SEPARATING TREES AND SIMPLE CONGRUENCES OF THE WEAK ORDER

EMILY BARNARD, JEAN-CHRISTOPHE NOVELLI, AND VINCENT PILAUD

ABSTRACT. A congruence of the weak order is simple if its quotientope is a simple polytope.
We provide an alternative elementary proof of the characterization of the simple congruences
in terms of forbidden up and down arcs. For this, we provide a combinatorial description of
the vertices of the corresponding quotientopes in terms of separating trees. This also yields
a combinatorial description of all faces of the corresponding quotientopes. We finally explore
algebraic aspects of separating trees, in particular their connections with quiver representation
theory.
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1. INTRODUCTION

Lattice congruences of the weak order of a Coxeter group were pioneered by N. Reading [Rea06]
in connection to the combinatorics of finite type cluster algebras [FZ02, FZ03]. For the symmetric
group, [Real5] described the combinatorics of a lattice congruence = of the weak order in terms of
noncrossing arc diagrams. Moreover, [PS19, PPR23] constructed the quotientope Quot—, whose
normal fan is the quotient fan F= [Rea05] obtained by coarsening the braid arrangement according
to the congruence classes of =, and whose oriented skeleton is the quotient &,,/=. The most
classical congruence of the weak order is certainly the sylvester congruence [Ton97, HNTO05], whose
quotient is the Tamari lattice [Tam51], and whose quotientope is the associahedron of [SS93, Lod04,
PSZ23].

A congruence = is called simple when the Hasse diagram of the quotient &,,/= is regular, or
equivalently when the quotient fan F= is simplicial, or equivalently when the quotientope Quot—
is a simple polytope. Important examples include the sylvester congruence [Ton97, HNT05], the
recoil congruence, the Cambrian and permutree congruences [Rea06, PP18], and the sashes con-
gruences [Law14, LN25]. These congruences naturally appear in algebraic contexts, in particular
in the construction of certain combinatorial Hopf algebras [LR98, HNT05, CP17, PP18], and in
quiver representation theory [DIRT23].

The simple congruences of the weak order are precisely those whose minimal contracted arcs
do not cross the horizontal axis. The forward direction of this statement is easy to prove. The
backward direction was originally proved by H. Hoang and T. Miitze in [HM21, Sect. 4.4] with a
purely combinatorial (but slightly involved) method. In their paper on the lattice theory of torsion
classes, L. Demonet, O. Iyama, N. Reading, I. Reiten, and H. Thomas provided an alternative
proof [DIR'23, Sect. 6.3] in terms of quiver representation theory.

Our first contribution is an alternative elementary combinatorial proof of this characterization
based on the description of the Hasse diagrams of the posets of a simple congruence =. Namely,
we show that they are separating trees, that is, directed trees on [n] where each node has at
most two parents and at most two children, and where any node with two parents (resp. children)
separates its ancestor (resp. descendant) subtrees. Our proof is based on the insertion map from
permutatoins to posets of = already described in [Pil19].

In fact, we actually completely characterize which separating trees appear for a given simple
congruence =. Namely, given a separating tree T, each edge of T' defines a mandatory arc while
each pair of parents or children of a node of T" defines a forbidden arc. We prove that the separating
tree T' appears for the congruence = if and only if = contracts the forbidden arcs of T' but not
the mandatory arcs of T'. In particular, the congruences in which a given separating tree appears
form an interval in the lattice of simple congruences.

We then consider Schroder separating trees, that is, directed trees on a partition of [n] such that
any two ancestor (resp. descendant) subtrees of a node J are separated by at least one element of J.
They can also be obtained by edge contractions in separating trees, so that the Hasse diagrams
of the preposets of a simple congruence all are Schroder separating trees. Again, we characterize
which Schroder separating trees appear for a given simple congruence = in terms of mandatory and
forbidden arcs contracted by =. Let us underline that this provides the first combinatorial model
for all faces of the quotientope Quot— when = is a simple congruence. Note that for an arbitrary
congruence =, there are combinatorial models for the vertices of the quotientope Quot— by [Real5],
for the facets of Quot= by [APR21], and for the intervals in the quotient &, /= by [AP23], but
there is no combinatorial model for all faces of the quotientope Quot=.

Finally, we discuss some algebraic aspects of separating trees. In Section 5, we define a nat-
ural algebra structure on decorated separating trees similar to that of [LR98, CP17, PP18], but
which unfortunately fails to define a Hopf algebra structure on decorated separating trees. In
Section 6, we rephrase our result in terms of algebraic quotients of the lattice of torsion classes of
the preprojective algebra of type A,,, already largely explored in [DIR*23].
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FIGURE 1. The Hasse diagram of the weak order on &, (left) can be seen as the dual graph of
the braid fan F4 (middle) or as the graph of the permutahedron Perm, (right). [PS19, Fig. 1]

2. LATTICE CONGRUENCES OF THE WEAK ORDER

We first recall the combinatorial and geometric toolbox to deal with lattice congruences of the
weak order on &,,. The presentation and pictures are borrowed from [PS19, PPR23]. Throughout
the paper, we let [n]:={1,...,n}, [i,j]:={i,...,5} and |i,j[:-={i+ 1,...,j — 1} for i < j.

2.1. Weak order, braid fan, permutahedron. The weak order is the lattice on permutations of [n]
defined by 0 <7 <= inv(o) C inv(7) where inv(o):= {(0p,04) | 1 <p < g <mnand g, > 0,4} is
the inversion set of 0. The cover relations correspond to exchanges of two entries in adjacent
positions in a permutation: a permutation o covers (resp. is covered by) the permutations obtained
from o by reversing a descent o, > opy1 (resp. an ascent o, < opi1) of 0. See Figure 1 (left).

The braid arrangement is the set 7,, of hyperplanes {x € R" | &; = x;} for 1 <i < j < n. They
divide R™ into chambers, which are the maximal cones of a complete simplicial fan F,,, called braid
fan. This fan has a cone C(p) := {x € R” | z; < z; for all i 5, j} for each ordered set partition p
of [n|. Here <, denotes the preposet (i.e. reflexive and transitive binary relation) on [n] defined
by i <, j if the part of 1 containing ¢ is before or equal to the part of u containing j. In particular,
Fn has a maximal cone for each permutation of [n]. See Figure 1 (middle).

The permutahedron is the polytope Perm,, defined as the convex hull of the points >, eln] ey,
for all permutations o € &,,. See Figure 1 (right). The normal fan of the permutahedron Perm,,
is the braid fan F,,. The Hasse diagram of the weak order on &,, can be seen geometrically as the
dual graph of the braid fan F,,, or the graph of the permutahedron Perm,,, oriented in the linear
direction av:= 3, (2i —n—1)e; = (—n+1,-n+3,...,n—3,n —1). See Figure 1.

2.2. Noncrossing arc diagrams. We recall from [Real5] the bijection between permutations and
noncrossing arc diagrams. An arc is a quadruple (i, j, A, B) formed by two integers 1 <i < j <n
and a partition AU B =1]i,j[. We represent it by a curve joining i to j, wiggling around the
horizontal axis, passing above the points of A and below the points of B. For instance, %
represents the arc (1,4,{2},{3}). We let A, := {(4,7,4,B)|1<i<j<nand AUB =]i,j[}
denote the set of all arcs.

Two arcs (4,5, A, B) and (i, j’, A’, B") cross if the two corresponding curves intersect in their
interior, that is, if both (ANB)U({i, j}NBYU(AN{7, j'}) and (BNA)U({i, j}nAYU(BN{, j'})
are non-empty. A noncrossing arc diagram is a collection of arcs of A,, where any two arcs do not
cross and have distinct left endpoints and distinct right endpoints (but the right endpoint of an
arc can be the left endpoint of an other arc). See Figure 2 for illustrations.

Consider now a permutation o of [n], and its permutation table containing the points (o, p)
for p € [n]. (This unusual choice of orientation is necessary to fit later with the existing construc-
tions [LR98, HNT05, CP17, PP18].) We draw segments between any two consecutive dots (o, p)
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FIGURE 2. The noncrossing arc diagrams d (o) (bottom) and §'(o) (top) for the permutations o =
2537146, 2531746, 2513746, and 2513476. [Pil19, Fig. 2]

and (op41,p+1), colored blue if 0, < 0,41 is an ascent and red if 0, > 041 is a descent. We then
let all dots fall down to the horizontal axis, allowing the segments to curve, but not to cross each
other nor to pass through any dot, as illustrated in Figure 2. The resulting set of blue (resp. red)
arcs is a noncrossing arc diagram 6'(o) (resp. dy(a)).

Theorem 2.1 ([Real5]). The maps %(o) and d,(o) are bijections from the permutations of &, to
the noncrossing arc diagrams on A,

The map &' (resp. § }) is particularly adapted to understand canonical meet (resp. join) repre-
sentations in the weak order. Namely, each single arc corresponds to a meet (resp. join) irreducible
permutation, i.e. with a single ascent (resp. descent), and the arc diagram §%(o) (resp. d,(c)) of
a permutation corresponds to the canonical meet (resp. join) representation of o. While the de-
scription of lattice quotients of the weak order below is based on this fact, we do not strictly need
it in this paper.

2.3. Lattice congruences and arc ideals. A lattice congruence of the weak order is an equivalence
relation = on &,, that respects the meet and join operations, i.e. such that x = 2’ and y = ¢/
implies z Ay = o’ Ay and 2 Vy = 2’ Vy'. The lattice quotient &,,/= is the lattice on the
congruence classes of = where X <Y if and only if there exist x € X and y € Y such that = < y,
and X AY (resp. X VY) is the congruence class of z Ay (resp. z Vy) for any v € X and y € Y.

The compatibility with the meet and join operations in fact forces all congruence classes of = to
be intervals. For a permutation o, we denote by ﬂf(a) and WTE(U) the top and bottom permutations
of the =-congruence class of o, and we define the noncrossing arc diagrams ¢ (o) :=0d,(m=(0))
and 6L () := 6"(7=(c)). The interval (7= (o), 7L (o)) is the set of all linear extensions of a poset <=
on [n] whose cover relations are j <7 i for each descent ji of 7~ (o) and i <7 j for each ascent ij

of 7TTE(O'). Hence, the Hasse diagram of the poset <3 is obtained by superimposing the arcs
of 6 (o) oriented from right to left with the arcs of L (o) oriented from left to right.

We now denote by A= the set of arcs corresponding via ¢ to permutations with a single descent
and minimal in their class, or equivalently, via 6 to permutations with a single ascent and maximal

in their class. This set A= enables us to describe completely the lattice quotient &,,/=.

Proposition 2.2. The quotient &,,/= is isomorphic (as a poset) to the subposet of the weak order
induced by the permutations which are minimal (resp. mazximal) in their class, which are pre-
cisely the permutations o for which all arcs in the noncrossing arc diagram & (o) (resp. Mo))
belong to A=.
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FIGURE 3. The subarc relation among arcs (left) and the subarc poset for n = 4 (right). The red
arc (i,j, A, B) is a subarc of the blue arc (¢, 5, A’, B"). [PS19, Fig. 5]

This proposition actually translates the fact that canonical representations behave properly
under lattice quotients. Namely, the noncrossing arc diagrams of A= precisely encode the canonical
join (resp. meet) representations in the quotient &,,/=. See [Real5].

Understanding the lattice congruences of the weak order, thus boils down to understand the
sets of arcs A=. An arc a:=(i,j,A,B) € A, is a subarc of an arc o :=(i',j',A’,B") € A,
ifi’y <i<j<j and AC A’ and B C B’. Visually, « is a subarc of o if the endpoints of « are
located in between those of o/ and a agrees with o/ in between its endpoints. The subarc poset
on Ay is illustrated in Figure 3. Note that contrarily to [Real5, PS19, PPR23], we do not reverse
the subarc poset to avoid confusion when speaking about subarc minimal arcs (hence, our subarc
minimal arcs have minimal length). An arc ideal is a lower ideal of the subarc poset.

Theorem 2.3 ([Real5, Thm. 4.4 & Coro. 4.5]). The map = — A= is a bijection between the lattice
congruences of the weak order on &,, and the arc ideals of A,,.

We denote by =4 the lattice congruence of the weak order on &, corresponding to an arc
ideal A C A,,. We make no distinction between arc ideals and lattice congruences.

Finally, note that the set of all congruences of the weak order is itself a lattice, whose meet
is the intersection of congruences and join is the transitive closure of union of congruences. This
lattice is distributive, and we have A== = A= U A= and A== = A= N A=.

Throughout the paper, we focus on essential lattice congruences =, whose arc ideal A= contains
all basic arcs (i,i+1, @, @) for i € [n—1]. The non-essential lattice congruences can be understood
as Cartesian products of essential congruences of weak orders of smaller rank.

4321
4312 4231 3421
4132 4213 3412 2431 3241
1432 4123 2413 3142 2341 3214
1423 1342 2143 3124 2314
1243 1324 2134

1234

FIGURE 4. The weak order on &4 (left), the sylvester congruence =gy, (middle), and the Tamari
lattice (right). [PS19, Fig. 1 & 2]



6 EMILY BARNARD, JEAN-CHRISTOPHE NOVELLI, AND VINCENT PILAUD

Example 2.4. The most classical lattice congruence of the weak order on &, is the sylvester
congruence =gy1, [LR98, HNTO05]. See Figure 4 (middle). Its congruence classes are the fibers of
the binary search tree insertion algorithm, or equivalently the sets of linear extensions of binary
trees (labeled in inorder and considered as posets oriented toward their roots). It can also be
seen as the transitive closure of the rewriting rule UikVjW =g, UkiVjW where i < j < k
are letters and U,V,W are words on [n]. In other words, the permutations minimal in their
sylvester congruence class are those avoiding the pattern 312. The quotient of the weak order by
the sylvester congruence is (isomorphic to) the classical Tamari lattice [Tamb51], whose elements
are the binary trees on n nodes and whose cover relations are right rotations in binary trees. See
Figure 4 (right). Its arc ideal is given by the set Agy1y = {(4, 4,13, j[, @) | 1 <i < j < n} of up arcs,
and the corresponding noncrossing arc diagrams are known as noncrossing partitions of [n].

2.4. Poset insertion map. For a fixed lattice congruence = of the weak order, we describe in this
section the lattice morphism from the weak order to its quotient &/=, sending a permutation o
of &,, to its =-poset x5 . We still represent a permutation o by its table {(o;,4) | ¢ € [n]}. We con-
sider the set (o) of pairs of positions (i, j) such that the rectangle with bottom left corner (o, %)
and top right corner (o;, j) contains no other point (o, k) of the permutation table of o, that is,

A(0):={(i4) |1 <i <j <n, 0y <oj and o(Ji, j[) N]ou, 05[ = T}
For (i,7) € @(o), we define an arc a(i, j,0) by
al(i,j,0) = (01,0;,{ox | k <i and oy € ]oy,04[}, {0k | j < k and oy, € |o;, 0;(}).

Moreover, we order (o) by the slope of the diagonal joining (o;,1%) to (0}, ), that is, (z,7) < (k,¢)
ifi<k</{<jand oy <o; <oj <oy Finally, we define A=(c) to be the subset of <-maximal
elements in {(i, j) € A(o) | a'(i,j,0) € A=}

(YD % Y on U

s A

m.—..—. f;\'j‘—. ® *—0 00— O—‘\Qj‘—‘

FIGURE 5. The poset <= (middle row) and the noncrossing arc diagrams 6L (c) (top row)
and 07 (o) (bottom row) corresponding to the = 4-congruence class of the permutation o = 2537146
for different arc ideals (represented in grey on the top and bottom rows).
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Symmetrically, we define N(o) := {(¢,7) | 1 <i < j <n, 0; > 05 and o(]i, j[) N]oj,0: = T}, we
associate an arc (i, j,0) = (0,04, {or | k <i and oy, € |oj,0:[},{ox | j < k and o}, € |o;,04[}) to
each (i,7) € N(o), and we let N= (o) be the <-maximal elements in {(4, j) € N(0) | ay(i, j,0) € A=}.

The following statements are illustrated in Figure 5.

Proposition 2.5 ([Pill9, Sect. 2.4]). The noncrossing arc diagram 6%(c) (resp. 67 (o)) contains
ezactly the arcs o'(i, j, o) for all (i,j) € B=(c) (resp. the arcs a (i, j, o) for all (i,j) € N=(0).

Corollary 2.6. The =-poset <7 corresponding to the =-congruence class of a permutation o has

cover relations o; <5 0; for (,j) € B=(c) UN=(0).
As already mentioned in [Pil19, Sect. 2.4], the =-poset <= can also be obtained by an insertion
procedure. We again skip the precise description as it is not needed in this paper.

Example 2.7. For the sylvester congruence =g, of Example 2.4, the =-poset < is the binary
search tree obtained by insertion of the permutation o, as described in [HNTO05].

2.5. Quotient fans and quotientopes. Fix a lattice congruence = of the weak order. Geometric
realizations of the quotient &,,/= were studied in [Rea05, PS19, PPR23].

Theorem 2.8 ([Rea05]). The cones obtained by glueing together the maximal cones of the braid
fan F,, corresponding to permutations in the same congruence class of = define the quotient fan F—.

Each cone of the quotient fan F= is the preposet cone C(x):= {x € R" | z; < z; for all i < j}
of some preposet < on [n] (i.e. reflexive and transitive binary relation). We call =-preposets
(resp. =-posets) the preposets (resp. posets) whose cone is a cone of F=. The =-posets are
precisely the posets <= described in Section 2.3 for any choice of representatives o in &,,/=.

Finally, we recall the following result of [PS19, PPR23]. In this paper, we will not use the
precise construction, only the fact that these polytopes exist.

Theorem 2.9 ([PS19, PPR23]). The quotient fan F= is the normal fan of a quotientpe Quot—.

Proposition 2.10 ([Rea05, PS19, PPR23|). The Hasse diagram of the quotient lattice S,,/= is the
dual graph of the quotient fan F=, or the graph of the quotientope Quot—, oriented in the linear
direction ov:= 37, (2 —n—1)e;.

Example 2.11. For the sylvester congruence =gy, of Example 2.4, the quotient fan Fy, has
a cone C(S):={x € H |z, <z if there is a directed path from a to b in S} for each Schroder
tree S with n 4 1 leaves. In particular, Fsy1, has a chamber for each binary tree with n + 1
leaves (or equivalently n nodes). See Figure 6 (middle). The quotient fan F—_, is the nor-

Ssylv

mal fan of the classical associahedron Asso, of [SS93, Lod04], defined as the convex hull of the

FIGURE 6. The cover graph of the Tamari lattice (left) can be seen as the dual graph of the

sylvester fan F=_ , (middle) or as the graph of J.-L. Loday’s associahedron (right). [PPR23, Fig. 5]

=sylv
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points Zje[n] UT,j)r(T,j)e; for all binary trees T' on n nodes, where ¢(T', j) and r(T, j) respec-
tively denote the numbers of leaves in the left and right subtrees of the node j of T (labeled in
inorder). See Figure 6 (right).

2.6. Relevant congruences. We briefly gather some relevant congruences of the weak order:

(1) The trivial congruence =iy is defined by the ideal A,, of all arcs. It has a congruence class
for each permutation. The quotient &,,/=¢,;, is the weak order, the quotient fan Fi,iy is
the braid fan, and the quotientope Quoty,;, is the permutahedron Perm,,.

(2) The sylvester congruence is defined by the ideal Agy1y := {(4,7,]¢,7[,@) | 1 < i < j < n} of
up arcs. It has a congruence class for each binary tree, given by the linear extensions of
this tree (when labeled in inorder and oriented towards its root) [Ton97, HNTO05]. The
quotient &,,/=gy1v is the Tamari lattice, the quotient fan Fgy1y is the sylvester fan, and
the quotientope Quotgyy is the associahedron Asso,,.

(3) The recoil congruence =, is defined by the ideal Ao = {(i,i 4+ 1,9,9) | i € [n — 1]} of
basic arcs. It has a congruence class for each subset I C [n — 1] given by the permutations
whose recoils (descents of the inverse) are at positions in I. The quotient &,, /= is the
boolean lattice, the quotient fan F. is defined by the hyperplanes z; = x;41 fori € [n—1],
and the quotientope Quot,e. is the parallelotope Zz‘e[n—l] [ei,eit1].

(4) For an arc a:= (4, j, A, B) € A,,, the a-Cambrian congruence =, is defined by the ideal A,
of the arc poset generated by a. It has a congruence class for each a-Cambrian tree [LP18,
CP17, PP18]. The quotient &,,/=, is the a-Cambrian lattice [Rea06], the quotient
fan F, is the a-Cambrian fan of [RS09] and the quotientope Quot,, is the a-associahedron
of [HLOT].

(5) For 6 € {D,D,Q,Q}", the d-permutree congruence =s is defined by the ideal As of
arcs which do not pass above the points j with d; € {@,®} nor below the points j
with 6; € {®,®}. Its congruence classes are the sets of linear extensions of the
d-permutrees [PP18]. The quotient &,,/=s is the §-permutree lattice [PP18], the quotient
fan Fs is the d-permutree fan of [PP18] and the quotientope Quots is the §-permutreehedron
of [PP18].

(6) For a,b > 1 define the (a,b)-sashes congruence =gu(q,p) by the ideal Agp,p) of arcs
which do not pass above a consecutive points, nor below b consecutive points. Note
that =g, (n,n) = Ztriv, that =g(1,0) = =sylv, that =gp1,1) = =ree. The (1,2)-sashes con-
gruence was studied in [Law14] and its equivalence classes are counted by the Pell numbers.
The (2, 2)-sashes congruence was studied in [CP17] as a particular Baxter-Cambrian con-
gruence, and its equivalence classes are counted by central binomial coefficients. The (1, n—
1)-sashes congruence is studied in [LN25], and the generating function of its number of
equivalence classes is the inverse of the truncation of 1+ z/(1 — z — 20— Cyaith).

(7) The diagonal rectangulation congruence =pg (or Baxter congruence) is defined by the ideal
of arcs that do not cross the horizontal axis, i.e. Apr = {(¢,4,A,B) € A, | A= @ or B=g}.
Its congruence classes correspond to diagonal rectangulations [LR12] or equivalently pairs
of twin binary trees [Girl2], which are counted by the Baxter numbers. The quotient &,,/=pr
is the diagonal rectangulation lattice [LR12], the quotientope Quotpg is the Minkowski
sum of two opposite Loday associahedra [LR12, CP25].

(8) The generic rectangulation congruence =g is defined by the ideal of arcs that cross the
horizontal axis at most once, i.e. Agr = {(i,4, 4, B) € A, | A and B are both intervals}.
Tts congruence classes correspond to generic rectangulations [Real2], i.e. any rectangula-
tion of the square with no 4 incident rectangles, considered equivalent under wall slides.
The quotient &,,/=qgr is the generic rectangulation lattice [Real2], and the quotien-
tope Quotgr is an interesting polytope studied in [CP25].

(9) For p > 1, the p-recoil congruence =, .o is defined by the ideal of arcs of length at most p,
i.e. Apyec = {(a,b,A,B) € A, | b—a <p}. Its congruence classes correspond to acyclic
orientations of the graph on [n] with edges (a, b) for |a—b| < p. See [NRT11, Rea05, Pil18].
The quotientope Quot, . is the graphical zonotope of the graph on [n] with edges {7,j}
for |i — j| < p.
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(10) For p > 1, the p-twist congruence =p._twis; is defined by the ideal of arcs passing below
at most p points, i.e. Apiwist = {(a,b, A, B) € A, | |B| < p}. Its congruence classes cor-
respond to certain acyclic pipe dreams [Pil18]. The quotientope Quot, tyist is a brick
polytope of [PS12, PS15].

(11) The graph associahedra congruences of [BM21] were defined by the normal fan of the
associahedra of filled graphs. Equivalently they are the congruences = whose subarc
minimal non arcs are up arcs.

2.7. Simple congruences. For any 1 < i < j < n, we always denote by (s, j):=(4,4,]i, j[, @)
(resp. by d(i,7):= (4, ], 9, )i, j])) the up (resp. down) arc joining i to j. This paper focuses on the
following congruences of the weak order.

Definition 2.12 ([HM21, Sect. 4.4]). A lattice congruence = of the weak order is simple if all subarc
minimal arcs of A,, \ A= are up arcs or down arcs.

Example 2.13. Among the examples of Section 2.6,
e the trivial congruence,
the sylvester congruence [Ton97, HNTO05],
the recoil congruence,
the Cambrian congruences [Rea06, CP17],
the permutree congruences [PP18],
the (a, b)-sashes congruences [Law14, LN25],
e the graph associahedra congruences of [BM21],

are all simple congruences of the weak order.

Remark 2.14. Note that the permutree congruences of [PP18] are by definition the simple congru-
ences for which all subarc minimal arcs of A, \ A= have length 2, meaning that they are of the
form (i —1,i4+1,{i},@) or (i —1,i + 1,2, {i}) for some 2 < i <n—1.

Example 2.15. In contrast, among the examples of Section 2.6,

e the diagonal rectangulation congruence [LR12, Girl2, CP25],
the generic rectangulation congruence [Real2, CP25],

the p-recoil congruence [NRT11, Rea05, Pill8],

the p-twist congruence [Pill8],

are non-simple congruences of the weak order (except when n < 3 or p =1).
As all congruences, the simple congruences of the weak order have a natural lattice structure.

Proposition 2.16. The set of simple congruences induces a meet subsemilattice of the congruence
lattice of the weak order. Hence, they form a lattice under refinement.

Proof. For two congruences = and =’, the non arcs of = A =’ are
An N AE/\E’ = An N (AE N Az’) = (An N AE) @] (An AN AE’)

so that any subarc minimal non-arc of =A=' is a subarc minimal non-arc of = or a subarc minimal
non-arc of =’. Thus, the simple congruence form a finite meet semilattice, hence a lattice under
refinement. u

Remark 2.17. Note that the simple congruences do not induce a sublattice of the congruence
lattice. For instance, the Baxter congruence is not simple, while it is the join (in the congruence
lattice) of the sylvester and anti-sylvester congruence (where the allowed arcs are exactly the down
arcs), which are both simple congruences.

Remark 2.18. As already observed in [HM21, Sect. 4.4], the number of simple essential congruences

of the weak order on &,, is C2_,, where C,, := - (2:) is the Catalan number. Indeed, the subarc

ntl
minimal arcs in A, \ A= form two (above and below) independent pairwise nonnesting collections
of intervals. The number of all (non-necessarily essential) simple congruences of the weak order

on Sn 18 3451 D 0mig<iy <. o<ipen L Liek) Cij—i;—1» and the first few numbers are

1,2,7,38,274, 2350, 22531, 233292, 2555658, 20232554, 346013450, 4211121946, 52446977292, . . .
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One of the contributions of the present paper is a simple combinatorial proof of the following
statement. This statement was originally proved by H. Hoang and T. Miitze in [HM21, Sect. 4.4]
with a purely combinatorial (but slightly involved) proof. In their paper on the lattice theory
of torsion classes, L. Demonet, O. Iyama, N. Reading, I. Reiten, and H. Thomas provided an
alternative proof [DIR"23, Sect. 6.3] in terms of quiver representation theory. In this paper, we
propose an alternative simple combinatorial proof based on the description of the poset insertion
map of Section 2.4.

Theorem 2.19 ([HM21, Sect. 4.4] & [DIR"23, Sect. 6.3]). The following assertions are equivalent
for an essential lattice congruence = of the weak order:
(i) = is a simple congruence,
(ii) the Hasse diagram of any =-poset is a tree,
(1ii) the Hasse diagram of the lattice quotient &, /= is regular,
(iv) the quotient fan F= is a simplicial fan,
(v) the quotientope Quot= is a simple polytope.

Proof. The equivalences (ii) <= (iii) <= (iv) <= (v) are standard.

(i) = (ii): See Section 3.2.

(ii) = (i): Assume that = has a subarc minimal non arc «a:=(i,j, 4, B) with A # @ # B,
let a:= max(A) and b:= min(B), and let o be the permutation with arc diagram {«a}. Then the
four arcs

(i,a,4,]i,a[NB)  (a,j,9,]a,j[NB)  (i,b,]i,b[NA,@)  and  (b,j,]b,j[N A, B)

all belong to A= (otherwise, a would not be a subarc minimal non arc). It thus immediately
follows from Proposition 2.5 that the preposet <7 has cover relations a <7 ¢, a <3 j, ¢ <5 b, and

j <5 b. Hence, the Hasse diagram of the =-poset <7 is not a tree. O

Remark 2.20. If we considered the non-essential congruences, the =-posets would be forests in-
stead of trees. As the non-essential quotients of the weak order can be understood as Cartesian
products of essential quotients of weak orders of smaller rank, we focus on essential congruences
in Theorem 2.19 and throughout the paper

Remark 2.21. The arcs which are neither up nor down arcs correspond to doubly join irreducibles
of the weak order on permutations. One can naturally ask whether a statement similar to Theo-
rem 2.19 could hold for other finite Coxeter groups. The congruences with a simplicial quotient
fan are indeed generated by contracting doubly join irreducibles [DIR*23, Thm. 1.13], but

e in type Dy, there is a doubly join irreducible whose contraction yields a congruence whose
quotient is not simplicial [DIR23, Exm. 6.4] (in contrast to Theorem 2.19),

e in type Bs, the meet of two simple congruences is not necessarily simple (in contrast to
Proposition 2.16).

3. SEPARATING TREES AND POSETS OF SIMPLE CONGRUENCES

In this section, we define separating trees (Section 3.1) and prove that they provide a combi-
natorial description of the vertices of the simple quotientopes (Section 3.2).

3.1. Separating trees. For a node j in a directed tree T, we call parents (resp. children) of j the
targets of the outgoing arcs (resp. the sources of the incoming arcs) at j and ancestor (resp. de-
scendant) subtrees of j the subtrees attached to them. This paper focuses on the following family
of trees.

Definition 3.1. A separating tree is a directed tree on [n] such that

e each node has at most two parents and at most two children,

e a node j with two parents (resp. children) separates its two ancestor (resp. descendant)
subtrees, meaning that all nodes in the left subtree are smaller than j while all nodes in
the right subtree are larger than j.
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Example 3.2. Figure 7 represents some separating trees. We use the following conventions:
e all edges are oriented from bottom to top, so that we omit to add arrows to specify the

direction of the edges,
e the vertices are ordered increasingly from left to right.

T\ O A
DA AR VA

FIGURE 7. Some separating trees on [7].

Remark 3.3. Readers familiar with [PP18] might wonder what differs between permutrees and
separating trees. The subtle distinction is that empty ancestor or descendant subtrees are allowed
in permutrees and not in separating trees. For instance, in a separating tree, it is impossible to
say that a node has two children, one of which is empty. We will see in Remark 3.19 that any
separating tree appears in at least one permutree congruence. However, simple congruences are
much richer than permutree congruences.

Remark 3.4. The number of separating trees with n nodes is given by the following table:

n ‘1 2 3 4 5 6 7 8
# separating trees ‘ 1 2 8 42 264 1898 15266 135668

The end of this section gathers some structural lemmas about separating trees. We start with
two lemmas ensuring the existence of certain paths in a separating tree.

Lemma 3.5. Consider three nodes 1 < i < j < k <n in a separating tree T. Then

o ifi < k is an edge of T, then there is a directed path in T joining either i to j, or j to k,
e ifi — k is an edge of T, then there is a directed path in T joining either j to i, or k to j.

Proof. Assume that 1 < ¢ < j < k <nandi <+ kisan edge of T. As T is a tree, there is a
(a priori undirected) path 7 joining j and the edge ¢ + k. If 7 is not a directed path, then there
exists some node ¢ along 7 such that 7 has either two incoming or two outgoing edges at ¢. This
contradicts the separating property, as ¢ < j < k so that ¢ cannot separate j from {i, k}. Hence,
the path 7 is directed, either from ¢ < k to j, or from j to i < k. Again using i < j < k, the
path 7 cannot be incoming at 7, nor outgoing from k. We conclude that T contains a directed
path either from ¢ to j, or from j to k. The second part of the statement is symmetric. O

Lemma 3.6. Consider a node j in a separating tree T with two ancestor (resp. descendant) sub-
trees L and R with L < R, and let M := max(L) and m:= min(R). Then for each M < k < m,
there is a directed path in T from k to j (resp. from j to k).

Proof. Assume that j has two ancestors, the proof for two descendants being symmetric. As T is
a tree, there is a (a priori undirected) path = between k and j. As M < k < m, we obtain that k
is not an ancestor of j, so that the path 7w ends with an incoming edge at j. If 7 is not a directed
path, then there exists some node ¢ along 7 such that 7 has either two outgoing or two incoming
edges at £. This contradicts the separating property, as M < k < m so that ¢ cannot separate k
from {M, m}. We conclude that 7 is a directed path from & to j. O

Lemmas 3.5 and 3.6 and Section 2.4 motivate the following definitions of arcs associated to a
separating tree T', which will be crucial in Definition 3.13 and Proposition 3.16.
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m%mw

FIGURE 8. The mandatory arcs (blue, top) and the forbidden arcs (red, bottom) of the four
separating trees of Figure 7.

Definition 3.7. The mandatory arcs of a separating tree T are the arcs of the form (i, k, A, B),
where 7 < k form an edge of T and A (resp. B) is the set of nodes j € ]i, k[ such that there is a
directed path in T joining the node j to the edge ¢ — k (resp. the edge i — k to the node j).

Definition 3.8. The forbidden up (resp. down) arcs of a separating tree T' are the up arcs u(M,m)
(resp. down arcs d(M,m)), with M := max(L) and m:= min(R) where L and R are two ancestor
(resp. descendant) subtrees of a node j of T with L < R.

Example 3.9. For instance, Figure 8 shows the mandatory (blue, top) and forbidden (red bottom)
arcs of the four separating trees of Figure 7.

Remark 3.10. If we draw T such that its nodes are ordered increasingly from left to right, and its
edges are oriented from bottom to top, then the mandatory arcs of T are obtained by letting T
fall down to the horizontal axis, allowing the edges to curve, but not to cross each other nor to
pass through any node.

Finally, we give a planar characterization of separating trees which will be useful in the proof
of Proposition 3.12.

Lemma 3.11. Let G be a directed graph on [n] drawn such that the nodes are ordered increas-
ingly from left to right, and the edges are oriented from bottom to top. Then G is a separated
tree if and only if

(i) each node j of G has at most one outgoing (resp. incoming) neighbor i < j and at most
one outgoing (resp. incoming) neighbor k > j,
(i1) if i < j < k and j has two parents (resp. children) and i — k is an edge of G, then i — k
passes below (resp. above) j.
In other words, when we draw a wall above each node with two parents and below each node with
two children, the edges of the separating tree never cross the walls.

Proof. First, if G is a separating tree, then it satisfies (i) by definition and (ii) by a direct appli-
cation of Lemma 3.5. Conversely, assume that G satisfies (i) and (ii). Assume that G contains a
(non oriented) cycle C, and let j be the topmost node of C'. Hence j has two incoming edges p — j
and ¢ — j, and we can assume that p < j < ¢ by Condition (i). Therefore, C' has an edge i — k
with ¢ < j < k to connect p with ¢. As j is the topmost node of C, the edge i — k passes below j,
contradicting Condition (ii). We conclude that G is a tree. Consider now a node j of G. By (i),
7 has at most two parents and at most two children. We now prove by induction on j that if j
has two parents (resp. children), then all nodes in its left ancestor (resp. descendant) subtree are
smaller than j. Assume by contradiction that this subtree contains some k larger than j, and
consider the path 7 from j to k in G. Along this path, there is an edge i — k with i < j < k.
By (ii), this edge must pass below j. Therefore, the path 7 is not a directed path from j to k.
Hence, there exists a node h < j along 7 such that 7 has two incoming arrows at h, and k belongs
to the left descendant subtree of h. By induction, we obtain that k& < h < j, contradicting our
assumption. The proof for the right ancestor (resp. descendant) is symmetric. We conclude that G
is indeed a separating tree. O
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3.2. Posets of simple congruences. We now provide a short combinatorial proof of the implica-
tion (i) = (ii) of Theorem 2.19. Our proof is a very elementary approach based on the insertion
map described in Section 2.4. In fact, we prove the following stronger statement on the =-posets
of a simple congruence =.

Proposition 3.12. If = is a simple essential congruence of the weak order, then the Hasse diagram
of any =-poset is a separating tree.

Proof. Assume that = is simple, and consider the Hasse diagram H of a =-poset <. Pick a linear
extension o of H. By Corollary 2.6, we obtain H starting from the permutation table of 0. We
check that H fulfills the two conditions of Lemma 3.11.

First, for each j € [n], there is at most one ¢ € [n] such that (i,j) € @W=(c), so that j has
at most one incoming neighbor i < j in H. Similarly, each j € [n] has at most one incoming
neighbor k > j. (Note that this part holds for all congruences, not only the simple ones.)

Second, assume that i < j < k are such that j has two children p < j < ¢, and i and k appear
before j in 0. Assume for instance that p appears before ¢ in o (the other case is symmetric). Con-
sider the leftmost point r of the table of o in the rectangle |p, ] x]o, ' < o, ']. Note that j < < ¢
as (p,j) € B(o), and that (p,r) € B(o). As (p,r) < (p,j) and (p,j) € B=(0) we therefore obtain
that of(p,r,0) ¢ A=. Let a:= (u,v,U, V) be a subarc minimal arc of A,, \. A= which is a subarc
of al(p,r,0). As a(p, j, o) and a(j, ¢, o) both belong to A—, we have p < u < j <v <r. As =is
a simple congruence, we have either U = @ or V =@. If V = &, then U = |u,v[ 3 j, contradicting
that « is a subarc of of(p, r,o). Hence, U = @ and V = Ju,v[, so that all points of V appear
after j in o, hence after i and k. This implies that o = (u, v, @,]u,v[) is a subarc of a'(i, k, o)
and «(i, k, o). Hence, i — k cannot be an edge of H. O

We can actually characterize the =-posets of a simple congruence =. Recall that we have
defined the mandatory and forbidden arcs of a separating tree in Definitions 3.7 and 3.8.

Definition 3.13. Fix an essential lattice congruence = of the weak order. A separating tree T is
=-admissible if A= contains all mandatory arcs of 7' and none of the forbidden arcs of T

Example 3.14. For instance, the separating trees which are admissible for the sylvester congruence
(resp. d-permutree congruence) are precisely the binary trees (resp. d-permutrees) on [n] to which
we have deleted all pending leaves to keep only the n internal nodes and n — 1 internal edges.

Lemma 3.15. If T and T' are two =-admissible separating trees with a common linear extension,
then T =T"'.

Proof. Assume that T and T" are two distinct =-admissible separating trees. By symmetry, we
can assume that there are 1 < p < ¢ < n such that the edge from p to ¢ is in T but not in the
transitive closure of T77. As T and T" have a common linear extension, this implies that p and g are
incomparable in T”. As T” is a tree, there is an undirected path 7 from p to ¢ in T”. Let j be the last
node along 7 with either two outgoing edges, or two incoming edges. By symmetry, we can assume
that 7 has two incoming edges at j. Let M (resp. m) denotes the maximum (resp. minimum)
of the left (resp. right) ancestor subtree of j in 7. Note that p < M < j < m < ¢ since T” is
separating. For any k € |M,m|[, Lemma 3.6 ensures the existence of a path from k to j in 77,
hence from k to q. Consider now the edge between p and ¢ in T', and let (p,q, A, B) denote the
mandatory arc of T defined in Definition 3.7. As T and T” are both =-admissible, we obtain
that A= contains the mandatory arc (p, ¢, A, B) of T but not the forbidden arc (M, m,|M,m|, &)
of T'. As p < M < m < g, this implies that there is k € |M, m[~ A. By Lemma 3.5, there is a
path from ¢ to k in T. We conclude that there is a path from ¢ to k in T, and from k to ¢ in T”,
so that T and T” cannot have a common linear extension. O



14 EMILY BARNARD, JEAN-CHRISTOPHE NOVELLI, AND VINCENT PILAUD

FIGURE 9. The subarc minimal uncontracted arcs of the minimal (blue, top) and maximal (red,

bottom) simple congruences for the four separating trees of Figure 7 (whose mandatory and
forbidden arcs are shown in Figure 8).

Proposition 3.16. If = is a simple essential congruence of the weak order, then the Hasse diagrams
of the =-posets are precisely the =-admissible separating trees.

Proof. Consider first a =-poset. By Proposition 3.12, its Hasse diagram is a separating tree T, and
we just need to prove that T' is =-admissible. First, A= clearly contains the mandatory arcs of T’
by Section 2.4. Consider now a forbidden up arc u(M,m) of T. Since M and m are incomparable
in T, there exists a linear extension o of T in which M appears just before m. Hence, (M, m) is
in A, and is minimal for <. Moreover, Lemma 3.6 implies that o'(M, m, o) = u(M,m). As (M, m)
is not an edge of T, we conclude that af(M,m, o) = u(M,m) ¢ A=. The proof is symmetric for
forbidden down arcs. We conclude that T is =-admissible.

Assume now that T is a =-admissible separating tree, let o be any linear extension of 7', and
let T” be the tree obtained by insertion of o according to Section 2.4. By the previous paragraph,
we obtain that 7" is a =-admissible separating tree. As o is a linear extension of both T" and T, we
obtain by Lemma 3.15 that T'= T”, and we conclude that 7" is the Hasse diagram of a =-poset. [

Proposition 3.16 characterizes the separating trees T which are (Hasse diagrams of) =-posets
for a given essential lattice congruence =. Conversely, we can also describe the essential lattice
congruences = for which a given separating tree T is (the Hasse diagram of) a =-poset.

Proposition 3.17. The simple essential lattice congruences = for which a given separating tree T
is (the Hasse diagram of) a =-poset form an interval [=o, =] in the simple congruence lattice,
where

e =, is the congruence where A, \ A= is the upper ideal of the arc poset generated by all
up and down arcs which are not subarcs of any mandatory arc of T,

o =, is the congruence where A, \ A= is the upper ideal of the arc poset generated by the
forbidden arcs of T

Proof. Immediately follows from Definition 3.13 and Proposition 3.16. O

Example 3.18. For instance, Figure 9 shows the subarc minimal uncontracted arcs of the minimal
(blue, top) and maximal (red, bottom) simple congruences for the four separating trees of Figure 7.

Remark 3.19. As a follow-up of Remark 3.3, we obtain that any separating tree appears in at least
one permutree congruence. Indeed the minimal simple congruence =, in Proposition 3.17 is always
a permutree congruence. Indeed, consider an up arc u(7,j) with 1 <7 < j <n with j —¢ > 2, and
assume that both u(i,j —1) and u(i + 1, j) are in A=_. By definition, u(i,j —1) and u(i+1,j) are
subarcs of some mandatory arcs « and 8 of T'. Since ¢ — j > 2 and « and 3 are not crossing (see
Remark 3.10), either « passes above j or 8 passes above i. Hence, u(i, j) is a subarc of either «
or 3, thus it is in A=_,. We conclude that the subarc minimal arcs in A \ A=, have length at
least 2, so that =, is a permutree congruence (see Remark 2.14).
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4. SCHRODER SEPARATING TREES AND PREPOSETS OF SIMPLE CONGRUENCES

In this section, we introduce Schréder separating trees (Section 4.1) and prove that they provide
a combinatorial description of all faces of the simple quotientopes (Section 4.2).

4.1. Schroder separating trees. We now define the higher dimensional analogue of separating trees.

Definition 4.1. A Schréder separating tree is a directed tree on the parts of a set partition of [n] such
that any two ancestor (resp. descendant) subtrees of a node J are separated by an integer j € J,
meaning that all integers that appear in a node of one subtree are smaller than j, while all integers
that appear in a node of the other subtree are larger than j.

Example 4.2. Figure 10 represents some Schroder separating trees. We use the same conventions
as in Example 3.2.

FIGURE 10. Some Schroder separating trees on [7].

Remark 4.3. Note that the separating trees are precisely the Schrioder separating trees with n
nodes (or equivalently, where each node of S is a singleton).

Remark 4.4. The number of Schroder separating trees on [n] with & nodes is given by the following
table:

Knll 2 3 4 5 6 7 8

1 |11 1 1 1 1 1 1

2 2 6 14 30 62 126 254

3 8 46 184 638 2064 6438
4 42 388 2344 11818 54210
5 264 3556 30134 207494
6 1898 35134 398040
7 15266 372862
8 135668
Y |1 3 15 103 867 8499 94543 1174967

Definition 4.5. The contraction of an edge e in a tree S is the tree obtained by contracting the
edge e and labeling the resulting node with the union of the parts labelling the endpoints of e.

Lemma 4.6. Schrider separating trees are stable by contraction.

Proof. Consider the contraction T of an edge J, — J, in a Schroder separating tree S, and denote
by Joe := JoUJe the merged node of T'. By definition, T is a directed tree on the parts of a partition
of [n]. Consider now two ancestor subtrees X and Y of a node J of T (the case of descendant
subtrees is symmetric). If J # Joe, we have nothing to prove, so we assume that J = Joe. If X
and Y were both ancestor subtrees of J, (or similarly of J,), there is nothing to prove. Hence,
assume that X was an ancestor subtree of J, while Y was an ancestor subtree of J,. Then Y is
contained in the descendant subtree Z of J, in S containing J,. As S is a Schroder separating
tree, there is j € J, separating X from Z. As Y C Z, the subtrees X and Y of T' are separated
by j € Joe. We conclude that T is indeed a Schroder separating tree. O

Lemma 4.7. The contraction minimal Schroder separating trees are precisely the separating trees.
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Proof. A separating tree is clearly a contraction minimal Schréder separating tree since all nodes
are singletons. Conversely, consider a Schroder separating tree S which is not contraction minimal.
Then it has a node Joe with |Joe| > 1. Let Joo = Jo U Js for some arbitrary J, # @ # J,
with J, < Jo. Let T be the tree obtained by splitting the node J,e of .S into two nodes J, and J,,
adding an edge J, — J, and attaching each ancestor (resp. descendant) subtree X of Joe to Jo
if X < max(J,) (resp. if min(J,) £ X) and to J, otherwise. By definition, T is a tree on the
parts of a partition of [n], and S is the contraction of the edge J, — J, in the tree T, so we
just need to check that T is separating. Consider two ancestor subtrees X and Y of a node J
of T (the case of descendant subtrees is symmetric). If J ¢ {J,, Jo}, there is nothing to prove.
Assume first that J = J,. We thus obtain that X and Y were ancestor subtrees of J,e in S. As §
is a Schroder separating tree, there is j € J,e separating X and Y. As X and Y were attached
to Je, we have X ¢ max(J,) and Y £ max(J,), from which we deduce that j € J, = J. Assume
now that J = J,. If neither X nor Y contain J,, then they were both ancestor subtrees of J.e
in S. As S is a Schroder separating tree, there is j € J., separating X and Y. As X and Y were
attached to J,, we have X < max(J,) and Y < max(J,), from which we deduce that j € J, = J.
Assume now that X does not contain J, but that Y contains J,. We have X < max(J,) so that
we can define j,:= min {j € J, | X < j}. Any ancestor subtree Z of J, in T is an ancestor subtree
of Joe in S, hence there is jz € Joe with X < jz < Z, which implies that X < j, < Z. Any
descendant subtree Z of J, in T satisfies min(J,) < Z by definition of T', so that X < j, < Z.
Finally, as X < j, < Jo, we obtain that j, € J, separates X and Y. O

The following statement is the analogue of Lemma 3.5.

Lemma 4.8. Consider three vertices I, J, K in a Schrider separating tree S such that there isi € I,
jedJandk e K withi<j<k. IfI =K orI— K is an edge of S, then there is a directed path
in S joining either the edge I — K to the node J, or the node J to the edge I — K.

Proof. The proof is identical to that of Lemma 3.5. As S is a tree, there is a (a priori undirected)
path 7 between I — K and J in S. If 7 is not directed, then there exists some node L along 7 such
that 7 has either two incoming or two outgoing edges at w. This would contradict the separating
property at J since ¢ < j < k. O

The following definitions are the analogues of Definitions 3.7 and 3.8.

Definition 4.9. The mandatory arcs of a Schroder separating tree S are the arcs of the form (i, k, A, B),
where ¢ < k and AU B = i, k[ are such that
e the nodes I and K of S with ¢ € I and k € K either coincide or form an edge in .S, and
moreover i, k[N (I UK) = @,
o A (resp. B) is the set of integers j € ]¢, k[ contained in a node J of S such that there is a
directed path in S joining J to {I, K} (resp. {I, K} to J).

Definition 4.10. The forbidden up (resp. down) arcs of a Schréder separating tree T are the up
arcs u(M,m) (resp. down arcs d(M,m)), with M := max(L) and m:= min(R) where L and R are
two ancestor (resp. descendant) subtrees of a node J of T with L < R.

Remark 4.11. Note that the number of mandatory arcs of a Schroder separating tree on [n] is at
least n — 1 but can be larger.

Example 4.12. For instance, Figure 11 shows the mandatory (blue, top) and forbidden (red bottom)
arcs of the four Schroder separating trees of Figure 10.

4.2. Preposets of simple congruences. The following statement is the analogue of Proposition 3.12.

Proposition 4.13. If = is a simple essential congruence of the weak order, then the Hasse diagram
of any =-preposet is a Schrider separating tree.

Proof. As = is a simple congruence, the Hasse diagrams of the =-preposets are precisely the
(iterated) contractions of the Hasse diagrams of the =-posets. The statement thus immediately
follows from Proposition 3.12 and Lemma 4.6. O
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FIGURE 11. The mandatory arcs (blue, top) and the forbidden arcs (red, bottom) of the four
Schroder separating trees of Figure 10.

We now aim at characterizing the =-preposets of a simple congruence =, analoguously to
Definition 3.13. Recall that we have defined the mandatory and forbidden arcs of a Schroder
separating tree in Definitions 3.7 and 3.8.

Definition 4.14. Fix a simple essential lattice congruence = of the weak order. A Schroder sepa-
rating tree S is =-admissible if A= contains all mandatory arcs of S and none of the forbidden
arcs of S.

Example 4.15. For instance, the Schrioder separating trees which are admissible for the sylvester
congruence (resp. d-permutree congruence) are precisely the Schroder trees (resp. Schrioder 4-
permutrees) on [n] to which we have deleted all pending leaves to keep only the internal nodes
and internal edges.

Remark 4.16. Note that the =-admissible separating trees are precisely the =-admissible Schréder
separating trees with n nodes (or equivalently, where each node of S is a singleton).

The following statements are analogues of Lemmas 4.6 and 4.7 for =-admissible Schroder sep-
arating trees.

Lemma 4.17. =-admissible Schroder separating trees are stable by contraction.

Proof. Consider the contraction T of an edge J, — J, in a =-admissible Schréder separating
tree S, and denote by J,e :=J, LI Jo the merged node of T'. We have seen in Lemma 4.6 that T is
a Schroder separating tree, so we just need to check that T is =-admissible.

Consider first a mandatory arc (i, k, A, B) of T. Let I and K be the nodes of T such that ¢ € I
and k € K, and similarly let I’ and K’ be the nodes of S such that ¢ € I’ and k € K'.
Note that I’ € I and K/ € K. By Definition 4.9, I and K either coincide or form an edge
of T, and Ji, k[N (JUK)=@. Assume first that I’ and K’ coincide or form an edge of S.
Since Ji, k[N (I’ UK’) C i, k[N (I UK) = @ and any directed path in S contracts to a directed
path in T, we then obtain that (i,k, A, B) is also a mandatory arc of S, hence belongs to A=
since S is =-admissible. Assume now that I’ and K’ are distinct and not connected in S. Up to
symmetry, we can then assume that I = J,,, that I’ = J, and that K = K’ is a neighbor of J,
in S. Since |i,kK[N(TUK) = &, we have i < k < jor j < i < k for all j € J,. Since S is a
Schroder separating tree and contains the edge I’ = J, — J,, it cannot contain the edge K’ — J,,
as otherwise I’ and K’ would be contained in two descendant subtrees of .J, not separated by J,.
Hence we obtain that S contains the path I’ — J, — K’. Assume for instance that there is j € J,
withi <k < j. Asie I’ and j € J, and I' — J, in S, we obtain an arc (i, j, A, B") of S, which
is thus in A= since S is =-admissible. As i < k < j and any directed path in S contracts to a
directed path in T', we obtain that (i,k, A, B) is a subarc of (i, j, A’, B’), thus also belongs to A=.

Consider now a forbidden up arc u(M,m) of T. Let J be the node of T with two ancestor
subtrees L and R with L < R such that M = max(L) and m = min(R). If L and R are
both ancestor subtrees of the same node of S, then the up arc u(M,m) is not in A= since S
is =-admissible. Otherwise, we have that J = J,e, and L is an ancestor subtree of J, while R
is an ancestor subtree of J, (or the opposite, which is similar). Let R’ be the ancestor subtree
of J, in S containing R, and let m/:= max(R’). As R C R’, we have m’ < m, so that the up
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arc u(M,m') is a subarc of the arc u(M, m). We conclude that the arc u(M, m) is not in A= since
its subarc u(M,m’) is not in A= since S is =-admissible. The proof is symmetric for the forbidden
down arcs. g

Lemma 4.18. The contraction minimal =-admissible Schroder separating trees are precisely the
=-admissible separating trees.

Proof. A =-admissible separating tree is clearly a contraction minimal =-admissible Schréder sep-
arating tree since all nodes are singletons. Conversely, consider a =-admissible Schroder separating
tree S which is not contraction minimal. Then it has a node Joe with |Joe| > 1. Let Joo = Jo L Js
for some arbitrary J, # @ # J, with J, < J,. Let T' be the tree obtained by splitting the node J,,
of S into two nodes J, and J,, adding an edge J, — Jo, and attaching each ancestor subtree X
of Joe to Jo if X < max(J,) and the up arc u(max(X), min(J,)) is not in A= and to Jo oth-
erwise, and similarly each descendant subtree X of Joe to Jo if min(J,) < X and the down
arc d(max(J,), min(X)) is not in A= and to J, otherwise. Note that our definition of T here
slightly differs from that of the proof of Lemma 4.7 since we need to additionally ensure that T’
is still =-admissible. By definition, T" is a tree on the parts of a partition of [n], and S is the
contraction of the edge J, — J, in the tree T, so we just need to check that T is separating and
=-admissible.

We first prove that T is separating. Consider two ancestor subtrees X and Y of a node J of T
(the case of descendant subtrees is symmetric). We want to prove that there is j € J separating X
from Y. The proof is identical to that of Lemma 4.7 if J # J,. Assume now that J = J,. We thus
obtain that X and Y were ancestor subtrees of Joe in S. As S is a Schréder separating tree, there
is j € Joe separating X and Y. Assume by symmetry that X < j <Y. As S is =-admissible, the
forbidden up arc u(max(X), min(Y)) of S is not in A=. Since X is attached to J,, we have two
options:

e cither X £ max(J,), then we obtain that j € J, = J and j separates X from Y,
e or X < max(J,) and the up arc u(max(X), min(J,)) is in A=. As u(max(X), min(Y)) is
not in A=, we obtain that min(J,) < min(Y’), so that min(J,) separates X from Y.

Consider now a mandatory arc (i,k, A, B) of T. Let I and K be the nodes of T such that i € T
and k € K, and similarly let I’ and K’ be the nodes of S such that i € I' and k € K'. Note
that I C I’ and K C K'. Moreover, either I =I' or I € {J,, Jo} and I’ = J,, and similarly for K
and K’. By Definition 4.9, I and K either coincide or form an edge of T, and Ji, k[N (U K) = @.
Hence, I' and K’ either coincide or form an edge of S. If we have Ji, k[N (I’ U K') = &, then we
obtain that (i, k, A, B) is a mandatory arc of S since any directed path in T contracts to a directed
pathin S. As S is =-admissible, we therefore obtain that (i, k, A, B) is in A= as desired. Hence, we
can assume that |i, k[N(I"UK') # @. Note that this cannot happen if I = I’ and K = K’ (since we
would have TUK = I'UK’), nor if I # I’ and K # K’ (because, if I # K then UK = Jo,o = I'UK’,
while if I = K then Ji, k[ C I C I’ so that |i, k[N (I’ UK') =i, k[N ] = &). Hence, we can assume
by symmetry that I = J, and I’ = J,, while K = K’ is a neighbor of J, in T distinct from J,
and J,. Moreover, we must have i < min(J,) < k, so that ¢ = max(J,) and k = min(K ~\ [i])
since |4, k[N (I UK) = @. Since max(J,) = ¢ < k € K, the definition of T prevents K to be a
parent of J,. Hence, K is a child of J,, and we let X be the descendant subtree of J, containing K,
and m:= min(X). Note that the down arc d(i,m) is a subarc of (i, k, A, B). We moreover claim
that it is always in A=. Indeed, the definition of T' leaves us with two possibilities:

o If min(J,) £ X, then m < min(J,), hence d(i,m) is a subarc of the mandatory arc of S
defined by the two consecutive elements max(J,) and min(J,) of Joe, which is in A=
since S is =-admissible.

e If min(J,) < X then d(i, m) = d(max(J,), min(X)) is in A= by construction of 7.

We now consider two increasing sequences i = ag < --- < a, =k and i = by < --- < by = k of
elements of [i, k], where

e m=a; <---<a, =k are such that for all j € [s — 1], the nodes A; and A, of S con-
taining a; and a;41 either coincide or form an edge of S, and |a;, a;41[N(A; UAj41) = @,

e by < -+ < bs_1 denote the elements of |i, k[ N J,.
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FIGURE 12. The subarc minimal uncontracted arcs of the minimal (blue, top) and maximal (red,
bottom) simple congruences for the four Schrioder separating trees of Figure 10 (whose mandatory
and forbidden arcs are shown in Figure 11).

Note that {a1,...,a,—1} C A while {b1,...,bs_1} C B. Moreover, (a;_1,a;) defines a mandatory
arc o of S for each j € [2,7] (because a;j_1 and a; are consecutive either in a common node
of S or in neighbors in S). Similarly, (bj_1,b;) defines a mandatory arc 8; of S for each j € [s]
(because b;_; and b; are consecutive in the node Jo, of S for j € [s — 1], and as_1 € Joe
while a; = k € K are consecutive in neighbors of S). Moreover, all these arcs are subarcs
of (i,k, A, B) and belong to A= since S is =-admissible. Finally, we have seen that «y :=d(ag,a1) =
d(i,m) is a subarc of (i,k, A, B) and belongs to A=. Assume now by means of contradiction
that (i, k, A, B) isnot in A=. Let i < p < ¢ < k be such that the subarc v := (p, ¢, AN|p, ¢[, BN]p, q[)
of (i,k, A, B) is minimal in A \ A= for the subarc order. There is no j € [r] (resp. j € [s]) such
that aj_1 <p < g < aj (resp. bj_1 < p < g <bj) since o (resp. 8;) is a subarc of (i, k, A, B) and
belongs to A=. Hence, thereis j € [r—1] (resp. j € [s—1]) such that p < a; < ¢ (resp. p < b; < q).
Since {ai,...,ar—1} C A while {b1,...,bs—1} C B, the subarc v of (i,k, A, B) is neither an up
arc, nor a down arc. This contradicts our assumption that = is a simple congruence. We finally
conclude that the mandatory arc (i, k, A, B) indeed belongs to A=.

Consider now a forbidden up arc u(M,m) of T. Let J be the node of T" with two ancestor
subtrees L and R with L < R such that M = max(L) and m = min(R). If L and R are
both ancestor subtrees of the same node of S, then the up arc w(M,m) is not in A= since S is
=-admissible. Hence, we can assume that J = J, and L 2 J, while R D J,. Since L is attached
to Jo, the up arc u(max(L), min(J,)) is not in A=. We can thus assume that m < min(J,). Let Y’
be the ancestor subtree of J, containing m. Then L and Y are distinct ancestor subtrees of Jo
in S with L <Y and M = max(L) while m = min(Y"), so that w(M,m) is a forbidden up arc of S.
Since S is =-admissible, we conclude that u(M,m) is not in A=. The proof is symmetric for the
forbidden down arcs. O

Proposition 4.19. If = is a simple essential congruence of the weak order, then the Hasse diagrams
of the =-preposets are precisely the =-admissible Schrider separating trees.

Proof. As = is a simple congruence, the Hasse diagrams of the =-preposets are precisely the
(iterated) contractions of the Hasse diagrams of the =-posets. The statement thus follows from
Proposition 3.16 and Lemmas 4.17 and 4.18. O

Remark 4.20. The number of =-admissible Schroéder separating trees is
Z o# des(T)
T

where the sum ranges over all =-admissible separating trees, and des(7T") denotes the descents of T’
(i.e. the edges i + j with 1 <i < j <mn).

Example 4.21. For instance, Figure 12 shows the subarc minimal uncontracted arcs of the minimal
(blue, top) and maximal (red, bottom) simple congruences for the four Schréder separating trees
of Figure 10.

Remark 4.22. Proposition 3.17 extends verbatim to Schroder separating trees.
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5. ALGEBRAIC STRUCTURE

This section is devoted to algebraic aspects of the essential simple congruences. Since there is
no natural coproduct in this context, we shall only sketch the algebraic structure and refer the
reader to [CP17, PP18, Pil19] for more detailed explanations and basic definitions.

The natural algebra structure between sets of permutations is given by the shuffle product of
the Hopf algebra on permutations of C. Reutenauer and C. Malvenuto [MR95]. Recall that the
shifted shuffle of two permutations p € &,,, and o € &,, is the set plLl o of permutations of &,,,1,,
whose first m (resp. last n) values appear in the same order as p (resp. o). For instance,

12111231 = {12453, 14253, 14523, 14532, 41253, 41523, 41532, 45123, 45132, 45312}

Given two essential simple congruences = on &,, and =" on &,, and two congruence classes R
of &,,/= and S of &,,/=', we can consider the shuffle product RIS = UpeR’[,eSpLT_IU. To
provide an algebraic structure, we need RIS to be a disjoint union of classes of an essential
simple congruence that depends on = and =’. There are various possible solutions, but we want our
choice to specialize to the existing constructions for binary trees [LR98], Cambrian trees [CP17],
and permutrees [PP18].

To this end, let us define a birational sequence of length n as a sequence r of n pairs of positive
rational numbers. We represent r by placing vertical walls above and below the points of [n],
each labeled by a rational number. We associate to r the simple congruence =, whose subarc
minimal forbidden arcs are the shortest up or down arcs that cross walls whose label sums are
greater than 1. For example, the birational sequence ((0,0), (3,3),(3,3),(3,3%),(1,1)) forbids the
arcs (1,4,2,{2,3}),(1,5,{2,3,4},9),(2,5,2, {3,4}) and all their suparcs. Note that the first and
last birationals of  do not matter at the moment since no arcs cross these walls. We first observe
that this model encompasses all essential simple congruences.

Proposition 5.1. The essential simple congruences are recisely the congruences =, defined by bi-
rational sequences T.

Proof. The forbidden arcs above and below the axis depending on disjoint sets of rationals, we
can limit ourselves to proving that any set of nonnesting essential up arcs is precisely the set of
subarc minimal forbidden arcs by a rational sequence. Consider a set of & nonnesting essential up
arcs u(ay, by),...,u(ag,by), ordered such that a1 < -+ < ag and by < --- < by (these conditions
are equivalent since the arcs are nonnesting). We prove by induction on k that this set is indeed
the set of subarc minimal forbidden arcs by some rational sequence, which moreover vanishes out-
side Jay, bg[. For k = 0, the sequence (0, .. ., 0) forbids no up arc. By induction hypothesis, there ex-
ists a rational sequence r:= (r1,. .., r,) which precisely forbids the arcs u(ai, b1),...,u(ar—1,br-1)
and vanishes outside ]a, bg—1[. As the condition for preserving an arc is open, there exists a suffi-
ciently small € > 0 so that © + e1},, 5, still forbids precisely u(ai,b1),...,u(ax—1,bx—1). Finally,
let s:=7 + eljg, b, + (L —elby —ar —1) = > —icp,_, Ti)V{p—1)- By definition, s vanishes

outside Jay,br[. As v + €lyq, p,[ precisely forbids u(a1,b1),...,u(ar—1,br—1) and vanishes out-
side ]a, bg[, the sequence s also forbids these arcs and an additional subarc minimal arc of the
form (a,by). The choice of the weight at by, — 1 ensures that a = ay. O

We shall now see that the concatenation of the birational sequences indeed defines an algebra
structure for essential simple congruences. We denote by rs the birational sequence of length m-+n
obtained by the concatenation of a birational sequence r of length m with a birational sequence s
of length n.

Proposition 5.2. For any birational sequences r, s of length m andn, and any congruence classes R
of G /=r and S of &, /=s, the shifted shuffle RILS is a disjoint union of congruence classes
Of 6m+n/5rs'

Proof. Observe first that the arcs forbidden by rs with both endpoints in [m] (resp. in [m+n]~\[n])
are precisely the arcs forbidden by r (resp. the arcs forbidden by s shifted by m).
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Since the shifted shuffles of distinct permutations are disjoint, we only need to prove that, if
a permutation 7w belongs to RIS, then so do all the permutations of its class. As classes are
connected in the weak order, we only need to prove it for a permutation 7’ adjacent to 7.

Let p € R and o € S be such that 7 belongs to pllio. If 7 and 7’ differ by the transposition of
a value in [m] and a value in [m+n] \ [m], then 7’ also belongs to pLL o by definition of the shifted
shuffle 1D. If 7 and 7’ differ by the transposition of two values w, v in [m] (resp. in [m 4 n] X [m]),
then 7’ belongs to p’ o (resp. pllig’) where p and p’ (resp. o and ¢’) differ by the transposition
of the values u,v. As the arc corresponding to the transposition between w in 7’ is forbidden
by rs, it (resp. its shift) is also forbidden by r (resp. s), so that p’ € R (resp. ¢’ € S). In both
cases, we obtained that 7’ also belongs to R11IS. O

It follows from Proposition 5.2 that one can define the following algebra.

Definition 5.3. A decorated separating tree is a pair (T,t), where t is a birational sequence and T
is a separating tree of =;. The decorated separating tree algebra is the algebra with basis indexed
by decorated separating trees and where the product is given by (R, r)-(S,8) = >, (T3, 7s) such
that the union of the linear extensions of T4, ..., T} is the shifted shuffle of the linear extensions
of R with the linear extensions of S.

Remark 5.4. (1) Restricting to bibinary sequences (where all entries are either 0 or 1), we
recover the algebraic structure defined on permutrees in [PP18]. It encompasses in partic-
ular the algebraic structure on binary trees by J.-L. Loday and M. Ronco [LR98] and on
Cambrian trees by [CP17].

(2) Similarly to [CP17, PP18], we can understand the product of Proposition 5.2 by over and
under operations on decorated separating trees, and we obtain a multiplicative basis of the
decorated separating tree algebra using upper sets of congruence classes. The only crucial
ingredient is that all congruence classes are intervals of the weak order. Details are left to
the reader.

(3) In contrast to [LR98, CP17, PP18], there is unfortunately no natural Hopf algebra struc-
ture on decorated separating trees. The natural coproduct would be the deconcatenation
of permutations (with pairs of rationals attached to values). Unfortunately, this operation
does not define a coalgebra on decorated separating trees. For example, the birational
sequence ((0,0), (%, 0), (%,0), (%, 0),(0,0)) has only one forbidden arc u(1,5). Hence, the
permutation 24153 is alone in its class (since 1 and 5 are not consecutive). So its deconcate-
nation gives rise to a single term 2314 ® 1 in 64 ® &;. The corresponding deconcatenated
birational sequence ((0,0), (%,0),(3,0),(0,0)) forbids u(1,4), so that 2314 is equivalent
to 2341 (since 1 and 4 are now consecutive). Hence, the deconcatenation does not define
a coalgebra.

(4) Restricting to bibinary sequences, this phenomenon disappears, explaining the Hopf alge-
bra structures in [LR98, CP17, PP13].

6. QUIVER REPRESENTATION THEORY

In this section we describe how our main results apply to the combinatorics of quiver represen-
tations [ASS06, Sch14, ATR14, DIR"23] (see also the survey articles [Thol2, Tho21]).

Fix a field K. A quiver Q:=(Qo, Q1) is a finite directed graph with vertices Qo and directed
edges (or arrows) Q1. The path algebra KQ of @ is the K-algebra whose underlying K-vector
space has a basis indexed by all directed paths in @, and where the product of two paths is their
concatenation when it is a path, or zero otherwise.

Let I be a two-sided ideal of the path algebra K Q. A representation of (@, I) is an assignment
of a finite dimensional K-vector space V; for each vertex i € @)y, and an assignment of a linear
map ¢ : V; = V; for each arrow o from 7 to j in @1 such that relations in I are satisfied. When
the ideal I is generated by paths in @, this means that whenever a path w (which can be thought
of as a word in the arrows of Q1) belongs to I, the composition of the corresponding linear maps
is zero.
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There is a K-linear equivalence of the category of representations of (@,I) over K and the
category of finitely generated modules over A:=KQ@Q/I. This equivalence allows us to discuss
morphisms, quotients and extensions of a representation (by thinking of the representation as a
module over A).

As combinatorialists, quiver representations are of interest because certain subcategories of
quiver representations, ordered by containment, form interesting and rich lattice-posets. In par-
ticular, we focus on subcategories called torsion classes. A subcategory T is a torsion class if it is
closed under quotients and extensions. In particular, the empty subcategory, and the subcategory
of all representations are both torsion classes. Clearly, if &/ and T are torsion classes, then so is
their intersection. Thus the set of torsion classes forms a lattice which we denote by tors(A).

In fact, the lattice tors(A) shares many pleasant properties with the weak order on a finite
Coxeter group. The lattice tors(A) is semidistributive, congruence uniform, and Hasse-regular,
although it is not generally known whether tors(A) can be realized as the skeleton of a simple
polytope. One notable exception is when A is the preprojective algebra II,, of type A,. In this
paper, we work with a simpler algebra, which we denote as RA,, following [BCZ19], also called
the Orpheus Algebra in [BSGS24]. Importantly, the lattice of torsion classes for both the Orpheus
algebra RA, [BCZ19, Sect. 4] and the preprojective algebra of type A, [Mizl4, Miz22, Thm. 2.3]
are isomorphic to the weak order on A,.

Definition 6.1. The quiver @ :=(Qo, Q1) of RA, has vertices Qp = {1,2,...n}, arrows () given
by a; :i—i+1and §;:i+1—iforall i € [n— 1], and two-sided ideal I generated by all cycles
of the form Oziﬁi = ﬁ,al

In [DIR 23], the authors study the lattice of congruences of the lattice of torsion classe tors A,
where A is any finite-dimensional algebra. Their main result gives a correspondence between
quotients A/I’ of A by an ideal I’ and certain algebraic congruences of tors A. In the particular
case where A is the Orpheus algebra RA,,, these algebraic congruences actually characterize simple
congruences.

Now that we know that every simple congruence = of the weak order on A, is an algebraic
congruence of the algebra RA, by some ideal I—, it is natural to ask for a set of minimal gener-
ators w of I=, in the sense that no other generator contains w as a consecutive subword. Indeed,
these generators can be read off as minimal arcs (in the sense of subarcs).

For each pair 1 < i < j < n, we earlier defined the up arc (i, j) := (4, 7, 7, j[, &) and the down
arc u(t,7):=(4,7,9,]4,j[), and we now define the up path up(i,j):=a;...;_1 and the down
path dp(i, j) = B;j—1...0; in the quiver of RA, _;.

Theorem 6.2. Consider any simple congruence = of the weak order on &,,, and let A= be its arc
ideal and I= be its path algebra ideal of RA,. Then u(i,j) (resp. d(i,j)) is a subarc minimal arc
of AN A= if and only if up(i,j) (resp. dp(i,7)) is a minimal generator of I=.

Corollary 6.3. For any simple congruence = of the weak order on &,,, the g-vector fan of RA,_1/I=
is (up to a change of basis) the intersection of the hyperplane {& € R™ | Y>°1" | x; = 0} with the fan
of R™ with cones C(S):= {& € R" | &; < z; fori— j in S} defined by the =-admissible Schrider
separating trees T (and mazimal cones correspond to =-admissible separating trees).
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