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ABSTRACT. Given a directed graph D with transitive closure tc(D) and path hypergraph P(D),
we study the connections between the (acyclic) reorientation poset of tc(D), the (acyclic) sourc-
ing poset of P(D), and the (acyclic) ornamentation poset of D. Geometrically, the acyclic
reorientation poset of tc(D) (resp. the acyclic sourcing poset of P(D)) is the transitive closure
of the skeleton of the graphical zonotope of tc(D) (resp. of the hypergraphic polytope of P(D))
oriented in a linear direction. When D is a rooted (or even unstarred) increasing tree, we show
that the acyclic sourcing poset of P(D) is isomorphic to the ornamentation lattice of D, and that
they form a lattice quotient of the acyclic reorientation lattice of tc(D). As a consequence, we
obtain polytopal realizations of the ornamentation lattices of rooted (or even unstarred) increas-
ing trees, answering an open question of C. Defant and A. Sack. When D is an increasing tree,
we show that the ornamentation lattice of D is the MacNeille completion of the acyclic sourcing
poset of P(D). Finally, still when D is an increasing tree, we use the ornamentation lattice of D
to characterize the subhypergraphs of the path hypergraph P(D) whose acyclic sourcing poset
is a lattice.
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1. INTRODUCTION

Tamari lattices and associahedra are classical objects of algebraic and geometric combinatorics
with various applications to topology, algebra, statistical physics, etc. We refer to [MHPS12,
CSZ15, PSZ23] and the references therein for an overview of the myriad of perspectives on these
objects, and we focus here on three specific aspects. First, the Hasse diagram of the Tamari lattice
is isomorphic to a linear orientation of the graph of the associahedron of [SS93, Lod04], which
is a Minkowski sum of standard simplices [Pos09]. Second, the Tamari lattice (on binary trees)
is a lattice quotient of the weak order (on permutations) [Ton97, Rea04], and the associahedron
is obtained by deleting inequalities in the facet description of the permutahedron [SS93, Lod04].
Third, the Tamari lattice is realized by componentwise comparisons of the bracket vectors of
binary trees [HT72]. The objective of this paper is to study the interconnections between natural
extensions of these three perspectives, already considered separately in the literature.

Hypergraphic posets and hypergraphic polytopes. Consider a hypergraph H on [n]. A
sourcing of H is a map S associating to each hyperedge H € H a source S(H) € H. Note that
sourcings of H are often called orientations of H, we changed the name to avoid confusion with re-
orientations of directed graphs also manipulated in this paper. A sourcing S of H is acyclic if there
is no directed cycle in the directed graph with edges (h,S(H)) for all h € H € H. The (acyclic)
sourcing poset of H is the poset of (acyclic) sourcings of H ordered by componentwise comparison,
meaning S < S’ if and only if S(H) < S'(H) for all H € H. While the sourcing poset S(H)
is clearly a lattice (as a product of intervals), the acyclic sourcing poset AS(H) is not always a
lattice. The question to characterize the hypergraphs H whose acyclic sourcing posets AS(H)
are lattices has been studied for specific families of hypergraphs, notably for graphs [Pil24], for
interval hypergraphs [BP24], and (partially for) graph associahedra [BM21]. In this paper, we
will consider the family of hypergraphs arising as the collection of paths in a directed graph, and
study their acyclic sourcing posets from a lattice theoretic perspective.

Let (€y)ye[n) denote the standard basis of R". The hypergraphic polytope of H is the Minkowski
sum Ag = ) ey Am, where Ap = conv {e, | h € H} denotes the face of the standard simplex
indexed by the hyperedge H. The face lattice of Ay was described combinatorially in terms of
acyclic orientations of H in [BBM19]. In particular, it is proved in [Gé125] that the acyclic sourcing
poset AS(H) is the transitive closure of the graph of the hypergraphic polytope Ap, oriented in
the standard direction w:=(n—1,n—3,...,3—n,1 —n).

For instance,

o if H = ([’2‘]) is the complete graph, Ay is the permutahedron and AS(H) is the weak order.

o if H={[i,j] | 1 <i<j<n}isthe complete interval hypergraph, Ay is the associahedron
of [SS93, Lod04] and AS(H) is the Tamari lattice [Tamb51].

Digraph Tamari lattices and digraph associahedra. Consider a directed graph F on [n]. A
reorientation of E is a directed graph R obtained from F by reversing a subset rev(R) of edges of E.
A reorientation R of E is acyclic if it contains no directed cycle. The (acyclic) reorientation poset
of E is the set of (acyclic) reorientations of E ordered by inclusion of reversion sets, meaning R < R’
if and only if rev(R) C rev(R’). While the reorientation poset R(FE) is clearly a boolean lattice,
the acyclic reorientation poset AR(FE) is not always a lattice. See [Pil24] for a characterization of
the directed graphs F for which R(E) is a lattice (or even a semidistributive lattice).

The graphical zonotope of E is the Minkowski sum Ag:= Z(u,v)EE Ayw, where A, is the
segment with endpoints e, and e,. The face lattice of A g is described by ordered partitions of E.
In particular, whenever the edges of E are increasing, it turns out that the acyclic reorientation
poset AR(E) is isomorphic to the transitive closure of the graph of A g, oriented in the direction w.

When AR(F) is a lattice, one can consider its lattice congruences and quotients. They have been
largely investigated in [Pil24]. Among all these congruences, the sylvester congruence yields the
Tamari lattice of E, which is isomorphic to the transitive closure of the graph of the associahedron
of F oriented in the direction w. The later is obtained by deleting inequalities in the facet
description of the graphical zonotope of F.
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For instance, when F = K,, is the complete graph,

e Ap is the permutahedron and AR(E) is the weak order,
e the associahedron of F is the associahedron of [SS93, Lod04] and the Tamari lattice of E
is the Tamari lattice.

Ornamentation lattices. Consider a directed graph D on V and a vertex v € V. An ornament
of D at v is a subset U of V such that any vertex of U admits a directed path to v in U. An
ornamentation of D is an assignment O of an ornament at each vertex of V with the nesting
condition that v € O(v) implies O(u) C O(v). Ornamentations of rooted trees were introduced
in [DS24] and further studied in [AD25]. Ornamentations of directed graphs and beyond will also
appear in [Sac25]. An ornamentation O of D is acyclic if a certain reorientation of the transi-
tive closure tc(D) of D constructed from O is acyclic (see precise definition later). The (acyclic)
ornamentation poset of D is the poset of (acyclic) ornamentations of D ordered by component-
wise inclusion, meaning O < O’ if and only if O(v) C O'(v) for all v € V. The ornamentation
poset O(D) is always a lattice, but the acyclic ornamentation poset O(D) is not always a lattice.
Interestingly, we will see that all ornamentations turn out to be acyclic when D is a rooted (or
even unstarred, see below) tree, and the ornamentation lattice is the MacNeille completion of the
acyclic ornamentation lattice when D is a directed tree.

The geometry of ornamentation lattices is not that clear. One of the open questions in [DS24]
was to find polytopal realizations of ornamentation lattices. We will answer this question for
rooted (or even unstarred) trees and discuss it for arbitrary directed graphs.

For instance, when D is a path, the (acyclic) ornamentation lattice O(D) is the Tamari lattice
which is indeed realized by the associahedron, and the ornamentations can be seen as bracket
vectors of binary trees.

Main results and overview. The general purpose of the present paper is to connect these three
extensions of the Tamari lattice and associahedron, in particular for directed trees.

In Section 2, we first present in more detail the reorientation lattice R(F), the sourcing
lattice S(H), and the ornamentation lattice O(D) mentioned above, and we connect them as
follows.

Proposition 1.1. Given a directed graph D, denote by tc(D) its transitive closure and by P(D)
its path hypergraph, whose hyperedges are (the vertex sets of) the directed paths in D. There are
natural order-preserving surjections
R(te(D)) —» O(D) and S(P(D)) —» O(D)
R — Op S —— Og ’

Moreover, R — Opg restricts to a meet semilattice morphism from the transitively closed reorien-
tation lattice of tc(D) to the ornamentation lattice of D.

In Section 3, we focus on acyclicity. We consider the acyclic reorientation poset AR(E), the
acyclic sourcing poset AS(H), and define the acyclic ornamentation poset AO(D). We then
connect them as follows.

Proposition 1.2. For a directed graph D, there are natural order-preserving surjections
S, —» AR(tc(D)) —» ASP(D)) <+— AO(D)
T — AR, R +—— ASy S = AOg ’

In particular, the acyclic sourcing poset AS(P(D)) can be seen as a subposet of the ornamentation
lattice O(D).

See Figure 1 for an overview of these connections.

These connections become particularly interesting when the underlying directed graph D is an
increasing tree T, and even more if it is rooted (or unstarred). In Section 4, we first consider a
directed tree. We describe the join irreducible ornamentations of T" and meet irreducible orna-
mentations of T', and prove that the ornamentation lattice O(T') is semidistributive. Observing
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FiGURE 1. Connections between the posets studied in this paper. Below each
poset or map appears a pointer to the corresponding definition. Below each map,
we also point to the main statements concerning it (in the general case of a
directed graph). The maps in green are order preserving while those in red are
not. The symbol () means a commuting diagram, the symbol ¢ means that one
map is a section of the other. Dashed arrows indicate inclusions.

that all join or meet irreducible ornamentations of T (resp. transitively biclosed reorientations
of t¢(T)) are acyclic, we obtain the following statement. Recall that the MacNeille completion of
a poset P is the smallest lattice which admits an embedding of P.

Theorem 1.3. For any increasing tree T on [n],
e the transitively biclosed reorientation lattice RP(tc(T')) is precisely the MacNeille comple-
tion of the acyclic reorientation poset AR (tc(T)),
e the ornamentation lattice O(T) is precisely the MacNeille completion of the acyclic sourc-
ing poset AS(P(T)).

We then consider, in Section 5, a special class of increasing trees containing, in particular, all
rooted trees. A tree T is unstarred if there are no vertices u,v of T' such that u has at least two
incoming edges in T', v has at least two outgoing edges in T', and T has a directed path from u
to v. For these trees, the relation between its acyclic sourcing poset and ornamentation lattice is
even stronger.
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Theorem 1.4. For an unstarred increasing tree T,

(1) the acyclic reorientation poset AR(tc(T)), the acyclic sourcing poset AS(P(T)), and the
acyclic ornamentation poset AO(T) are all lattices,

(2) all ornamentations of T are in fact acyclic, and so AS(P(T)) ~ AO(T) = O(T),

(3) the map R+ Op is a surjective lattice map, and so the ornamentation lattice O(T) is a
lattice quotient of the acyclic reorientation lattice AR (tc(T)),

(4) the ornamentation lattice O(T) is isomorphic to the transitive closure of the graph of the
path hypergraphic polytope Ap(y oriented in the direction w.

Note that Theorem 1.4 (4) answers a question posed in [DS24] for rooted trees. This question
remains open beyond the case of unstarred trees. We state it as a conjecture.

Conjecture 1.5. For any directed graph D, the ornamentation lattice O(D) is isomorphic to the
transitive closure of the graph of a polytope oriented in a linear direction.

Finally, in Section 6, we exploit the connection between sourcing posets and ornamentation
lattices to extend our understanding of the hypergraphs H whose acyclic sourcing poset AS(H) is a
lattice. Our results largely extend the characterization of [BP24] for interval hypergraphic lattices.

An interval hypergraph is a hypergraph whose hyperedges all are intervals of [n]. For an
interval hypergraph I containing all singletons, it was proved in [BP24, Thm. A] that the acyclic
sourcing poset AS(I) is a lattice if and only if T is closed under intersection, meaning that I, J €I
implies INJ € I. (As adding or removing singletons to I preserves AS(I), we impose I to contain
all singletons just to simplify the expression of intersection closedness.) The approach of [BP24]
is to show that the map = — AS, sending a permutation of [n| to an acyclic sourcing of I is a
quasi-lattice map, meaning that the fiber of each acyclic sourcing S of I forms an interval [wfg, 772]
of the weak order and that S < S’ in AS(I) implies that ﬂg < Fg,. While much weaker than the
lattice map condition (which requires instead that S < S’ implies ﬂg < Wg, and 7rg < wg,), the
quasi-lattice map condition still ensures that the image forms a lattice.

In Section 6, we extend this characterization to intreeval hypergraphs. An intreeval hypergraph
of an increasing tree T on [n] is any subhypergraph I of the path hypergraph P(T'), meaning any
collection of (vertex sets of) directed paths in 7. Unfortunately, even when AS(I) is a lattice,
the map 7 — AS, from permutations of [n] to acyclic sourcings of I is not necessarily a quasi-
lattice map anymore (its fibers are not intervals in general). Moreover, it is also not possible
to use the map R — ASg from acyclic reorientations of tc(7T') to acyclic sourcings of I, as the
acyclic reorientation poset AR(tc(7T)) is not a lattice in general, in contrast to the situation
of Theorem 1.4. We use instead a natural quasi-lattice map from the ornamentation lattice O(T)
to the acyclic sourcing poset AS(I) to obtain the following complete characterization.

Theorem 1.6. Let I be an intreeval hypergraph of an increasing tree T. The acyclic sourcing
poset AS(I) is a lattice if and only if 1 is path intersection closed (Definition 6.2) and star sparse
(Definition 6.4).

Path intersection closedness and star sparsity are slightly technical conditions whose details are
deferred to Section 6. When T is a path, path intersection closedness boils down to intersection
closedness, and star sparsity always holds, hence Theorem 1.6 generalizes [BP24, Thm. A]. Note
that intersection closedness implies path intersection closedness (but is stronger in general, except
when T is a path), and that star sparsity always holds for rooted trees. In particular, the acyclic
sourcing poset AS(I) of any intersection closed intreeval hypergraph I of a rooted tree is a lattice.
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2. REORIENTATIONS, SOURCINGS, AND ORNAMENTATIONS

Throughout this section, we fix a directed graph D on a vertex set V, and denote by tc(D) its
transitive closure and by P(D) its hypergraph of directed paths. It is a priori not required that D
is acyclic, although this is the case that interest us most in this paper. In particular, in all our
pictures, V = [n] and the edges are increasing (so we can omit their orientations). We define the
ornamentation lattice O(D) (Section 2.1), the reorientation lattice R(tc(D)) (Section 2.2), and
the sourcing lattice S(P(D)) (Section 2.3), and define natural surjective poset morphisms:

R(te(D) —» OMD) . SED) —» O(D)
R +—— OR S — OS .

2.1. Ornamentations. The following definition, first introduced for rooted trees in [DS24], is
illustrated in Figures 2 to 6. It will also be extended beyond directed graphs in [Sac25].

Definition 2.1. Let D be a directed graph on V. An ornament at a vertex v of D isa subset U C V/
such that there is a directed path from any u € U to v in the subgraph of D induced by U. An
ornamentation of D is a map O on V which assigns an ornament O(v) at each vertex v € V' such
that v € O(v) = O(u) C O(v) for all u,v € V. We denote by O(v € D) the set of ornaments
at a vertex v of D and by O(D) the set of ornamentations of D.

In our pictures, we represent an ornamentation O of D by drawing a bubble around O(v) of the
same color as v for each v € V. Alternatively, each bubble is the ornament at its largest vertex.
See Figures 2 to 6.

Example 2.2. We can clearly define different ornamentations by

(i) sending each vertex v € V' to the singleton {v},
(ii) sending each vertex v € V' to the set D<, of vertices with a path to v in D,
(iii) given a vertex v € V and an ornament U € O(v € D), sending v to U and any other
vertex u € V ~ {v} to the singleton {u}.

Lemma 2.3. (i) IfU € O(u € D) and U' € O(u' € D) with u € U’, then UUU’ € O(u' € D).
(i) If U,U" € O(v € D), then UU U’ € O(v € D), while UNU’ is not necessarily in O(v € D).

Proof. For Part (i), let w € UUU’. If w € U’, then there is a path from w to v’ in U’, hence
in UUU’. If w € U, then there is a path from w to uw in U and a path from u to v’ in U’, hence a

/\\

E—-
.

=D
=
©

Z

\X X

FIGURE 2. The ornamentation lattices O(N) and O(l).
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F1GURE 3. The ornamentation lattices O(Y) and O(A).

path from w to v in U U U’. Part (ii) is a specialization of Part (i) to v = v and u’ = v. Finally,
if D has two disjoint directed paths P; and P» from a vertex u to a vertex v such that (u,v) ¢ D,
then Py, P, € O(v € D) while Py N P, = {u,v} ¢ O(v € D). See Figure 5 and Lemma 4.1. O

Theorem 2.4. The set O(D) of ornamentations of D is a lattice under componentwise inclusion,
meaning O1 < Oy if and only if O1(v) C O2(v) for all v € V. For any two ornamentations Oq
and Oy of D,

o (01 A O2)(v) is the inclusion mazimal ornament at v contained in O1(v) N O2(v),

o (01 V O3)(v) is the inclusion minimal subset U of V' containing v and such that u € U
implies O1(u) U Oz(u) CU.

Proof. Given two ornamentations O; and Oz of D, consider the map O, on V where Ox(v)
is the inclusion maximal ornament at v contained in O1(v) N Oz2(v). Note that Ox(v) is well-
defined by Lemma 2.3, and that Ox(v) € O(v € D) for any v € V by definition. Consider
now w,v € V such that v € Ox(v). Since Ox(u) € O(u € D) and Ox(v) € O(v € D)
with u € Ox(v), Lemma 2.3 gives Opa(u) U Ox(v) € O(w € D). As u € Op(v) C O1(v) N
Os(v) and Op and Oy are ornamentations of D, we have O1(u) C O1(v) and Oz(u) C Oz(v),
50 Op(u) € O1(u) N O2(u) € O1(v) N O2(v), hence O (u) U Ox(v) € O1(v) N Oz(v). By maxi-
mality of Oa(v), we conclude that Oa(u) UOx(v) € Ox(v), and therefore Op(u) € Op(v). We
conclude that Ox is an ornamentation of D. Moreover, Ox is clearly the meet of O; and Oz in
componentwise inclusion.

Given two ornamentations O; and Os of D, consider now the map Oy on V where Oy, (v) is the
inclusion minimal subset U of V' containing v and such that v € U implies O;(u) U Oz(u) C U.
Note that Oy (v) is well-defined as it can be constructed by induction, starting from U = {v} and
adding inductively O1(u)UO2(u) for all u € U until it stabilizes. Since O1(u)UO2(u) € O(u € D)
by Lemma 2.3, this inductive construction maintains the invariant that there is a path from u to v
in U for any u € U. Hence, we obtain that Oy (v) € O(v € D) for any v € V. Consider now u,v € V
such that u € Oy (v). Since u € Oy (v) and w € Oy (v) implies O1 (w) U O2(w) C Oy (v), we obtain
that Oy (u) € Oy (v) by minimality of Oy (u). We conclude that O, is an ornamentation of D.
Moreover, Oy, is clearly the join of O; and O3 in componentwise inclusion. O
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FIGURE 4. The ornamentation lattice O(X). (Gray = cyclic).

Remark 2.5. The minimal ornamentation of D sends each vertex v € V to the singleton {v},
and the maximal ornamentation sends each vertex v € V' to the set D<, of vertices with a path
towvin D.

Example 2.6. The ornamentation lattice of the graph with a single edge is a 2-element chain.
More generally, the ornamentation lattice of a graph with no path of length 2 is a boolean lattice
(see e.g. Figure 2 (left) and 6 (right)). In fact, the boolean lattices are the only distributive
ornamentation lattices.

Example 2.7. The ornamentation lattice of the n-element path is isomorphic to the Tamari
lattice on binary trees with n nodes (see e.g. Figure 2 (right)). The isomorphism is identical to
the construction of bracket vectors in [HT72].
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FIGURE 5. The ornamentation lattice O(<). (Gray = cyclic).
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FIGURE 6. The ornamentation lattices O(<]) and O(X). (Gray = cyclic).
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2.2. Reorientations. We now consider reorientations of graphs, as illustrated in Figure 7.

Definition 2.8. A reorientation R of a directed graph F is a directed graph obtained from F
by reversing a subset rev(R) of arrows of E. The reorientation lattice R(E) of E is the boolean
lattice of reorientations of F, ordered by inclusion of subsets of reversed arrows, meaning R; < Rp
if and only if rev(R;) C rev(Rz).

In this paper, we actually need to consider the reorientation lattice R(tc(D)) of the transitive
closure tc(D) of the directed graph D. Recall that, for all u,v € V, the transitive closure tc(D)
has an edge (u,v) if and only if D has a directed path from u to v. There is a natural surjection
from the reorientation lattice R(tc(D)) to the ornamentation lattice O(D).

Definition 2.9. For a reorientation R of t¢(D), we define a map O on V which associates to each
vertex v € V the inclusion maximal ornament of D at v contained in the subset of vertices u € V
with a directed path to v in rev(R) (meaning in the subgraph of D consisting of the arrows which
are reversed in R).

Lemma 2.10. For any reorientation R of tc(D), the map Og is an ornamentation of D.

Proof. By definition, Og(v) € O(v € D) for all v € V. Consider now u,v € V such that u € Og(v).
Since Or(u) € O(u € D) and Ogr(v) € O(v € D) with u € Og(v), Lemma 2.3 ensures that

)
f

IN

/T ~| <T

N X i><¢
<|?><<?X<|? / / \\
AN s

J, i X

1 1 X o X
\>< X\ \\ / /
AN N AN +><+

FIGURE 7. The reorientation lattices R(tc(<])), R(tc(N)) and R(tc(N)). (Gray
= cyclic). See also Figure 11.
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Ogr(u) UOg(v) € O(v € D). Moreover, by path concatenation, there is a path from any vertex
of Or(u)UOR(v) to v in rev(R). By maximality of Or(v), we conclude that Or(u)UOgr(v) C Or(v),
and so Ogr(u) C Og(v). O

Lemma 2.11. The map R — Opg is order-preserving (meaning that Ry < Ry = Og, < Og, ).

Proof. If Ry < Ry, then rev(R;) C rev(R3), hence any path in rev(R;) is a path in rev(Rz), and
s0 Og, (v) C Og, (v) for any v € V, hence Og, < Og,. O

Definition 2.12. For an ornamentation O of D, we define a reorientation Rp of tc(D) where for
each (u,v) € tc(D), we have (u,v) € rev(Rp) if and only if u € O(v).
Lemma 2.13. The map O — Ry is order-preserving.

Proof. If O1 < Os, then O1(v) C Os(v) for all v € V, thus rev(Rp, ) C rev(Rp,), hence Rp, < Ro,.
O

Lemma 2.14. For any ornamentation O of D, we have Og, = O. In other words, the map O — Rop
is a section of the map R — Og.

Proof. Let u,v € V such that there is a path from u to v in rev(Rp). Let u = wop, w1, ..., wp, = v
denote the vertices along this path. We have (w;—1,w;) € rev(Rp) hence w;—; € O(w;) for
each 1 < i < p. Since O is an ornamentation, an immediate induction shows that w; € O(v) for
all 0 < i < p. We conclude that u € O(v) if and only if there is a path from u to v in rev(Rp).
Since O(v) is an ornament of D at v, we conclude that Og, (v) = O(v). O

To sum up, we obtained the following statement.

Proposition 2.15. The map R — Og is an order-preserving surjection from the reorientation
lattice R(tc(D)) to the ornamentation lattice O(D).

Remark 2.16. In general, the reorientation Ry is neither minimal nor maximal among the reori-
entations R of t¢(D) such that Og = O. For instance, the following three reorientations belong to

the fiber of the ornamentation O = ((D— 2 —3)—4

1%2>3=<4 <Rp=1=2%3=<4 < 1=<2>3=<4

Remark 2.17. The fibers of the surjection R +— Og do not all admit a minimum nor a maximum.
For instance,

e the fiber of has two minima 1> 23«4 and 1> 2»3-<4,

e the fiber of (3} 3)-@5) has two maxima 1> 2%>3>4>5 and 1> 2>3>4>05.
We will see later in Proposition 4.15 that the fibers always admit a maximum when D is a directed

tree.

Remark 2.18. The surjection R — Og does not preserve neither the meet nor the join semilattice
structure, even when D is a path. For instance,

N P e Y e

1>2>3 Vv 1>»2=<3 = 1>2=<3 and 1»>2<3 A 1=%2=3 = 1»2=<3

-0 vODL-3+£@0-3 and @OO-3)n@O-2-3)+DL-3).

To correct this defect, we can restrict our attention to transitively closed reorientations of tc(D).

Definition 2.19. A reorientation R of tc(D) is
e transitively closed if (u,v), (v,w) € rev(R) implies (u,w) € rev(R),
e transitively coclosed if (u,v), (v, w) € tc(T) \ rev(R) implies (u, w) € tc(T') N\ rev(R),
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e transitively biclosed if it is both transitively closed and transitively coclosed.

We denote by R (tc(D)), R (tc(D)), and RP (tc(D)) the sets of transitively closed, transitively
coclosed, and transitively biclosed reorientations of tc(D) respectively.

Remark 2.20. A transitively biclosed reorientation of tc(D) is not necessarily acyclic, even
when D is a tree. For instance,

4 5 4 5
B wa it
1 1

are cyclic biclosed reorientations of tc(X), where X is the graph in Figure 4. We will see in
Proposition 5.3 that all transitively biclosed reorientations are acyclic when T is an unstarred
tree.

Lemma 2.21. The set R (tc(D)) (resp. R (tc(D))) of transitively closed (resp. coclosed) reori-
entations induces a meet (resp. join) subsemilattice of R(tc(D)), which is a lattice.

Proof. As the intersection of transitively closed relations is transitively closed, Ry, Ry € R¢(tc(D))
implies Ry A Ry € R (te(D)). As tc(D) is transitively closed, the maximal reorientation of tc(D)
is transitively closed, and so R (tc(D)) is a bounded meet semilattice, hence a lattice. The proof
for R (tc(D)) is symmetric. O

Remark 2.22. Observe however that the subposet of R(tc(D)) induced by the set RP!(tc(D))
of transitively biclosed reorientations may fail to be a lattice. For instance, consider the following
four transitively biclosed reorientations of tc(<):

4 4 4 4
7%, - Va \_) - F#1°%. - Y
Ry = *i’('; Ry = *i{) R3 = xi)‘ﬂ Ry = )dl’{i

Then R; < R3, R1 < R4, Ry < R3, and Ry < Ry and there is no transitively biclosed reorien-
tation R such that Ry < R, R < R, R < R3, and R < R4. We will see in Proposition 4.17
that RP!(tc(T)) is a lattice when T is a directed tree.

Proposition 2.23. For any ornamentation O of D, the reorientation Rp is transitively closed.
Hence, the map R — Opg restricts to a surjection from the transitively closed reorientation lat-
tice R (tc(D)) to the ornamentation lattice O(D).

Proof. Let u,v,w € V such that (u,v), (v,w) € rev(Rp). Then u € O(v) and v € O(w), and
so u € O(w) since O is an ornamentation. Hence (u,w) € rev(Rp). O

Remark 2.24. Note that Rp is not always transitively coclosed. For instance,
)‘4\:
0= = 3 .

D Ro= 2173

0 1

We will see in Lemma 4.18 that Rp is transitively biclosed when D is a directed tree.

When restricted to transitively closed reorientations of tc(D), the surjection R — Opg behaves
much nicer with respect to Remarks 2.16 to 2.18.

Proposition 2.25. For any ornamentation O of D, the reorientation Ro is the minimum tran-
sitively closed reorientation R of tc¢(D) with Or = O.

Proof. Consider any transitively closed reorientation R of tc(D) such that Og = O. Let u,v € V
be such that (u,v) € rev(Rp), that is, such that u € O(v). By definition of Og(v) = O(v), there is
a directed path from u to v in rev(R). As R is transitively closed, this implies that (u,v) € rev(R).
We conclude that rev(Rp) C rev(R), and so Rp < R. O
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Remark 2.26. Note that the second example of Remark 2.17 shows that the set of transitively
closed reorientations R of tc(D) such that Orp = O does not admit a maximum in general. We
will see in Proposition 4.16 that it does if D is a directed tree.

Proposition 2.27. The map R+ Opg is a meet semilattice morphism from the transitively closed
reorientation lattice R (tc(D)) to the ornamentation lattice O(D).

Proof. Given two transitively closed reorientations R; and Ry of tc(D), we want to show that
Or,ar, = Ogr, A Og,. Since R — Op is order-preserving (Lemma 2.11) and Ry A Ry < Ry
and Ry A Ry < Ro, we have Og,ar, < Or, and Og,ar, < Og,, hence Og, ar, < Ogr, A Og,.
Conversely, consider v € (Og, A Og,)(v). There exists a path v = wp,w1,...,w, = v in
(Ogr, A Og,)(v) C Og,(v) N Og,(v) (by Theorem 2.4). By definition of Or, and Og,, there is a
path from each w; to v in both rev(R;) and rev(Ry). Since Ry and Ry are both transitively closed,
each arrow (w;,v) of tc(D) is in both rev(R;) and rev(Rs), and therefore in rev(R;) Nrev(Ry) =
rev(R1 A Ry) (by Lemma 2.21). So, {u = wp,w1,...,wp, = v} € O(v € D) and each w; has a
directed path to v in rev(R;) Nrev(Rz). By maximality of Og, ar,(v), we deduce u € Og, AR, (V).
Thus, we have shown that Og, A Or, < Ogr,AR,, and we conclude that Og,ar, = Or, AOgr,. O

Remark 2.28. In contrast, the first example of Remark 2.18 shows that the map R — Og is not
necessarily a join semilattice morphism from the transitively closed reorientation lattice R (tc(D))
to the ornamentation lattice O(D), even when D is a path.

Remark 2.29. Note that the image of the transitively coclosed reorientations of tc(D) by the
map R — Op does not cover all ornamentations of D. For instance, for the graph <& of Figure 5,
the fibers under R — Ogpg of the two ornamentations

D 3)
0, @
are singletons, respectively containing the reorientations
A
J J
A A
1 1

which are not transitively coclosed.

2.3. Sourcings. We now assume that V is totally ordered, say that V = [n] with the natural
order. We consider the following maps on hypergraphs (they are usually called orientations of
hypergraphs, we have preferred the term sourcings of hypergraphs to avoid confusion with the
reorientations of graphs).

Definition 2.30. A sourcing S of a hypergraph H on V' is a map S : H — V such that S(H) € H
for all hyperedges H € H. The sourcing lattice S(H) is the lattice of sourcings of H ordered
componentwise, meaning S; < Sy if and only if S1(H) < S2(H) for all H € H. In other words,
S(H) is the Cartesian product of the subchains of V' induced by the hyperedges H.

We now assume that D is an increasing graph on V' = [n], meaning that « < v for any edge (u, v)
of D, and we consider sourcings of the path hypergraph of D.

Definition 2.31. The path hypergraph of a directed graph D is the collection P(D) of vertex

sets of directed paths in D.
We first observe that any sourcing S of P(D) can be lifted to a reorientation Rg of tc(D)

(D
Definition 2.32. Consider a sourcing S of P(D). We denote by rev(S) the set of pairs (u,v) € [n]?
such that there is a directed path P € P(D) from u to v with S(P) = v. We denote by Rg the
reorientation of tc(D) defined by rev(Rg) = rev(S).

Lemma 2.33. The map S — Rg is order-preserving.
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Proof. Consider two sourcings S; < S of P(D). For any (u,v) € rev(S7), there is a path P € P(D
from w to v with S1(P) = v. We have v = S1(P) < S3(P) < max(P) = v, and so S3(P) = v,
hence (u,v) € rev(Sz). Thus, rev(Rs,) = rev(S1) C rev(Ss) = rev(Rg,), and so Rg, < Rg,. O

In contrast, we cannot define a map from the reorientation lattice R(tc(D)) to the sourcing
lattice S(P(D)), because the subgraph of a reorientation of tc(D) induced by the vertices of a path
of P(D) might not have a source. We will fix this issue by restricting to acyclic reorientations and
acyclic sourcings in Section 3.

Observe also that S — Rg is not injective. However, we can still use S — Rg to define a map
from all sourcings of P(D) to all ornamentations of D.

Definition 2.34. For a sourcing S of P(D), we define a map Og on V which associates to each
vertex v € V the inclusion maximal ornament of D at v contained in the subset of vertices u € V
with a directed path to v in rev(S).

Lemma 2.35. For any sourcing S of P(D), we have Og = Og,.
Proof. Immediate from Definitions 2.9, 2.32 and 2.34. O

Lemma 2.36. For any sourcing S of P(D), the map Og is an ornamentation of D.

Proof. Follows from Lemmas 2.10 and 2.35. O
Lemma 2.37. The map S — Og is order-preserving.

Proof. Follows from Lemmas 2.11, 2.33 and 2.35. (]

Definition 2.38. For an ornamentation O of D, we define a sourcing Sp of P(D) where the
source So(P) for a path P from u to v in D is the maximal w € P such that v € O(w).

Lemma 2.39. The map O — Sp is order-preserving.

Proof. Assume that O; < Oy, so that O1(v) C Oz(v) for all v € V. Consider any path P € P(D)
from u to v, and let w:=Sp,(P). Then we have u € O1(w) C Oz(w), and so Sp,(P) > w by
definition. Therefore, Sp, (P) < So, (P) for any path P € P(D), hence Sp, < So,. O

Lemma 2.40. The following are equivalent for any ornamentation O of D and vertices u,v € [n]:

(i) (u,v) € rev(Sop),
(ii) there is a path from u to v in rev(Sp),

(11i) v € O(v).

Proof. (i) = (ii): Nothing to prove.

(ii) = (iii): Assume that there is a path from u to v in rev(Sp). Denote by u = wo, w1, ..., wp = v
the vertices along this path. For each 1 <1 < p, as (w;—1,w;) € rev(Sp), there is a path P; € P(D)
from w;—1 to w; with So(P;) = w; by Definition 2.32, hence w;—1 € O(w;) by Definition 2.38.
Since O is an ornamentation, an immediate induction shows that w; € O(v) for all 0 < i < p. We
conclude that u € O(v)

(iii) = (i): Assume that u € O(v). Then there is a path P € P(D) from u to v in O(v).
Since u € O(v), we get So(P) = v by Definition 2.38. Hence, (u,v) € rev(Sp) by Definition 2.32.
(]

Lemma 2.41. For any ornamentation O of D, we have Os, = O. In other words, the map O — So
is a section of the map S — Qg.

Proof. By Lemma 2.40, there is a path from u to v in rev(Sp) if and only if u € O(v). Since O(v)
is an ornament of D at v, we conclude by maximality that Os, (v) = O(v). O

Lemma 2.42. For any ornamentation O of D, we have Ro = Rs,, .

Proof. Immediate from Definitions 2.12 and 2.32 and Lemma 2.40. O
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Remark 2.43. Note however that there are sourcings S of P(D) with Rg # Ro,. For instance, on
the graph 1—2— 3, for the sourcing S given by S({1,2}) =1, S({2,3}) =2 and S({1,2,3}) = 3,

we have rev(S) = {(1,3)} so that Og = O~2—() and

N N
Rg= 1>2>3 7& 1>2>3 :Ros~
To sum up, we obtained the following statement.

Proposition 2.44. The map S — Qg is an order-preserving surjection from the sourcing lat-
tice S(P(D)) to the ornamentation lattice O(D).

Remark 2.45. The map S — Og is obviously not injective. For instance, Og is the maximal
ornamentation of D for any sourcing S of P(D) such that S({u,v}) = v for each edge (u,v) of D.
In contrast, we will see in Section 3 that S — Og is injective on acyclic sourcings of P(D).

3. ACYCLIC REORIENTATIONS, ACYCLIC SOURCINGS, AND ACYCLIC ORNAMENTATIONS

We now focus our attention on the acyclic case. We assume here that D is an increasing
graph on V = [n], meaning that u < v for any edge (u,v) of D. In particular, D is acyclic.
We then consider the acyclic reorientation poset AR(tc(D)) (Section 3.1), the acyclic sourcing
poset AS(P(D)) (Section 3.2), and the acyclic ornamentation poset AO(D) (Section 3.3), and
define natural surjective poset morphisms:

G, —» AR(te(D)) —» ASP(D)) «— AO(D)
T — AR, R +~—— ASp S — AOg ’

3.1. Acyclic reorientations. Acyclic reorientations of directed acyclic graphs is a classical sub-
ject, see for instance [Gre77, GZ83, Pil24] and Figures 9 to 11 for illustrations.

Definition 3.1. A reorientation of a directed graph E is acyclic if it contains no directed cycle.
The acyclic reorientation poset AR(E) is the subposet of the reorientation lattice R(E) induced
by acyclic reorientations.

—
A

— A

A

S

1'<2<3>4 <2354 1»2<3>4 1'<2>3<4 I'»2>3-<4 1=2<3<4
1<2%354 ]9—}9—4<+ >—3-<->1>—\-e;->—4 }- >3-4

FIGURE 8. The acyclic reorientation poset AR(tc(l)). (It is isomorphic to the
weak order.)
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FIGURE 11. The acyclic reorientation posets AR(tc(<])) and AR (tc(X)).

Remark 3.2. Let us recall the polytopal interpretation of the acyclic reorientation poset of E.
Denote by (e;)ic[n) the standard basis of R". The graphical zonotope of E is the Minkowski
sum Apg:= (u,0)EE Ny, Where /\,, is the segment with endpoints e, and e,. The face lattice
of Ag is described by ordered partitions of E. In particular, the graph of Ag, oriented in the
direction w:=(n,n—1,...,2,1)—(1,2,...,n—1,n) = (n—1,n—3,...,3—n,1—n), is isomorphic
to the Hasse diagram of the acyclic reorientation poset AR(E).

Note that the acyclic reorientation poset AR(E) is not always a lattice. The lattice theory of
acyclic reorientation posets was studied in detail in [Pil24]. For our purposes, we will only need
the following statements.

Proposition 3.3 ([Pil24, Thm. 1]). The acyclic reorientation poset AR(E) is a lattice if and only
if the transitive reduction of any induced subgraph of E is a forest.

Proposition 3.4 ([Pil24, Thm. 9]). When the acyclic reorientation poset AR(E) is a lattice, the
meet and join of two acyclic reorientations Ry and Ry of E are given by

rev(Ry V Ry) = E N te(rev(Ry) Urev(Ry))
and E~rev(Ri ARy) =E N tc(E N (rev(Ry) Nrev(Ry))).
We now recall the standard map from permutations to acyclic reorientations.
Definition 3.5. For a permutation 7 of [n], we denote by AR, the reorientation of tc(D) where
(u,v) € tc(D) is reoriented in AR, if 71 (u) > 71 (v).

Proposition 3.6. The map 7 — AR is an order-preserving surjection from the weak order on &,
to the acyclic reorientation poset AR (tc(D)).

Proof. Recall that the weak order on &,, is defined by the inclusion of inversion sets, where
the inversion set of 7 € &, is inv(7) = {(u,v) | u < v and 77! (u) > 7~ (v)}. By definition, we
have rev(AR;) = inv(7) Ntc(D), hence 7 — AR is order-preserving. It is surjective since the fiber
of any reorientation R is the set of linear extensions of R, which is non-empty when R is acyclic. O
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3.2. Acyclic sourcings. Acyclic sourcings of hypergraphs were introduced in [BBM19, BP24] as
combinatorial models for the vertex sets of hypergraphic polytopes.

Definition 3.7. A sourcing S of a hypergraph H is acyclic if there are no distinct Ho, ..., H, € H
such that S(H;_1) € H;~{S(H;)} for all i € [k] and S(H}) € Ho~{S(Ho)}. The acyclic sourcing
poset AS(H) is the subposet of the sourcing lattice S(H) induced by acyclic sourcings.

Remark 3.8. Let us recall the polytopal interpretation of the acyclic sourcing poset of a hyper-
graph H. We still denote by (e;);c[,) the standard basis of R". The hypergraphic polytope of H
is the Minkowski sum Ag:= ) .y Am, where Ap is the simplex given by the convex hull of
the points ey, for h € H. The face lattice of Ay was described combinatorially in terms of acyclic
orientations of H in [BBM19]. In particular, it is proved in [Gé125] that the transitive closure of
the graph of Ay, oriented in the direction w, is isomorphic to the acyclic sourcing poset AS(H).
Note that the graph of Ay, oriented in the direction w, is not always transitively reduced, hence
not always isomorphic to the Hasse diagram of the acyclic sourcing poset AS(H).

Remark 3.9. Note that the acyclic sourcing poset of H is not always a lattice. Characterizing the
hypergraphs whose acyclic sourcing poset is a lattice seems to be a difficult question in general.
Such characterizations exist for specific families of hypergraphs, notably for graphs [Pil24] (see
Proposition 3.3), for interval hypergraphs [BP24], and (partially for) graph associahedra [BM21].
We will further study this question for subhypergraphs of the path hypergraph of increasing trees
in Section 6.

We start with two simple observations about Definition 2.32 .

Lemma 3.10. If S is an acyclic sourcing of P(D), then the set rev(S) defined in Definition 2.32
15 transitive.

Proof. Assume that (u,v), (v,w) € rev(S). There are directed paths P, @ from v to v and from v
to w such that S(P) = v and S(Q) = w respectively. Their concatenation PQ is a path from u
to w with S(PQ) = w by acyclicity of S (indeed, PQ and P form a cycle in S if S(PQ) € P~ {v},
and PQ and @ form a cycle in S if S(PQ) € Q ~ {w}). Hence, (u, w) € rev(S). O

Remark 3.11. The reorientation Rg of tc(D) defined in Definition 2.32 by rev(Rg) = rev(S) is

not always acyclic even when S is acyclic. For instance, consider the directed graph D and the
reorientations R of tc(D) and the sourcing S of P(D) given by

A A S(13) =3, S(134) =3 S(15) =5,
b= ';\1><| R= ';xi><+ and  g04) — 4, S(25)=2, S(34)=3.

Note that S is acyclic and that Rg = R is cyclic.

We have observed in Section 2.3 that there is no natural surjection from all reorientations
of tc(D) to all sourcings of P(D). We now recall that there is such a surjection when focusing on
acyclic reorientations and acyclic sourcings.

Definition 3.12. For an acyclic reorientation R of tc(D), we denote by ASg the sourcing on P(D)
where ASg(P) is the source of P in R, meaning the vertex u € P such that (u,v) € R for
all v € P~ {u} (it is well-defined since any path in D induces a clique in tc(D)).

Lemma 3.13. For any acyclic reorientation R of tc(D), we have rev(ASg) C rev(R).

Proof. Let u,v € [n] be such that (u,v) € rev(ASg). Then there is a path P € P(D) from u to v
such that ASg(P) = v. We conclude that (v,u) € R, and so (u,v) € rev(R). O

Lemma 3.14. For any acyclic reorientation R of tc(D), the sourcing ASg is acyclic.

Proof. It Py, ..., P, € P(D) are such that ASg(P,—1) € P,~{ASg(P;)}, then ASg(P%),...,ASr(Py)
is a directed path in R, and so R has no edge from ASg(Py) to ASgr(P:) by acyclicity of R,
hence ASR(Pk) ¢ PO AN {ASR(PO)} O
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Lemma 3.15. The map R+ ASg is order-preserving.

Proof. If Ry < Ry, then rev(R;) C rev(R3), hence the source of any path P in R; is smaller than
the source of P in Ry, hence ASg, < ASp,. g

Definition 3.16. Let S be an acyclic sourcing of P(D). We denote by arr(S) the pairs (u,v) € [n]?
such that there is P € P(D) with v € P and v = S(P). Let ARg be the reorientation of tc(D)
defined by rev(ARg) = te(arr(S)) Nte(D).

Remark 3.17. Note that rev(S) C rev(ARg), but the inclusion might be strict. In fact, the
map S — ARg is not order-preserving. For instance, consider the directed graph D, the two
reorientations Ry and Ry of tc(D), and the two sourcings S; and Sy of S of P(D) given by
s/
D= X

4 5 4
Ri= 31X} ad R = 37PX
1 1

1
51(13) =3, S1(134) =3, S1(15) =5, 51(24) =4, S1(25) =2, S1(34)
S5(13) =3, S1(134) =3, S5(15) =5, S5(24) =4, S5(25) =5, S5(34)

Note that Ry, Rs, S; and Sy are all acyclic, and that Ry = ARs, and Ry = ARg, and con-
versely S; = ASg, and Sy = ASg,. Moreover, one can check that R; £ Ry while 57 < So.

4 )

——

3,
3

Lemma 3.18. For any acyclic sourcing S of P(D), the reorientation ARg of tc(D) is acyclic.
Proof. Tf ARg contains a cycle, so does arr(S), and so S is cyclic by Definition 3.7. O

Lemma 3.19. For any acyclic sourcing S of P(D), we have ASarg = S. In other words, the
map S — ARg is a section of the map R — ASg.

Proof. Pick P € P(D) and let v = S(P). For any u € P, we have (u,v) € arr(S). If u < v,
then (u,v) € rev(ARg). If u > v, then (v,u) ¢ tc(arr(S)) by acyclicity of S, and so (v,u) ¢
rev(ARg), and so (u,v) € ARg (since P is a tournament in ARg). Hence, v is the source of P
in ARg, and so ASar, (P) = v = S(P). We conclude that ASag, = S. O

To sum up, we obtained the following statement.

Proposition 3.20. The map R — ASg is an order-preserving surjection from the acyclic reori-
entation poset AR(tc(D)) to the acyclic sourcing poset AS(P(D)).

Remark 3.21. Note that we could have argued the surjectivity of the map R — ASg geometri-
cally. Namely, using that the hypergraphic polytope of P(D) is a deformation of graphical zonotope
of tc¢(D). We have introduced the map S — ARg instead to remain at the level of posets.

3.3. Acyclic ornamentations. Remember from Definition 2.9 (resp. Definition 2.34) that we
have defined an ornamentation Og (resp. Og) from any reorientation R of tc(D) (resp. sourcing S
of P(D)). We now observe that these maps behave well on acyclic reorientations of tc(D) and
acyclic sourcings of P(D), which enables us to define acyclic ornamentations of D.

Lemma 3.22. The map S — Og is injective on acyclic sourcings.

Proof. Let S1 # Sz be two distinct acyclic sourcings of P(D). There exists P € P(D) such
that u:=51(P) # S2(P) = v. We can assume by symmetry that v < v. If u € Og, (v), then
there is a path from w to v in rev(S;). Let u = wg,wy,...,w; = v denote the vertices of
this path. For each i € [k], we have (w;—1,w;) € rev(Sy), hence there is a path P; from w;_;
to w; with S1(P;) = w;. Together with P, this contradicts the acyclicity of S;. We con-
clude that u ¢ Og, (v). Consider now the subpath @ of P from wu to v. Since Ss is acyclic,
we have S2(Q) = S2(P) = v. Hence, (u,v) € rev(Sz2), which implies that u € Og, (v). We conclude
that Og, # Og,. O

Lemma 3.23. For any acyclic reorientation R of tc(D) (resp. acyclic sourcing S of P(D)) and
any u,v € [n] with v € Or(v) (resp. Og(v)), we have (u,v) € rev(R) (resp. rev(S)).



20 ANTOINE ABRAM, JOSE BASTIDAS, FELIX GELINAS, VINCENT PILAUD, AND ANDREW SACK

Proof. Since R is acyclic, rev(R) is transitive. Similarly, since S is acyclic, rev(S) is transitive by
Lemma 3.10. The statement thus follows directly from the definition of Or(v) (resp. Og(v)). O

Lemma 3.24. For any acyclic reorientation R of tc(D), we have O = Opsy,.

Proof. Since R is acyclic, we have rev(ASg) C rev(R) by Lemma 3.13, hence Oas, (v) C Or(v)
for any v € [n]. Conversely, consider u,v € [n] such that u € Og(v). Let P be a path from u
to v in Og(v). By Lemma 3.23, we have (w,v) € rev(R) for all w € P. Therefore, v is the
source of P in R, that is, v = ASg(P). We thus obtain that (u,v) € rev(ASg). We conclude
that rev(R) C rev(ASg), hence that Og(v) C Oas,(v) by maximality of Oas, (v). O

Lemma 3.25. The following conditions are equivalent for an ornamentation O of D:
(i) there ezists an acyclic reorientation R of tc(D) such that Or = O,
(ii) there exists an acyclic sourcing S of P(D) such that Og = O.

Proof. (i) = (ii): If R is an acyclic reorientation of tc(D) such that Or = O, then S:=ASg is an
acyclic sourcing of P(D) such that Og = Oas,, = Og = O by Lemma 3.24.

(ii) = (i): If S is an acyclic sourcing of P(D) such that Og = O, then R:=ARg is an acyclic
reorientation of tc(D) such that Or = Oprs = OASARS = Og = O by Lemmas 3.19 and 3.24. O

Remark 3.26. Careful, the conditions of Lemma 3.25 are not equivalent to Rp and/or Sp being
acyclic. For instance, consider the two ornamentations

arn 2 = , .
e

Note that O1 = Og,,,s, and Oy = Og,,,, so that they both fulfill the conditions of Lemma 3.25.
However,

e the reorientation Rp, is cyclic since it contains the cycle 1,4,2,5,1,
o the sourcing Sp, is cyclic since Sp, ({3,4}) = 3 and S, ({1, 3,4}) = 4.

Definition 3.27. An ornamentation O of D is acyclic if the equivalent conditions of Lemma 3.25
are satisfied. The acyclic ornamentation poset AO(D) is the subposet of the ornamentation
lattice O(D) induced by acyclic ornamentations.

Remark 3.28. We will see in Section 5.1 that all the ornamentations of an unstarred tree are
acyclic. This is false in general, even for increasing trees. For instance, the cyclic ornamentations

of the directed graphs of Figures 4 to 6 are
4 4
<
§ G 1
O o 0 O

%
©)
since their fibers under R — Op are all singletons, respectively containing the cyclic reorientations

O2\D

4Ak )‘5 4Ak )‘5 %4* 7{4)k )‘4* 7{4)k /3 3 4 3 4
3 3 3 3 3 3
fvbdg i\&é& \ix xix xix xi% \i 1><+ i><+

The acyclic ornamentations are shaded in gray in Figures 4 to 6.

Remark 3.29. We will see in Section 5.1 that the acyclic ornamentation poset of an unstarred
tree is a lattice. This is false in general, even for increasing trees. For instance, the acyclic
ornamentation posets of the directed graphs X of Figure 4, & of Figure 5, and X of Figure 6 are
not lattices. In contrast, the acyclic ornamentation poset of the directed graph <] of Figure 6
is a lattice. We do not have a complete characterization of the directed graphs whose acyclic
ornamentation poset is a lattice.
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Definition 3.30. To keep our notations coherent, we denote by AOg := Og the acyclic ornamen-
tation of D corresponding to an acyclic reorientation R of tc(D), and by AOg:=Og the acyclic
ornamentation of D corresponding to an acyclic sourcing S of P(D). Conversely, for an acyclic or-
namentation O of D, we denote by ASp the corresponding acyclic sourcing of P(D) (Lemma 3.22),
and we define an acyclic reorientation of tc(D) by ARp:=ARas,. Be careful that ASp # So
and ARp # Ro in general (as Sp and Rp might not be acyclic even if O is acyclic, see Remark 3.26).

Proposition 3.31. The map S — AOg is a poset isomorphism from the acyclic sourcing
poset AS(P(D)) to the acyclic ornamentation poset AO(D).

Proof. The map S — AOQg is injective by Lemma 3.22 and surjective by Definition 3.27. Moreover,
it is order-preserving as it is the restriction of the map S — Og, which is order-preserving by
Lemma 2.37. We are only left to show that S — AQg is order-reflecting.

Let S; and Sy be two acyclic sourcings of P(D) such that AOg, < AOg,. Suppose that S; € Sy
and let P € P(D) such that u:= S3(P) < S1(P) =: v. By acyclicity of Sy (resp. S2) we can assume
that P ends at v (resp. begins at u). The acyclicity of S; further implies that S;(Q) = v for any
subpath @ of P ending at v. Hence, u € P C AOg, (P) C AOg,(P). But then, there exists a
path P’ from u to v such that S3(P’) = v, contradicting the acyclicity of Sy. Thus, we necessarily
have Sl S SQ. O

4. DIRECTED TREES

In this section, we focus on the specific case when the underlying directed graph D is a directed
tree T (but not necessarily a rooted tree), as for example in Figures 2 to 4. We start with a few
basic observations (Section 4.1). We then describe the join and meet irreducible ornamentations
of T and prove that the ornamentation lattice O(T') is semidistributive (Section 4.2). We then
revisit some structural properties of the reorientations of tc(T") (Sections 4.3 and 4.4). Finally,
we describe the MacNeille completions of the acyclic reorientation poset AR(tc(T)) and of the
acyclic sourcing poset AS(P(T')) (Section 4.5).

4.1. Basic observations. Let T be a directed tree on V. For u,v € V, we write u < v if the
unique path between u and v in T is a directed path from u to v, and we denote the vertices along
this path by [u,v]r:={w e T |u <pw <pv}. Welet T<,:= {u € V| u <p v} denote the set of
vertices which admit a directed path towards v in T. We begin with a few observations.

Lemma 4.1. If T is a directed tree, and U,U" € O(v € T), then UNU" € O(v € T).

Proof. In a directed tree T', a nonempty subset U C T, is an ornament of 1" at v if and only if for
all u € U, the (vertex set of the) unique path from u to v in T is contained in U. This property
is closed under intersection. O

Corollary 4.2. The meet of two ornamentations O1 and O of a directed tree T is given by
(01 N OQ)(’U) = 01(1)) n OQ(U).
We now describe the cover relations in the ornamentation lattice O(T).

Lemma 4.3. Two ornamentations O1 and Oz of a directed tree T form a cover relation O1 << O4 if
and only if there are u,v € V such that u ¢ O1(v) and Oz(v) = O1(u)UO1 (v) while O1(w) = Oz(w)
for allw € V \ {v}. Moreover, u and v are uniquely determined by Oy and Os.

Proof. Assume first that O; and Os are two ornamentations of 7' such that there are u,v € V
with u ¢ O1(v) and Oz(v) = O1(u) U O1(v) while O1(w) = Oz(w) for all we V ~\ {v}. We
clearly have O; < O3. Moreover, consider any ornamentation O of T such that O; < O < Os.
Then O1(w) = O(w) = Oz(w) for all w € V ~ {v} and O1(v) C O(v) C Oz(v). If O1 # O, then
there is * € O(v) ~ O1(v). Note that x € O(v) N\ O1(v) C Oz2(v) \ O1(v) = O1(u). Hence,
the directed path from z to v in T passes through u, and we have u € O(v). We conclude
that O1(u) = O(u) C O(v), and thus that O = Os.

Conversely, assume that O; and Oy are two ornamentations of 7" such that O; < O3 is a
cover relation in O(T). Consider v € V such that O;(v) # Oz(v) and O;(w) = Oz(w) for
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any w € O1(v). Then the map O on V defined by O(v) = O1(v) and O(w) = Oz(w) for all w # v
is an ornamentation of 7. Moreover, O; < O < Os. Hence, O; = O. Consider now u maximal
in T such that u € Oy(v) ~ O1(v). Then the map O on V defined by O(v) = O;(v) U O1(u)
and O(w) = O1(w) for all w # v is an ornamentation of T. Moreover, O; < O < Oy. Hence,
O = O. We have thus found u and v as required, and they are determined by O; and Os. O

Remark 4.4. The description of Lemma 4.3 is not sufficient to have a cover relation of the orna-
mentation lattice O(D) of any directed graph D. See e.g. Figure 6 (left). The general description is
slightly more involved. Namely, two ornamentations O; and O3 of D form a cover relation O < O5
if and only if there are u,v € V such that u ¢ O;(v), O2(v) = O1(u) UO1(v) while Oy (w) = Oz(w)
for all w € V \ {v}, and O1(w) = O1(u) for any w € O1(u) with an edge towards O;(v). A proof
may be found in [Sac25].

Finally, we will need the following convenient statement.

Lemma 4.5. For a directed tree T, an acyclic reorientation R of tc(T) and vertices u <t v, we
have u € Or(v) if and only if (v',v) € rev(R) for all u <p v’ <t v.

Proof. Since R is acyclic, for any u <p v, there is a directed path from u to v in rev(R) if and
only if (u,v) € rev(R). By Definition 2.9, Or(v) is the maximal ornament of T' at v contained in
the subset of vertices u € V with a directed path to v in rev(R). Hence, u € Ogr(v) if and only
if u’ € rev(R) for all v’ along the path from u to v in T O

4.2. Semidistributivity and canonical join representations in the ornamentation lat-
tice. Let us start with a quick recollection on semidistributivity. We consider a finite lat-
tice (L, <, A, V).

Definition 4.6. An element € L is called join (resp. meet) irreducible if it covers (resp. is
covered by) a unique element denoted z, (resp. z*). We denote by JZ(L) (resp. MZ(L)) the
subposet of L induced by the set of join (resp. meet) irreducible elements of L.

Definition 4.7. A join representation of * € L is a subset J C L such that = \/J. Such
a representation is irredundant if x # \/ J' for any strict subset J' C J. The irredundant join
representations in L are antichains of L, and are ordered by containment of the lower sets of their
elements (i.e. J < J' if and only if for any y € J there exists ¢y’ € J' such that y <y’ in L). The
canonical join representation of x, denoted cjr(x), is the minimal irredundant join representation
of x for this order, when it exists.

Note that when it exists, cjr(x) is an antichain of JZ(L). The following statement characterizes
the lattices where canonical join representations exist.

Proposition 4.8 ([FN95, Thm. 2.24 & Thm. 2.56]). A finite lattice L is join semidistributive
when the following equivalent conditions hold:
(i) xVy=xVz impliesxV (yANz)=xVy for any z,y,z € L,
(i) for any cover relation x <y in L, the set
Ky(z,y)={z€l|zLaxbut z<y}={z€L|zVz=y}
has a unique minimal element kv (x,y) (which is then automatically join irreducible),
(iii) any element of L admits a canonical join representation.
Moreover,
o the join irreducible elements of L are precisely the elements kv (x,y) for all cover rela-
tions x <y in L,
e the canonical join representation of y € L is cjr(y) = {kv(z,y) | z < y}.

Note that in a finite join semidistributive lattice L, we can associate to any meet irreducible
element m of L a join irreducible element xy (m):=ky(m,m*) of L.

The meet semidistributivity property, the maps Kx, kx and K, and the canonical meet rep-
resentation cmr(x) are all defined dually. A lattice L is semidistributive if it is both meet and
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join semidistributive. In this case, the maps ky and k. define inverse bijections between MZ(L)
and JZ(L).

We now consider semidistributivity in ornamentation lattices. We first describe the join and
meet irreducible ornamentations of a directed tree T. Recall that for v € V, we denote by
T<,:={u eV |u <p v} the set of vertices which admit a directed path towards v in T

Definition 4.9. For a directed path P from u to v in a directed tree T', we denote by Jp and Mp
the two maps on V' defined by

P if w= TowNT<, ifu< <
Jp(w):= nw v and Mp(w):= Sw ™ Ssu B T.w Y,
{w} otherwise T<y otherwise

Lemma 4.10. For any P € P(T), the maps Jp and Mp are both ornamentations of T.

Proof. The claim for Jp follows from Example 2.2 (iii). Consider now u',v’ € V such that v’ €
Mp'). If u <p v <p v, then Mp(v') = T<y ~T<y C T<y ~T<y = Mp(v') (observe that
the first equality holds even if u £r ', since in this case T<, \ T<, = T<,). Otherwise,
Mp(u/) g Tgu/ g Tgv’ = MP(UI). D

Lemma 4.11. Let O1,05 be two ornamentations of a directed tree T which form a cover rela-
tion O1<<Oa, let u,v € V such that u ¢ O1(v) and O2(v) = O1(u)UO; (v) while O1(w) = Oz(w) for
all w eV ~{v} (see Lemma 4.3), and let P denote the directed path from w to v in T. Then Jp
(resp. Mp) is the unique minimal element of {O € O(T) | O £ O1 but O < Oz} (resp. mazimal
element of {O € O(T) | O1 < O but O3 £ O}).

Proof. Observe first that Jp £ O; (since u € P = Jp(v) while u ¢ O1(v)) but Jp < Oy
(since P C O(v)). Consider now an ornamentation O of T such that O £ O; but O < Os.
Since O1(w) = Oz(w) for w # v, we must have u € O(v), hence P C O(v). We conclude
that JP S 0.

Observe now that O1 < Mp (as u ¢ O1(v), we have T<,, N O1(w) = @ for all u <y w <p v)
but Os £ Mp (because u € Oz(v) while u ¢ Mp(v)). Consider now an ornamentation O of T such
that O; < O but Oz £ O. Note that Oz(w) = O1(w) C O(w) for all w # v. Assume that u € O(w)
for some u <7 w <7 v. As w € O1(v) C O(w), we have u € O(v), hence O1(u) C O(u) C O(v).
We thus obtain that Oz(v) = O1(u) U O1(v) € O(v). This contradicts Oz £ O. We thus obtained
that u ¢ O(w), hence T<,, N O(w) = & for all u <p w <7 v. We conclude that O < Mp. O

Theorem 4.12. For a directed tree T,

o the ornamentation lattice O(T') is semidistributive,

e the join (resp. meet) irreducible ornamentations of T are precisely the ornamentations Jp
(resp. Mp) for all directed paths P in T,

e the canonical join (resp. meet) representation of an ornamentation O is O = \/p Jp
(resp. O = \p Mp) where the join (resp. meet) ranges over all paths P = [u,v] described
in Lemma 4.3 for the cover relations O' < O (resp. O < O'),

o we have ky(Mp) = Jp and ka(Jp) = Mp for any P € P(T).

Proof. This directly follows from Proposition 4.8 and Lemma 4.11. (]

Remark 4.13. Observe that the ornamentation lattice O(<) of the diamond graph < represented
in Figure 5 is neither join nor meet semidistributive, since
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4.3. Maximal reorientation. We now revisit Remarks 2.17 and 2.26 for directed trees.

Definition 4.14. Consider an ornamentation O of a directed tree T'. Let Rg denote the reori-
entation of tc(T') where for each path u,w’,...,v in T (note that «' might coincide with v), the
edge (u,v) is in rev(Rg) if and only if there is no w € V' such that u ¢ O(w) while v/, v € O(w).

Proposition 4.15. For any ornamentation O of a directed tree T, the reorientation Rg s the
maximum reorientation R of tc(T) with Ogr = O

Proof. We first prove that Ot = O. Fix u,v € V. Observe first that u € O(v) implies (u,v) €
rev(Rg), since for any w € V, the fact that v € O(w) implies v € O(v) C O(w). Hence, by
definition, u € Ogr? (v). Conversely, assume that u ¢ O(v ) and consider such an w which is the
closest to v. Consider the path w,v’,...,v in T. For any v’ between v’ and v, we have u ¢ O(v)
while v € O(v), which implies that (u V') ¢ reV(RT). Hence, there is no path from u to v
in rev(R ) and thus u ¢ Og? (v). We conclude that u € O(v) <= u € Og} (v), that is O = Og? .

Con81der now any reorientation R of te(T) such that O = O. Assume that there is u,v € V
such that (u,v) € rev(R) \ rev(R(T)). Consider the path u,v’,...,v in T, and let w € V' be such
that u ¢ O(w) while v/,v € O(w). Since Og = O and v € O(w), there is a path from v to w
in rev(R), hence from u to v in rev(R) since (u,v) € rev(R). Moreover, since (u,u’) € T and v’ €
O(w), the set O(w)U{u} is an ornament of T at w. Hence, O(w)U {u} contradlcts the maxunahty
of Og(w) = O(w). We conclude that if Og = O, then rev(R) C rev(R ), hence R < R O

Proposition 4.16. For any ornamentation O of a directed tree T, the reorientation Rg of Defini-
tion 4.14 is transitively closed. Hence, the transitively closed reorientations R of tc(T') with Or = O
form an interval of the transitively closed reorientation lattice R (tc(T)).

Proof. Assume that there is a directed path u,v’, ..., v in T such that (u,v) ¢ reV(Rg). LetweV
be such that u ¢ O(w) but «',v € O(w). Then, for any v" between v’ and v, we have v’ € O(w),
hence (u,v’) & reV(Rg). We thus obtained that (u,v’), (v/,v) € rev(R}) implies (u,v) € rev(R}),
that is, reV(Rg) is transitively closed. We conclude that the fiber of O is an interval, since it has
a minimum by Proposition 2.25 and a maximum by Proposition 4.15. O

4.4. Transitively biclosed reorientations. We now revisit Remarks 2.22 and 2.24 for directed
trees.

Proposition 4.17. For a directed tree T, the subposet of R(tc(T)) induced by the set RP (te(T))
of transitively biclosed reorientations of T is a lattice.

Proof. Consider two transitively biclosed reorientations Ry and Ry of tc(T'). Let R be the reori-
entation of tc(T) defined by rev(R) = tc(rev(Ry) Urev(Rz)).

The reorientation R is closed by definition, and we claim that it is also coclosed. Indeed, we
consider u, v, w € V such that (u,v), (v,w) € tc(T) and (u,w) € rev(R), and we will show that ei-
ther (u,v) € rev(R) or (v,w) € rev(R). By definition of rev(R), there is a path u = ug, ..., ur = w
such that (u;—1,u;) € rev(Ry) Urev(Ry) for all i € [k]. As (u,v), (v,w) € tc(T) and T is a tree,
there is ¢ € [k] such that u;—1 <7 v <7 u;. If v = u;_1 or v = u;, the claim follows. Otherwise,
assume by symmetry that (u;—1,u;) € rev(Ry). Since R; is coclosed, either (u;—1,v) € rev(R;)
or (v,u;) € rev(Ry). We thus obtain that either (u,v) € rev(R) or (v,w) € rev(R), hence that R
is indeed coclosed.
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Since any transitively closed reorientation R’ such that R’ > R; and R’ > Ry clearly satis-
fies R’ > R, we conclude that R is the join of R and Ry among transitively biclosed reorientations.
Thus, R (tc(T)) is a finite bounded join semilattice, hence a lattice. O

Lemma 4.18. For an ornamentation O of a directed tree T, the reorientation Ro is transitively
biclosed.

Proof. We have already seen in Proposition 2.23 that Ry is transitively closed. Let u,v,w € V be
such that (u,v) and (v,w) are in tc(T), and that (u,w) € rev(Rp). Then u € O(w). As T is a
tree, the complete path from u to w is in O(w), hence v € O(w) and thus (v, w) € rev(Rp). We
conclude that Ry is transitively coclosed. O

4.5. MacNeille completions. We first briefly recall the definition of the MacNeille completion
of a poset.

Definition 4.19. A completion of a finite poset P is a lattice L such that there is an order-
embedding f : P — L (meaning that f is injective and = <p y if and only if f(z) <p f(y)).
The MacNeille completion C'(P) of P is the smallest completion of P, meaning that for any
completion L of P, there exists an order-embedding from C(P) to L.

Proposition 4.20 ([DP02, Thm. 7.42]). Any finite lattice L is the MacNeille completion of its
subposet induced by JI(L) U MZI(L).

We now come back to ornamentation lattices. As already observed on the directed tree X of
Figure 4,

e there might be some transitively biclosed but cyclic reorientations of tc(7T') (Remark 2.20),
e the acyclic reorientation poset AR (tc(T)) is not always a lattice (Proposition 3.3),

e there might be some cyclic ornamentations of T' (Remark 3.28),

e the acyclic ornamentation poset AO(T) is not always a lattice (Remark 3.29).

However, we now observe that for a directed tree T, the transitively biclosed reorientation lat-
tice RP(tc(T)) (resp. the ornamentation lattice O(T)) is precisely the MacNeille completion of
the acyclic reorientation poset AR(tc(T)) (resp. of the acyclic ornamentation lattice AO(T')). For
this, we need the following lemmas.

Lemma 4.21. If R is a transitively biclosed and cyclic reorientation of tc(T), then it covers
(resp. is covered by) at least two biclosed reorientations of tc(T).

Proof. As R contains a cycle, it contains an induced oriented cycle C' (any chord can be used
to make the cycle shorter). Since R is transitively biclosed, C is an induced alternating cycle
in te(T). Write C = (ug,v1,...,ug,vg) where (u;,v;) and (u;41,v;) are in tc(7T') for all i € [k].
We can moreover assume without loss of generality that for ¢ € [k] and any outgoing neighbor u’
of u; (resp. incoming neighbor v' of v;) in R, replacing u; by u' (resp. v; by v') in C does not
yield an induced oriented cycle in R. For i € [k], consider the reorientation R; of tc(T') obtained
by reversing the edge (u;,v;), meaning that rev(R;) = rev(R) U {(u;,v;)}. The reorientation R;
clearly covers R, and we claimed that is still biclosed. Indeed,

e If R; were not closed, we would have v’ € V with (v/,u;) € rev(R) and (u',v;) ¢ rev(R)
or v\ € V with (v;,v") € rev(R) and (u;,v") ¢ rev(R). We could then replace u; by o’
or v; by v" in C' and obtained another induced oriented cycle in R.

e If R; were not coclosed, we would have v’ € V with (u;,u') € te(T) \rev(R) and (v, v;) €
te(T)~rev(R). We could then replace u; by v’ in C' and obtained another induced oriented
cycle in R.

In both cases, this contradicts our assumption on C. Hence, we obtained k biclosed reorientations
of t¢(T') covering R. Symmetrically, we can construct a biclosed reorientations R; of t¢(T") covered
by R by reversing the arrow (u;41,v;) for any i € [k]. O

Lemma 4.22. For any P € P(T), the reorientations Ry, and Ry, of te(T) are both acyclic.
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Proof. Let u <7 v be the endpoints of the directed path P.

Observe that rev(Ry,.) = (P~ {v}) x {v}. Hence, any induced cycle in Ry, must consist of an
edge (v,y) and a directed path from y to v in T for some y € P. This is impossible as the last
edge of this path would be in rev(Rjy,).

Observe that tc(T) N rev(Rar,) = T<y X (P~ {u}). Any cycle in Rys, should have an edge of
te(T') \rev(Rar, ), hence a vertex in T, and a vertex in P~ {u} C T<, \ T<,. This is impossible
as there is no edge of Ry, leaving T, \ T<,,. O

Corollary 4.23. For a directed tree T,

e all join (resp. meet) irreducible transitively biclosed reorientations of tc(T) are acyclic,
e all join (resp. meet) irreducible ornamentations of T are acyclic.

Proof. Tt follows from Lemma 4.21 for transitively biclosed reorientations, and from Lemma 4.22
and Theorem 4.12 for ornamentations. O

We conclude with the main statement of this section.

Theorem 4.24. For a directed tree T,

e the transitively biclosed reorientation lattice R (tc(T)) is the MacNeille completion of the
acyclic reorientation poset AR (tc(T)),

o the ornamentation lattice O(T) is the MacNeille completion of the acyclic ornamentation
poset AO(T) (or equivalently of the acyclic sourcing poset AS(P(T))).

Proof. This follows from Proposition 4.20 and Corollary 4.23. O

e ~le
1 1
)44\=
*+%3
x4x 1
x*)‘g |
. %4x
s

FiGure 12. The MacNeille completion of the acyclic reorientation
poset AR (tc(<)) of Figure 10. (Gray = added element). See Remark 4.25.
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FiGURE 13. The MacNeille completion of the acyclic ornamentation
poset AO(Q) of Figure 5. (Gray = added element). See Remark 4.25.

Remark 4.25. Note that Theorem 4.24 fails beyond directed trees. For instance, for the directed
graph < of Figure 5,

e The transitively biclosed reorientation poset R (tc(<)) is not even a lattice as observed
in Remark 2.22. The MacNeille completion of the acyclic reorientation poset AR (tc(<))
is illustrated in Figure 12.

e Adding to the acyclic ornamentation poset AO(<) the two cyclic ornamentations

c) and @

suffices to make it a lattice, as illustrated in Figure 13.

Another interesting case is the directed graph <] of Figures 6, 7 and 11, for which the acyclic
ornamentations already form lattice, even if there exists a cyclic ornamentation. In contrast,
Theorem 4.24 still holds for the directed graph X of Figure 6. In general, we have no description
of the MacNeille completion of the acyclic ornamentation lattice of an arbitrary directed graph.

5. UNSTARRED TREES AND ROOTED TREES

In this section, we discuss the specific case when the underlying directed graph D is an un-
starred tree T' (defined in Section 5.1). The main result is the proof of Theorem 1.4 (Section 5.2).
Finally, we discuss enumeration properties of ornamentations of brooms (Section 5.3) and combs
(Section 5.4).
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5.1. Unstarred trees. We first define the family of unstarred trees by the following equivalent
conditions on tc(T"). We will see further equivalent conditions in terms of the posets AR (tc(T)),
AS(P(T)) and AO(T) in Section 5.2. See Corollary 5.7 for a summary.

Lemma 5.1. The following conditions are equivalent for a directed tree T on V:

(i) tc(T) contains an induced alternating cycle,
(i) there are distinct a,b,c,d,e € V such that (a,c), (b,c), (¢,d), and (c,e) are all in tc(T),
while (a,b), (b,a), (d,e) and (e,d) are not in tc(T),
(iii) there are u,v € V such that u has at least two incoming edges in T, v has at least two
outgoing edges in T, and T has a directed path from u to v,

Proof. (i) = (ii): Let C be an induced alternating cycle in tc(T). Write C = (uq,v1, ..., U, Vk)
where (u;,v;) and (u;11,v;) are in tc(T') for all ¢ € [k]. As C is induced, w; and u; (resp. v; and v;)
are incomparable for any i # j.

Assume first that (ug,vx) is an edge of T. Let D and U denote the connected components
of T'~\ {(u1,vr)} containing u; and vy respectively. Let ¢ € [k] be maximal such that u; € D.
Since u;+1 € U and (u;q1,v;) € tc(T), we have v; € U. Hence, the edge (uj,vy) is an edge of
the path from u; to v; in T. We conclude that C' was not induced. Note that the same argument
shows that all edges of C are in tc(T) \ T

Let w denote the last vertex before vy along the path from uy to vy in T. If w does not belong
to the path from wuj to v, then the cycle C must pass again through vy, contradicting inducedness.
We now distinguish two cases:

o If there is ¢ € [k — 1] such that (w,v;) € tc(T'), then we obtain (ii) by considering a = u,
b=wug, c=w,d=wv; and e = vg.

e otherwise, we obtain a new induced alternating cycle by replacing v; by w in C. We thus
obtain (ii) by induction on the sum of the length of the paths between u; and v; in T. O

(ii) = (i): Let a,b,c,d, e as in (ii). Then (a,d, b, e) forms an induced alternating cycle in tc(T).

(ii) = (iii): Let a,b,c,d, e as in (ii). Let u (resp. v) be the first (resp. last) common vertex of the
paths from a and b to ¢ (resp. from ¢ to d and e). Then u (resp. v) has at least two incoming
(resp. outgoing) arrows, and there is a path from u to v passing through c.

(iii) = (ii): Let u,v as in (iii). Let a,b be two incoming neighbors of u, let d, e be two outgoing
neighbors of v, and let ¢ be any vertex along the path from u to v. Then a,b,c¢,d, e are as in (ii).

Definition 5.2. We say that an increasing tree T on [n] is starred if it satisfies the equivalent
conditions of Lemma 5.1 and unstarred otherwise.

Note that rooted trees (with increasing edges all oriented toward the root) are unstarred. For
instance, the tree of Figure 4 is starred (it is the smallest starred tree), while those of Figures 2
and 3 are all unstarred.

5.2. Ornamentation lattices of unstarred trees. This section is devoted to the proof of
Theorem 1.4, which we cut into pieces.

Proposition 5.3. For an unstarred tree T, all transitively biclosed reorientations of tc(T) are
acyclic. In particular, the acyclic reorientation poset AR(tc(T)) is a lattice.

Proof. Assume that there is a transitively biclosed and cyclic reorientation R of tc(T). As R
contains a cycle, it contains an induced oriented cycle C' (any chord can be used to make the cycle
shorter). Since R is transitively biclosed, C' is an induced alternating cycle in tc(T"). This implies
that T is starred by Definition 5.2. O

Remark 5.4. Note that it is also straightforward to check that an unstarred tree T satisfies the
condition of Proposition 3.3. Indeed, given any subset U C [n], the subgraph of tc(T") induced
by U contains no induced alternating cycle, hence no induced cycles of length at least 4. Hence,
its transitive reduction contains no cycle.
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Proposition 5.5. For any ornamentation O of an unstarred tree T, the reorientation Ro of tc(T')
and the sourcing So of P(T) are both acyclic. In particular, all ornamentations of T are acyclic

and AS(P(T)) ~ AO(T) = O(T).

Proof. The orientation Ry is transitively biclosed by Lemma 4.18, hence acyclic by Proposition 5.3.
The proof for the acyclicity of Sp is similar. O

Proposition 5.6. For a starred tree T, there exists a transitively biclosed and cyclic reorientation
of t¢(T) and a cyclic ornamentation of T. Hence, neither the acyclic reorientation poset AR (tc(T)),
the acyclic sourcing poset AS(P(T)), nor the acyclic ornamentation poset AO(T) are lattices.

Proof. Consider a starred tree T, and let a,b, ¢, d, e be vertices of T as in Lemma 5.1 (ii).

The reorientation R of tc(7T') defined by rev(R) = {(w,d) | a <r w <p d}U{(w,e) | b <p w <7 e}
is transitively closed because d <1 e and e £ d, transitively coclosed because (u,w) € rev(R)
implies (v,w) € rev(R) for any u <7 v <p w, and cyclic because a, e, b, d forms a directed cycle.

The ornamentation O = Og of T with O(d) = [a,d]r, O(e) = [b,€]r, and O(w) = {w} for
all w € V ~ {d,e} is cyclic. Indeed, consider any reorientation R’ of tc(T) such that O = Op:.
We have (w,d) € rev(R') for all w € [a,d]r (because w € O(d)) and similarly (w,e) € rev(R’)
for all w € [b,e]p. Therefore, (a,e) ¢ rev(R’) (because a ¢ O(e) while (w,e) € rev(R’) for
all w € [a,e]r and similarly (b,d) ¢ rev(R’). We conclude that a,e,b,d forms a directed cycle
in R’ as well. Hence, O is cyclic.

We conclude by Theorem 4.24 that AR(tc(T)) and AS(P(T)) ~ AO(T) are not lattices. O

To sum up, we proved the following statement.

Corollary 5.7. The following conditions are equivalent for a directed tree T on V :

(i) tc(T) contains an induced alternating cycle,
(i) there are distinct a,b,c,d,e € V such that (a,c), (b,c), (¢,d), and (c,e) are all in tc(T),
while (a,b), (b,a), (d,e) and (e,d) are not in tc(T),
(iii) there are uw,v € V such that u has at least two incoming edges in T, v has at least two
outgoing edges in T, and T has a directed path from u to v,
(iv) there exists a transitively biclosed and cyclic reorientation of tc(T),
(v) there exists a cyclic ornamentation of T,
(vi) the acyclic reorientation poset AR (tc(T')) is not a lattice,
(vii) the acyclic sourcing poset AS(P(T')) is not a lattice,
(viii) the acyclic ornamentation poset AO(T) is not a lattice.

‘We now prove that the ornamentation map is a lattice map when T is unstarred.

Proposition 5.8. For an unstarred tree T, the map R — AOg is a surjective lattice map, hence
the lattices AS(P(T')) ~ AO(T) = O(T) are lattice quotients of AR (tc(T)).

Proof. The map is surjective by Definition 3.27. Consider two acyclic reorientations R; and Ry
of te(T'). We need to show that Og,rr, = Or, A Ogr, and Or,vr, = Or, V Og,. Since R — Og
is order-preserving (Lemma 2.11) and Ry A Rs < Ry < Ry V Ry and Ry A Ry < Ry < Ry V Ra,
we have Og,ar, < Ogr, < Ogr,vr, and Or,Ar, < Ogr, < Og,vr,, hence Ogr,Ar, < Or, A Og,
and Ogr, V Og, < Og,vr,. To prove the converse inequalities, remember the descriptions of O; A Oz
and O1 V Oy from Theorem 2.4, and of rev(R; A R2) and rev(R; V Rs) from Proposition 3.4.

If u <r v but u ¢ Og,ARr,(v), then there is v’ along the path from u to v such that (u',v) ¢
rev(Ry A Ry) by Lemma 4.5. Therefore, the path v’ = wg,w1,...,w, = v satisfies (w;_1,w;) ¢
rev(R1) Nrev(Rz) for all ¢ € [k] by Proposition 3.4. As wg_1 is on the path from w to v
and (wg_1,v) ¢ rev(R1) Nrev(Rz), we conclude by Lemma 4.5 that u ¢ Og, (v) or u ¢ Og,(v),
hence u ¢ Og, (v) N Ogr,(v) = (Or, A Og,)(v) (by Corollary 4.2, since T is a directed tree). We
conclude that (Ogr, A Or,) < Og,AR,, hence that Or, ar, = Or, A Og,.

Consider now u € Og,vg,(v). Let u = wg,w1,...,wx = v denote the path from u to v. By
Lemma 4.5, (w;,v) € rev(R; V Rp) for all i € [k]. Assume that w;y1,...,w, € (Og, V Og,)(v) for
some ¢ € [k—1]. Since (w;,v) € rev(R1V Rs) = tc(T)Ntc(rev(Ry)Urev(Ry)), thereisi +1 < £ < k
such that (w;, wy) € rev(Ry)Urev(Rg). Assume that ¢ is minimal for this property, and assume by
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symmetry that (w;,wy) € rev(R1). Since R; is acyclic, the minimality of ¢ implies that (w;,w;) €
rev(Ry) for all ¢+ < j <{. By Lemma 4.5, we obtain that w; € Opg,(w¢). By Theorem 2.4, we
therefore obtain that w; € (Og, V Og,)(v). Hence, by descending induction, we obtain that u €
(Og, V Og,)(v). We conclude that Og,vr, < Og, V Og,, hence that Og,vr, = Og, V Og,. O

Corollary 5.9. If T is an unstarred tree, then the ornamentation lattice O(T) is isomorphic to
the transitive closure of the graph of the path hypergraphic polytope Ap(py = ZPeP(T) Ap oriented
in the direction w.

Remark 5.10. Lattice quotients of acyclic reorientation lattices were studied in detail in [Pil24].
We can reformulate Propositions 5.3, 5.5 and 5.8 in the language of [Pil24]: for an unstarred tree T,
(1) the transitive closure tc(7T') is skeletal, and so AR (tc(T")) is an acyclic reorientation lattice,
(2) the reorientation lattice AR(tc(T)) is (isomorphic to) the Tamari lattice of tc(T") defined
by the tc(T')-sylvester congruence,
(3) the path hypergraphic polytope Ap(ry is the tc(T')-associahedron.

Remark 5.11. It might seem more natural to use the map &,, — AS(P(T)) defined by 7 — ASag,
instead of the map AR(tc(T)) — AS(P(T)) defined by R — ASg. However, the former is not
always a lattice map, while the latter is. For instance, the fiber of the acyclic sourcing identified

with the ornamentation
®,
&

is the set of permutations {41325, 43125, 14325, 14235, 12435, 12453, 14253, 41253, 41235} which is
not even an interval of the weak order as it has two maximal elements 43125 and 41253.

5.3. Brooms. This short section is dedicated to the enumeration of ornamentations of the fol-
lowing specific family of trees, illustrated in Figure 14 (left).

Definition 5.12. Let m,n > 0. The (m,n)-broom is the rooted tree obtained by attaching m
nodes (called bristles) to the initial vertex of a path with n nodes (called handle).

Remark 5.13. The transitive closure of the (m,n)-broom has 2"(?m+7=1/2 reorientations, of
which n!(n + 1)™ are acyclic, and (n + 1)!™ [[,_; k"T1~" sourcings. As the (m,n)-broom is
a rooted tree, all its ornamentations are acyclic by Proposition 5.5, so its numbers of acyclic
sourcings, acyclic ornamentations and ornamentations all coincide, and we compute them below.

We denote by B, the number of (acyclic) ornamentations of the (m,n)-broom. The first
few values are gathered in Table 1. In [OEIL0], the first three rows of Table 1 are the sequences
A000108, A000108, and A070031 respectively, while the first three columns of Table 1 are the
sequences A000012, A000079, and A007689 respectively. We denote by

m

T n
B(I7y) = Z Bm,n Wy

m>0,n>0
their generating function (exponential in x and ordinary in y), and by

B, (y):==m![2™] B(z,y) = Z Bmny"

n>0

the coefficient of ™ /m! in B(x,y). As By, = Bin—1 is the nth Catalan number C,, := %ﬂ(%f),

we have By(y) = C(y) and Bi(y) = (C(y) — 1)/y where C(y) = 32,5 Cn y" = =5~

Proposition 5.14. The numbers By, ,, satisfy the following recurrence relation:
m n m
B =323 () Coct B

1 2
where C,, := ( n) is the nth Catalan number.
n+1\n


http://oeis.org/A000108
http://oeis.org/A000108
http://oeis.org/A070031
http://oeis.org/A000012
http://oeis.org/A000079
http://oeis.org/A007689
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m\n |0 1 2 3 4 5 6 7 8

0 1 1 2 5 14 42 132 429 1430

1 1 2 5 14 42 132 429 1430 4862

2 |1 4 13 42 138 462 1573 5434 19006

3 |1 8 35 134 492 1782 6435 23270 84422

4 1 16 97 450 1878 7458 28873 110266 418030

) 1 32 275 1574 7572 33342 139659 567590 2263142

6 |1 64 793 5682 31878 157122 717673 3124474 13177006
7 |1 128 2315 21014 138852 772302 3872955 18167270 81443702
8 |1 256 6817 79170 621318 3927378 21752953 110506426 528949870

TABLE 1. The number B,, , of (acyclic) ornamentations of the (m, n)-broom.

Proof. Consider an ornament U of the (m,n)-broom containing k > 1 bristles and ¢ > 1 vertices of
the handle. The ornamentations O of the (m,n)-broom containing U are clearly in bijection with
pairs formed by an ornamentation of the (k, £—1)-broom and an ornamentation of the (n—¢)-path.
Conversely, we can associate to each ornamentation of the (m,n)-broom the inclusion maximal
ornament U of O containing at least one bristle (note that there might be no such ornament).

The formula immediately follows. O
m
Proposition 5.15. The generating function B(z,y) := Z B x—' y" is given by
m>0,n>0 m
eflj
B =

where C(y) = 3,50 Cny" = 1=-dy sz_%.

We give two proofs of Proposition 5.15: the first is a direct translation of the decomposition
of ornamentations of brooms discussed in the proof of Proposition 5.14, the second is a more
pedestrian proof based on the expression of Proposition 5.14.

First proof of Proposition 5.15. The decomposition of ornamentations of brooms discussed in the
proof of Proposition 5.14 tells that ornamentations of brooms can be thought of as sequences
of pairs, each formed by a subset of bristles and an ornamentation of a path. Using classical
generatingfunctionology [FS09], this immediately yields the expression of the statement. O

Second proof of Proposition 5.15. Recall that if
™ ™
U(gj, y) = Z Um,n W yn and V(ZE, y) = Z Vm,n W yn
m>0,n>0 m>0,n>0
are two generating functions exponential in x and ordinary in y, then
™ = (m
U((E, y) : V(LC, y) = Z Wm,n 7[ yn Whe]j'e Wm,n = Z Z <k> Uk,é Vn*k,n—[
m>0,n>0 me k=0 £—=0
Considering U(z,y) = B(z,y)y and V(z,y) :=e* C(y), we obtain by Proposition 5.14

m n l’m
B(z,y)ye® C(y) (Z Bw 1Cn— e) Wyn
m>0,n>1 \k=0 ¢=1 :
J— xm

7n>0 n>1
= B(Iv y) —e”
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FIGURE 14. The (2,4)-, (3,3)- and (4,2)-brooms (left) and the 1-, 2-, 3- and
4-combs (right).

from which we derive that .
e
B(z,y) = ————. O
@) =1 yC(y)

Proposition 5.16. For any m € N, we have

Y B() C) = S (1) () B

k=0

1—4
where C(y Z Cpy" 27‘1;
n>0 Yy

Proof. The same argument as in the proof of Proposition 5.14 gives the functional equation

U m
B =1+yC B
ez ()

As the inverse of the binomial matrix [(f)]mk is the signed binomial matrix [(—1)’”*’“ (?)]mk’

we obtain that

y By, C = Z ( ) (By — 1) = Z(—Umk(?:) By. 0
k=0
Example 5.17. For m = 2, we have By = 1+yC (By+2B1+B3) = 1+yC(C+2(C—1)/y+ Bs)
from which we derive that By (1 —yC) = 1+ yC? + 20 (C —1)=20?% - C. Finally, we observe
that C2(14+yC)(1—yC) =C? (1-y?C?) = C? —y2C* = C%2— (C —1)? = 2C% — C We conclude
that By = C3(1 +yC).

5.4. Combs. This short section is dedicated to the enumeration of ornamentations of the following
specific family of trees, illustrated in Figure 14 (right).

Definition 5.18. Let n > 0. The n-comb is the rooted tree obtained by attaching a node (called
tooth) to each node of a path with n nodes (called handle).

To fix a convention, let us denote by 1,...,2n — 1 the teeth and by 2, ...,2n the handle of the
n-comb, so that the parent of node 7 is ¢ + 1 if ¢ is odd and ¢ + 2 if i is even (except the node 2n
which is the root). See Figure 14.

Remark 5.19. The transitive closure of the n-comb has 2" reorientations, of which n! (n+1)! are
acyclic, and []_; k" T17% (k+1)! sourcings. As the n-comb is a rooted tree, all its ornamentations
are acyclic by Proposmon 5.5, so its numbers of acyclic sourcings, acyclic ornamentations and
ornamentations all coincide, and we compute them below.

We denote by E,, the number of (acyclic) ornamentations of the n-comb. It is the sequence
A000698 in [OEIL0], and its first few values are

1,2,10, 74, 706, 8162, 110410, 1708394, 29752066, 576037442, 12277827850, 285764591114, . . .

In order to give a formula for F,,, we introduce the following two families of combinatorial objects,
illustrated in Figure 15.


http://oeis.org/A000698
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FIGURE 15. The bijections of Proposition 5.22 between (acyclic) ornamentations
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of the n-comb (top), labeled Dyck paths of semilength n (middle) and indecom-
posable perfect matchings of [2n + 2] (bottom), for n = 2.
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Definition 5.20. A Dyck path of semilength n is a path with up steps (1, 1) and down steps (1, —1)
starting at (0,0), ending at (n,n), and never passing strictly below the horizontal axis. A labeled
Dyck path is a Dyck path where each down step is labeled by an integer in [0, h] where h is the
height of its top endpoint.

Definition 5.21. A perfect matching of [2n] is a partition 7 of [2n] into n pairs. It is decomposable
if there is k € [n] such that any pair of 7 is contained either in [2k] or in its complement [2n] \ [2k].
Proposition 5.22. The following sets of combinatorial objects are in bijection:

(i) the (acyclic) ornamentations of the n-comb,
(i) the labeled Dyck paths of semilength n,
(iii) the indecomposable perfect matchings of [2n + 2].
Hence, the number E,, of (acyclic) ornamentations of the n-comb satisfies

n

Ep=(2n+ 1)1 =) (2k— 1) Ey s
k=1
2k)!
where (2k — D) = (2kkl<);' (2k—1)-(2k—-3)---5-3-1.

Proof. We only sketch the ideas of the bijections, which are illustrated in Figure 15.

Ornamentations versus labeled Dyck paths: The restriction of an ornamentation O to the handle
gives an ornamentation of the n-path, hence a Dyck path D of semilength n. The height of the
top endpoint of the ith down step of D is the number of ornaments of O containing the node 2i
(i.e. the ith node of the handle) of the n-comb. The label of this ith down step records how many
ornaments of O contain the node 2i — 1 (i.e. the ith tooth) of the n-comb.

Labeled Dyck paths versus indecomposable perfect matchings: Reading a labeled Dyck path D of
semilength n, we construct a perfect matching M iteratively as follows. We start with a free point.
If we read an up step, we add a free point to the right of M. If we read a down step labeled by /,
we add a point to the right of M and connect it to the (¢ + 1)st free point starting from the right.
Finally, when we finished to read the Dyck path D, we add a last point to the right of M and
connect it to the only remaining free point. The conditions on the labels clearly ensure that we
obtain a perfect matching. It is indecomposable since we never exhaust the free points until the
very last point that we add. U

Remark 5.23. The number of ornamentations of the n-comb minus its bottommost node is the
sequence A105616 in [OEI10], whose first few values are

1,4, 26, 226, 2426, 30826, 451586, 7489426, 138722426, 2839238026, 63654973826, 1551919194226, . . .

The sequences A000698 and A105616 are the first two columns of the table A105615 in [OEIL0].
We have no explanation for this fact, nor candidates for families of directed trees whose numbers
of ornamentations would give the other columns of this table.


http://oeis.org/A105616
http://oeis.org/A000698
http://oeis.org/A105616
http://oeis.org/A105615
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6. INTREEVAL HYPERGRAPHIC LATTICES

In this section, we characterize the subhypergraphs I of the path interval P(T) of an increasing
tree T whose acyclic sourcing poset AS(I) is a lattice. We first state the needed definitions and
the characterization (Section 6.1), then show that these conditions are necessary (Section 6.2)
and sufficient (Section 6.4) using an important property of star sparse intreeval hypergraphs (Sec-
tion 6.3). Finally, when AS(I) is a lattice, we give an explicit formula for its meets and joins
(Section 6.5).

6.1. Characterization. We first present a few definitions needed to state our characterization in
Theorem 6.6.

Definition 6.1. An intreeval hypergraph of an increasing tree T' is a subhypergraph of P(7T'). In
other words, any hypergraph whose hyperedges are (the vertex sets of) some directed paths in T'.

Definition 6.2. We say that an intreeval hypergraph I of an increasing tree T is path intersection
closed if for all I, J € T with [INJ| > 1 such that min(I) <7 min(INJ) and max(J) >7 max(INJ),
there exists K € I such that INJ C K C [min(J), max(I)]yp.

Remark 6.3. Note that if I is intersection closed (i.e. I,J € Tand [I NJ| > 1 implies I NJ € 1),
then T is path intersection closed. However, the reverse implication is wrong. See Example 6.5
and Figure 16.

Definition 6.4. Let 1 be an intreeval hypergraph of an increasing tree T. Consider v <7 wv,
and let uq,...,u (resp. v1,...,v;) denote the incoming (resp. outgoing) neighbors of u (resp. v)
in T. We denote by X(T,u,v,I) the (undirected) graph on wui,...,ux, v1,...,v; with an edge
joining u; and v; if and only if there is I € I containing both u; and v;. We say that I is star
sparse if X(T,u,v,1) is acyclic for all u,v connected by a directed path.

Example 6.5. Among the 8 intreeval hypergraphs of Figure 16,

e the first two are both path intersection closed and star sparse,

e the next four are not path intersection closed but are star sparse,
e the next one is path intersection closed but not star sparse,

e the last one is neither path intersection closed nor star sparse.

The goal of this section is to show the following characterization. It will be a consequence of
Lemmas 6.10 and 6.12 and Proposition 6.27.

Theorem 6.6. Let I be an intreeval hypergraph of an increasing tree T. The acyclic sourcing
poset AS(I) is a lattice if and only if 1 is path intersection closed (Definition 6.2) and star sparse
(Definition 6.4).

Remark 6.7. When T is an oriented path,

e the path intersection closed condition boils down to being closed under intersection (in-
cluding singletons by default),

e the star sparse condition holds trivially,

e the characterization of Theorem 6.6 was proved in [BP24, Thm. A].

9 OO
HEX

99999

FIGURE 16. Some intreeval hypergraphs. See Example 6.5.
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e the path intersection closed condition rephrases to for all I,J € I with [I N J| > 1 such
that min(/) <7y min( N J) and max(J) >p max(I N J), there exists K € I such that
min(J) = min(K) and max(I N J) <r max(K) <r max([),

e the star sparse condition holds trivially.

In particular, we have the following corollary.

Corollary 6.9. The acyclic sourcing poset AS(I) of an intersection closed intreeval hypergraph 1
of a rooted tree T is a lattice.

6.2. Necessary condition. We first prove that the two conditions of Theorem 6.6 are necessary.

Lemma 6.10. Let I be an intreeval hypergraph of an increasing tree T. If AS(L) is a lattice, then
I is path intersection closed (Definition 6.2).

Proof. The proof follows exactly the same lines as that of [BP24, Prop. 4.6]. Assume by means
of contradiction that AS(I) is a lattice but that there are I,J € I with |I N J| > 1 such
that min(I) <7y min(Z N J) and max(J) >r max(I N .J), and there is no K € I such that
INJC K C [min(J), max(I)]r.

Let b (resp. ¢) be the bottom (resp. top) endpoint of I N J, and a (resp. d) be its neighbor
in I~ J (resp. J~ I). Note that a,b,c,d are all distinct since |[I N J| > 1. Let Y be a word
formed by (IUJ)\{a,b,c,d} in any order, and X be a word formed by [n] ~\ (I UJ) in any order.
Consider the permutations

A =XbacdY 7p:=XacdbY wc:=XdbacY 7p:=XcdbaY 7g:=XadebY wp:=XadbcY

and let Sy —ASﬂ e OF ::ASEFF denote the corresponding acyclic sourcings of I, where AS}T

is defined by ASL(I) :=m(min{j € [n] | 7(j) € I}). See Example 6.11 and Figure 17 (left) for an
illustration of these permutations and acyclic sourcings.

We claim that S = Sp. Indeed, if K € I is such that Sg(K) # Sp(K), then K D {b,c}
but K N (X U{a,d}) =@. This would imply that INJ = [b,¢] C K C [min(J), max(I)]p, con-
tradicting our assumption on I and J.

Observe now that

A < T A < TpD B < TpD TR < TR T < TCo

in weak order (note that mp £ m¢ though). As m — AO, is order-preserving and Sg = Sp, we
conclude that

Sa < Sc Sa<Sp Sp < Sg=5Fr <Sc Sp < Sp.
As AS(I) is a lattice, we have an acyclic sourcing Sg of I such that
Sa < Sq Sp < Sa Sa < Sc Sa < Sp.
Since Sg is acyclic and 7 — AS; is surjective, there is a permutation w¢ such that Sg = AS;. Let
g:=mg(min{i € [n] | 7g(i) € [UJ}).

We discuss four cases:

(i) if min(I) <7 g <7 b, then Sg(I) =g < b= Sa(I), contradicting that Sy < Sg,
(ii) if min(J) <p g <7 ¢, then Sg(J) = g < ¢ = Sp(J), contradicting that Sp < Sq,
(iii) if ¢ <7 g < max(J), then Sg(J) =g > ¢ = Sp(J), contradicting that S¢ < Sp,
(iv) if b < g <7 max(I), then Sg(I) =g > b= Sc(I), contradicting that Sq < Sc.

Note that the case g = b (resp. g = ¢) is covered by Case (ii) (resp. (iil)), hence these four cases
cover all possibilities. As these four cases are all excluded, we reached a contradiction. O
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$ K

631425 463125 615234
164325 \
K 163425
314625 146325 152634 261534

o o Jfe

FIGURE 17. The permutations and sourcings of Example 6.11 (left) and of Ex-
ample 6.13 (right), illustrating the proofs of Lemmas 6.10 and 6.12. The black
arrows indicate relations in weak order. The source of each hyperedge is colored
in the color of the hyperedge.

Example 6.11. We illustrate the construction of the proof of Lemma 6.10 on the third intreeval
hypergraph of Figure 16. Let I:={1,3,4,5} and J:={2,3,4,6} sothata=1,b=3,c=4,d =6,
X =@, Y = 25 and we have the following permutations and sources:

z | A B c D E F

7z | 314625 146325 631425 463125 164325 163425
Sz(1345) | 3 1 3 4 1 1
S7(2346) | 3 4 6 4 6 6

See Figure 17 (left). The reader can check that Sx < S¢, Sa < Sp, Sp < Sg = Sp < S¢,
and Sp < Sp.

Lemma 6.12. Let I be an intreeval hypergraph of an increasing tree T. If AS(L) is a lattice, then
I is star sparse (Definition 6.4).

Proof. Assume by means of contradiction that AS(I) is a lattice but that there are u <7 v such
that X (T, u, v,I) contains a cycle u1,v1, ug,va, . . ., Up, vp, where p > 2 (the indices are understood
modulo p). Without loss of generality, we can assume that this cycle is induced. Note that u; <7 v;
for all 4, j € [p] since we consider increasing trees, and that there is no I € I containing either two
distinct wu;’s or two distinct v;’s since they are incomparable in T'.

Let W be a word formed by the other vertices [n] \ {uo, vo, - . ., up, vp } in any order. For i € [p],
define the permutations

i %
0 ‘= UijVjUj41Vi47 - - - ui+p_1vi+p_1W and T =UiUi4+1V541 - - - Ui+p_1’l}i+p_1uiW

and the acyclic sourcings S*:=AS,: and T? :=AS,.: of L.
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Let S denote the sourcing on I defined by
u; ifu;, €landv_q ¢TI
S(I)=qwv; ifv,elandu; 1 ¢1
w in all other cases, where w is the first letter of W that appears in I.

See Example 6.13 and Figure 17 (right) for an illustration of these permutations and sourcings.

Note that S is cyclic since it contains the cycle uq,v1,u2,v2,. .., up, v, that we started from.
Observe also that for any 7 € [p] and any I € 1,

o SU(I) = S(I) except if {u;,v;—1} C I in which case we have S*(I) = u; < v;_1 = S(I),
e T(I) = S(I) except if {u;,v;} C I in which case we have S(I) = u; < v; = T*(I).
In particular, we obtain that S* < S < T for all i € [p].

As AS(D) is a lattice, we have an acyclic sourcing T of I such that S* < T < T" for all i € [p]. For
any I € I, thereis i € [p] such that u; ¢ I. For this i, we have S(I) = Si(I) < T(I) < T'(I) = S(I),
hence S(I) = T(I). We conclude that S = T contradicting the acyclicity of T. O
Example 6.13. We illustrate the construction of the proof of Lemma 6.12 on the last intreeval

hypergraph of Figure 16. Here, we have u = 3, v = 4, p = 2 and the cycle in X(T,u,v,])
is 1,5,2,6. Therefore, we have the following permutations and ornamentations:

i 1 2 i 1 2

o 152634 261534 T 526134 615234
S%(1345) 1 1 S(1345) | 1 T%(1345) 5 1
SH(2345) 5 2 S(2315) | 5 TH(2345) 5 5
S¢(2346) 2 2 S(2346) | 2 T(2346) 2 6
S¢(1346) 1 6 S(1346) | 6 T(1346) 6 6

See Figure 17 (right). The reader can check that S* < S < T for all i € [2].

6.3. Star sparse implies no long cycles. In this section, we observe the following important
property of the star sparse intreeval hypergraphs.

Proposition 6.14. Let I be a star sparse (Definition 6.4) intreeval hypergraph of an increasing
tree T. Then any minimal cycle in any sourcing of S has length 2.

Proof. Assume by means of contradiction that there is a sourcing S of I with a minimal cy-
cle I, ..., I, where p > 3 (the indices are understood modulo p), and let w; := S(I;) for all i € [p].
In other words, we have

(a) w; € Iip1 ~ {wi41} for all i € [p] (because I, ..., I, form a cycle in S), and

(b) w; € I; <= j € {i,i+ 1} for all 4,5 € [p] (because this cycle is minimal).

Moreover, we can assume that there is no sourcing S’ < S with a minimal cycle of length at
least 3.

As Uje[p]\{i’iﬂ} I; is connected by (a) and contains both w;—1 € I;—1 and w;y1 € Lo but
not w; by (b), the (not necessarily directed) path joining w;_1 to w;41 in T cannot contain w;.
Hence, the paths from w; to w;—; and to w;41 respectively share their vertex adjacent to w;,
which we denote by w}. Since w; and w;11 both belong to the path I;11, they are connected by a
directed path in T. We thus obtain that the vertices wi, ..., w, form an alternating cycle in tc(T),
and thus that p = 2¢g. By symmetry, assume that w; has two incoming (resp. outgoing) arrows in
this cycle if 7 is even (resp. odd). See Figure 18.

FiGURE 18. Illustration of the notations in the proof of Proposition 6.14.
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Let j € [q]. If wy; is not in I3;42, we can consider the sourcing S’ of I defined by S'(I;) = ws;
and S'(I) = S(I) for all I € I. We have S’ < S by definition, and I1,..., I, still form a minimal
cycle in S/, contradicting the minimality of S. We conclude that ng belongs to I5;42, hence to
the path from wgj+1 to wejye. This implies in particular that w’Qj < w§j+2. We thus obtain
that wy < wj <--- <wy, < wj, and thus that they all coincide. We denote this vertex by v.

We obtained that I:= ., /i is a non-empty (as it contains v) directed path (as intersection of
directed paths in a tree T'). Its final vertex is v, and we denote its initial vertex by u. For j € [q], we
denote by u; the neighbor of u in the path from wy;_; to u, and we denote by v; :=wy; which is a
neighbor of v. We obtained that u; € Igj_l ﬂ[gj while v; € Igj ﬂ]2j+1, hence that ULy U1y e e ey Up,y Up
form a cycle in X (7T, u,v,1), showing that T is not star sparse. O

Remark 6.15. Proposition 6.14 fails if the intreeval hypergraph I is not star sparse. For instance,
if I = P(X) is the collection of all paths of the graph X of Figure 4, we have sourcings with minimal
cycles of length 4.

6.4. Sufficient condition. To prove the reverse implication of Theorem 6.6, we will use a quasi-
lattice map as defined in [BP24, Rem. 4.14].

Definition 6.16 ([BP24, Rem. 4.14]). A quasi-lattice map is a surjective order-preserving map f
from a lattice L to a poset P such that

e the fiber of any p € P is an interval f~!(p) = [x}, 7]] of L,

° WigwgforanypgqinP.

Proposition 6.17 ([BP24, Rem. 4.14]). If f : L — P is a quasi-lattice map, then P is a lattice.
Moreover, for any p,q € P,
p\/q:f(wg\/ﬂ'é) and p/\qz.f(ﬂ';/\ﬂ'g).

Proof. We repeat the proof here for completeness. Let p,q,7,s € P such that p,q < r,s.
Then 7r1£ 7Tqi’ < 7!, 7!, Hence, 7T1‘l; ﬂg < 7r1¢, \% 7r¢ < 7,7l Since f is order-preserving, we ob-
tain that f(7]) = p,f(ﬂ'T) =gq < f(wL v wl) < f(?TT) = r,f(x]) = s. This implies that p

and ¢ admit a join pV g < f(7r Vo ) Moreover, as p,q < pV q, we have WI{ 7r¢ < wqu, hence
7r¢ \ 7ri < Tpyg- Since f s order preserving, we obtain that f(7r¢ V 7r¢) < f(m qu) =pVgqg. We
conclude that pvg=f (7r¢ vV 7TJ’) The proof for the meet is symmetric. O

Remark 6.18. Recall that a lattice map is a surjective order-preserving map f from a lattice L
to a poset P such that

e the fiber of any p € P is an interval f~!(p) = [x}}, 7]] of L,

° Wiggwf; andwggwg for any p < ¢ in P.
Clearly, a lattice map is a quasi-lattice map, but the reverse is not true. While a quasi-lattice map
already ensures that P is a lattice, it is much weaker than a lattice map.

We now consider the following map from the ornamentation lattice O(T) to the sourcing
poset S(I). Note that S, is just the restriction to I of the sourcing Sp of P(T') defined in Defini-
tion 2.38.

Definition 6.19. Let I be an intreeval hypergraph of an increasing tree T. For an ornamenta-
tion O of T, we define a sourcing S}, of I where the source S}, (I) for a path I € I from u to v in T
is the maximal w € I such that u € O(w).

Lemma 6.20. The map O — SHO is order-preserving.

Proof. Follows from Lemma 2.39 as S, is just the restriction to I of the sourcing So of P(T)
defined in Definition 2.38. O

Lemma 6.21. For any ornamentation O of T, all cycles of the sourcing S¢, have length at least 3.

Proof. Let vy :=S}(I1) and vy := S, (I2) for some Iy, I € I, and assume by symmetry that v; < va.
If v1 € I\ {v2}, then v; € O(v2), hence O(v1) C O(v2). By definition of S}, we thus obtain
that min(I3) € O(v1) C O(vg). If vy € I1, this implies vy = S5(I1) > v, hence v; = va. O
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Corollary 6.22. Let T be an increasing tree, I be a star sparse intreeval hypergraph of T, and O
be an ornamentation of T. Then the sourcing Sg is acyclic.

Proof. Follows from Lemma 6.21 and Proposition 6.14. O

Definition 6.23. Let I be an intreeval hypergraph of an increasing tree T'. For an acyclic sourc-
ing S of I and any I € [, we define two ornamentations Ogl and Ogl of T by

Oél(v):: INT<, lf'UZS(I) and O;I(v):: TS’U\(IQTSS(I)) lfS(I).<'UEI'
{v} otherwise T<, otherwise

Finally, we define two ornamentations Ogﬂ and Ogﬂ of T by

of=\/0f and OF:= /Ol

Iel Iel

Note that Ogl and Ogl are indeed ornamentations of T' by Example 2.2 (iii), hence Ogﬂ and Ogﬂ
are also ornamentations of 7T'.

Lemma 6.24. For any acyclic sourcing S of 1 and I, J € I, we have qul < Og']. Hence, quﬂ < Ogﬂ.

Proof. Let v € [n]. If v # S(I), then OF (v) = {v} € O/ (v). If v ¢ J or S(J) > v, then
Ogl(v) CINv] CT<, =0 (v). Finally, assume that S(I) = v and S(J) < v € J. If S(J) € I,
then S(J) € I~ {S(I)} while S(I) € J~ {S(J)} contradicting the acyclicity of S. Hence, we
obtain (JN[S(J)])NI = @ and thus OF (v) = IN[v] C T<, ~ (JN[S(J)]) = OL (v). We conclude
that Oéj(v) - Og‘](v) for any v € [n], hence that Oél < Og‘]. O

Lemma 6.25. For any acyclic sourcing S of 1, the ornamentations O of T such that St = S form
an interval of the ornamentation lattice O(T) with minimal element Ogﬂ and mazimal element Oy.

Proof. Consider first an ornamentation O of T' such that S5, = S and let v € [n] and I € I. Then
e If S(I) = v, we have min(I) € O(v) by definition of S}, = S, and thus I N [v] C O(v)
since T is a tree. We thus obtain that Ogl(v) C O(v).
o If S(I) < v € I, we have min(I) € O(S(I)) \ O(v) by definition of S}, = S, hence (I N
[S(I)]) N O(v) = @ since O is an ornamentation. We thus obtain that O(v) C Ogl (v).
In all cases, Ogl(v) CO(w) C Ogl(v) for any v € [n] and I € I. We conclude that Ofgl <0< Oy
for any I € 1.
Conversely, consider an ornamentation O of T such that Ogl <0 < Ogl and let I € I
and v:=S(I). Then
e As S(I) =wv, we have IN[v] C Ofgl(v) - Ogl C O(v), hence v < S§(I) by definition of Sf,.
e Conversely, for any v < w € I, we have S(I) = v < w € I and so O(w) C Ogﬂ(w) C
Ogl(w) C T<y ~ (I N[v]). Hence, min(I) ¢ O(w), and so S,(I) # w. We thus obtain
that S;,(1) <w
We conclude that S},(I) = S(I) for all I € I, hence that Sf, = S. O

Lemma 6.26. Let I be a path intersection closed (Definition 6.2) intreeval hypergraph of an
increasing tree T. For any acyclic sourcings S1 and Sy of I, if S1 < S5 then Ogll[ < Ogi

Proof. Assume by means of contradiction that S; < S5 and Oé]i £ Og]i Since Ogi £ Og]i, there
exist I,J € I such that Of' % Of’. This implies min(I) < Sz(J) < Si(I) < max(J). Hence, Sy(I)
and S3(J) are distinct and both belong to I NJ. Moreover, as S1 < Sz, we have S;(J) < S2(J) <
S1(I) < Sy(I). Since S7 and Sa are both acyclic, we deduce that min(J) < S1(J) < min(I N J)
while max(I) > So(I) > max(I NJ). As I is path intersection closed, there exists K € I such
that INJ C K C [min(7), max(J)]r. As S1(I) and Sa(J) both belong to INJ C K, and S; and S
are both acyclic, we obtain that Sy(K) < Sa(J) < S1(I) < S1(K), which contradicts S; < S;. O
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Proposition 6.27. Let I be a path intersection closed (Definition 6.2) and star sparse (Defini-
tion 6.4) intreeval hypergraph of an increasing tree T. Then the map O — S, of Definition 6.19
is a quasi-lattice map. Hence, the acyclic sourcing poset AS(I) is a lattice.

Proof. The map O + S}, satisfies the conditions of Definition 6.16 by Lemma 6.20, Corollary 6.22
and Lemmas 6.24, 6.25 and 6.26. The last statement thus follows from Proposition 6.17. O

6.5. Expression for the meet and join. Finally, when AS(I) is a lattice, we can obtain the
following formula to compute its joins, mimicking the formula of [BP24, Prop. 4.15] when T is a
path. A similar formula holds for meets by symmetry.

Proposition 6.28. For a path intersection closed and star sparse intreeval hypergraph 1 of an

increasing tree T', and for any acyclic sourcings S1,...,5¢ of I and any I € I, we have
( \/ sp)(z) — min <1\ ( U U {veJ|v<Sp(J)}>).
p€E(q] pElq) Jel
Sp(J)el

Proof. As 1 is path intersection closed and star sparse, the acyclic sourcing poset AS(I) is a lattice
by Proposition 6.27, hence the join Vpe[q] Sp exists and we just need to prove that it coincides
with the sourcing S defined by the right-hand-side of the formula of the statement. We first prove
that S is acyclic and then that it is indeed the least upper bound of {S,},¢[q-

Assume by means of contradiction that S is cyclic. By Proposition 6.14, there is I,J € 1
such that S(I) € J N~ {S(J)} and S(J) € I ~ {S(I)}. Assume by symmetry that S(I) < S(J).
As S(I) € J and S(I) < S(J), applying the formula for S(J), we obtain that there exists p € [¢]
and K € I such that S,(K) € J and S(I) € K and S(I) < Sp(K) < S(J). As I is a path contain-
ing S(I) and S(J), it contains also S, (K). We obtain that S,(K) € I, S(I) € K and S(I) < S,(K)
contradicting our definition of S. We conclude that S is acyclic.

For any p € [g], we have S,(I) € I and so S(I) > S,(I) for all I € I, hence S > S,,.
Consider an acyclic sourcing S’ of I such that S" > S, for all p € [g], and assume by means
of contradiction that S'(I) < S(I) for some I € I. Then, there is p € [¢] and J € T such
that S,(J) € I and S'(I) € {velInJ|v<S,(J)}. In particular, S,(J) and S'(I) are two
different elements of I N J, so |[I N J| > 1. The acyclicity of S, implies that S,(I) ¢ J,
thus min(f) < min( N J) as S,(I) < S’(I) € J. Similarly, the acyclicity of S’ implies that S’(J) ¢ I,
thus max(I N J) < max(J) as S'(J) > S,(J) € I. By path intersection closedness, there is K € I
such that 7 NJ C K C [min(J), max(I)]p. The acyclicity of S, now implies that S,(J) < S,(K),
thus S'(I) < S,(J) < Sp(K) < S’(K). This contradicts the acyclicity of S as S'(I) e INJ C K.

O
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