by Theorem 1.2. By Lemma 3.2 and Lemma 3.3 the$juf has been flipped at least- 1
times to obtainD.

Suppose that has been flipped exactly— 1 times. So by Lemma 3.2 and Lemma 3.3
the setN " (v) has been flipped exactly— 1 times andV ~ (v) has been flipped exactly
times. The arcs that formerly pointed intchave been reversed an odd number of times.
Those which pointed away from have been reversed an even number of times. This
means that[v] is positively directed inD, thus can be flipped again. O

It is a natural idea to apply the above lemmas along patlik iihis gives rise to a new
definition. We call the functiom : V' — Z>( the potential function of D which assigns
to everyv the minimum number of forward arcs in(a, T)-path.

Lemma 3.5. For everyv € V the valuer(v) gives the maximal number &fv]-flips
occurring in a flip sequence.

Proof. To see thafS[v] can be flipped at most(v) times, assume the contrary.

So takev that minimizesr(v) with the property thatS[v] can be flippedt > 7 (v)
times.

If 7(v) = 0 then sinceT is a source we have = T but .S[T] cannot be flipped by
definition — a contradiction. So let(v) > 0 and letP be a(v, T)-path which hasr(v)
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forward arcs. Leti; = (v;, v;41) be the first forward arc idP. Sincev; € v! Lemma 3.3
yields thatv; can be flippedk times. Applying Lemma 3.2;,; € v; yields thatv; 1
can be flipped: — 1 times. On the other hand the continuation®tirom v;; to T has
m(v) — 1 forward arcs, sar(v;+1) < 7(v) — 1 < k — 1 which contradicts the minimality
assumption in the choice of

Now we prove that for every € Z>(, and everyv € V(D) the vertex cutS[v] can
be flipped at leasthin(n, 7(v)) times. Sincer is bounded this clearly implies that every
vertex cutS[v] can be flipped at leashin(n, 7(v)) = w(v) times, by choosing some big
enoughn.

We proceed by induction om.

For the induction base assume= 0. We have to show tha$[v] can be flipped
min(0, w(v)) times for everyv € V(D). Since for everyv € V(D) we have
min(0, w(v)) = 0, we must show that every vertex can be flipped at |8éashes. This is
trivially fulfilled.

Now letn > 0. The induction hypothesis is that for every V(D) the vertex cuS[v]
can be flipped at leastin(n — 1, 7(v)) times. We have to show that for everye V(D)
the vertex cufS[v] can be flipped at leastin(n, 7(v)) times.

So letv € V(D) be an arbitrary vertex. We can assume th@at) = n. That is because
7(v) < nimpliesmin(n, 7(v)) = min(n — 1, 7(v)) which by induction hypothesis gives
that S[v] can be flipped at leastin(n, 7(v)) times. If on the other hand(v) > n we
can walk on a directedv, T)-path fromv to a vertexv’ with 7(v') = n. If we can
prove thatS[v’] can be flipped: times then Lemma 3.3 yields th&{v] can be flipped
n = min(n, w(v)) times as well.

By the definition ofr we havemin(w(w),n — 1) = n — 1 for everyw € N7 (v).
Induction hypothesis yields that the vertex cuts induced\by(v) can be flipped: — 1
times. Then Lemma 3.3 gives that the vertex cuts induced'hy {v} can be flipped at
leastn — 1 times.

For everyw € (vt U {v}) we haver(w) > w(v) = n. So everyu € N*(w) has
m(u) > n — 1, so S[u| can be flipped at leashin(7(u),n — 1)) = n — 1 times by
induction hypothesis. For every € (v! U {v}) flip all the S[u] with v € N+ (w) these
n — 1 times.

Now letw € (v' U {v}) be such that[w] has been flipped — 1 times.

Case 1: All the vertices itV ~ (w) have been flipped times orN~(w) = 0. We can
flip S[w] thenth time by Lemma 3.4.

Case 2: There is a verteX € N~ (w), which has been flipped only — 1 times. Take
w’ and check which case appliesuto.

Because of acyclicity oD we always arrive at a vertex’ which falls into Case 1 and
we can reduce the portion of verticesiihU {v} which have been flipped less thatimes.
lterating this process leads to the point where everg (v! U {v}) has been flipped
times — particularly. O

Combining the above lemmas we obtain the promised desmmipfithe embedded flip
flop poset.

Theorem 3.6. Let D be acyclic, connected with unique sifikthen the canonically em-
bedded flip flop poset

Pe(D, T)={0<z<7|(v,w) € AD)=0<z(v) —z(w) <1}

as point sets irz.V (P\T
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Proof. Before proving the theorem recall thR (D, T) := ¢g(Pr(D, T)) was defined
previous to Proposition 3.1.

‘s

Lemma 3.5 impliesPg(D, T) C {0 < z < 7}. Recall that any: € Pg(D,T)
encodes in itg-entry how many times|[v] has been flipped. So Lemma 3.2 implies that
for (v,w) € A (particularlyw € v') we havez(w) > z(v) — 1. Lemma 3.3 implies that
for (v, w) € A (particularlyv € w') we havez(w) < z(v). This is

Pa(D, T)C{0<z<7|(v,w) e AD)=0<z(v) — z(w) <1}.

“om

Let0 < z < mand(v,w) € A(D) = 0 < z(v) — z(w) < 1. We proceed by induction
onlz|:=>"" , 2(i). If |zl =0thenz = 0 € Px(D, T).

Let|z| > 0. First suppose that for everye V\T thereisu € N~ (v) with z(u) > z(v)
oraw € N*(v) with z(v) = z(w). So takev such thatz(v) > z(w) V,ev\ 7. By the
maximality of z(v) there cannot be a € N~ (v) with z(u) > z(v) so there is an arc
(v,w) € A such that:(v) = z(w). Soz(w) is maximal as well and the same argument,
which we applied tov to obtainw can be applied tav to obtain az € N*(w) with
z(z) = z(w) and so on. Sinc® is finite the iteration of this argument leads to a directed
cycle in D — a contradiction.

We conclude that there existse V\T such that:(N~(v)) = z(v) andz(N*(v)) =
z(v) — 1. Where ‘=" stands forz being constantly the claimed value on the claimed
set. Sincelz| > 0 = z(v) > 0 we have that’ := z — e, satisfies0 < 2/ < 7
and (v,w) € A(D) = 0< 2'(v) — 2/(w) <1 and|z/| < |z|. By induction hypothesis
z' € Pg(D,T). So there is a sequence of flips leading frémto D’ in which every
vertex cutS[v] has been flipped exactly (v) times. We have/’(N~(v)) = z(v) and
Z'(v) = 2/(NT(v)) = 2(v) — 1 but after applying these flipS[v] is positively directed in
D’. SoS[v] can be flipped again and we obtain that Pg (D, T). O

3.2. Plissee Partitioned Posets.Two different digraphsD and D’ possibly generate the
same flip flop poseL but the embeddings af induced by them (cf. Theorem 3.6) may
well differ. To understand the relation @f and D’ in this case, we relate the embeddings
of distributive lattices to chain partitions of the posetah-irreducibles ofL.

This will be done using a classical result of Dilworth [2], ih naturally extends
Birkhoff's Representation Theorem for Finite Distribetilzatticesto a bijection between
finite embeddediistributive lattices and finitehain-partitionedposets. First we shall de-
fine the mappings, which generalizeand© from Birkhoff's Theorem.

Let¢ : L — £ c Z% be an embedding of a distributive lattiéeinto the dominance
order onZ“. Define 7 (L) as the paifJ(L),{Ci}ic(q), Where{C;};cq is the chain
partition of 7 (L) defined byC; := {z € J(L£) | Fyer : ¢(x) — é(y) = e}

Given on the other hand a chain partitioned pd$e{ C; };c[q4) the corresponding dis-
tributive lattice of ideals?(P) can be embedded int8? as follows: associate a vector
zr € Z to everyl € O(P), wherez;(i) := |I N C;| V;e[q. We denote this map b§.

Dilworth’s Theorem asserts that for any chain-partitiormabet (P, {C;};c[q) the
mapping O is an embedding of the distributive lattic®(P) into Z¢. Moreover
TJ(O(P,{Ci}ica)) = (P,{Ci}iciq) andO(J (L)) = L for an embedded distributive
lattices..

In the following we give a characterization of those chairtifans which are the image
under7 of the embedded flip flop posets of an acyclic digraph.



DISTRIBUTIVE LATTICES ON GRAPH ORIENTATIONS 11

Cy C, Cy

U v w T

FIGURE 5. Good plisée partitioned poset, which comes from the em-
bedded distributive lattice of Figure 4 viaand its projection. Note that
(1) = |Gy fori € {u,v,w}. Conversely the picture can be interpreted
as a digraph with its potential poset carrying the canorgbain parti-
tion.

We call a chain partitio{ C; } ;[ Of @ posetP plisseeif V; jc(m)Vpqepr : Ci 2 p =
g € C; implies thatC; U C; = {r1 < ... <r;4,} is a chain with

Hropsr |1 <2k +1<i+j},{roe |1 <2k <i+j}} ={C;,C;}.

In this case we say that; U C; alternatesbetweenC; andCj.

Having P together with a plisse partition{C;};c[), We define theprojection of
(P, {Ci}icim)) as the directed graph (P, {Ci}icim)) = (V, A), where the vertices are
given by

Vi:={Min(C;) |i € [m]}U{T}
and(v,w) € A if either

v = Min(C;) andw = Min(C;) andMin(C;) < Min(C;) andC; U C; alternates

orv = Min(C;)and|C;| = 1andw = T.

Since A(P,{C;}iemm)) is an acyclic digraph with unique sink it induces a po-
tential function. A plissee partition(P, {C;}ic[m) is calledgood if for the poten-
tial function 7 of A(P,{C;}icm)) We havev = Min(C;) = w(v) = |C;| for every
v € V(A(P,{Ci}ieim))- See Figure 5 for an example.

Conversely, given an acyclic digragh with unique sinkT and potential functionr,
we define itgpotential poset as the seflp := {v; | i € [r(v)],v € V(D)} together with
the order relation transitively induced by

i=7j and (v,w) € A(D)
v; S w; = or
i=j—1 and (w,v)e€ A(D)

The potential poset carries tlkanonical chain partition
{Colvev == A{vi | i € [7(0)}vev(p)-

Theorem 3.7. The canonical chain partition of the potential poset is adptis€e parti-
tion.

Proof. Let D be an acyclic connected digraph with unique sinkWe have to prove that
(IIp,{Cu}vev(p)) is a plisee partitioned poset. So let, > w; >~ v; € C,. Theneither
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(1 =jand(v,w) € A(D))or (i =j — land(w,v) € A(D)). In both cases it is easy to
see thatw; < v;11 andw;_; < v; by the respective other case — given that the claimed
elementsy; ; andw;_; exist.

Consider the case thét = j and(v,w) € A(D)). Since(v,w) € A(D) we have
m(v) —m(w) € {0,1}. If 7(v) = 7(w) thenC,, UC, = (v1 Swz Swp < ... S gy <
Wr(w)) OtherwiseCy, U Cy = (v1 < wp <3 <o < Wr(w) < VUn(yy). SO iN both cases
C,, UC, is an alternating chain.

If (i =7 —1and(w,v) € A(D)) the same argument works.

To see that this plig partition is good, leb’ := A(Ilp, {C, },ev(p)) be the projec-
tion of the potential poset dp. ObviouslyV (D’) = V(D) andA(D’) 2 A(D).

We must show that the potential functiehof D’ coincides with the potential function
7 of D. By the definition of potential functiod(D’) 2> A(D) implies#’ < 7. So
supposer’ < w. When we extend to D’ arc by arc the potential function decreases in
some intermediate step”.

So leta = (u,v) be an arc inA(D’)\ A(D"). Suppose adding to D" decreases.
There are two possibilities how this can happen.

On the one hand can decrease(u), i.e. 7(v) + 1 < w(u). By definition,a comes
from an alternatindC,, U C,,)-chain inIlp. Since|C,| = w(u) and|C,| = «(v) itis
impossible forC,, U C, to be an alternating chain.

On the other hand introducingcould decrease(v), i.e. 7(u) < 7(v). But this again
contradicts the fact that’, U C,, is an alternating chain with minimal elementd, by
reasons of cardinality. O

Note that the arc set of the projection @p, {C,},cv(p)) possibly strictly contains
A(D).

Now we are ready to provide another way of describing the eluide flip flop poset of
a digraph.

Theorem 3.8. Let D be acyclic with unique sink then
PH(D7 T) = 6(HD7 {CU}UEV)'

Proof. To everyz € Pg(D, T) we associate the sét := {v; € IIp | i € [2(v)]}. Itis
clear that:(v) = |Z N C,| so if we show that the set of the so-obtain&d coincides with
O(Ip) the definition ofO yields the theorem.

ForPg(D, T) C O(Ilp, {C, }vev) We showZ € O(T1p):

SupposeZ is no ideal so there i€ > v, > w, ¢ Z. By the definition ofZ we
havev # w. Since{C,},cv is a plisge partitionC, U C,, is an alternating chain. We
distinguish two cases:

If Min(C, U Cy) = v then (v,w) € Aand?¢ = k — 1. We obtain
we & Z = z(w) <=k —1=z(v) — 1, which contradicts Theorem 3.6.

Similarly if Min(C, U C,) = w; then (w,v) € A and?¢ = k. We obtain
we ¢ Z = z(w) < £ =k = z(v), which contradicts Theorem 3.6.

Now for Pg(D, T) 2 O(Ilp, {C, },ev) we show thatD maps every € O(Ilp) to a
PSS Pff(D, T)Z

Let I € O(Ilp). Then vectorO(I) is mapped to the vector with entriesz(v) :=
|C, N I|. By definition of the canonical chain partition we hae< z < 7. Let (v, w) €
A. ThenC, U C,, is an alternating chain. Sinckis an ideal we either have(v) =
z(w) + 1 or z(v) = z(w). The description ofPg(D, T) by Theorem 3.6 yields that
z € Pg(D,T).

O



DISTRIBUTIVE LATTICES ON GRAPH ORIENTATIONS 13

Theorem 3.9. Let (P, {C;};c[m)) be a chain partitioned poset. There is a digraphsuch

that (P, {Ci}icim)) = J (Pe(D, T)) if and only if {C; };c(,m) is @ good plisge partition.
Particularly if {C;}icim) is @ good plisge partition then (P, {C;}icm)) =

j(Pﬂ(A(Pa {Cz}ze[m])v T))

Proof. Necessity. Let(P,{Ci}icim) = J(Pg(D,T)). By Dilworth’s Theorem
O(P,{Ci}ieim)) = Pe(D, T), which by Theorem 3.8 equat3(Il p, {C,, }vev ). So again
by Dilworth’s Theorem(P, {C;}icim)) = (IIp, {Cy}vev) and by Theorem 3.7 this is a
good plis€e partition.

Sufficiency.  Let(P,{C;}icim)) be a poset with a good pliés partition. By
definition we have (P, {Ci}icim)) = (AP {ci}icimy): {Cotvev).  Now Dil-
worth’s Theorem together with Theorem 3.8 gives that théetdais isomorphic to
T (Pa(A(P{C:} i) T))- =

Let D be an acyclic directed graph with unique sinkand potential functionr. Denote
by [D] the set of directed graphs which can be obtained fidrby adding or deleting
transitive arcs without changing We state the following:

Theorem 3.10. Let L be a distributive lattice. The séd of acyclic directed graphs with
unique sinKT, which flip flop generaté, i.e. {D | L = Pg(D, T)} equals

{D e [A(J(L), {Ci}ie[m])] | {Ci}ie[m] is a good plisée partition of 7(L)}.

Proof. Let L = Pg(D, T). This is equivalent taC = Pg(D, T) for some embedding
L of L. After applying Dilworth’s Theorem taC = Pg(D, T), Theorem 3.9 says that
this is equivalent to: There is a good pésspartition{C; } ;[ of J (L) isomorphic to
J(Pa(D, T)). Also by Theorem 3.9 we have thBtcan be taken to bA (P, {Ci}ic(m)),
i.e. Pr(A(P,{Ci}ieim)), T) = Pa(D, T). Itis easily seen that digrapti3 and D’ have
D e [D']ifand only if ITp = I1p/, which by Theorem 3.8 is equivalent By (D, T) =
Pg(D', T). This yields equivalence t® € [A(J (L), {C}iem))]- O

The digraphs in a clag®] are naturally ordered by arc set inclusion. It can be verified
that the projectiorA of the chain partitoned potential posetfis the maximum of this
order. On the other hari@®] does not have a unique minimum in generalsis somehow
a natural representant f@b].

The above theorem shows that constructing graphs that @fendgre same flip flop
poset basically boils down to determining the good glspartitions of the poset of join-
irreducibles. For further discussion of this topic, see [4]

Thanks to Stefan Felsner for fruitful discussions and areeféor his/her helpful advice.
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