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Abstract. Nested complexes of building sets on semilattices were studied by E. M. Feichtner
and her coauthors as combinatorial abstractions of C. De Concini and C. Procesi’s wonderful

compactifications of complements of subspace arrangements.

We study nested complexes of building sets on the Las Vergnas face lattices of oriented
matroids. Such a nested complex is the face lattice of an oriented matroid, obtained by iterated

stellar subdivisions of the positive tope. It follows that if the oriented matroid is realizable, the
nested complex is isomorphic to the boundary complex of a polytope.

We turn this into an explicit and combinatorially meaningful polytopal realization. For this,

we first prove that the facial nested complex can be embedded as the acyclic (with respect to
the oriented matroid) subcomplex of the nested complex of a well-chosen boolean building set.

We then show that, in the realizable case, this acyclic subcomplex can be geometrically selected

as the section of a nestohedron by the evaluation space of the vector configuration, which we
call acyclonestohedron. Moreover, by results of G. Gaiffi, the interior of any polytope admits

a stratified compactification that is diffeormorphic as a stratified space to the corresponding

acyclonestohedron.
Our framework generalizes the poset associahedra and affine poset cyclohedra recently intro-

duced by P. Galashin, from order and affine order polytopes to any (oriented matroid) polytope.

Poset associahedra are the graphical acyclonestohedra, and our approach recovers as particular
cases the main results of P. Galashin (polytopality via stellar subdivisions and the connec-

tion to the compactification of the order polytope) and answers some of his open questions
(explicit polytopal realizations and algebraic interpretations). Besides poset associahedra, our

framework unifies various other existing families of nested-like polytopes, such as the simple

polytope nestohedra, the hyperoctahedral nestohedra, the design graph associahedra and the
permutopermutohedra, to which our palette of results can be directly applied.

The core of our construction is the embedding of the facial nested complex inside a boolean

nested complex. More generally, we provide conditions that guarantee an embedding between
nested complexes over two lattices. For instance, any atomic nested complex has a canonical

embedding inside a boolean nested complex. As another application, we embed nested complexes

over lattices of faces into nested complexes over lattices of flats, recovering as a particular case,
the embedding of the positive Bergman complex into the Bergman complex.
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1. Introduction

Lattice nested complexes. In their influential paper [DCP95], C. De Concini and C. Procesi
introduced wonderful compactifications of the complement of a subspace arrangement. These are
smooth compactifications in which the subspaces are replaced by a divisor with normal crossings
via a sequence of blow-ups, as in W. Fulton and R. MacPherson’s compactification [FM94]. The
boundary of the compactification is stratified, and the combinatorics of this stratification is gov-
erned by building sets and nested complexes: the building set determines which elements of the
intersection lattice are blown up, and the nested complex describes the intersection pattern of the
resulting strata.

The combinatorial structures underlying wonderful compactifications were further explored by
E. M. Feichtner and her coauthors in a series of foundational papers [FK04, FY04, FM05, FS05],
which developed into a combinatorial theory of building sets and nested complexes with rich
connections to algebra, topology, and combinatorics. We refer to [Fei05] for a gentle survey.
In particular, E. M. Feichtner and D. Kozlov extended the notions of building sets and nested
complexes from intersection lattices to arbitrary meet-semilattices [FK04]. So far, two principal
types of lattices have played a central role in applications within the geometric and algebraic
combinatorics community.

On the one hand, particular attention has been given to the lattice of flats of a matroid. The
nested complex of this lattice triangulates the Bergman fan of the matroid [FS05, AK06], providing
a geometric realization of the nested complex as a fan. The associated toric variety gives rise to
the Chow ring of the matroid [FY04], which in the realizable case specializes to the cohomology
ring of the wonderful compactification. A key ingredient in the celebrated proof of the Heron–
Rota–Welsh conjecture by K. Adiprasito, J. Huh, and E. Katz [AHK18] consists in proving the
Hodge–Riemann relations for these Chow rings.

On the other hand, building sets and nested complexes on the boolean lattice have been ex-
tensively studied, notably by A. Postnikov [Pos09] and E. M. Feichtner and B. Sturmfels [FS05],
to the point that the terms building set and nested complex often implicitly refer to this boolean
case. A remarkable property of boolean nested complexes is that they admit explicit geometric re-
alizations as the boundary complexes of convex polytopes called nestohedra [Pos09, FS05, Zel06].
The nestohedron associated to a boolean building set is constructed as the Minkowski sum of
(any positive dilation of) the faces of the standard simplex corresponding to the blocks of the
building set. This can also be seen as an explicit recipe for truncating the corresponding faces of
the simplex. A boolean building set can additionally be interpreted as the collection of (vertex
sets of) connected subhypergraphs of a given hypergraph. When the underlying hypergraph is a
graph, the building set is said to be graphical, and the nestohedron is the graph associahedron of
M. Carr and S. Devadoss [CD06, Dev09]. Many important families of polytopes arise as special
cases, including permutahedra and associahedra.

Facial nested complexes. In this paper, we focus on the Las Vergnas face lattices of oriented
matroids, which generalize face lattices of polytopes. While a matroid abstracts the notion of
dependence found in structures such as vector spaces or graphs [Oxl92], an oriented matroid
additionally captures the sign information of dependencies, akin to distinguishing base orientations
in geometry or to considering directed graphs [BLS+99]. The Las Vergnas face lattice of an oriented
matroid encodes its acyclic quotients and, in the realizable case, coincides with the face lattice of
the corresponding polytope.

We systematically develop the theory of nested complexes of building sets over Las Vergnas
face lattices, which we call facial nested complexes. Beyond boolean nested complexes, which are
the facial nested complexes of the simplex, we show that several families of simplicial complexes
and polytopes previously studied in the literature are, in fact, facial nested complexes. These
include poset associahedra [Gal24], simple polytope nestohedra [Alm20, Pet14], hyperoctahedral
nestohedra [Alm20], design graph associahedra [DHV11], permutopermutahedra [Gai15, CL23],
and simple permutoassociahedra [BIP19, Iva20].
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Figure 1. Inclusions and connections between different types of nested complexes.

Our framework thus unifies a range of previously disparate constructions under a single combi-
natorial and geometric perspective. Many of the structural and geometric results in these works
follow directly from their reinterpretation as facial nested complexes, which brings with it a rich
package of combinatorial, topological, geometric, and algebraic consequences. In fact, we believe
that most ‘nested-like’ polytopes are captured by our framework of facial nestohedra (although
some clearly fall outside: for instance the permutoassociahedron of [Kap93, RZ94, CL23] is not
even simple).

Acyclonestohedra. A central goal in many of the aforementioned works is to demonstrate that
these nested-like complexes arise as boundary complexes of polytopes. As it turns out, all facial
nested complexes of an oriented matroid can be obtained through iterated stellar subdivisions of
the positive tope. It follows that, if the oriented matroid is realizable, the nested complex is dually
realized by iterated face truncations of the polar of the underlying polytope. This realization
is not entirely satisfactory, however, as it does not provide explicit coordinates. Namely, stellar
subdivisions and face truncations rely on successive choices of sufficiently small parameters, which
are challenging to control.

We provide effective and combinatorially meaningful polytopal realizations of facial nested com-
plexes arising from realizable oriented matroids. Specifically, using the fact that every polytope
can be presented as a section of a simplex, we show that every facial nested complex on a polytope
can be dually realized as a section of a boolean nestohedron. This yields explicit coordinates for
polytopes that we call acyclonestohedra, as they geometrically embed facial nested complexes as
the acyclic part (with respect to the underlying oriented matroid) of boolean nested complexes.
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We also note that acyclonestohedra are removahedra of the omnitruncation of the polytope, for
which our construction provides coordinates via an explicit non-iterative formula.

Figure 1 illustrates some examples of acyclonestohedra in the panorama of lattice nested com-
plexes.

Poset associahedra and compactifications. Our original motivation for studying facial
nested complexes of oriented matroids comes from P. Galashin’s recent work on poset associ-
ahedra and affine poset cyclohedra [Gal24]. In particular, acyclonestohedra specialize to poset
associahedra when the oriented matroid is graphical.

Beyond the construction via stellar subdivisions, our approach allows us to extend most of the
results in [Gal24] from order and affine order polytopes to arbitrary (oriented matroid) polytopes.
One of P. Galashin’s main results is that poset associahedra model compactifications of the space
of order-preserving maps P → R, which can be identified with the interior of an order polytope.
We observe that results from [Gai03] imply that the interior of any polytope admits a stratified
compactification as a C∞-manifold with corners, obtained via real blow-ups, that is diffeomor-
phic as a stratified space to the corresponding acyclonestohedron. Facial nested complexes also
appear to model the boundary structure of wondertopes in a recent alternative compactification
via projective blow-ups [BEPV24].

Furthermore, we are able to address some questions left open in [Gal24]. First of all, acyclon-
estohedra provide the desired explicit realizations of (affine) poset associahedra. An alternative
explicit construction of poset associahedra was independently proposed by A. Sack [Sac25], which
we show can be recovered as a projection of our acyclonestohedron. Secondly, the toric variety of
the facial nested fan [FY04] yields an algebraic variety reflecting the combinatorics of the poset
associahedron.

Nested complex embeddings. Our realization of acyclonestohedra is the geometric incarnation
of the embedding of the facial nested complex as the acyclic subcomplex of a boolean nested
complex, valid for every oriented matroid, realizable or not. An analogous embedding of flatial
nested complexes (those defined over the lattice of flats of the matroid) inside boolean nested
complexes for minimal and maximal flatial and boolean building sets was implicitly used to define
the Bergman fan in [AK06], and later extended to arbitrary building sets in [FS05]. Similarly,
embeddings of facial nested complexes into flatial nested complexes for the minimal and maximal
facial and flatial building sets were exploited in [AKW06, ARW06] to embed the positive Bergman
complex into the Bergman complex. Here, we extend this by showing that any flatial building
set restricts to a facial building set, for which the associated facial nested complex embeds into
the associated flatial nested complex. If moreover every element of the matroid is a vertex of the
oriented matroid polytope, then all facial building sets arise this way. (Otherwise, elements that
are not visible in the face lattice may break the building set structure when considered inside the
flat lattice).

To prove these results, we more generally consider arbitrary order embeddings between lattices,
and we study conditions on these embeddings and building sets that guarantee embeddings of
the corresponding nested complexes. As an application of their results on the convex geometry
of building sets, this topic was also independently investigated by S. Backman and R. Danner
in [BD24], and we refer to the extensive list of examples in [BD24, Sect. 4] for further illustrations
of the ubiquity of these embeddings. We identify some families of tame order embeddings that
behave well with respect to nested complexes, and we study when they allow for pushing or pulling
building sets and nested complexes. As a particular case, we prove that any atomic nested complex
has a canonical embedding inside a boolean nested complex, generalizing the aforementioned
embeddings of the facial and flatial nested complexes. Our results are broader than these boolean
embeddings, and cover in particular the aforementioned embeddings of the facial inside the flatial
nested complex. Finally, we note that the consistency criterion of [BD24, Def. 4.4 & Thm. 4.5]
can a posteriori be derived from our study.

Organization. The paper is organized as follows. Part I is a gentle presentation of building
sets and nested complexes (Section 2) and of oriented matroids (Section 3). To build intuition,
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we start with boolean nested complexes and oriented matroids from vector configurations, and we
further explore the graphical settings. Our focus lies especially on restrictions and contractions to
describe links (Sections 2.4 and 3.4), and on specific operations (Sections 2.6 and 3.6) to restrict
to connected structures. Since we could not find these results stated in full lattice generality in
the literature at the time of writing, we give a unified presentation that includes detailed proofs
for the construction of the lattice building closure (extending [FS05, Lem. 3.10] and independently
proven in [BD24]), the description of links in lattice nested complexes (extending [Zel06, Prop. 3.2],
[DCP95, Sect. 4.3], and [BEPV24, Thm 1.6]), and the treatment of direct sum and free sum
operations.

In Part II, we consider the facial nested complex of a facial building set (Section 4) and the
acyclic nested complex of an oriented building set (Section 5). We prove that these two settings
essentially coincide (Section 6). Namely, the facial building sets are precisely the facial parts of
the oriented building sets, and their nested complexes coincide.

Part III addresses geometric realizations of facial nested complexes (or equivalently acyclic
nested complexes). First, the facial nested complexes of an oriented matroid M are shown to be
face lattices of oriented matroids, which are realizable wheneverM is (Section 7). This follows from
an oriented matroid interpretation of the combinatorial blow-up operation from [FK04]. Second,
and most important, we provide an alternative polytopal realization of facial nested complexes of
realizable oriented matroids as sections of nestohedra, with explicit and combinatorially meaningful
coordinates (Section 8). Finally, we connect facial nested complexes to the work of G. Gaiffi [Gai03]
on stratified compactifications of polyhedral cones and to the work of S. Brauner, C. Eur, E. Pratt,
and R. Vlad [BEPV24] on wondertopes (Section 9).

Part IV is devoted to the graphical case. Namely, we prove that the poset associahedra (Sec-
tion 10) and affine poset cyclohedra (Section 11) defined by P. Galashin in [Gal24] are facial nested
complexes of graphical oriented building sets. Applying Sections 7 to 9, we thus recover the poly-
topal realizations of [Gal24, Thm. 2.1] by stellar subdivisions of order polytopes, we obtain nice
explicit realizations as graphical acyclonestohedra, and we recover stratified compactifications of
the order polytopes akin to [Gal24, Thm. 1.9&1.12].

Lastly, Part V is devoted to more general nested complex embeddings and the resulting real-
izations. We first investigate conditions on poset embeddings between two lattices that guarantee
nested complex embeddings (Section 12). We then apply these conditions to embed atomic nested
complexes as subcomplexes of boolean nested complexes (Section 13) and derive realizations of
atomic nested complexes as subfans of boolean nested fans and as subcomplexes of boundary com-
plexes of nestohedra, recovering the fan realizations of E. M. Feichtner and S. Yuzvinsky [FY04].
We finally apply our conditions to explain the embeddings of nested complexes over the face lattice
inside nested complexes over the flat lattice of an oriented matroid that appears in the positive
Bergman fan construction (Section 14).

Preliminary versions. The geometric realization of poset associahedra appeared as the Master
thesis of C. Mantovani [Man22], co-supervised by the other authors. Preliminary versions of our
results were presented in the Simons Center Workshop on Combinatorics and Geometry of Convex
Polyhedra (Mar. 2023), the Oberwolfach workshop on Geometric, Algebraic, and Topological
Combinatorics (Dec. 2023), and of the 36th International Conference on Formal Power Series
and Algebraic Combinatorics (FPSAC 24, Bochum, Jul. 2024). Extended abstracts can be found
in [MPP23, MPP24].
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Part I. Nested complexes and oriented matroids

In this part, we remind the reader of classical notions on building sets and nested complexes
(Section 2) and on oriented matroids (Section 3). We focus in particular on restrictions and
contractions (Sections 2.4 and 3.4) that enables us to describe links, and on some operations
(Sections 2.6 and 3.6) that enable us to consider only connected objects.

2. Building sets, nested sets, and nested complexes

We now recall some aspects of building sets and nested sets. In the original definition of
E. M. Feichtner and D. Kozlov [FK04], building sets and nested sets depend upon an underlying
meet semilattice (generalizing the work on lattices of flats of subspace arrangements from [DCP95]).
In this paper, we will work with (not-necessarily boolean) face lattices of polytopes and oriented
matroids. Our presentation starts with the classical setting on the boolean lattice (Section 2.1),
and its generalization to the level of general lattices (Sections 2.2 and 2.3). We then define restric-
tions and contractions to describe links in nested complexes (Section 2.4), recall the operation of
combinatorial blow-up (Section 2.5), and conclude with two operations on lattices and building
sets that enable us to restrict to connected building sets (Section 2.6).

2.1. Building sets and nested sets. We first recall the classical definitions of (boolean) building
sets, nested sets, nested complexes, nested fans and nestohedra from [Pos09, FS05, Zel06, Pil17]
and their specializations to the graphical case [CD06]. The presentation and some illustrations
are borrowed from [PPP23].

2.1.1. Building sets. We start with the notion of building sets.

Definition 2.1 ([FK04, FS05, Pos09]). A building set on a ground set S is a set B of non-empty
subsets of S such that

• B contains all singletons {s} for s ∈ S,
• if B,B′ ∈ B and B ∩B′ ̸= ∅, then B ∪B′ ∈ B.

We denote by κ(B) the set of B-connected components (i.e. maximal elements of B), and we say
that B is connected if κ(B) = {S}.

Example 2.2. The set 2S ∖ {∅} of all non-empty subsets of S (resp. the set {{s} | s ∈ S} of
singletons of S) is a building set on S, which contains (resp. is contained in) any building set on S.

Example 2.3 ([CD06]). Consider a graph G on S. A tube of G is a non-empty subset of S which
induces a connected subgraph of G. The set B(G) of all tubes of G is a building set, called the
graphical building set of G. Moreover, the blocks of κ(B(G)) are the vertex sets of the connected
components κ(G) of G.

Remark 2.4 ([DP11]). More generally, a hypergraph H on S defines a building set B(H) on S
given by all non-empty subsets of S which induce connected subhypergraphs of H (a path in H is
a sequence of vertices where any two consecutive ones belong to a common hyperedge of H). Any
building set B on S is the building set of a hypergraph, but not always of a graph.

Example 2.5. For a more specific instance, consider the building set B◦ on {1, . . . , 5} defined by

B◦ := {1, 2, 3, 4, 5, 6, 12, 14, 25, 123, 124, 125, 456, 1234, 1235, 1245, 1456, 2456, 12345, 12456, 123456}
(since all labels have a single digit, we can abuse notation and write 123 for {1, 2, 3}). It
has a single B◦-connected component κ(B◦) = {123456}. It is the building set of the hyper-
graph {12, 14, 25, 123, 456} represented in Figure 2 (left).

We immediately observe that any set of non-empty subsets of S can be completed to a minimal
building set.

Definition 2.6 ([FS05, Lem. 3.10]). The building closure of X ⊆ 2S is the smallest building set B
containing X . It is composed of the singletons {s} for s ∈ S and the sets

⋃
Y ∈Y Y for each Y ⊆ X

with a connected intersection graph.
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1 2 3

654
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Figure 2. A hypergraph generating the building set B◦ of Example 2.5 (left), a subset of B◦
which is not a nested set on B◦ (middle left), a nested set on B◦ (middle right), and a maximal
nested set on B◦ (right).

Figure 3. Some incompatible tubes (left and middle), and a maximal tubing (right).

2.1.2. Nested sets. Once a building set is chosen, we consider its nested sets and nested complex.

Definition 2.7 ([FK04, FS05, Pos09]). Let B be a building set on S. A nested set N on B is a
subset N of B containing κ(B) such that

• for any B,B′ ∈ N , either B ⊆ B′ or B′ ⊆ B or B ∩B′ = ∅,
• for any k ≥ 2 pairwise disjoint B1, . . . , Bk ∈ N , the union B1 ∪ · · · ∪Bk is not in B.

The nested complex of B is the simplicial complex N(B) whose faces are N ∖ κ(B) for all nested
sets N on B.
Remark 2.8. Note that it is convenient to include κ(B) in all nested sets (as in [Pos09]), but to
remove κ(B) from all nested sets when defining the B-nested complex (as in [Zel06]). In particular,
the nested complex is a simplicial sphere of dimension |S| − |κ(B)|.
Example 2.9. For the maximal building set 2S ∖ {∅} (resp. minimal building set {{s} | s ∈ S})
considered in Example 2.2, the nested sets are the chains in the boolean lattice on S (resp. all
subsets of S), hence the nested complex is isomorphic to the refinement complex on proper ordered
partitions of S (resp. to the inclusion complex on proper subsets of S).

Example 2.10 ([CD06]). Following on Example 2.3, consider a graph G on S. Two tubes T, T ′

of G are compatible if they are either nested (i.e. T ⊆ T ′ or T ′ ⊆ T ), or disjoint and non-
adjacent (i.e. T ∪ T ′ /∈ B(G)). Note that any connected component of G is compatible with any
other tube of G. A tubing on G is a set T of pairwise compatible tubes of G containing all
connected components κ(G). Examples are illustrated in Figure 3. Tubings are precisely the
nested sets of the graphical building set B(G). The nested complex N(B(G)) is a graphical nested
complex.

Example 2.11. Consider the building set B◦ of Example 2.5. The subset {14, 25, 3} is not a
nested set on B◦ since its union is 12345 ∈ B◦ (and it does not contain κ(B)). In contrast, the
subsets {3, 4, 25, 123456} and {3, 4, 5, 25, 12345, 123456} are nested sets on B◦ and the latter is
maximal. These subsets of B◦ are illustrated in Figure 2.

2.1.3. Contractions, restrictions and links. We now introduce restrictions and contractions of
building sets to describe the links of nested complexes, following [Zel06, Prop. 3.2]. We invite
the reader to check with Definition 2.1 that the following define building sets.

Definition 2.12. For any building set B on S and any R ⊆ S, define

• the restriction of B to R as the building set B|R := {B ∈ B | B ⊆ R} on R,
• the contraction of R in B as the building set B/R := {B ∖R | B ∈ B and B ̸⊆ R} on S∖R.
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Example 2.13. Following on Examples 2.3 and 2.10, consider a graphG on S and R ⊆ S. Denote by

• G|R the subgraph of G induced by R,
• G/R the reconnected complement of R in G, i.e. the graph on S ∖ R with an edge {r, s}
if there is a path between r and s in G with vertices in R ∪ {r, s}, see [CD06].

Then B(G)|R = B(G|R) and B(G)/R = B(G/R).

Example 2.14. For instance, consider the building set B◦ of Example 2.5, illustrated in Figure 2.
For R :=123, we have B◦|R = {1, 2, 3, 12, 123} and B◦/R = {4, 5, 6, 456, 45}.

Note that our definition of contraction in Definition 2.12 slightly differs from that of [Zel06,
Def. 3.1], in order to fit better with the contraction of oriented matroids, see Remark 2.45. However,
it coincides for R ∈ B, which enables us to borrow directly the following statement. Recall that
the link of a face s in a simplicial complex △ is defined by {t ∈ △ | s ∩ t = ∅ and s ∪ t ∈ △} and
the join of two simplicial complexes △ and △′ is defined by △ ∗△′ := {s ⊔ s′ | s ∈ △, s′ ∈ △′}.

Proposition 2.15 ([Zel06, Prop. 3.2]). For any R ∈ B∖κ(B), the link {N ∖ {B} | R ∈ N ∈ N(B)}
is the join N(B|R) ∗N(B/R).

2.1.4. Polyhedral realizations. Finally, we recall the known polyhedral realizations of nested com-
plexes. Namely, we show that the nested complex N(B) of a building set B is realized by the nested
fan Σ(B), or dually by the nestohedron Nest(B). Examples of these fans and polytopes are illus-
trated in Figures 4 to 7. We denote by (es)s∈S the standard basis of RS , and by eX :=

∑
x∈X ex

the characteristic vector of a subset X ⊆ S. We refer to [Zie98, HRGZ97] for basic notions on
polyhedral geometry.

Definition 2.16 ([Pos09, FS05, Zel06]). For a building set B, the nested fan Σ(B) is the collection
of cones

Σ(B) := {CN | N ∈ N(B)} ,
where CN := cone

(
{eB | B ∈ N}

)
is the cone generated by the characteristic vectors of the blocks

in N .

Theorem 2.17 ([Pos09, FS05, Zel06]). For a building set B, the nested fan Σ(B) forms a simplicial
fan of RS, and thus provides a polyhedral realization of the nested complex N(B).

Remark 2.18. The nested fan Σ(B) is not complete nor flat (in the sense that the dimension of its
affine span is larger than its intrinsic dimension). Its projection along Rκ(B) :=

⊕
B∈κ(B) ReB is

flat, and the Minkowski sum Σ(B) + Rκ(B) :=
{
CB + Rκ(B)

∣∣ CB ∈ Σ(B)
}
is a complete fan with

the same combinatorial structure.

For a building set B, we denote by RB
+ :=

{
λ ∈ RB

∣∣ λB > 0 for all B ∈ B with |B| ≥ 2
}
.

Definition 2.19 ([Pos09, FS05]). For a building set B and any λ = (λB)B∈B ∈ RB
+, the nestohe-

dron Nest(B,λ) is the Minkowski sum
∑

B∈B λB△B , where △B := conv {eb | b ∈ B} denotes the
face of the standard simplex △S corresponding to B.

Theorem 2.20 ([Pos09, FS05, Zel06]). For a building set B and any λ ∈ RB
+, the normal fan of

the nestohedron Nest(B,λ) is the nested fan Σ(B) + Rκ(B), hence the nested complex NL(B) is
isomorphic to the boundary complex of the polar of the nestohedron Nest(B,λ).

Note that for this statement, it is important that λB > 0 for |B| ≥ 2, while λB is irrelevant
for |B| = 1 (as it corresponds to translations in the Minkowski sum), hence the definition of RB

+.
We will also need the explicit vertex and facet descriptions of the nestohedron Nest(B,λ).

Proposition 2.21. For any λ ∈ RB
+, the vertex of the nestohedron Nest(B,λ) corresponding to a

maximal nested set N is
v(N ,λ) =

∑
s∈S

∑
B∈B

s∈B⊆B(s,N )

λBes,

where B(s,N ) denotes the inclusion minimal block of N containing s.
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Figure 4. Two nested fans. The rays are labeled by the corresponding blocks. As the fans are
3-dimensional, we intersect them with the sphere and stereographically project them from the
direction (−1,−1,−1). Illustration from [PPP23].

Figure 5. Two nestohedra whose vertices are labeled by the corresponding maximal nested sets.
The maximal block is omitted in all nested sets. Illustration from [PPP23].

Proposition 2.22. For any λ ∈ RB
+, the nestohedron Nest(B,λ) is given by the equalities gB(x) = 0

for all B ∈ κ(B) and the inequalities gB(x) ≥ 0 for all B ∈ B, where

gB(x) :=
〈 ∑

b∈B

eb
∣∣ x 〉

−
∑
B′∈B
B′⊆B

λB′ .

Remark 2.23. Note that adding the inequalities of Proposition 2.22 in reverse inclusion order of B
constructs the nestohedron Nest(B◦,λ) by a sequence of face truncations (see Example 3.32) of a
simplex. We will extend this perspective to all oriented matroids in Section 7.

Example 2.24. For the maximal building set 2S ∖ {∅} (resp. minimal building set {{s} | s ∈ S})
considered in Examples 2.2 and 2.9, the (projection of the) nested fan is the braid fan defined the
hyperplanes

{
x ∈ RS

∣∣ xs = xt
}
for all s ̸= t ∈ S (resp. the simplex fan), and the nestohedron is

a permutahedron (resp. a simplex).

Example 2.25. Following on Examples 2.3, 2.10 and 2.13, for a graph G on S, the nested fan
of B(G) is called graphical nested fan, and the nestohedron of B(G) is the graph associahedron
of G, introduced in [CD06, Dev09]. For instance, the associahedron of the complete graph is a
permutahedron, the associahedron of a path graph is an associahedron, and the associahedron of a
cycle graph is a cyclohedron. See Figure 8. Two other examples are illustrated in Figures 6 and 7.
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Figure 6. Two graphical nested fans. The rays are labeled by the corresponding tubes. As the
fans are 3-dimensional, we intersect them with the sphere and stereographically project them from
the direction (−1,−1,−1). Illustration from [PPP23].

Figure 7. Two graph associahedra, whose vertices are labeled by the corresponding maximal
tubings. The maximal tube is omitted in all tubings. Illustration from [PPP23].

Example 2.26. Consider the building set B◦ of Example 2.5. The vertex v(N◦,λ) of the nestohe-
dron Nest(B◦,λ) corresponding to the maximal nested set N◦ := {3, 4, 5, 25, 12345, 123456} on B◦
illustrated in Figure 2 (right) is given by

v(N◦,λ) = (λ1 + λ12 + λ14 + λ123 + λ124 + λ125 + λ1234 + λ1235 + λ1245 + λ12345)e1

+ (λ2 + λ25)e2 + λ3e3 + λ4e4 + λ5e5 + (λ6 + λ456 + λ1456 + λ2456 + λ12456 + λ123456)e6.

The inequalities corresponding to the blocks 25, 125, and 1234 are given by

x2 + x5 ≥ λ2 + λ5 + λ25 x1 + x2 + x5 ≥ λ1 + λ2 + λ5 + λ12 + λ25 + λ125

x1 + x2 + x3 + x4 ≥ λ1 + λ2 + λ3 + λ4 + λ12 + λ14 + λ123 + λ124 + λ1234.

Note that since the nested set N◦ contains the block 25 (but neither 125 nor 1234), the first
inequality (but not the last two) is tight for the vertex v(N◦,λ).
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3412

3421

4321

4312

2413

4213

3214

1423

1432

1342

1243

1234
2134

1324

2341

2431

3124

2314

3241

4231

3142

2143

4132

4123

Figure 8. The permutahedron (top), the associahedron (middle), and the cyclohedron (bottom),
with vertices labeled by standard combinatorial objects (left) and by maximal tubings of special
graphs (right). The maximal tube is omitted in all tubings.
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2.2. Lattice building sets. Following [FK04, FS05], we now extend Section 2.1 from the boolean

lattice to any finite lattice. Given a finite lattice L, we denote its bottom and top elements by 0̂
and 1̂ respectively. For X ≤ Y in L, we denote by [X,Y ] := {Z ∈ L | X ≤ Z ≤ Y } the correspond-

ing interval. If L is not clear from the context, we add subscripts like ≤L, ∨L, 0̂L, etc. For X ⊆ L,
we denote by max(X ) the maximal elements of X , and for Y ∈ L, we set X<Y := {X ∈ X | X < Y },
and we define analogously X≤Y , X>Y , and X≥Y . Recall that the Cartesian product P × P of two
posets P and P ′ is defined by (X,X ′) ≤P×P ′ (Y, Y ′) if and only ifX ≤P Y andX ′ ≤P ′ Y ′. Finally,
for n ∈ N, we use the classical notation [n] := {1, 2, . . . , n}. The following extends Definition 2.1
from the boolean lattice to any finite lattice.

Definition 2.27 ([FK04, Def. 2.2], [FS05, Def. 3.1]). Let L be a finite lattice. A subset B ⊆ L>0̂ is
an L-building set if, for any Y ∈ L>0̂, there is an isomorphism of partially ordered sets

ϕY :
∏
j∈[k]

L≤Bj

∼=−−−−−→ L≤Y ,

where {B1, . . . , Bk} := max(B≤Y ) and the j-th component of the map ϕY is the inclusion of inter-
vals L≤Bj ⊆ L≤Y in L. The elements in B are called blocks.

Remark 2.28. Said differently, the lower interval below any element Y is (isomorphic to) the
Cartesian product of the lower intervals of the maximal elements of B below Y . Note that B
must contain all irreducibles of L (i.e. all elements Y ∈ L such that L≤Y does not decompose as

a Cartesian product), in particular the atoms of L (i.e. all elements of L that cover 0̂) and all
join-irreducible elements of L (i.e. the elements of L that cover a single element).

Example 2.29. As in Example 2.2, for any finite lattice L, the set L>0̂ (resp. the set of irreducibles
of L) is always an L-building set, which contains (resp. is contained in) in any L-building set.

Remark 2.30. Note that Definition 2.27 is equivalent to the following recursive definition. A
subset B of L>0̂ forms an L-building set if and only if

• for any X ∈ max(L<1̂), the set B≤X forms an L≤X -building set,
• L ∼=

∏
B∈max(B) L≤B .

Definition 2.31. We denote by κ(B) := max(B) the set of B-connected components (i.e. maximal
elements of B), and we say that B is connected if |κ(B)| = 1.

We immediately observe that any subset of L can be completed to a minimal L-building set,
generalizing Definition 2.6 from [FS05, Lem. 3.10]. We note that this result was independently
obtained in [BD24], as a consequence of their result that the L-building sets form an intersection
lattice (in fact, a supersolvable convex geometry).

Proposition 2.32. For any X ⊆ L, the set of L-building sets containing X admits a unique inclusion
minimal element, that we call the L-building closure of X and denote by X̃ . Moreover, X̃ ∖ X is
contained in the set of elements Y ∈ L such that L≤Y ̸∼=

∏
X∈max(X≤Y ) L≤X .

Proof. The proof works by induction on |L>0̂ ∖ X|. If X = L>0̂, it is an L-building set. If X
is not an L-building set, then the set Y of elements Y ∈ L such that L≤Y ̸∼=

∏
X∈max(X≤Y ) L≤X

is non-empty. Let Y be any minimal element of Y, let X ′ :=X ∪ {Y }, and let Y ′ be the set of
elements Z ∈ L such that L≤Z ̸∼=

∏
X∈max(X ′

≤Z
) L≤X . We claim that

(i) any L-building set containing X actually contains X ′,
(ii) Y ′ ⊂ Y.

This proves the statement by induction. Indeed, X ′ admits a building closure X̃ ′ and X̃ ′∖X ′ ⊆ Y ′.
We thus conclude from the claim that X admits a building closure X̃ = X̃ ′ and that X̃ ∖ X =
(X̃ ′ ∖ X ′) ∪ {Y } ⊆ Y ′ ∪ {Y } ⊆ Y.

We prove (i) by contradiction. Assume that there is an L-building set B containing X but
not Y . Let {B1, . . . , Bk} := max(B≤Y ) so that L≤Y

∼=
∏

j∈[k] L≤Bj
. Hence, we have max(X≤Y ) =
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j∈[k] max(X≤Bj

). Moreover, by minimality of Y , we have L≤Bj
∼=

∏
X∈max(X≤Bj

) L≤X . We thus

obtain that

L≤Y
∼=

∏
j∈[k]

L≤Bj
∼=

∏
j∈[k]

∏
X∈max(X≤Bj

)

L≤X =
∏

X∈max(X≤Y )

L≤X ,

contradicting that Y ∈ Y.
We prove (ii) by contraposition. Let Z /∈ Y, so that L≤Z

∼= L≤Z1
× · · · × L≤Zℓ

where
{Z1, . . . , Zℓ} := max(X≤Z). We claim that Y /∈ max(X ′

≤Z), so that max(X ′
≤Z) = max(X≤Z)

and thus L≤Z
∼=

∏
X∈max(X ′

≤Z
) L≤X , which implies that Z /∈ Y ′. To prove the claim, assume

that Y ≤ Z, and decompose Y = (Y1, . . . , Yℓ) in the product L≤Z1
× · · · ×L≤Zℓ

. If there is j ∈ [ℓ]
such that Y = Yj , then Y ≤ Zj so that Y /∈ max(X ′

≤Z). Otherwise, by minimality of Y , we

have L≤Yj
∼=

∏
X∈max(X≤Yj

) L≤X . We thus obtain that

L≤Y
∼=

∏
j∈[k]

L≤Yj
∼=

∏
j∈[k]

∏
X∈max(X≤Yj

)

L≤X =
∏

X∈max(X≤Y )

L≤X ,

contradicting that Y ∈ Y. □

2.3. Lattice nested sets. The following extends Definition 2.7 from the boolean lattice to any finite
lattice.

Definition 2.33 ([FK04, Def. 2.2], [FS05, Def. 3.2]). Let L be a finite lattice and B be an L-building
set. An L-nested set N on B is a subset of B containing κ(B) and such that for any k ≥ 2 pairwise
incomparable elements B1, . . . , Bk ∈ N ∖ κ(B), the join B1 ∨ · · · ∨Bk does not belong to B. The
L-nested complex of B is the simplicial complex NL(B) whose faces are N ∖ κ(B) for all L-nested
sets N on B.

Remark 2.34. Note that as in the boolean case (Remark 2.8), we include κ(B) in all L-nested sets
on B (as in [Pos09]), but to remove κ(B) from all L-nested sets on B when defining the L-nested
complex of B (as in [Zel06, FS05]).

Example 2.35. As in Example 2.9, for the maximal L-building set L>0̂ of Example 2.29, the
L-nested sets are the chains in L>0̂, hence the L-nested complex is the order complex of L>0̂.

We will use the following characterization of nested antichains of an L-building set B.

Proposition 2.36 ([FK04, Prop. 2.8 (2)]). If B1, . . . , Bk are pairwise incomparable elements
of an L-building set B, then the set {B1, . . . , Bk} ∪ κ(B) is L-nested if and only
if max(B≤B1∨···∨Bk

) = {B1, . . . , Bk}.

Proposition 2.36 actually extends to the following recursive definition of L-nested sets on B.

Remark 2.37. A subset N of B containing κ(B) forms an L-nested set on B if and only if, denot-
ing {B1, . . . , Bk} := max(N ∖ κ(B)),

• for all i ∈ [k], the set N≤Bi
forms an L≤Bi

-nested set on B≤Bi
,

• max(B≤B1∨···∨Bk
) = {B1, . . . , Bk}.

Remark 2.38. Definitions 2.27 and 2.33 slightly differ from the original definitions of E. M. Fe-
ichtner and D. Kozlov [FK04, Defs. 2.2 & 2.7] which were stated in the more general setting of
meet semilattices. One can however recover their definitions from ours as follows. For a meet
semilattice S, denote by S+ the lattice obtained by adding a top element 1̂. For B ⊆ S, denote
by B+ :=B ⊔ {1̂} ⊆ S+. Then B is an S-semibuilding set if and only if B+ is an S+-building set,
and the S-seminested complex SNS(B) of B is the S+-nested complex NL(B+) of B+. Note that
for a lattice L and B ⊆ L, the L-nested complex NL(B) slightly differs from the L-seminested
complex SNL(B). Namely, SNL(B) is the join of NL(B) with the simplex with vertices κ(B). We
thus decided to make explicit the distinction between nested complexes and seminested complexes
(which are called nested complexes in [FK04, Def. 2.7]).
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2.4. Restriction, contraction, and links. We now extend Definition 2.12 and Proposition 2.15 to
describe the links in L-nested complexes of L-building sets for any lattice L. We provide proofs
here as we have not found explicit descriptions of these links in this generality in the literature at
the time of writing (the boolean case is described in [Zel06, Prop. 3.2], the case of the lattice of
flats of a realizable matroid is described in [DCP95, Sect. 4.3], and the case of the lattice of flats
of a matroid was concomitantly and independently established in [BEPV24, Thm. 1.6]).

Definition 2.39. For any L-building set B and element X ∈ L, define
• the restriction of B to X as B|X := {B ∈ B | B ≤ X},
• the contraction of X in B as B/X := {B ∨X | B ∈ B and B ̸≤ X}.

Proposition 2.40. For any L-building set B and any X ∈ B, the restriction B|X is an L≤X-building
set and the contraction B/X is an L≥X-building set.

Proof. It is immediate for the restriction, we just prove it for the contraction. Observe first that
B/X ⊆ L>X . Consider Y ∈ L≥X , and let {B1, . . . , Bk} := max(B≤Y ) so that L≤Y

∼=
∏

i∈[k] L≤Bi
.

Observe that max
(
(B/X)≤Y

)
= {C1, . . . , Ck}∖{X} where Ci :=Bi ∨X. Indeed, any C ∈ (B/X)≤Y

is of the form B ∨ X for some B ∈ B≤Y . By maximality of {B1, . . . , Bk}, there is i ∈ [k] such
that B ≤ Bi, so that C = B ∨ X ≤ Bi ∨ X = Ci for some i ∈ [k]. Moreover, the Ci = Bi ∨ X
are pairwise incomparable by the product structure L≤Y

∼=
∏

i∈[k] L≤Bi
. Note that, as X ∈ B

and X ≤ Y , there is ℓ ∈ [k] with X ≤ Bℓ. If X = Bℓ, then Cℓ = Bℓ ∨ X = X is the minimal
element of L≥X hence does not belong to B/X , and we have to remove it from {C1, . . . , Ck} to get

max
(
(B/X)≤Y

)
. Finally, again by the product structure L≤Y

∼=
∏

i∈[k] L≤Bi , we have

[X,Y ] ∼= [X,Bℓ]×
∏
i̸=ℓ

L≤Bi
∼= [X,Bℓ]×

∏
i̸=ℓ

[X,Bi ∨X] ∼=
∏
i∈[k]

[X,Ci] ∼=
∏

C∈max((B/X)≤Y )

[X,C],

where the last isomorphism also holds when X = Bℓ since [X,Bℓ] = {X} is a singleton. □

Proposition 2.41. For any X ∈ B∖κ(B), the link of the L-nested set {X} in NL(B) is isomorphic
to the join NL≤X

(B|X) ∗NL≥X
(B/X).

Proof. ForX ∈ N ∈ NL(B), define ϕ|X(N ) :=N<X and ϕ/X(N ) := {B ∨X | B ∈ N and B ̸≤ X}.
It is immediate that ϕ|X ∈ NL≤X

(B|X), and we prove that ϕ/X(N ) ∈ NL≥X
(B/X). Consider k ≥ 2

pairwise incomparable elements C1, . . . , Ck of ϕ/X(N ), and let C = C1∨· · ·∨Ck. Let Bi ∈ N such
that Ci = Bi∨X. Note that C = B1∨· · ·∨Bk∨X and that B1, . . . , Bk are pairwise incomparable
(as C1, . . . , Ck are). Hence, as {B1, . . . , Bk, X} ⊆ N , we obtain by applying Proposition 2.36 that

• either X is incomparable with all Bi, then max(B≤C) = {B1, . . . , Bk, X},
• or X ≤ Bi for some i ∈ [k], then C = B1 ∨ · · · ∨Bk and max(B≤C) = {B1, . . . , Bk}.

Assume now by means of contradiction that C = C1 ∨ · · · ∨ Ck ∈ B/X . Let B ∈ B be such
that C = B ∨X. Hence, again by Proposition 2.36,

• either C ∈ B so that max(B≤C) = {C},
• or {B,X} are incomparable and L-nested, so that max(B≤C) = {B,X}.

As Bi ̸= X for all i ∈ [k], neither {C} nor {B,X} is of the form {B1, . . . , Bk, X} or {B1, . . . , Bk}.
This contradicts our two previous descriptions of max(B≤C). We thus conclude that N/X is
indeed L≥X -nested. Hence, the map N 7→ ϕ|X(N ) ∗ ϕ/X(N ) sends the link of {X} in NL(B) to
the join NL≤X

(B|X) ∗NL≥X
(B/X). To prove that it is an isomorphism, we construct the reverse

map.
For C ∈ B/X , define ψ(C) :=C if C ∈ B, and ψ(C) :=B if C /∈ B and C = B ∨X with B ∈ B

(this B is then unique by Proposition 2.36). Given N|X in NL≤X
(B|X) and N/X ∈ NL≥X

(B/X), de-
fineN :=N|X∪{X}∪ψ(N/X).Note thatX ∈ N ⊆ B and that ϕ|X(N ) = N|X while ϕ/X(N ) = N/X .
We thus just need to prove that N is L-nested. Let B1, . . . , Bk ∈ N pairwise incomparable, and
let B = B1 ∨ · · · ∨ Bk. We distinguish three cases, depending on whether there is ℓ ∈ [k] such
that Bℓ > X, or Bℓ = X, or not.

Assume that there is ℓ ∈ [k] such that Bℓ > X. As B1, . . . , Bk are pairwise incomparable,
we have Bi ̸≤ X for all i ∈ [k]. Hence, Ci :=Bi ∨ X is in N/X and Bi = ψ(Ci). Moreover,
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assume that there is Ci ≤ Cj . If Cj ∈ B, then Bj = ψ(Cj) = Cj so that Bi ≤ Ci ≤ Cj = Bj .
If Cj /∈ B, then max(B≤Cj ) = {Bj , X} by Proposition 2.36, and Bi ∈ B with Bi ≤ Cj and Bi ̸≤ X
implies that Bi ≤ Bj . As we assumed that B1, . . . , Bk are pairwise incomparable, this implies
that C1, . . . , Ck are pairwise incomparable. Since C1, . . . , Ck ∈ N/X we thus obtain
that C1 ∨ · · · ∨ Ck is not in B/X , hence not in B. As B = B1 ∨ · · · ∨ Bk ≥ X since Bℓ ≥ X,
we obtain that B = B1 ∨ · · · ∨Bk = C1 ∨ · · · ∨ Ck is not in B.

The case where there is ℓ ∈ [k] with Bℓ = X is similar. If k > 2, then the same proof holds,
except that we remove Cℓ = Bℓ = X from C1, . . . , Ck. If k = 2, then B = Bi ∨X with Bi and X
incomparable, thus Bi = ψ(Bi ∨X) ̸= Bi ∨X, so that B = Bi ∨X /∈ B.

Assume now that Bi ̸≥ X for all i ∈ [k]. Assume without loss of generality that Bi ̸≤ X if and
only if i ∈ [ℓ]. If ℓ = 0, then B1, . . . , Bk ∈ N|X so that B /∈ B. Otherwise, let Y :=B1∨· · ·∨Bℓ∨X.
By the previous case, we have Y /∈ B, hence max(B≤Y ) = {B1, . . . , Bℓ, X} by Proposition 2.36.
As Bi < B :=B1 ∨ · · · ∨Bk ≤ Y , we obtain that B /∈ B.

We conclude that the map N 7→ ϕ|X(N ) ∗ ϕ/X(N ) is an isomorphism from the link of {X}
in NL(B) to the join NL≤X

(B|X) ∗NL≥X
(B/X). □

We finally deduce from Proposition 2.41 the links of arbitrary nested sets. We first need to
extend the contraction to joins of blocks.

Lemma 2.42. For X,Y ∈ L, we have B/X∨Y = (B/X)/X∨Y = (B/Y )/X∨Y . Hence, B/X is an
L≥X-building set for any X :=X1 ∨ · · · ∨Xk with X1, . . . , Xk ∈ B.

Proof. Observe first that X ∨ Y ∈ L≥X so that (B/X)/X∨Y is well-defined. Moreover,

(B/X)/X∨Y =
{
B′ ∨X ∨ Y

∣∣ B′ ∈ B/X and B′ ̸≤ X ∨ Y
}

= {B ∨X ∨ Y | B ∈ B and B ̸≤ X and B ∨X ̸≤ X ∨ Y }
= {B ∨X ∨ Y | B ∈ B and B ̸≤ X ∨ Y } = B/X∨Y .

The last equality holds since B ≤ X ∨ Y implies B ∨ X ≤ X ∨ Y and conversely both B ≤ X
and B ∨X ≤ X ∨ Y imply B ≤ X ∨ Y . □

Definition 2.43. For an L-building set B, an L-nested set N on B and X ∈ N , we define

LX∈N := [Y,X] and BX∈N :=(B|X)/Y

where Y =
∨

Z∈N , Z<X Z.

Proposition 2.44. The link of a nested set N in the nested complex NL(B) is isomorphic to the
join of the nested complexes NLX∈N (BX∈N ) for all X ∈ N .

Proof. Apply Proposition 2.41 iteratively. □

Remark 2.45. Note that the contractions of Definitions 2.12 and 2.39 slightly differ. Namely,
for boolean building sets we delete R from all B ∈ B with B ̸⊆ R, while for lattice building
sets we join X to all B ∈ B with B ̸≤ X. It is equivalent for boolean building sets since the
interval above R in the boolean lattice on [n] is isomorphic to the boolean lattice on [n]∖R. We
will use the same identification for contractions of building sets over atomic lattices, in order to
keep compatibility with the contraction on oriented matroids of Definition 3.22. In contrast, this
identification makes no sense for contractions of building sets on arbitrary lattices.

2.5. Combinatorial blow-ups. The operation of combinatorial blow-ups of meet semilattices was
introduced in [FK04, Def. 3.1] to give a recursive description of nested complexes. Following
[FK04, Sect. 4.2], we will see in Example 3.32 that combinatorial blow-ups on face lattices of
polytopes correspond to stellar subdivisions, or dually truncations.

Definition 2.46 ([FK04, Def. 3.1]). Let S be a meet semilattice, and let X ∈ S. We define the
combinatorial blow-up of S at X as the poset BlX(S) whose elements are

• Y ∈ S such that Y ̸≥S X,
• (X,Y ) for Y ∈ S such that Y ̸≥S X and Y ∨S X exists,

and whose order relations are
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• Y >BlX(S) Z if Y >S Z,
• (X,Y ) >BlX(S) (X,Z) if Y >S Z,
• (X,Y ) >BlX(S) Z if Y ≥S Z,

where in all three cases Y, Z ̸≥S X.

We state the following result in terms of semilattices as in Remark 2.38, which is the original
formulation from [FK04], as this is the form we will use latter.

Theorem 2.47 ([FK04, Thm. 3.4]). Let S be a meet semilattice, and let B = {B1, . . . , Bk} ⊆ S be an
S-semibuilding set ordered so that if Bi ≥S Bj then i < j. Consider the sequence of combinatorial
blow-ups

BlB(S) := BlBk
(BlBk−1

(· · ·BlB1
(S))).

Then BlB(S) is isomorphic to the face poset of the S-seminested complex SNS(B).

2.6. Operations. We now briefly discuss two operations on lattices, building sets, and nested
complexes, which enable us to restrict our proofs to connected building sets (we will see later
in Section 4 that these operations can also be performed at the level of face lattices of oriented
matroids). Again, these operations are not original, but we could not find the results below
explicitly in the lattice generality in the existing literature.

Definition 2.48. The Cartesian product L × L′ of two lattices L and L′ is the lattice where for
all X,Y ∈ L and X ′, Y ′ ∈ L′, we have

• (X,X ′) ≤L×L′ (Y, Y ′) if and only if X ≤L Y and X ′ ≤L′ Y ′,
• the join (X,X ′) ∨L×L′ (Y, Y ′) = (X ∨L Y,X

′ ∨L′ Y ′), and
• the meet (X,X ′) ∧L×L′ (Y, Y ′) = (X ∧L Y,X

′ ∧L′ Y ′).

Proposition 2.49. If B is an L-building set and B′ is an L′-building set, then

B ⊕ B′ :=
(
B × {0̂L′}

)
⊔
(
{0̂L} × B′)

is an (L × L′)-building set, whose (L × L′)-nested complex is isomorphic to NL(B) ∗NL′(B′).

Proof. Let Y ∈ L with max(B≤Y ) = {B1, . . . , Bk} and Y ′ ∈ L′ with max(B′
≤Y ′) = {B′

1, . . . , B
′
k′}.

Then

max
(
(B ⊕ B′)≤(Y,Y ′)

)
= {(B1, 0̂L′), . . . , (Bk, 0̂L′)} ⊔ {(0̂L, B′

1), . . . , (0̂L, B
′
k′)} and

(L×L′)≤(Y,Y ′)
∼= L≤Y ×L′

≤Y ′ ∼=
∏
i∈[k]

L≤Bi
×

∏
i∈[k′]

L≤B′
i

∼=
∏
i∈[k]

(L×L′)≤(Bi,0̂L′ )×
∏

i∈[k′]

(L×L′)≤(0̂L,B′
i)
.

Hence, B⊕B′ is indeed an (L×L′)-building set. Consider now N ⊆ B×{0̂L′} and N ′ ⊆ {0̂L}×B′.
As

∨
L×L′(N ⊔N ′) = (

∨
L N ,

∨
L′ N ′), we indeed obtain that N ⊔N ′ ∈ NL×L′(B⊕B′) if and only

if N ∈ NL(B) and N ′ ∈ NL′(B′). □

Definition 2.50. The free product L⊠ L′ of two finite lattices L and L′ is the lattice obtained as
the Cartesian product

(
L∖ {1̂L}

)
×
(
L′ ∖ {1̂L′}

)
to which we add a top element 1̂L⊠L′ .

As L ∖ {1̂L} and L′ ∖ {1̂L′} are both meet semilattices,
(
L ∖ {1̂L}

)
×

(
L′ ∖ {1̂L′}

)
is a meet

semilattice, hence L⊠L′ is a meet semilattice with a maximal element, hence indeed a lattice. Note
that, for x1, . . . , xk ∈ L with x1∨L · · ·∨Lxk <L 1̂L and x′1, . . . , x

′
k ∈ L with x′1∨L′ · · ·∨L′x′k <L′ 1̂L′ ,

we have

(x1, x
′
1) ∨L⊠L′ · · · ∨L⊠L′ (xk, x

′
k) = (x1, x

′
1) ∨L×L′ · · · ∨L×L′ (xk, x

′
k)

= (x1 ∨L · · · ∨L xk, x
′
1 ∨L′ · · · ∨L′ x′k).

Proposition 2.51. If B be a connected L-building set and B′ is a connected L′-building set, then

B ⊞ B′ :=
(
(B ∖ {1̂L})× {0̂L′}

)
⊔
(
{0̂L} × (B′ ∖ {1̂L′})

)
⊔ {1̂L⊠L′}

is a connected (L⊠L′)-building set, whose (L⊠L′)-nested complex is isomorphic to NL(B)∗NL′(B′).
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Proof. Consider Z ∈ B ⊞ B′. If Z = 1̂L⊠L′ , then Z ∈ B ⊞ B′ and there is nothing to prove.
Otherwise, Z = (Y, Y ′) where Y ∈ L∖ {1̂L} and Y ′ ∈ L′ ∖ {1̂L′}. If max(B≤Y ) = {B1, . . . , Bk}
and max(B′

≤Y ′) = {B′
1, . . . , B

′
k′}, then

max
(
(B ⊞ B′)≤Z

)
= {(B1, 0̂L′), . . . , (Bk, 0̂L′)} ⊔ {(0̂L, B′

1), . . . , (0̂L, B
′
k′)} and

(L⊠ L′)≤Z
∼= (L⊠ L′)≤(Y,Y ′)

∼=
∏
i∈[k]

(L⊠ L′)≤(Bi,0̂L′ ) ×
∏

i∈[k′]

(L⊠ L′)≤(0̂L,B′
i)
,

by restricting the isomorphism above for the Cartesian product L × L′. Hence, B ⊞ B′ is indeed
an (L ⊠ L′)-building set. Consider now N ⊆ (B ∖ {1̂L})× {0̂L′} and N ′ ⊆ {0̂L} × (B′ ∖ {1̂L′}).
If

∨
L N = 1̂L, then N /∈ NL(B) (because 1̂L ∈ B by our assumption that B is connected) and∨

L⊠L′ N ⊔N ′ ≥
∨

L⊠L′ N ′ = 1̂L⊠L′ so that N ⊔N ′ /∈ NL⊠L′(B ⊞ B′). Similarly, if
∨

L′ N ′ = 1̂L′ ,

then N ′ /∈ NL′(B′) and N ⊔N ′ /∈ NL⊠L′(B ⊞ B′). Now if
∨

L N < 1̂L and
∨

L′ N ′ < 1̂L′ , then we
have

∨
L⊠L′ N⊔N ′ =

∨
L×L′ N⊔N ′ = (

∨
L N ,

∨
L′ N ′). We conclude thatN⊔N ′ ∈ NL⊠L′(B⊞B′)

if and only if N ∈ NL(B) and N ′ ∈ NL′(B′) as desired. □

Corollary 2.52. For any L-building set B with κ(B) = {B1, . . . , Bk}, the L-nested complex of B is
isomorphic to the (L≤B1

⊠· · ·⊠L≤Bk
)-nested complex of the connected (L≤B1

⊠· · ·⊠L≤Bk
)-building

set B≤B1
⊞ · · ·⊞ B≤Bk

.

Proof. Let Li :=L≤Bi
and Bi :=B≤Bi

for i ∈ [k]. Then

NL(B) ∼= NL1
(B1) ∗ . . . ∗NLk

(Bk) ∼= NL1⊠···⊠Lk
(B≤B1

⊞ · · ·⊞ B≤Bk
).

The first isomorphism holds by Proposition 2.49 since L ∼= L1×· · ·×Lk and B ∼= B1 ⊕ · · · ⊕ Bk as B
is an L-building set and κ(B) = {B1, . . . , Bk}. The second isomorphism holds by Proposition 2.51
since Bi is a connected Li-building set for all i ∈ [k]. Composing these two isomorphisms shows
the statement. □

3. Oriented matroids

We now recall some aspects of oriented matroids. See [BLS+99] for a detailed reference on
the subject. We start from the intuitive definition of the oriented matroid of a vector configura-
tion (Section 3.1) before providing the general abstract definition of oriented matroid (Section 3.2).
We then consider the Las Vergnas face lattice of an oriented matroid (Section 3.3), define restric-
tions and contractions (Section 3.4) and stellar subdivisions (Section 3.5), study the two natural
operations of direct and free sum (Section 3.6), and conclude with decompositions into connected
components (Section 3.7).

3.1. Vector configurations. We first consider a finite vector configuration, and present some com-
binatorial encodings of its linear dependences and evaluations.

Definition 3.1. For a finite vector configuration A :=(as)s∈S ∈ (Rd)S , we denote by

• D(A) :=
{
δ ∈ RS

∣∣ ∑
s∈S δsas = 0

}
the vector space of linear dependences on A,

• D∗(A) :=
{
(f(as))s∈S∈RS

∣∣f ∈(Rd)∗
}
the vector space of evaluations of linear forms onA.

Note that the dimension of the evaluation space D∗(A) is the rank rk(A) of A, while the dimen-
sion of the dependence space D(A) is the corank rk∗(A) := |S| − rk(A) of A. Moreover, D(A)
and D∗(A) are orthogonal spaces.

Definition 3.2. A signed subset of S is a pair x = (x+, x−) with x+, x− ⊆ S and x+∩x− = ∅. The
support of x is x :=x+ ∪ x−, and the opposite of x is −x :=(x−, x+). The signature of δ ∈ RS is
the signed subset σ(δ) :=({s ∈ S | δs > 0} , {s ∈ S | δs < 0}). We denote by σ(S) the set of signed
subsets of S.

Definition 3.3. The oriented matroid M(A) of a finite vector configuration A ⊂ Rd is the combi-
natorial data given equivalently by

• the vectors V(A) of A, i.e. the signatures of linear dependences of A,
• the covectors V∗(A) of A, i.e. the signatures of linear evaluations on A,
• the circuits C(A) of A, i.e. the support minimal signatures of linear dependences of A,
• the cocircuits C∗(A) of A, i.e. the support minimal signatures of linear evaluations on A.
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Example 3.4. Consider the vector configuration

A◦ :=



0
0
0
1

 ,

0
0
0
1

 ,

0
0
1
1

 ,

1
0
0
1

 ,

0
1
0
1

 ,

1
1
0
1


 ⊂ R4.

It has 13 vectors, 153 covectors, 6 circuits, and 14 cocircuits. Its circuits are (1, 2), (16, 45), (26, 45)
and their opposites, and its cocircuits are (12, 6), (124,∅), (125,∅), (3,∅), (46,∅), (4, 5), (56,∅)
and their opposites. (Here again, we abuse notation and write 123 for {1, 2, 3} since all labels have
a single digit).

Remark 3.5. We say that x = (x+, x−) and y = (y+, y−) are sign orthogonal, and we write x ⊥ y,
if (x+ ∩ y+) ∪ (x− ∩ y−) ̸= ∅ ⇐⇒ (x+ ∩ y−) ∪ (x− ∩ y+) ̸= ∅. Observe that

• v ∈ {−, 0,+}S is a vector of V(A) if and only if v ⊥ c∗ for all cocircuits c∗ ∈ C∗(A),
• v∗ ∈ {−, 0,+}S is a covector of V∗(A) if and only if c ⊥ v∗ for all circuits c ∈ C(A).

Note in particular that c ⊥ c∗ for any circuit c ∈ C(A) and cocircuit c∗ ∈ C∗(A).

Remark 3.6. Note that any of the four sets of vectors V(A), covectors V∗(A), circuits C(A) and
cocircuits C∗(A) completely determines the other three. To summarize, we reproduce the diagram
from [Zie98, Coro. 6.9]:

D(A)

D∗(A)

V(A)

V∗(A)

C(A)

C∗(A)

σ µ

σ µ

orthogonal spaces ⊥
⊥

⊥

where

• σ(X) denotes the set of signatures of the elements in X ⊆ RS ,
• µ(X) denotes the set of support minimal elements of X ⊆ σ(S), and
• ⊥(X) := {y ∈ σ(S) | x ⊥ y for all x ∈ X} denotes the sign vectors which are sign orthog-

onal to all sign vectors in X ⊆ {−, 0,+}S .

Example 3.7. Consider a directed graph D with vertex set V and arc set S (loops and multiple
arcs are allowed). Let (bv)v∈V denote the standard basis of RV . The incidence configuration AD

of D has a vector a(u,v) := bu− bv ∈ RV for each arc (u, v) of D. Its oriented matroid is called the
graphical oriented matroid M(D) of D. Its ground set is the set S of arcs of D, and it has

• a vector v for each collection of cycles, with clockwise arcs v+ and counter-clockwise arcs v−,
• a covector v∗ for each oriented edge cut (meaning a subset X of edges, together with
an acyclic orientation of the graph obtained by contracting the connected components
of D ∖X), with forward arcs v∗+ and backward arcs v∗−,

• a circuit c for each simple cycle, with clockwise arcs c+ and counter-clockwise arcs c−,
• a cocircuit c∗ for each support minimal edge cut, with forward arcs c∗+ and backward

arcs c∗−.

See [Oxl92, Prop. 1.1.7 & Chap. 5] and [BLS+99, Sect. 1.1].

Example 3.8. Consider the directed graph D◦ of Figure 9 (left). Its oriented matroid coincides
with that of the vector configuration A◦ Example 3.4. In fact, the vector configuration A◦ is
mapped to the incidence configuration of D◦ by the linear map with matrix

1 0 1 −1
−1 0 −1 0
0 −1 −1 1
0 1 0 0
0 0 1 0

 .



20 CHIARA MANTOVANI, ARNAU PADROL, AND VINCENT PILAUD

1 2 6 3

a b

c d e

5 4 1 4 3

2 5 6

Figure 9. A directed graph D◦ (left) and its line graph L(D◦) (right).

3.2. Oriented matroids. We now define abstract oriented matroids, which are combinatorial ab-
stractions for the dependences and evaluations of vector configurations considered in Definitions 3.1
and 3.3. There are various cryptomorphic axiomatizations of oriented matroids, see [BLS+99,
Sect. 3]. For completeness, we define here oriented matroids via the circuit axioms. Note that we
will not use this precise definition, only some of its consequences recalled in this section.

Definition 3.9. An oriented matroid with ground set S is the combinatorial data M given by
four sets V(M), V∗(M), C(M) and C∗(M) of signed subsets of S, respectively called the vectors,
covectors, circuits and cocircuits of M, and connected by

V(M) = ⊥
(
C∗(M)

)
, V∗(M) = ⊥

(
C(M)

)
, C(M) = µ

(
V(M)

)
and C∗(M) = µ

(
V∗(M)

)
,

(where µ(X) denotes the set of support minimal elements of X, and ⊥(X) denotes the set of sign
vectors sign orthogonal to all elements of X), and such that C(M) (or equivalently C∗(M)) satisfy
the following circuit axioms

• ∅ /∈ C(M),
• if c ∈ C(M) then −c ∈ C(M),
• if c, c′ ∈ C(M) with c ⊆ c′, then c = c′ or c = −c′,
• for any c, c′ ∈ C(M) with c ̸= −c′ and s ∈ c+ ∩ c′−, there exists c′′ ∈ C(M) such

that c′′+ ⊆ (c+ ∪ c′+)∖ {s} and c′′− ⊆ (c− ∪ c′−)∖ {s}.

Example 3.10. For a vector configuration A :=(as)s∈S ∈ (Rd)S , the oriented matroid M(A) of
Definition 3.3 is an oriented matroid in the sense of Definition 3.9.

Definition 3.11. An oriented matroid M is realizable if it is the oriented matroid M(A) of a vector
configuration A :=(as)s∈S ∈ (Rd)S , i.e. V(M) = V(A), V∗(M) = V∗(A), C(M) = C(A), and
C∗(M) = C∗(A) (these four conditions are actually equivalent).

Remark 3.12. Note that the supports of the vectors (resp. covectors, resp. circuits, resp. cocircuits)
of an oriented matroid form the dependences (resp. codependences, resp. circuits, resp. cocircuits)
of a classical (unoriented) matroid [Oxl92]. In other words, any oriented matroid M has an
underlying classical matroid M. However, not all classical matroids can be oriented to an oriented
matroid. We have decided to focus here on oriented matroids, even if some of the notions we will
cover are actually classical matroid notions (in particular connected components in Section 3.7).

Definition 3.13. An oriented matroid M on S is acyclic if the following equivalent conditions
(see [BLS+99, Prop. 3.4.8]) are satisfied:

(i) it has no positive circuit,
(ii) it has no positive vector,
(iii) (S,∅) is a covector,
(iv) for any s ∈ S, there is a cocircuit c∗ = (c∗+,∅) with s ∈ c∗+.

Example 3.14. Following on Example 3.10, a realizable oriented matroid M(A) is acyclic if and
only if A has no positive linear dependence, i.e. if and only if A is contained in a positive linear
half-space of Rd. For instance, the oriented matroid M(A◦) of the vector configuration A◦ of
Example 3.4 is acyclic.
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Example 3.15. Following on Example 3.7, a graphical oriented matroid M(D) is acyclic if and only
if D is acyclic (i.e. has no directed cycle). For instance, the graphical oriented matroid M(D◦) of
the directed graph D◦ of Example 3.8 is acyclic.

3.3. Las Vergnas face lattices. The Las Vergnas face lattices of oriented matroids are the analogs
of the face lattices of convex polyhedral cones. Note that a face of a polyhedral cone is witnessed by
a supporting linear evaluation that is zero on the vectors of the face and positive on the remaining
vectors. These induce non-negative covectors, i.e. covectors of the form (c∗+,∅).

Definition 3.16. Let M be an acyclic oriented matroid. A set F ⊆ S is a face of M if it is the
complement of a non-negative covector, i.e. if (S ∖ F,∅) ∈ V∗(M).

Definition 3.17. The Las Vergnas face lattice L(M) of an acyclic oriented matroid M is the
poset of faces of M ordered by inclusion. It is always a lattice [BLS+99, Prop. 4.3.5], with bottom
element ∅ and top element S. The face semilattice L(M)<1̂ is the Las Vergnas face lattice without
its top element

Example 3.18. Following on Examples 3.10 and 3.14, for an acyclic vector configuration A, the Las
Vergnas face lattice L(M(A)) is isomorphic to the face lattice of the cone R≥0A generated by A,
hence to the face lattice of a convex polytope (obtained by any section of R≥0A by a suitable
hyperplane H)1. Conversely, the face lattice L(P) of any polytope P is isomorphic to the Las
Vergnas face lattice L(M(AP)) where AP is the vector configuration obtained by homogeneization
of the vertices of P, i.e.

AP :=

{[
v
1

] ∣∣∣∣ v vertex of P

}
.

Example 3.19. Following on Examples 3.7 and 3.15, for a directed acyclic graph D with vertex
set V , the Las Vergnas face lattice L(M(D)) of the graphical oriented matroidM(D) is isomorphic
to the refinement lattice on partitions π := {π1, . . . , πk} of V into connected subsets of D such that
the contraction D/π :=D/π1/π2/.../πk

is acyclic. It is also isomorphic to the face lattice of the order
polytope of D, defined as

OrdPol(D) :=
{
x ∈ RV

∣∣ ∑
(u,v)∈D

xv − xu = 1 and xu ≤ xv for each arc (u, v) ∈ D
}
.

See [Sta86, Thm. 1.2] and [Gal24, Sect. 2.1] (we use the version of the latter as we work with
directed graphs which do not necessarily admit a global source and a global sink).

Remark 3.20. There are other natural ways to define the face lattice of an oriented matroid, see
[BLS+99, Chap. 4]. For the constructions in the sequel, it is very important not to mistake the
Las Vergnas face lattice with its opposite, called the Edmonds–Mantel face lattice. As we will
only use this notion of face lattice of oriented matroids, for brevity from now on we will simply
refer to the face lattice of an oriented matroid, meaning its Las Vergnas face lattice.

The face lattice of an oriented matroid can be interpreted topologically as the lattice of cells of
a regular cell decomposition of a sphere. We refer to [BLS+99, Sect. 4.7] for background.

Theorem 3.21 ([BLS+99, Thm. 4.3.5]). The face lattice L(M) of an acyclic oriented matroid M of
rank r is isomorphic to the face lattice of a regular cell decomposition ∆(M) of the (r− 2)-sphere.

1In order to have this isomorphism, we use slightly different conventions for face lattices of polytopes and of

polyhedral cones. For polytopes, we consider the empty set as a face of dimension −1, which is the minimal element
of the face lattice. In contrast, for polyhedral cones we consider the origin to be the minimal face of dimension 0.

This way, we obtain an order-preserving bijection between i-dimensional faces of the polytope H ∩ R≥0A and

(i+ 1)-faces of the polyhedral cone R≥0A.
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3.4. Restriction and contraction. We now recall the definitions of restrictions and contractions in
oriented matroids.

Definition 3.22. For any R ⊆ S, define

• the restriction of M to R as the oriented matroid M|R on R with

V(M|R) = {v ∈ V(M) | v ⊆ R} and V∗(M|R) = {v∗ ∩R | v∗ ∈ V∗(M)} ,
• the contraction of R in M as the oriented matroid M/R on S ∖R with

V(M/R) = {v ∖R | v ∈ V(M)} and V∗(M/R) = {v∗ ∈ V∗(M) | v∗ ∩R = ∅} ,
where v ∩R :=(v+ ∩R, v− ∩R) and v ∖R :=(v+ ∖R, v− ∖R). Note that acyclicity is preserved
by restriction but not by contraction in general (see Lemma 3.27).

Remark 3.23. It immediately follows from Definition 3.22 that

C(M|R) = {c ∈ C(M) | c ⊆ R} and C∗(M/R) = {c∗ ∈ C∗(M) | c∗ ∩R = ∅} .
In contrast, we can only describe C∗(M|R) (resp. C(M/R)) as support minimal elements of V∗(M|R)
(resp. V(M/R)).

Example 3.24. Following on Examples 3.10, 3.14 and 3.18, consider a vector configuration
A :=(as)s∈S and R ⊆ S. Denote by

• A|R the vector subconfiguration (ar)r∈R,
• A/R the vector configuration obtained by projecting the vectors as with s /∈ R on the

space orthogonal to all vectors ar with r ∈ R.

Then M(A)|R = M(A|R) and M(A)/R = M(A/R).

Example 3.25. Following on Examples 3.7, 3.15 and 3.19, consider a directed graph D and a
subset R of arcs of D. Denote by

• D|R the subgraph of D formed by the arcs in R,
• D/R the contraction of the arcs of R in D.

Then M(D)|R = M(D|R) and M(D)/R = M(D/R).

Example 3.26. For instance, consider the oriented matroid M(A◦) of Example 3.4. For R :=123,
the restriction M(A◦)|R and the contraction M(A◦)/R are the oriented matroids of the vector
configurations

A◦|R =



0
0
0
1

 ,

0
0
0
1

 ,

0
0
1
1


 and A◦/R =



1
0
0
0

 ,

0
1
0
0

 ,

1
1
0
0




respectively. They indeed coincide with the graphical oriented matroids of the restriction to and
of the contraction of the arcs labeled 1, 2, 3 in the directed graph of Example 3.8 and Figure 9.

The following lemma explains the connection between acyclic contractions, non-negative covec-
tors and faces of an acyclic oriented matroid.

Lemma 3.27. Let M be an acyclic oriented matroid on the ground set S and R ⊆ S. Then

M/R is acyclic ⇐⇒ (S ∖R,∅) ∈ V∗(M/R) ⇐⇒ (S ∖R,∅) ∈ V∗(M) ⇐⇒ R ∈ L(M).

Proof. The first equivalence is Definition 3.13, the last one is Definition 3.16. For the middle one,
observe that (S ∖ R) ∩ R = ∅. Hence, Remark 3.23 ensures that S ∖ R is a covector of M/R if
and only if it is a covector of M. □

Finally, we describe the face lattices of restrictions and contractions of oriented matroids.

Proposition 3.28. The face lattices of restrictions and contractions on faces are intervals of the
face lattice. Namely, for an acyclic oriented matroid M and X ∈ L(M), we have

L(M|X) = L(M)≤X and L(M/X) ∼= L(M)≥X ,

where the last isomophism is given by F 7→ F ∪X.
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Proof. We first prove that L(M|X) = L(M)≤X . For F ⊆ X, we have directly

F ∈ L(M) ⇐⇒ (S ∖ F,∅) ∈ V∗(M) =⇒ (X ∖ F,∅) ∈ V∗(M|X) ⇐⇒ F ∈ L(M|X)

For the converse, if (X ∖ F,∅) ∈ V∗(M|X), then there are R+, R− ⊆ S ∖ X such
that ((X ∖ F ) ∪ R+, R−) ∈ V∗(M). As X ∈ L(M), we also have (S ∖ X,∅) ∈ V∗(M).
Hence, (S ∖ F,∅) = (S ∖ X,∅) ◦ ((X ∖ F ) ∪ R+, R−) ∈ V∗(M), where ◦ is the composition
of signed sets (see [BLS+99, Sect. 3.1]).

We now prove that L(M/X) ∼= L(M)≥X . For F ⊆ S ∖X, we have

F ∪X ∈ L(M) ⇐⇒ (S ∖ (F ∪X),∅) ∈ V∗(M)

⇐⇒ ((S ∖X)∖ F,∅) ∈ V∗(M/X)

⇐⇒ F ∈ L(M/X). □

3.5. Stellar subdivisions. In this section, we describe the operation of stellar subdivision for ori-
ented matroids. They are the oriented matroid incarnation of the combinatorial blow-ups from
Section 2.5. Even though stellar subdivisions are usually presented topologically at the level of cell
complexes, when performed on the face lattice of an oriented matroid they can always be realized
by oriented matroids (even though these realizations are not unique). This is why we decided to
simplify the exposition and present them directly at the level of oriented matroids. In particu-
lar, they can be performed via lexicographic extensions, see [BLS+99, Sect. 7.2]. Lexicographic
extensions preserve realizability, and hence stellar subdivisions of realizable oriented matroids are
realizable. In fact, if P is a convex polytope and M is the oriented matroid of its vertices, then
the stellar subdivisions of P in the sense of [HRGZ97, Sect. 14.1.2] realize the stellar subdivisions
of L(M), see Example 3.32.

Proposition 3.29 ([BLS+99, Prop. 9.2.3 & Sect. 7.2]). Let M be an acyclic oriented matroid
with ground set S, and F ̸= S be one of its proper faces. Then there is an oriented matroid
on S ∪ {aF }, that we call the stellar subdivision of M at F and denote by sd(F,M), whose
face semilattice L(sd(F,M))<1̂ is isomorphic to the combinatorial blow-up at F of the face semi-
lattice L(M)<1̂ of M. Here, the isomorphism is the identity on the common faces and given
by (F,X) 7→ aF ∪X for the other.

Moreover, sd(F,L(M)) can be chosen to be realizable when M is realizable.

Remark 3.30. The definition above contains some abuse of notation, as the oriented
matroid sd(F,M) is not uniquely defined (only its face lattice is). Therefore, we will only use
this operation when we are considering face lattices.

Remark 3.31. Alternatively we can describe the stellar subdivision sd(F,M) as the operation on
L(M) that replaces the (open) star of F by the cone over its boundary with apex aF :

L(sd(F,M))<1̂ = L(M)<1̂ ∖ (star(F,L)) ∪ {aF } ×
(
star(F,L)∖ star(F,L)

)
,

where star(F,L) :=LF≤·<1̂ is the (open) star of F and star(F,L) :=
⋃

G∈star(F,L) L≤G is the closed

star of F .

Example 3.32. Following on Examples 3.10, 3.14, 3.18 and 3.24, if A :=(as)s∈S ∈ (Rd)S is a vector
configuration, and F ⊂ S is a proper face of L(M(A)), then sd(F,M(A)) is realized by the vector
configuration A ∪ aF , where

aF :=
∑
s∈F

as − ε
∑
s∈S

as

for some ε > 0 sufficiently small.
If P is a polytope with vertex set (vs)s∈S , then the stellar subdivision at F can be realized by

conv(P ∪ vF ), where

vF :=
1 + ε

|F |
∑
s∈F

vs −
ε

|S ∖ F |
∑

s∈S∖F

vs

for some ε > 0 sufficiently small. This operation is commonly referred to as stellar subdivision in
polyhedral combinatorics [HRGZ97, Sect. 14.1.2]. The given choice of vF is not canonical; any
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Figure 10. Duality between two stellar subdivisions on an octahedron (left) and two face trun-
cations on a cube (right).

other point beyond the facets containing F and beneath the remaining facets would also work.
See Figure 10 (left).

Stellar subdivision of polytopes is the polar operation to truncation. If P contains the origin in
its interior, and P△ is its polar, then the stellar subdivision of P at F is polar to the truncation
of F ⋄ on P△, where F ⋄ is the face of P△ associated to F (see [Zie98, Sect. 2.3]), and the truncation
of F ⋄ consists in intersecting P△ with a halfspace that does not intersect F ⋄ but contains all the
vertices of P△ not in F ⋄. This can be achieved by considering a supporting hyperplane for F ⋄

and pushing it inside by slightly perturbing the right-hand side. See Figure 10 (right).

3.6. Operations. We conclude by two operations on oriented matroids that will realize the Carte-
sian and free products of their face lattices, defined in Section 2.6.

Definition 3.33 ([BLS+99, Prop. 7.6.1]). The direct sum of two oriented matroids M and M′ on
disjoint ground sets S and S′ is the oriented matroid M⊕M′ on S ∪ S′ with

• vectors V(M⊕M′) =
{
(v+ ∪ v′+, v− ∪ v′−)

∣∣ v ∈ V(M), v′ ∈ V(M)
}
,

• covectors V∗(M⊕M′) =
{
(v∗+ ∪ v′∗+ , v∗− ∪ v′∗−)

∣∣ v∗ ∈ V∗(M), v′∗ ∈ V∗(M′)
}
,

• circuits C(M⊕M′) = C(M) ∪ C(M′),
• cocircuits C∗(M⊕M′) = C∗(M) ∪ C∗(M′).

Example 3.34. Following on Examples 3.10, 3.14, 3.18, 3.24 and 3.32, for two vector configura-
tions A ∈ (Rd)S and A′ ∈ (Rd′

)S
′
, we have

M(A)⊕M(A′) = M(A⊕A′),

where A ⊕ A′
:= {(as,0d′) | s ∈ S} ∪ {(0d,a

′
s′) | s′ ∈ S′}. If P,P′ are two polytopes,

then AP ⊕AP′ ≃ AP∗P′ , where P∗P′ is known as the join of P and P′ (see [HRGZ97, Sect. 14.1.3])
and ≃ is a linear isomorphism.

Example 3.35. Following on Examples 3.7, 3.15, 3.19 and 3.25, for two directed graphs D and D′,
we have M(D)⊕M(D′) = M(D ⊕D′), where D ⊕D′ is the disjoint union of D and D′.

Definition 3.36. A free sum of two acyclic oriented matroids M and M′ on disjoint ground sets S
and S′ is an oriented matroid M⊞M′ on S ∪ S′ constructed as sd(S,M⊕M′)/aS

.

Since the stellar subdivision is not uniquely defined, neither is the free sum M⊞M′. However,
we will see that its face lattice L(M⊞M′) is uniquely defined.

Example 3.37. Following on Examples 3.10, 3.14, 3.18, 3.24, 3.32 and 3.34, for two vector config-
urations A ∈ (Rd)S and A′ ∈ (Rd′

)S
′
, we have

M(A)⊞M(A′) = M(A⊞A′),

where A ⊞ A′ is obtained by placing A in Rd × {0d′−1} and A′ in {0d−1} × Rd′
such that the

half-line 0d−1 × R>0 × 0d′−1 belongs to the interior of the two generated cones. If P,P′ are two
polytopes, then AP ⊕AP′ is combinatorially equivalent to AP⊕P′ , where P ⊕ P′ is known as the
direct sum of P and P′ (see [HRGZ97, Sect. 14.1.3]).
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Finally, we describe the face lattices of direct sums and free sums of oriented matroids.

Proposition 3.38. The face lattice of the direct sum is the Cartesian product of face lattices.
Namely, if M and M′ are acyclic oriented matroids on disjoint ground sets S and S′, then

L(M⊕M′) ∼= L(M)× L(M′),

where the isomorphism is given by F 7→ (F ∩ S, F ∩ S′). Conversely, for an acyclic oriented
matroid M with ground set S ⊔ S′, if L(M) ∼= L(M|S)× L(M|S′), then M = M|S ⊕M|S′ .

Proof. The first statement follows directly from the description of the covectors of M⊕M′.
The converse statement follows from the following stronger result. If M is an oriented ma-

troid on S ⊔ S′, and rk(M) = rk(M|S) + rk(M|S′), then M = M|S ⊕ M|S′ . Indeed, every
circuit of M|S ⊕M|S′ is automatically a circuit of M. This means that there is a strong map

from M|S ⊕M|S′ to M, see [BLS+99, Prop. 7.7.1]. If both have the same rank, then they must

coincide by [BLS+99, Exm. 7.25]. □

Note that there is a nuance in the formulation of the converse statement in Proposition 3.38.
It is not enough that L(M) ∼= L(M|X) × L(M|Y ) to conclude that M = M|X ⊕M|Y , because
there could be additional elements not visible in the face lattice and have X ∪ Y ̸= S.

Proposition 3.39. The face lattice of the free sum is the free product of face lattices. Namely, if M
and M′ are acyclic oriented matroids on disjoint ground sets S and S′, then

L(M⊞M′) ∼= L(M)⊠ L(M′),

where the isomorphism is given by F 7→ (F ∩ S, F ∩ S).

Proof. By Proposition 3.28, the face lattice of sd(S,M⊕M′)/aS
is the link of aS in sd(S,M⊕M′),

that is, the set of faces of sd(S,M⊕M′) containing S. By construction of the stellar subdivision,
these are in bijection with the faces G of M⊕M that do not contain S but that are contained in
a facet of M⊕M′ containing S (plus the top element). Faces of M⊕M′ are of the form F ⊔ F ′

with F ∈ L(M) and F ′ ∈ L(M′). Note first that F ⊔ F ′ is a facet containing S if and only if
F ′ ̸= S′ (otherwise it would not be a facet). And its faces G ⊔G′ ⊆ F ⊔ F ′ not containing S give
precisely the description of L(M)⊠ L(M′) (except for the top element). □

3.7. Connected components. We conclude by the following notion of connected components which
will be useful along the paper. Note that the connected components of an oriented matroid actually
only depend on the underlying unoriented matroid M. We have however decided to focus our
presentation on oriented matroids, and to skip classical matroids (see Remark 3.12).

Definition 3.40. The connected components of an oriented matroid M are equivalence classes of
the equivalence relation on the ground set S given by s ∼ t if either s = t or there is c ∈ C(M)
with s, t ∈ c.

Example 3.41. Following on Examples 3.7, 3.15, 3.19, 3.25 and 3.35, the connected components
of a graphical oriented matroid M(D) are the edge sets of the 2-connected components of the
unoriented graph underlying the directed graph D. Note that, in contrast, the (oriented) matroids
do not capture 1-connectivity (the graphical matroid of a tree on n vertices coincides with that
of n− 1 disjoint edges). See [Oxl92, Chap. 4].

Definition 3.40 directly gives the following decomposition, which is well-known at the level of
unoriented matroids [Oxl92, Prop. 4.2.8], and carries over straightforwardly to oriented matroids.

Proposition 3.42. Let M be an oriented matroid on S. If S1, . . . , Sk are the connected components
of M, then M = M|S1

⊕ · · · ⊕M|Sk
.

Combining this proposition with Proposition 3.38 we directly get the following result.

Corollary 3.43. If M is acyclic, then its connected components are faces.
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Part II. Facial nested complexes and acyclic nested complexes

In this part, we consider two families of simplicial complexes associated to an oriented ma-
troid M: the facial nested complexes of facial building sets (Section 4) and the acyclic nested
complexes of oriented building sets (Section 5). We then prove that these two families essentially
coincide (Section 6). We provide these two perspectives as they naturally generalize different
former constructions, and are both useful for geometric realizations. Namely, the facial nested
complexes are adapted to the realizations by stellar subdivisions (Section 7), while the acyclic
nested complexes are useful for our realizations by sections of nestohedra (Section 8).

4. Facial building sets and facial nested complexes

We start with building sets and nested complexes over the Las Vergnas face lattice of an oriented
matroid M. We define facial building sets (Section 4.1) and facial nested complexes (Section 4.2),
discuss their restrictions and contractions to describe their links (Section 4.3), and describe two
operations to restrict to connected facial building sets (Section 4.4).

4.1. Facial building sets. We first give a name to the building sets over Las Vergnas face lattices.

Definition 4.1. A facial building set is a pair (F ,M), where M is an oriented matroid on a ground
set S, and F is a L(M)-building set over the Las Vergnas face lattice L(M). We also often say
that F is a facial building set for M. We say that (F ,M) is realizable if M is realizable.

In the remaining of this section, we just want to explore the facial building sets of some natural
examples of oriented matroids.

Example 4.2. Consider the independent oriented matroid M△ on [n] (i.e. with no circuit). It is
the oriented matroid of the vector configuration obtained by homogeneization of the vertices of an
(n − 1)-dimensional simplex. Its Las Vergnas face lattice L(M△) is the boolean lattice. Hence,
its facial building sets are just the boolean building sets of Definition 2.1.

Example 4.3. For a simplicial polytope P, Remark 2.30 implies that the connected L(P)-building
sets are precisely the subsets of faces of P containing P and whose restriction to any facet of P
forms a boolean building set. (Note that the connected restriction is empty when P is irreducible.)
Up to polarity, this recovers the description of the P△-building sets of J. Almeter [Alm20] (see
also [Pet14, Sect. 3]).

Example 4.4. Let [n] ⊔ [n] := {i | i ∈ [n]} ⊔
{
i
∣∣ i ∈ [n]

}
. Consider the vectors vi := ei + en+1

and vi
:= − ei + en+1 for i ∈ [n] obtained by homogeneization of the vertices of an n-dimensional

cross-polytope. Consider the oriented matroid M3 on [n] ⊔ [n] defined by the vector configura-
tion

{
vi

∣∣ i ∈ [n]
}
⊔ {vi | i ∈ [n]}. Its Las Vergnas face lattice L(M3) is isomorphic to the face

lattice of the cross-polytope. Namely, the faces of M3 are the set [n]⊔ [n] and all its subsets which
do not contain {i, i} for each i ∈ [n]. We call hyperoctahedral building sets the facial building
sets for M3 (an analogous definition holds for any Dynkin type). Since the cross-polytope is not
a join, a direct application of Example 4.3 gives the following description.

Proposition 4.5. A collection F of subsets of [n]⊔ [n] is a hyperoctahedral building set if and only if

• {i, i} ̸⊆ F for all F ∈ F distinct from [n] ⊔ [n] and all i ∈ [n],
• F contains the set [n] ⊔ [n] and the singletons {i} and {i} for all i ∈ [n],
• for any F,G ∈ F such that {i, i} ̸⊆ F ∪G for all i ∈ [n], if F ∩G ̸= ∅ then F ∪G ∈ F .

Example 4.6. There are two natural simple ways to construct hyperoctahedral building sets:

(1) For a graph G on [n] ⊔ [n], the set of all non-empty subsets of [n] ⊔ [n] which do not
contain {i, i} for each i ∈ [n] and induce a connected subgraph of G, together with the
set [n] ⊔ [n] itself, form a graphical hyperoctahedral building set.

(2) Given two (boolean) building sets B on [n] and B on [n], the set B ⊔ B ⊔ {[n] ⊔ [n]} is a
hyperoctahedral building set that we call bi-building set.

Example 4.7. For instance, for a (boolean) building set B, the design building set of [DHV11] is
the bi-building set B□ :=B ⊔

{
{i□}

∣∣ i ∈ [n]
}
⊔ {[n] ⊔ [n□]} on [n] ⊔ [n□]. See also Example 4.16.
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4.2. Facial nested complexes. We now consider nested complexes on facial building sets.

Definition 4.8. The facial nested complexN(F ,M) of a facial building set (F ,M) is the L(M)-nes-
ted complex NL(M)(B) of F .

Example 4.9. Following Examples 2.9 and 2.35, for the maximal building set L(M)>0̂, the facial
nested complex N(L(M)>0̂,M) is isomorphic to the barycentric subdivision of the positive tope
of M. By Example 2.35, it has a face for each flag of faces of M, in particular a vertex for each
face of M and a facet for each complete flag of faces of M.

Example 4.10. Consider the independent oriented matroid M△ on [n] (i.e. with no circuit). Ac-
cording to Example 4.2, its facial nested complexes are the boolean nested complexes of Defini-
tion 2.7.

Example 4.11. Following Example 4.3, for a simplicial polytope P and a connected L(P)-building
set F , the L(P)-nested complexNL(P)(F) is the union, over all facets F of P, of the joins ofN(F≤F )
with the simplex △κ(F<F ) with vertices the connected components of F<F . Up to polarity, this

recovers the description of the P△-nested sets of J. Almeter [Alm20] (see also [Pet14, Sect. 3]).

Example 4.12. Consider the oriented matroid M3 of Example 4.4. We call hyperoctahedral nested
sets the facial nested sets for M3 (an analogous definition holds for any Dynkin type). A direct
application of Example 4.11 gives the following description.

Proposition 4.13. A subset N of a hyperoctahedral building set F containing [n] ⊔ [n] is a hyper-
octahedral nested set if and only if

(1) for any F,G ∈ N , either F ⊆ G or G ⊆ F or F ∩G = ∅,
(2) for any k ≥ 2 pairwise disjoint F1, . . . , Fk ∈ N , the union F1 ∪ · · · ∪ Fk is in L(M3) but

not in F .

Example 4.14. As already observed in [Alm20, Prop. 4.1], the hyperoctahedral nested complex of
the full hyperoctahedral building set is isomorphic to the boundary complex of the polar of the
type B permutahedron. See Figure 11 (left).

Example 4.15. As already observed in [Alm20, Prop. 4.1], the hyperoctahedral nested com-
plex of the bi-building set B ⊔ B ⊔ {[n] ⊔ [n]} where B = B = 2[n] ∖ {∅} (resp. B = B =
{[i, j] | 1 ≤ i ≤ j ≤ n}) is isomorphic to the boundary complex of the polar of the type A permu-
tahedron (resp. biassociahedron of [BR18]).

Example 4.16. For the design building set B□ of a boolean building set B defined in Example 4.7,
the nested sets are of the form N ⊔N□ ⊔ {[n] ⊔ [n□]}, where N is a B-nested set, N□ is a subset
of

{
{i□}

∣∣ i ∈ [n]
}
, such that if {i□} ∈ N□, then i /∈ N for any N ∈ N . Hence, for a graphical

building set B(G) of a graph G, the nested complex of the design building set B(G)□ is the design
nested complex of [DHV11]. See Figure 11 (right) for some examples, and [MP17, Sect. 5.4] for
an extended discussion of the combinatorial isomorphisms between nested complexes and design
nested complexes.

4.3. Restriction, contraction, and links. We now briefly discuss the properties of facial building
sets and facial nested sets with respect to restriction and contraction operations defined in Defi-
nition 2.39 for building sets and in Definition 3.22 for oriented matroids. We do a slight abuse of
notation in the building set contraction F/X , identifying a face F containing X with F ∖ X, in
order to be compatible with the oriented matroid contraction M/X . This makes sense since L(M)
is atomic (see Remark 2.45).

Proposition 4.17. If (F ,M) is a facial building set and X ∈ F , then (F|X ,M|X) and (F/X ,M/X)
are facial building sets.

Proof. Follows from Propositions 2.40 and 3.28. □

From Propositions 2.41 and 4.17, we obtain that the links in facial nested complexes are joins
of facial nested complexes.
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Figure 11. The type B permutahedron (left) and some design graph associahedra (right).

Proposition 4.18. If (F ,M) is a facial building set and X ∈ F ∖ κ(F), then the link of X
in the facial nested complex N(F ,M) is isomorphic to the join of facial nested
complexes N(F|X ,M|X) ∗N(F/X ,M/X).

Proof. Immediate consequence of Propositions 2.41 and 4.17. □

To describe links of arbitrary faces, we need the following definitions.

Definition 4.19. For a facial building set (F ,M), a facial nested set N and X ∈ N , we define

SX∈N :=X ∖ Y, FX∈N :=(F|X)/Y and MX∈N :=(M|X)/Y

where Y =
∨

Z∈N , Z<X Z.

Proposition 4.20. For any X ∈ N ∈ N(F ,M), the pair (FX∈N ,MX∈N ) is a facial building set
on SX∈N .

Proof. Immediate consequence of Proposition 4.17. □

Proposition 4.21. For a facial nested set N , the link of N ∖ κ(F) in the facial nested com-
plex N(F ,M) is the join of the facial nested complexes N(FX∈N ,MX∈N ) for all X ∈ N .

Proof. Immediate consequence of Proposition 4.18. □

4.4. Operations. We now combine Sections 2.6 and 3.6 to define two operations on facial building
sets and facial nested complexes.

Proposition 4.22. If (F ,M) and (F ′,M′) are two facial building sets, then

(F ,M)⊕ (F ′,M′) :=(F ⊕ F ′,M⊕M′)

is a facial building set, whose facial nested complex N((F ,M) ⊕ (F ′,M′)) is isomorphic to the
join of facial nested complexes N(F ,M) ∗N(F ′,M′).

Proof. Combine Propositions 2.49 and 3.38. □

Proposition 4.23. If (F ,M) and (F ′,M′) are two connected facial building sets, then

(F ,M)⊞ (F ′,M′) :=(F ⊞ F ′,M⊞M′)

is a connected facial building set, whose facial nested complex N((F ,M)⊞(F ′,M′)) is isomorphic
to the join of facial nested complexes N(F ,M) ∗N(F ′,M′).

Proof. Combine Propositions 2.51 and 3.39. □

Corollary 4.24. For any facial building set (F ,M) with κ(F) = {F1, . . . , Fk}, the facial nested
complex N(F ,M) is isomorphic to the facial nested complex of the connected facial building
set (F≤F1 ⊞ · · ·⊞ F≤Fk

,M|F1
⊞ · · ·⊞M|Fk

).

Proof. Immediate consequence of Corollary 2.52 and Propositions 4.22 and 4.23. □
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Example 4.25. Let m :=(m1, . . . ,mℓ) with mi ≥ 1 for all i ∈ [ℓ]. Define [m] := [m1
1] ⊔ · · · ⊔ [mℓ

ℓ]
where [mi

i] := {1i, 2i, . . . ,mi
i} denote the first mi integers colored by i for all i ∈ [ℓ]. Consider the

free sum of simplices 3m :=△[m1] ⊕ · · · ⊕ △[mℓ]. The vertices of 3m correspond to the elements
of [m] and the faces of 3m correspond to the set [m] itself together with all its subsets which do
not contain [mi

i] for each i ∈ [ℓ]. Consider the oriented matroid Mm on [m] defined by the vector
configuration obtained by homogeneization of the vertices of 3m. A collection F of subsets of [m]
is a facial building set for Mm if and only if

• [mi
i] ̸⊆ F for all F ∈ F distinct from [m] and all i ∈ [ℓ],

• F contains the set [m] and the singletons {ni} for all i ∈ [ℓ] and n ∈ [mi],
• for any F,G ∈ F such that [mi

i] ̸⊆ F ∪G for all i ∈ [ℓ], if F ∩G ̸= ∅ then F ∪G ∈ F .

Moreover, a subset N of a facial building set F for Mm containing [m] is a facial nested set if
and only if

(1) for any F,G ∈ N , either F ⊆ G or G ⊆ F or F ∩G = ∅,
(2) for any k ≥ 2 pairwise disjoint F1, . . . , Fk ∈ N , the union F1 ∪ · · · ∪ Fk is in L(Mm) but

not in F .

This specializes to Propositions 4.5 and 4.13 when m = (2, . . . , 2).

5. Oriented building sets and acyclic nested complexes

We now switch to a different family of simplicial complexes associated to an oriented matroidM.
We first define oriented building sets (Section 5.1), and then their acyclic nested complexes (Sec-
tion 5.2).

5.1. Oriented building sets. We first combine building sets and oriented matroids to obtain the
following combinatorial data.

Definition 5.1. An oriented building set is a pair (B,M) where B is a building set and M is an
oriented matroid on the same ground set S such that c ∈ B for any c ∈ C(M). We also often say
that B is an oriented building set for M. We say that (B,M) is realizable if M is realizable.

Example 5.2. Consider the building set B◦ of Example 2.5 and the vector configuration A◦ of
Example 3.4. As the supports 12, 1456, and 2456 of the circuits C(A◦) are all blocks of B◦, the
pair (B◦,M(A◦)) is an oriented building set.

Example 5.3. Consider a directed graph D with vertex set V and arc set S. The line graph of D is
the graph L(D) on S with an edge between two arcs of D if and only if they share an endpoint. See
Figure 9 for an illustration. The graphical oriented building set of D is the pair (B(L(D)),M(D)),
where B(L(D)) is the graphical building set of L(D) defined in Example 2.3 and M(D) is the
graphical oriented matroid of D defined in Example 3.7. Note that it is indeed an oriented building
set: S is the ground set of both B(L(D)) and M(D), and the circuits in M(D) are cycles in D,
hence of L(D), thus belong to B(L(D)).

Remark 5.4. Given an oriented matroid M, the building sets B such that (B,M) is an oriented
building set form an upper ideal in the inclusion poset of building sets. This upper ideal is generated
by a unique building set B(M), which is the minimal building set containing c for all c ∈ C(M),
that is, the building closure of {c | c ∈ C(M)}. In other words, the blocks of B(M) are the
connected components of M and all its restrictions. For instance, for the vector configuration A◦
of Example 3.4, the minimal building set is B(M(A◦)) = {1, 2, 3, 4, 5, 6, 12, 1456, 2456, 123456}.

We now briefly discuss the properties of oriented building sets with respect to the operations
of restriction and contraction defined in Definition 2.12 for building sets and in Definition 3.22 for
oriented matroids.

Proposition 5.5. If (B,M) is an oriented building set on S and R ⊆ S, then the restriction (B|R,M|R)
and contraction (B/R,M/R) are oriented building sets on R and S ∖R respectively.

Proof. If c ∈ C(M|R), then c ∈ C(M) so that c ∈ B, and c ⊆ R so that c ∈ B|R. If c′ ∈ C(M/R),
then c′ = c′ ∖R for some c ∈ C(M), so that c ∈ B and thus c′ = c∖R ∈ B/R. □
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Our next definition is the analogue of Definition 4.19 for oriented building sets.

Definition 5.6. For an oriented building set (B,M), a nested set N on B and B ∈ N , we define

SB∈N :=B ∖R, BB∈N :=(B|B)/R and MB∈N :=(M|B)/R

where R = RB∈N :=
⋃

C∈N , C⊊B C.

Proposition 5.7. For any B ∈ N ∈ N(B), the pair (BB∈N ,MB∈N ) is an oriented building set
on SB∈N .

Proof. Immediate consequence of Proposition 5.5. □

Example 5.8. Consider the graphical oriented building set of a directed graph D from Example 5.3,
and a tube T in a tubing T of L(D). The oriented building set (B(L(D)),M(D))T∈T is the graph-
ical oriented building set of the directed graph obtained as the contraction in the restriction D|T
of all arcs contained in some tube T ′ ∈ T with T ′ ⊊ T .

5.2. Acyclic nested complex. Using Definition 5.6, we are now ready to define acyclic nested
sets and the acyclic nested complex of an oriented building set. Here and throughout, we de-
fine

⋃
N :=N1 ∪ · · · ∪Nk for N := {N1, . . . , Nk}.

Lemma 5.9. The following conditions are equivalent for a nested set N on B:
(i) MB∈N is acyclic for every B ∈ N ,
(ii) there is no c ∈ C(M) and B ∈ N with c ⊆ B such that SB∈N intersects c+ but not c−,
(iii) there is no c ∈ C(M) and N ′ ⊆ N with c+ ̸⊆

⋃
N ′ while c− ⊆

⋃
N ′,

(iv) M/
⋃

N ′ is acyclic for every N ′ ⊆ N ,
(v) S ∖

⋃
N ′ ∈ V∗(M) for every N ′ ⊆ N ,

(vi)
⋃

N ′ is a face of M for every N ′ ⊆ N .

We then say that N is acyclic for M.

Proof. By Definition 3.22,

V(MB∈N ) =
{
v ∖R

∣∣ v ∈ V(M|B)
}
= {v ∖R | v ∈ V(M) and v ⊆ B} ,

where R :=
⋃

C∈N , C⊊B C and v ∖R :=(v+ ∖R, v− ∖R). The equivalence (i) ⇔ (ii) thus follows
from Definition 3.13.

The equivalent (ii) ⇔ (iii) is immediate: if c and B fail (ii), then c and N ′ := {C ∈ N | C ⊊ B}
fail (iii), and conversely if c and N ′ fail (iii), then c and B := min {C ∈ N | c ⊆ C} fail (ii).

The equivalence (iii) ⇔ (iv) follows from Definition 3.13 again.
Finally, we have (iv) ⇔ (v) ⇔ (vi) by Lemma 3.27. □

Definition 5.10. The acyclic nested complex of an oriented building set (B,M) is the simplicial
complex A(B,M) whose faces are N ∖ κ(B) for all nested sets N of B which are acyclic for M.

Note that the conditions (iii), (iv), (v) or (vi) of Lemma 5.9 immediately show that the acyclic
nested complex A(B,M) is indeed a simplicial complex. We will prove in Section 7 that it is
actually a (rk(M) − |κ(B)| − 1)-dimensional simplicial sphere, and in Section 8 that it is the
boundary complex of a simplicial (rk(M)− |κ(B)|)-dimensional polytope as soon as the oriented
matroid M is realizable.

Example 5.11. For any building set B on S, the nested complex N(B) is the acyclic nested com-
plex A(B,M△), where M△ is the independent (i.e. with no circuit) oriented matroid on S.

Remark 5.12. • If M is not acyclic, then the acyclic nested complex A(B,M) is empty.
• If M contains a circuit c = (c+, c−) with |c−| = 1, then A(B,M) is actually isomorphic

to A(B|S∖{s},M|S∖{s}).

Example 5.13. From Example 5.3, consider a directed graph D and its graphical oriented building
set (B(L(D)),M(D)). The graphical acyclic nested complex A(B(L(D)),M(D)) is then given by
all tubings T on L(D) such that for each tube T ∈ T , the contraction in the restriction D|T of
all arcs contained in some tube T ′ ∈ T with T ′ ⊊ T yields an acyclic directed graph. Figure 12
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Figure 12. Two graphical acyclic nested complexes. For each one, we have drawn the directed
graph D, and its line graph L(D) with vertices colored black and white according to the sign of
the corresponding arcs in the only circuit of D. On the graphical nested fan of L(D) (top), we
have drawn the acyclic tubings of L(D) in green. On the graph associahedron of L(D) (bottom),
we have drawn all maximal tubings of L(D) in blue, the minimal cyclic tubings of L(D) in red,
and the maximal acyclic tubings of L(D) in green.

illustrates two graphical acyclic nested complexes. Note that these two directed graphs have the
same line graph, but distinct graphical oriented matroids, and thus distinct graphical acyclic nested
complexes.

Example 5.14. It follows from Example 5.11 that the graphical acyclic nested complex of D is
isomorphic to the classical nested complex of the line graph L(D) when D is an oriented forest
(for instance, it is isomorphic to the simplicial permutahedron if D is a star, and to the simplicial
associahedron if D is a path).

Remark 5.15. It follows from Remark 5.12 that the graphical acyclic nested complex of D is

• empty if D is cyclic (i.e. has a directed cycle),
• isomorphic to the graphical acyclic nested complex of the Hasse diagram of the transitive
closure of D if D is acyclic.

Hence, graphical acyclic nested complexes are in fact intrinsically associated to posets. The graph-
ical case of Examples 5.3 and 5.13 actually motivated Definitions 5.1 and 5.10, and was inspired
from the poset associahedra defined in [Gal24]. See Section 10.
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We now describe the links in the acyclic nested complex A(B,M). The reader is invited to
write a direct proof of the following statement. It also follows from the analogue Proposition 4.21
on facial nested complexes, and the connection of Section 6 between facial nested complexes and
acyclic nested complexes.

Proposition 5.16. For an acyclic nested set N , the link of N ∖ κ(B) in the acyclic nested com-
plex A(B,M) is the join of the acyclic nested complexes A(BB∈N ,MB∈N ) for all B ∈ N .

Example 5.17. In view of Example 5.8, all links in a graphical acyclic nested complexes are graph-
ical acyclic nested complexes.

We now consider with a little more care the maximal acyclic nested sets, which will be important
in our proof of Theorem 8.3.

Proposition 5.18. If N is a maximal acyclic nested set of (B,M), then MB∈N has rank 1 for
any B ∈ N .

Proof. Assume by contradiction that MB∈N has rank larger than 1 for some B ∈ N . Hence, it
admits a proper positive cocircuit c∗ with ∅ ̸= c∗+ ̸= SB∈N (consider any facet of MB∈N ). Define

N ′ :=N ∪ κ(
{
B′ ∈ B

∣∣ B′ ⊆ B ∖ c∗+
}
).

We claim that

(i) N ⊊ N ′, since ∅ ̸= c∗+ ̸= SB∈N .
(ii) N ′ is a nested set of B. Indeed,

• Any B′, B′′ ∈ N (resp. B′, B′′ ∈ N ′ ∖ N ) are clearly nested or disjoint since they
belong to a nested set (resp. since they are connected components of a building set).
Consider now B′ ∈ N and B′′ ∈ N ′∖N . Since B and B′ belong to the nested set N ,
they are nested or disjoint. If B ⊆ B′, then B′′ ⊂ B′. If B′ ⊊ B, then B′ ⊆ B ∖ c∗+,
so that B′ ⊆ B′′ or B′ ∩B′′ = ∅. Otherwise, B′ ∩B = ∅, thus B′ ∩B′′ = ∅.

• Consider k ≥ 2 pairwise disjoint B1, . . . , Bk in N ′. If they all belong to N , then
B1 ∪ · · · ∪Bk /∈ B. Otherwise, let Bj ∈ N ′ ∖ N . If I = {i ∈ [k] | Bi ̸⊆ B} ̸= ∅,
then B∪B1∪· · ·∪Bk = B∪

⋃
i∈I Bi /∈ B (sinceN is a nested set) so that B1∪· · ·∪Bk /∈

B (since B is a building set and B ∩ Bj ̸= ∅). If I = ∅, then B1 ∪ · · · ∪ Bk /∈ B by
maximality of Bj .

• N ′ contains N which contains κ(B).
(iii) N ′ is still acyclic for M. Indeed,

• For B′ ∈ N ∖ {B}, we have RB′∈N ′ = RB′∈N so that MB′∈N ′ = MB′∈N is acyclic.
• For B′ ∈ κ(

{
B′ ∈ B

∣∣ B′ ⊆ B ∖ c∗+
}
), we have RB′∈N ′ = RB∈N ∩ B′ so that

MB′∈N ′ = (MB∈N )|B′ is acyclic since MB∈N is.
• As circuits and cocircuits are sign orthogonal and c∗ is a positive cocircuit of MB∈N ,
c∗+ ∩ c+ ̸= ∅ implies c∗+ ∩ c− ̸= ∅ for any circuit c of MB∈N , hence for any circuit c
of M with c ⊆ B. Since SB∈N ′ = c∗+, we obtain that MB∈N is acyclic by Lemma 5.9.

This contradicts the maximality of N . □

Corollary 5.19. The acyclic nested complex A(B,M) is pure of dimension rk(M)− |κ(B)| − 1.

Proof. For a maximal nested set N , we have κ(B) ⊆ N and rk(M) =
∑

B∈N rk(MB∈N ) = |N | by
Proposition 5.18. Hence, the corresponding face has cardinality |N ∖κ(B)| = rk(M)−|κ(B)|. □

Corollary 5.20. For any maximal acyclic nested set N of (B,M), and any B ∈ N , the building
set BB∈N on SB∈N is complete.

Proof. Since MB∈N has rank 1 by Proposition 5.18, any two elements u, v ∈ SB∈N form a circuit
of MB∈N , hence a block of BB∈N by Definition 5.1. Since BB∈N is a building set, we conclude
that BB∈N = 2SB∈N . □
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6. Facial nested complexes versus acyclic nested complexes

We now connect Sections 4 and 5. More precisely, for any acyclic oriented matroid M, we now
show that

• the facial building sets of Definition 4.1 essentially coincide with the oriented building sets
of Definition 5.1, see Theorem 6.1,

• the facial nested complexes of Definition 4.8 coincide with the acyclic nested complexes
of Definition 5.10, see Theorem 6.3.

For this, we need to select the facial part of an oriented building set.

Theorem 6.1. The map B 7→ B ∩L(M) is a surjection from oriented building sets for M to facial
building sets for M.

Proof. We first prove that the map is well-defined. Consider an oriented building set (B,M) and
let F :=B ∩ L(M). Fix a face F of M, and denote by B1, . . . , Bk the maximal facial blocks
from F⊆F , and by C1, . . . , Cℓ the connected components of M|F . Then

(1) L(M|F )
(i)∼=

∏
j∈[ℓ]

L(M|Cj
)
(ii)
=

∏
i∈[k]

∏
j∈[ℓ]

Bi∩Cj ̸=∅

L(M|Cj
)
(iii)∼=

∏
i∈[k]

L(M|Bi
),

so that F is indeed an L(M)-building set. In (1), the equality (i) holds by Propositions 3.38
and 3.42. To see equalities (ii) and (iii), observe that

• Each Cj belongs to F . Indeed, it belongs to B as it is either a singleton or a union of
supports of circuits with connected intersection graph, which are both elements of B by
Definitions 2.1 and 5.1. Moreover, it is a face of M by Corollary 3.43.

• Each Bi coincides with the disjoint union
⊔

j∈[ℓ],Bi∩Cj ̸=∅ Cj . Indeed, this union clearly

contains Bi and is contained in F . Since the connected components are themselves blocks,
Bi ∪

⊔
j∈[ℓ],Bi∩Cj ̸=∅ Cj belongs to B as a union of intersecting blocks, hence equals to Bi

by maximality of Bi.

To prove the surjectivity, consider a facial building set F . We define B to be the building
closure (see Definition 2.6) of F ∪ {c | c ∈ C(M)}, and we prove that F = B ∩ L(M). The
inclusion F ⊆ B ∩ L(M) is immediate, hence we just need to prove the inclusion B ∩ L(M) ⊆ F .
Consider thus B ∈ B ∩ L(M).

Combining the definition of facial building set with Proposition 3.38, we know that

M|B = M|B1
⊕ · · · ⊕M|Bk

,

where B1, . . . , Bk are the maximal elements of F included in B. Note that the direct sum structure
implies that the support of every circuit of M|B belongs to one Bi. Therefore, for each Bi, the
sets in F ∪ {c | c ∈ C(M)} contained in Bi form a connected component of the intersection graph
of F ∪{c | c ∈ C(M)}. Hence, each Bi is an inclusion maximal element of B⊆B and, since they are
faces, also of (B ∩L(M))⊆B . As B ∈ B ∩L(M), we must have k = 1, and therefore B = B1 ∈ F ,
as required. □

Remark 6.2. Note that the surjection of Theorem 6.1 is not injective in general. The inclusion
minimal oriented building set mapped to a given facial building set F is the building closure
of F ∪ {c | c ∈ C(M)} considered in the proof of Theorem 6.1. Note that for the independent
oriented matroid M△ (i.e. with no circuit), all subsets are faces, so that the map of Theorem 6.1
is bijective.

Theorem 6.3. Let F :=B ∩ L(M) be the facial building set of an oriented building set (B,M).
Then the facial nested complex N(F ,M) and the acyclic nested complex A(B,M) coincide.

To prove this statement, we need a couple of technical results. We still denote by F :=B∩L(M)
the facial building set of the oriented building set (B,M).

Lemma 6.4. If B ∈ B and F is the inclusion minimal face of M containing B, then F ∈ F .
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Proof. By definition, the smallest face containing B is the smallest F ⊇ B for which there is no
c ∈ C(A) with c− ⊆ F and c+ ̸⊆ F , and can be obtained iteratively as follows. Start with F0 :=B
and construct Fi+1 :=Fi ∪ ci for some ci ∈ C(A) with ci− ⊆ Fi but ci+ ̸⊆ Fi as long as such a

circuit ci exists. When no such circuit exists, we recover F . Note that F0 ∈ B and ci ∈ B for all i,
and therefore we also have Fi ∈ B for all i, so that F ∈ B and thus F ∈ F . □

Corollary 6.5. If B1, B2 ∈ B with B1 ∩B2 ̸= ∅ then B1 ∨B2 ∈ F , where ∨ is the join in L(M).

Proof. As B1, B2 ∈ B and B1 ∩ B2 ̸= ∅ we have B1 ∪ B2 ∈ B. As B1 ∨ B2 is the smallest face
of M containing B1 ∪B2, we obtain that B1 ∨B2 ∈ F by Lemma 6.4. □

Corollary 6.6. We have κ(B) = κ(F).

Proof. We have clearly κ(B) ⊆ κ(F) since B ⊇ F . Conversely, B ∈ κ(F) was not maximal in B,
then there would be some B ⊊ B′ ∈ B, and by Lemma 6.4 there would be some B′′ ∈ F such that
B ⊊ B′ ⊆ B′′ ∈ F , contradicting the maximality of B ∈ κ(F). □

Proof of Theorem 6.3. Let N be a facial nested set for (F ,M). Observe first that N is a nested
set on B. Indeed, we have

• κ(B) = κ(F) ⊆ N by Corollary 6.6,
• any two elements of N are either nested or disjoint by Corollary 6.5,
• for k ≥ 2 pairwise disjoint blocks B1, . . . , Bk ∈ N , the union B1 ∪ · · · ∪Bk is not in B, as
otherwise we would have B1 ∨ · · · ∨Bk ∈ F by Lemma 6.4, contradicting the fact that N
is a facial nested set.

We now prove that N is acyclic. We prove that for all N ′ ⊆ N , we have that
⋃

N ′ is a face. By
contradiction, consider an inclusion minimal N ′ ⊆ N for which

⋃
N ′ is not a face. Its elements

B1, . . . , Bk have to be pairwise incomparable by minimality. By the definition of the facial nested
complex, F = B1 ∨ · · · ∨Bk is not in F . By definition of facial building sets, we know that

M|F = M|C1
⊕ · · · ⊕M|Cr

,

where C1, . . . , Cr are the maximal elements of F⊆F . In particular, Ci ∩Cj = ∅ for all i ̸= j. Note
also that if Bi ∩ Cj ̸= ∅, then Bi ⊆ Cj , as otherwise Bi ∨ Cj would be a larger block in F⊆F by
Corollary 6.5. Also, each Cj contains at least some Bi, as otherwise

⋃
i̸=j Ci would be a smaller

face containing N ′, contradicting the minimality of F .
Now, denote Ni = N ′

⊆Ci
. By the minimality of N ′, we know that

⋃
Ni is a face of Ci for

each i. By the direct sum decomposition of F , any union of faces of the Ci’s must be a face of F .
Therefore, we get that

⋃
i (
⋃
Ni) =

⋃
N ′ must be a face, a contradiction.

Conversely, let N be an acyclic nested set in A(B,M). By Lemma 5.9 (vi), every B ∈ N is a
face, and therefore belongs to F . Consider now some pairwise incomparable elements B1, . . . , Bk

of N . Since N is acyclic for M, we obtain that B1 ∪ · · · ∪ Bk is a face of M by Lemma 5.9 (vi),
and therefore B1 ∨ · · · ∨ Bk = B1 ∪ · · · ∪ Bk. Moreover, B1, . . . , Bk are pairwise incomparable
in L(M), hence pairwise non nested, so that B1∪· · ·∪Bk is not in B since N ∈ A(B,M) ⊆ N(B).
Since F ⊆ B, we conclude that B1 ∨ · · · ∨Bk = B1 ∪ · · · ∪Bk is not in F . □
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Part III. Geometric realizations

In this part, we study geometric realizations of facial nested complexes (or equivalently acyclic
nested complexes). We first observe that the facial nested complexes of an oriented matroid M are
face lattices of oriented matroids, which are realizable whenever M is (Section 7). We then provide
an alternative polytopal realization of facial nested complexes of realizable oriented matroids as
sections of nestohedra, with explicit coordinates (Section 8). Finally, we connect facial nested
complexes to the work of G. Gaiffi [Gai03] on stratified compactifications of polyhedral cones and
to the work of S. Brauner, C. Eur, E. Pratt, and R. Vlad [BEPV24] on wondertopes (Section 9).

7. Oriented matroid realizations

In [FM05, Cor. 4.3], E. M. Feichtner and I. Müller proved that all nested complexes over a finite
atomic meet-semilattice L are homeomorphic to the order complex of L. Since the face lattices of
oriented matroids encode face lattices of regular cell decompositions of spheres (see Theorem 3.21),
their order complexes are the face lattices of the barycentric subdivisions of these spheres. This
shows that the facial nested complexes of an oriented matroid M are always spheres.

In this section, we show that these spheres are actually face lattices of oriented matroids,
which are realizable whenever M is. This will follow immediately from the interpretation of the
combinatorial blow-ups of E. M. Feichtner and D. Kozlov [FK04, Def. 3.1 & Thm. 3.4] (Section 2.5)
on face lattices of oriented matroids as stellar subdivisions (Section 3.5). Note that in the realizable
case, they can be obtained by stellar subdivisions of polytopes or, dually, as a sequence of face
truncations.

We focus on the connected case, as the non-connected case reduces to it via Corollary 4.24.

Definition 7.1. Let (F ,M) be a connected facial building set on a ground set S. We define
sd(F ,M) as the oriented matroid on the ground set F given by

sd(F ,M) = sd(F1, sd(F2, . . . sd(Fm,M) . . . ))|F ,

where F1, . . . , Fm are the faces in F ∖ {S} ordered in any way such that Fi ⊆ Fj implies i ≥ j,
and where we label each of the vertices aF introduced in the successive stellar subdivisions as the
associate faces F .

Note that if we perform a stellar subdivision on a vertex, this vertex ceases to be a face (and to
belong to any face). Therefore, since all the vertices of M are in F by definition of facial building
set, none of the original elements of M belongs to a face of L(sd(F ,M)), which explains why we
can restrict its ground set to be F .

Now, [FK04, Thm. 3.4] yields the following result. We provide a direct proof for completeness.

Theorem 7.2. For any connected facial building set (F ,M), the facial nested complex N(F ,M)
ordered by inclusion coincides with the face semilattice L(sd(F ,M))<1̂.

Proof. By definition, the facial nested complex N(F ,M) is the L(M)-nested complex NL(M)(F).
This is the same as the L(M)<1̂-seminested complex NL(M)<1̂

(F<1̂) by definition of seminested
complex, see Remark 2.38.

We can now apply Theorem 2.47, which says that this is isomorphic to BlF<1̂
(L(M)<1̂). By

Proposition 3.29 and Definition 7.1, this is exactly L(sd(F ,M))<1̂. The labelling in the definition
of sd(F ,M) has been chosen so that this isomorphism is the identity. □

This can be extended to disconnected building sets using Corollary 4.24.

Theorem 7.3. For any facial building set (F ,M) with κ(F) := {F1, . . . , Fk}, the facial nested com-
plex N(F ,M) is isomorphic to L(sd(F≤F1 ⊞ · · ·⊞ F≤Fk

,M|F1
⊞ · · ·⊞M|Fk

))<1̂.

Finally, observe that if M is realizable, then the face lattice of M is the face lattice of a convex
polytope. By Proposition 3.29, so is sd(F ,M) for any facial building set F .
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Figure 13. Iterated permutahedra. Figure adapted from [CL23, Fig. 1].

Theorem 7.4. For any polytope P, and any facial building set F for M(AP), the facial nested
complex N(F ,M(AP)) is isomorphic to the boundary complex of a convex polytope. When F
is connected, this polytope is obtained by a sequence of stellar subdivisions of P, or dually, by a
sequence of face truncations of the polar of P.

Example 7.5. Following on Example 4.9, for the complete facial building set F̂ for M(AP), the

facial nested complex N(F̂ ,M(AP)) is isomorphic to the complete barycentric subdivision of P,
or dually, to the complete face truncation of the polar of P. When P is simplicial, i.e. when the
polar P△ is simple, all faces of the complete face truncation of P△ are products of permutahedra.
For instance, the complete face truncation of a simplex is a permutahedron, and the complete face
truncation of a permutahedron is a permuto-permutahedron of [Gai15, CL23]. See Figure 13. We
note that for the same price, we can iterate the construction of [Gai15, CL23] to obtain iterated
nested braid fans and iterated permutahedra. We also obtain the simple permutoassociahedron
of [BIP19, Iva20]. In contrast, we note that all the polytopes resulting from our construction are
simple (or dually simplicial), so our setting does not cover the permutoassociahedra [Kap93, RZ94,
CL23] nor their generalizations to permutonestohedra [Gai15] which are non-simple polytopes.

Example 7.6. The construction of Theorem 7.4 was already applied in [Alm20] to realize the facial
nested complexes of a simplicial polytope P by face truncations of its polar P△. For instance, the
hyperoctahedral nested complexes discussed in Examples 4.4 and 4.12 are realized by face trunca-
tions of a cube as in Figure 11 (right). This recovers previous realizations of biassociahedra [BR18]
(see Example 4.15) and design graph associahedra [DHV11] (see Example 4.16).

8. Polytopal realizations

The polytopal realization of Theorem 7.4 is not completely satisfactory, as it does not pro-
vide explicit coordinates. Indeed, the stellar subdivisions (or dually the face truncations) rely
on some parameters of the construction being sufficiently small, with no explicit bounds. In this
section, we exploit our embedding of the facial nested complex N(F ,M(A)) as an acyclic nested
complex A(B,M(A)) to obtain explicit and combinatorially meaningful polytopal realizations.
Namely, we show that the acyclic faces of the nested complex N(B) can be selected by intersecting
a suitable nestohedron Nest(B, λ) by the evaluation space of A. We first work in the space RS of
the nestohedron of B (Section 8.1) and then in the space RA of a vector configuration A (Sec-
tion 8.3). We also discuss how this construction can be seen as an explicit version of Theorem 7.4
by commuting sections and truncations (Section 8.2). Note that our realizations depend on the
choice of A: the same realizable oriented building set could be realized by different choices of
vector configurations A which would produce distinct polytopal realizations.

8.1. Acyclonestohedra in RS . In this section, we provide an explicit polytopal realization of the
acyclic nested complex A(B,M) as a section of a nestohedron for B. We first fix some notations.

Notation 8.1. Since each circuit c ∈ C(A) is the signature of a unique (up to rescaling) linear
dependence δ ∈ D(A), we can define
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Figure 14. The graphical acyclonestohedra (green polygons) realizing the graphical acyclic
nested complexes of Figure 12, obtained as the section of the graph associahedron of the line
graph L(D) by the evaluation space of the graphical oriented matroid of D.

• H=
c as the hyperplane of RV satisfying the equation ⟨ δ | x ⟩ = 0,

• H>
c as the open halfspace of RV satisfying the inequality ⟨ δ | x ⟩ > 0, and

• rc := max δ ̸=0/min δ ̸=0 where δ ̸=0
:= {|δs| | s ∈ S}∖ {0}.

Since the dependence space D(A) is the orthogonal complement of the evaluation space D∗(A),
and is generated by the circuit dependences, we have

D∗(A) =
⋂

c∈C(A)

H=
c .

Definition 8.2. Consider ρ :=(ρB)B∈B ∈ RB
+ given by ρB :=0 if |B| = 1 and ρB :=R|B| if |B| ≥ 2,

where R := |B| ·maxc∈C(A) rc. The acyclonestohedron Acyc(B,A) is the intersection of the nesto-
hedron Nest(B,ρ) of Definition 2.19 with the evaluation space D∗(A) of A.

Theorem 8.3. For any realizable oriented building set (B,M(A)), the acyclic nested complex
A(B,M(A)) is isomorphic to the boundary complex of the polar of the acyclonestohedron Acyc(B,A).

Remark 8.4. Following Example 5.11, note that if A is linearly independent, then its evaluation
space D∗(A) is RS , and the acyclonestohedra Acyc(B,A) coincides with the classical nestohe-
dron Nest(B,ρ). For instance, the acyclonestohedron of the graphical oriented building set of an
oriented forest D is the graph associahedron of L(D) (for instance, a permutahedron if D is a star,
and an associahedron if D is a path).

Example 8.5. Following on Examples 2.9, 2.35, 4.9 and 7.5, we note that Theorem 8.3 gives explicit
coordinates to perform the barycentric subdivision of a polytope P, or dually, the omnitruncation
of P△.

Example 8.6. Following Examples 5.3 and 5.13, Figure 14 illustrates the acyclonestohedra of the
graphical acyclic nested complexes of Figure 12.

We split the proof of Theorem 8.3 into two statements.

Lemma 8.7. If a nested set N on B is not acyclic for M(A), then the corresponding face of Nest(B,ρ)
does not intersect the evaluation space D∗(A).
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Proof. Assume that N is not acyclic for M(A). Then by Lemma 5.9 (iii) there is c ∈ C(A)
and N ′ ⊆ N with c+ ̸⊆

⋃
N ′ while c− ⊆

⋃
N ′. Let δ ∈ D(A) be such that c = σ(δ). Assume

that N ′ is inclusion minimal, and define X := c ∪
⋃
N ′. By minimality of N ′, any B ∈ N ′

intersects c−. Hence, X ∈ B since all elements of N ′ are in B and intersect c which is also
in B. Consider a maximal nested set N ′′ containing N . By Proposition 2.21, the corresponding
vertex v(N ′′,ρ) of Nest(B,ρ) satisfies

⟨ δ | v(N ′′,ρ) ⟩ =
∑
s∈c+

∑
B∈B

s∈B⊆B(s,N ′′)

|δs| · ρB −
∑
s∈c−

∑
B∈B

s∈B⊆B(s,N ′′)

|δs| · ρB

≥ min δ ̸=0ρX −
∑
B∈B

B⊆
⋃

N ′

max δ ̸=0ρB

≥ min δ ̸=0R|X| − (|B| − 1) ·max δ ̸=0 ·RmaxB∈N′ |B| > 0

as R ≥ |B| · rc > (|B|− 1) ·max δ ̸=0/min δ ̸=0 and |X| ≥ maxB∈N ′ |B|+1. Hence, v(N ′′,ρ) ∈ H>
c

for every maximal nested set N ′′ containing N . We conclude that the entire face of Nest(B,ρ)
corresponding to N is in H>

c , thus disjoint from D∗(A) =
⋂

c∈C(A) H
=
c . □

Lemma 8.8. If a nested set N on B is acyclic for M(A), then the corresponding face of Nest(B,ρ)
intersects the evaluation space D∗(A).

Proof. Assume that N is a maximal acyclic nested set for (B,M(A)). By Corollary 5.20, the
oriented matroid MB∈N has rank 1 for each B ∈ N , hence

rk(A) = rk(M(A)) =
∑
B∈N

rk(MB∈N ) = |N |.

For each B ∈ N , choose a spanning tree TB∈N of the complete graph on SB∈N . Each edge (r, s)
of TB∈N forms a circuit of MB∈N . Thus, there exists a circuit cr,s of M(A) contained in B
which contracts to the circuit (r, s) of MB∈N . Let XB∈N := {cr,s | (r, s) ∈ TB∈N } and consider
X =

⋃
B∈N XB∈N . As X is clearly linearly independent and has cardinality∑

B∈N
|TB∈N | =

∑
B∈N

|SB∈N | − 1 = |S| − |N | = rk∗(A) = dim(D(A)),

the circuits of X form a basis of the dependence space D(A). Hence, D∗(A) =
⋂

c∈X H=
c .

To prove that the face of Nest(B,ρ) corresponding to N intersects D∗(A), it thus suffices to
show that any region of the arrangement of hyperplanes {H=

c | c ∈ X} contains the vertex v(N ′,ρ)
of some maximal nested set N ′ on B containing N . Such a region corresponds to an orientation O
of the forest formed by the trees TB∈N for B ∈ N . Add to O all arcs i→ j for i ∈ B and j ∈ B′

such that B,B′ ∈ N with B ⊊ B′. The resulting graph is acyclic, so we can consider a linear
extension π. Then the vertex v(Nπ,ρ) of the nested set Nπ :=

⋃
i∈[p] κ(B|π1∪···∪πi

) lies in the

region defined by O. □

Proof of Theorem 8.3. Immediate from Lemmas 8.7 and 8.8. □

8.2. Commuting sections and truncations. We make a brief interlude to add some observations
connecting the polytopal realizations of Theorems 7.4 and 8.3. Consider a polytope P and its
homogenized vector configuration AP. Let (B,M(AP)) be a connected oriented building set.
Then

• the polar P△ is the section of the positive orthant Rd
≥0 with the evaluation space D∗(AP),

• the acyclonestohedron Acyc(B,AP) is the section of the nestohedron Nest(B,ρ) with the
evaluation space D∗(AP).

In other words, intersecting with the evaluation space D∗(AP) geometrically embeds both the face
lattice of P△ in the boolean lattice and the acyclic nested complex A(B,M(AP)) in the boolean
nested complex N(B).

Building on this observation, we note that we can obtain the acyclonestohedron Acyc(B,AP)
from the simplex in two ways, by commuting sections and face truncations:
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Figure 15. The graphical acyclonestohedra (green) of Figure 14, can be obtained from the sim-
plex (red) in two equivalent ways, commuting the sequence of face truncations defining the nesto-
hedron (blue) with the section defining the polar polytope (orange). See Section 8.2 for details.

(1) either we first truncate faces of the simplex to obtain the nestohedron Nest(B,ρ), and
we then intersect with the evaluation space D∗(AP) to obtain the acyclonestohedron
Acyc(B,AP), as presented in Theorem 8.3,

(2) or we first intersect the simplex with evaluation space D∗(AP) to obtain the polar P△, and
we then truncate faces of P△ (according to the facet supporting hyperplanes of the nesto-
hedron Nest(B,ρ) which intersect D∗(AP)) to obtain the acyclonestohedron Acyc(B,AP),
thus obtaining explicit parameters to realize the construction mentioned in Theorem 7.4.

We can thus see Theorem 8.3 as an effective version of Theorem 7.4, with two major advantages.
First, it gives explicit and combinatorial meaningful coordinates for the truncations. Second these
truncations are compatible with the embedding of the acyclic nested complex Acyc(B,AP) in the
boolean nested complex N(B).

Finally, note that in the first way, the face truncations of the simplex corresponding to building
blocks of B∖L(P) are superfluous as their supporting hyperplanes do not intersect D∗(AP). Our
construction of Theorem 8.3 still performs these truncations as we want to work with a boolean
building set B containing B ∩ L(P).

Example 8.9. Following Examples 5.3, 5.13 and 8.6, Figure 15 illustrates the acyclonestohedra of
Figure 14 obtained either by face truncations and section, or by section and face truncations.

8.3. Acyclonestohedra in RA. In this section, we give an alternative realization of the acyclic
nested complex A(B,M(A)) by a polytope Acyc(B,A) in the vector space RA generated by our
vector configuration A. This polytope Acyc(B,A) is obtained as an affine image of the acyclon-
estohedron Acyc(B,A). This was inspired from a construction of A. Sack [Sac25].

Definition 8.10. Consider the coefficients ρ ∈ RB given in Definition 8.2. The acyclonestohe-
dron Acyc(B,A) is the polytope of RA defined by the equalities gB(y) = 0 for all B ∈ κ(B) and
the inequalities gB(y) ≥ 0 for all B ∈ B, where

gB(y) :=
〈 ∑

b∈B

ab

∣∣ y 〉
−

∑
B′∈B
B′⊆B

ρB′ .
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Proposition 8.11. The acyclonestohedra Acyc(B,A) of Definition 8.2 and Acyc(B,M(A)) of Def-
inition 8.10 are affinely equivalent.

Proof. We still denote by (es)s∈S the standard basis of RS . Let π : RS → D∗(A) denote the
projection on D∗(A) parallel to D(A). Consider the vectors fs :=π(es) of D∗(A).

Observe that, for any dependence δ ∈ D(A), we have∑
s∈S

δsfs =
∑
s∈S

δsπ(es) = π
(∑
s∈S

δses
)
= π(δ) = 0

since the projection π is parallel to D(A). As the dimension of D∗(A) is the rank of A, we obtain
that the vectors (fs)s∈S have precisely the same dependences as the vectors (as)s∈S . We can thus
define an invertible linear map Ψ : RA → D∗(A) such that Ψ(as) = fs for all s ∈ S. We denote
by Ψ∗ : D∗(A) → RA the adjoint of Ψ, i.e. such that ⟨Ψ(a) | x ⟩ = ⟨a | Ψ∗(x) ⟩ for any a ∈ RA
and x ∈ D∗(A).

We now observe that the map Ψ∗ sends the acyclonestohedron Acyc(B,A) to the acyclonesto-
hedron Acyc(B,M(A)). Indeed, recall from Proposition 2.22 that the inequality of the nesto-
hedron Nest(B,ρ) corresponding to a building block B ∈ B is given by

〈 ∑
b∈B eb

∣∣ x
〉
≥ ΩB

where ΩB :=
∑

B′∈B,B′⊆B ρB′ . Observe now that x ∈ D∗(A), we have〈 ∑
b∈B

eb
∣∣ x 〉

=
〈 ∑

b∈B

f b

∣∣ x 〉
=

〈
Ψ
(∑
b∈B

ab

) ∣∣ x 〉
=

〈 ∑
b∈B

ab

∣∣ Ψ∗(x)
〉
.

Hence, the inequality
〈 ∑

b∈B eb
∣∣ x

〉
≥ ΩB of the acyclonestohedron Acyc(B,A) becomes the

inequality
〈 ∑

b∈B ab

∣∣ y 〉
≥ ΩB of the acyclonestohedron Acyc(B,M(A)). The same observation

holds replacing the inequalities corresponding to the blocks of B by the equalities corresponding
to the connected components of B. □

Theorem 8.12. For any realizable oriented building set (B,M(A)), the acyclic nested complex
A(B,M(A)) is isomorphic to the boundary complex of the polar of the acyclonestohedron Acyc(B,A).

Proof. Immediate consequence of Theorem 8.3 and Proposition 8.11. □

Remark 8.13. Note that in Definition 8.10, the inequalities given by the acyclic blocks B are
redundant, since the corresponding facets of Nest(B,ρ) are not intersected by the evaluation
space D∗(A). We could thus just delete them from the inequalities list. In other words, the
irredundant inequalities in Definition 8.10 correspond to the blocks of B ∩ L(M).

9. Compactifications

In the celebrated paper [DCP95], C. De Concini and C. Procesi used nested sets on the lattice
of flats of a subspace arrangement in a projective space to study wonderful compactifications of its
complement via sequences of projective blow-ups. Compactifications of interiors of polytopes have
also been studied in different guises. In particular, the configuration space of n ordered points
in the real line is the interior of a simplex, and the (Stasheff) associahedron models its (real)
W. Fulton and R. MacPherson’s compactification [FM94, Dev04]. P. Galashin’s main motivation
for defining poset associahedra [Gal24] was that they model compactifications of the space of
order preserving maps P → R, which can be identified with the interior of an order polytope,
thus generalizing the aforementioned construction of the (Stasheff) associahedron. G. Gaiffi gave
in [Gai03] general models for real compactifications of arrangements of subspaces and halfspaces,
which includes in particular the case of polyhedral cones. His work shows that all facial nested
complexes model nice compactifications of interiors of polytopes, obtained via sequences of real
blow-ups (i.e. the ball, beams, and plates constructions of [KT99]), which we now describe.

Let P ⊆ Rd be a polytope. For simplicity, we will assume that it is full-dimensional and
that 0 ∈ P◦, where P◦ denotes the interior of P . We consider the vector configurations AP

and AP△ associated to P and its polar P△ (as in Example 3.18). Let {Hs}s∈S be the facet-
defining hyperplanes of cone(AP) (which is the homogenization of P).
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Let F be a connected facial building set of M(AP△). For every F ∈ F , we denote by
VF :=

⋂
s∈F Hs, and by AF :=V ⊥

F its orthogonal subspace. Finally, let SF := Sd ∩ AF , where

Sd is the unit sphere.
For a point p ∈ P◦, we denote by p 7→ p̃ :=

(
p
1

)
its homogenization in Rd+1. For each F ∈ F ,

let πF denote the orthogonal projection onto AF , and let π̃F : P◦ → SF be the map p 7→ πF (p̃)
∥πF (p̃)∥ ,

which is well-defined on the interior of P. Finally, let ρ :=
∏

F∈F π̃F be the product map:

ρ : P◦ −→
∏
F∈F

SF

p 7−→
(
π̃F (p)

)
F∈F

The closure of the image ρ(P◦) of P◦ under this map is a compactification PF of P◦ (note that
the factor π̃S corresponding to S ∈ F is a diffeomorphism between P◦ and its image), that has
many interesting properties analogous to the De Concini–Procesi wonderful models [DCP95].

Theorem 9.1 ([Gai03, Sect. 6.1 & Thm. 11.1]). Consider a polytope P with polar P△, and a
connected facial building set F of L(P△). Then there is a compactification PF of the interior of P
that is a stratified C∞ manifold with corners such that

(i) except for the open dense stratum, all the strata lie in the boundary,
(ii) the codimension 1 strata are in correspondence with the facial blocs of F ,
(iii) the intersection of the closures of the strata indexed by a subset N ⊆ F is non-empty if

and only if N is a L(P△)-nested set,
(iv) the strata of PF are indexed by the faces of the facial nested complex NL(P△)(F).

In fact, in the second part of [Gai03], G. Gaiffi generalizes his constructions to arbitrary con-
ically stratified C∞ manifolds with corners, those that locally look like arrangements of linear
subspaces and halfspaces. Therefore, an analogue of Theorem 9.1 also exists for a more general
class of oriented matroids, those which are representable by C∞ pseudosphere arrangements (the
Topological Representation Theorem [FL78][BLS+99, Sect. 1.4] states that every oriented matroid
can be represented by an arrangement of pseudospheres, although as far as we know, it is not
known whether one can further require them to be C∞).

A recent alternative compactification of polytope interiors via projective blow-ups as been
introduced in [BEPV24] under the name wondertopes. They are defined as regions in De Concini–
Procesi wonderful compactifications of hyperplane arrangement complements, and it is proven
in [BEPV24] that they have a positive geometry structure in the sense of [AHBL17]. The boundary
structure of wondertopes is described in [BEPV24, Sect. 4.1] via the links of its elements. As it
can be verified by comparing [BEPV24, Lem. 4.3] with Proposition 4.18, the facial nested complex
provides an explicit combinatorial description of the boundary structure of wondertopes.

Hence, facial nested complexes model the two compactifications of [Gai03] and [BEPV24],
while the compactification techniques are slightly different. This is not surprising as facial nested
complexes record sequences of combinatorial blow-ups, which were designed to model geometric
blow-ups. In fact, the compactifications of [Gai03] and [BEPV24] are closely related, as discussed
in [Gai04].
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Part IV. Poset associahedra and affine poset cyclohedra

In this part, we show that the poset associahedra (Section 10) and affine poset cyclohedra
(Section 11) defined by P. Galashin in [Gal24] can be interpreted as specific acyclic nested com-
plexes. Applying Section 7, we thus recover the polytopal realizations of [Gal24, Thm. 2.1] by
stellar subdivisions of order polytopes. Applying Section 8, we obtain nice explicit realizations
as graphical acyclonestohedra. Applying Section 9, we also recover stratified compactifications of
the order polytopes akin to [Gal24, Thm. 1.9&1.12]. We note that nice polytopal realizations for
poset associahedra (with explicit integer inequality descriptions) were also independently obtained
by A. Sack [Sac25], and actually motivated our construction of acyclonestohedra in RA (see Re-
mark 10.11 for more details). It would be interesting to know if other results on the combinatorial
structure of poset associahedra [NS23b, NS23a, Ngu24] can be extended in a meaningful way to
all acyclonestohedra.

10. Poset associahedra

Here, we consider a classical finite poset (P,≼), whose Hasse diagram H(P ) is connected.
(Note that the case of disconnected posets can be treated using Corollaries 2.52 and 4.24, we stick
here with the convention of [Gal24] which slightly simplifies the exposition.) We first recall the
definition of poset associahedron from [Gal24].

Definition 10.1 ([Gal24, Sect. 1.1]). A pipe of P is a subset Q of P with |Q| > 1 which induces a
connected subgraph of H(P ) and which is order convex (i.e. such that p ≼ q ≼ r with p, r ∈ Q
implies q ∈ Q). We denote by D(P ) the directed graph with a vertex for each pipe of P , with an
arc joining a pipe Q to a pipe R if Q ∩ R = ∅ and there is q ∈ Q and r ∈ R such that q ≺ r.
A piping of P is a set of pairwise nested or disjoint pipes of P , which contains the pipe P itself,
and which induces an acyclic subgraph of D(P ) (see Figure 16). The piping complex of P is
the simplicial complex P(P ) whose faces are Q ∖ {P} for all pipings Q of P (see Figure 17). A
poset associahedron of P is a simple polytope whose dual has boundary complex isomorphic to
the piping complex P(P ) (see Figure 17).

We now interpret the piping complexes as acyclic nested complexes.

Definition 10.2. The poset oriented building set (B(P ),M(P )) of P is the graphical oriented
building set of Example 5.3 for its Hasse diagram H(P ). That is, B(P ) is the graphical building
set of the line graph L(P ) of H(P ) and M(P ) is the graphical oriented matroid of H(P ).

Proposition 10.3. The piping complex P(P ) is isomorphic to the acyclic nested complex
A(B(P ),M(P )) of the poset oriented building set of P .

Proof. For a subset Q ⊆ P , denote by H(Q) the subgraph of the Hasse diagram H(P ) induced
by Q, by ε(Q) the arcs of H(Q), and by L(Q) the subgraph of the line graph L(P ) of H(P )
induced by ε(Q). Observe that

• H(Q) is connected if and only if L(Q) is connected,
• if H(Q) is connected, then |Q| > 1 if and only if |ε(Q)| > 0.

Hence, the map Q 7→ ε(Q) is an injection from pipes of P to tubes of L(P ). The tubes of L(P )
that are not in the image of ε correspond to subgraphs of H(P ) that are either not induced or not

Figure 16. Some incompatible pipes (left and middle), and a maximal piping (right) on a poset.
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order convex. If T is one of these tubes, then there exist i ≺ j ∈ P and a directed path π⃗ from i to
j such that i and j belong to H(T ) but not all the edges of π⃗ do. Since H(T ) is connected, there
is a (undirected) path π′ between i and j in H(T ). Combining π⃗ and π′, we get a circuit of M(P )
such that c+ ⊆ π′ ⊂ T while π⃗ ⊆ c− ̸⊆ T . Conversely, note that all the tubes of L(P ) that are
not acyclic correspond to non-convex or non-induced subgraphs of H(P ). Hence, Q 7→ ε(Q) is a
bijection between pipes of P and tubes of L(P ) which are acyclic for M(P ).

Moreover, observe that

• Q ⊆ R if and only if ε(Q) ⊆ ε(R),
• Q and R are disjoint if and only if ε(Q) and ε(R) are disjoint and non-adjacent,
• Q1, . . . , Qk form a directed cycle of D(P ) if and only if there is a circuit c of M(P ) such
that c+ ⊆ ε(Q1) ∪ · · · ∪ ε(Qk) but c− ̸⊆ ε(Q1) ∪ · · · ∪ ε(Qk).

Hence, the map Q 7→ {ε(Q) | Q ∈ Q} is a bijection from pipings of P to tubings of L(P ) which
are acyclic for M(P ). This bijection is illustrated in Figure 17. □

Example 10.4. For instance, if the Hasse diagram H(P ) is a tree, then the poset associahedron
of P is just the graph associahedron of the line graph L(P ), see Examples 5.11 and 5.14. We thus
obtain the permutahedron when H(P ) is a star, and the classical associahedron when H(P ) is a
line (these examples were already observed in [Gal24, Sect. 1.1]). In contrast, when H(P ) is a
cycle, L(P ) is also a cycle, but the poset associahedron of P is a section of the cyclohedron with the
hyperplane normal to the unique circuit of H(P ). The two possible poset associahedra when H(P )
is a 4-cycle are represented in Figure 17, and obtained as sections in Figure 14. Figures 18 and 19
illustrate two 3-dimensional poset associahedra.

We derive from Propositions 5.16 and 10.3 that the family of piping complexes is closed by
links, a result already obtained in [Gal24, Coro. 2.7 (vi)]. We need the following analogue of
Definition 5.6 for posets.

Definition 10.5. For a pipe Q in a piping Q of P , we define PQ∈Q as the transitive closure of the
directed graph (H(P )|Q)/

⋃
Q′∈Q, Q′⊊Q Q′ .

Corollary 10.6. The link of a piping Q in the piping complex P(P ) is the join of the piping
complexes P(PQ∈Q) for all pipes Q of Q.

Remember from Example 3.19 that the Las Vergnas face lattice of the graphical oriented ma-
troid M(P ) is isomorphic to the face lattice of the order polytope of P , defined by

OrdPol(P ) :=
{
x ∈ RV

∣∣ ∑
v∈V

xv = 0,
∑

(u,v)∈D

xv − xu = 1 and xu ≤ xv for each u ≼ v in P
}
.

Combining Proposition 10.3 and Theorems 6.3 and 9.1, we obtain the following compactification,
homeomorphic as a stratified space to that of [Gal24, Thm. 1.9].

Corollary 10.7. There exists a compactification of OrdPol(P ) which is a stratified C∞ manifold
with corners and whose combinatorics is encoded by the piping complex P(P ).

Combining Proposition 10.3 and Theorems 6.3 and 7.4, we also recover the following result
of [Gal24, Sect. 2.1].

Corollary 10.8. The piping complex P(P ) is the boundary complex of a polytope obtained by stellar
subdivisions on the order polytope of P .

As pointed out in [Gal24, Rem. 1.5], this approach proves that the piping complex is polytopal
(in particular that it is a shellable sphere), but does not provide explicit coordinates. We now
combine Proposition 10.3 with Theorems 8.3 and 8.12 to obtain explicit coordinates for poset
associahedra. See Figures 14, 18 and 19 for illustrations. We define ρ ∈ RB(P ) by ρT := |B(P )||T |.

Corollary 10.9. The piping complex P(P ) is the boundary complex of the polar of the acyclonesto-
hedron Acyc(B(P ),A(P )), obtained as the intersection of the graph associahedron Nest(B(P ),ρ)
of the line graph L(P ) with the linear hyperplanes normal to 1c+ −1c− for all circuits c = (c+, c−)
of H(P ).
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Figure 17. The isomorphism between the piping complex of P (left) and the poset acyclic nested
complex of (B(P ),M(P )) (right) for two different posets P . For both posets, the line graph L(P )
is the 4-cycle, and the signs of the unique circuit of M(P ) are indicated by the black and white
vertices of L(P ). The pipes of P (left) correspond to the tubes of L(P ) (right), and the pipings
of P (left) correspond to the tubings of L(P ) which are acyclic for M(P ) (right). The maximal
pipe/tube is omitted in all pipings/tubings.

Corollary 10.10. The piping complex P(P ) is the boundary complex of the polar of the acyclon-
estohedron Acyc(B(P ),A(P )), which is the polytope in RP defined by the equality gP (y) = 0 and
the inequalities gT (y) ≥ 0 for all T ∈ B(P ), where

gT (y) :=
〈 ∑

p,q∈T
p≺·q

bp − bq
∣∣ y 〉

−
∑

T ′∈B(P )
T ′⊆T

|B(P )||T |.

Remark 10.11. The description of Corollary 10.10 was actually motivated by the construction
of A. Sack [Sac25]. He independently obtained polytopal realizations of poset associahedra di-
rectly in the space RP . His description is essentially the same as that of Corollary 10.10, except
that

∑
T ′∈B(P ),T ′⊆T |B(P )||T | is replaced by |P |2|T |. His proof however is not using the description

of Corollary 10.9. We note that his construction motivated us to provide the explicit coordinates
of the description of acyclonestohedra Acyc(B,A) in RA given in Section 8.3, which are obtained
as a projection of our construction of Acyc(B,A) in RS from Section 8.1.

Remark 10.12. In fact, in the case of poset associahedra, both Corollaries 10.9 and 10.10 even
hold when replacing ρT = |B(P )||T | by ρT = 4|T |. However, this requires a much more careful
proof of Lemma 8.7, where the contribution of the tubes counted negatively is compensated by
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Figure 18. A 3-dimensional poset associahedron already considered in [Gal24, Fig. 1]. It illus-
trates the isomorphism between the piping complex P(P ) (left) and the acyclic nested complex
of A(B(P ),M(P )) (right).

the contribution of more than one tube counted positively. Details can be found in the Master
thesis of the first author [Man22].

Remark 10.13. In [Gal24, Rem 3.3], P. Galashin asks for an algebraic variety reflecting the com-
binatorics of the piping complex of P . As a last application of Proposition 10.3 and Theorem 6.3,
we note that such a variety is given by the toric variety associated to the facial nested complex as
in [FY04, Sect. 5].

11. Affine poset cyclohedra

Here, we show that our constructions apply to affine posets as well. We first recall the definition
of these combinatorial objects.

Definition 11.1 ([Gal24, Def. 1.10]). An affine poset (of order n ≥ 1) is a poset P̃ = (Z,≼) such that

• for all i ∈ Z, i ≺ i+ n,
• for all i, j ∈ Z, i ≼ j if and only if i+ n ≼ j + n,
• for all i, j ∈ Z, there is k ∈ N such that i ≼ j + kn.

The order n of P̃ is denoted by |P̃ |. The Hasse diagram of P̃ is denoted H(P̃ ).

Definition 11.2. For i ∈ Z, we denote by quo(i) and mod(i) the quotient and the remainder of the
division of i by n (so that i = n · quo(i) + mod(i)). We call

• element class the residue class cl(i) := {i+ kn | k ∈ Z} of an element i ∈ Z,
• subset class the residue class cl(J) := {{j + kn | j ∈ J} | k ∈ Z} of a subset J ⊆ Z,
• relation class the residue class cl(i ≺ j) := {i+ kn ≺ j + kn | k ∈ Z} of a relation i ≺ j in P̃ .
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Figure 19. Another 3-dimensional poset associahedron. It illustrates the isomorphism between
the piping complex P(P ) (left) and the acyclic nested complex of A(B(P ),M(P )) (right).

Definition 11.3 ([Gal24, Sect. 1.3]). A subset J of Z is convex if i ≼ j ≼ k and i, k ∈ J implies j ∈ J ,
connected if the subgraph H(J) of H(P̃ ) induced by J is connected, and thin if it is either Z or
contains at most one element of each element class cl(i). A pipe of P̃ is a thin, convex and
connected subset Q of Z with |Q| > 1. We denote by D(P̃ ) the directed graph with a vertex for
each subset of Z, with an arc joining a subset Q to a subset R if Q ∩ R = ∅ and there is q ∈ Q
and r ∈ R such that q ≺ r. A pipe class of P̃ is the subset class cl(Q) of a pipe Q. Two pipe
classes cl(Q) and cl(Q′) are nested if Q + kn and Q′ are nested for some k ∈ Z, and disjoint
if Q + kn and Q′ are disjoint for all k ∈ Z. A piping of P̃ is a collection of pairwise nested or
disjoint pipe classes of P̃ that contains the pipe class Z and induces an acyclic subgraph of D(P̃ )
(see Figure 20). The affine piping complex of P̃ is the simplicial complex AP(P̃ ) whose faces
are Q ∖ {Z} for all pipings Q of P̃ (see Figure 21). An affine poset cyclohedron of P̃ is a simple
polytope whose dual has boundary complex isomorphic to the affine piping complex AP(P̃ ) (see
Figure 22).

We now interpret the affine piping complexes in our setting of acyclic nested complexes.

Definition 11.4. The line graph L(P̃ ) is the graph with a vertex for each cover relation class cl(i ≺· j)
of P̃ and with an arc joining cl(i ≺· j) to cl(i′ ≺· j′) whenever {cl(i), cl(j)} ∩ {cl(i′), cl(j′)} ̸= ∅.

Definition 11.5. Let (bi)i∈[n+1] be the standard basis of Rn+1. For j ∈ Z, define the vec-
tor b̃j := bmod(j) + quo(j) · bn+1. The incidence configuration A(P̃ ) is the vector configuration

with a vector acl(i≺·j) :=ai≺·j := b̃i− b̃j ∈ Rn+1 for each cover relation class cl(i ≺· j) of P̃ (observe
here that ai≺·j indeed only depends on the relation class cl(i ≺· j)).

Definition 11.6. We consider the affine poset oriented building set (B(P̃ ),M(P̃ )) of P̃ where

• M(P̃ ) is the oriented matroid of the incidence configuration A(P̃ ),
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Figure 20. Some incompatible pipes (left and middle), and a maximal piping (right) on an affine
poset.

• B(P̃ ) is the building closure of B̂(P̃ ) ∪ C(M(P̃ )), where B̂(P̃ ) is the graphical building
set of the line graph L(P̃ ), and C(M(P̃ )) = {c | c ∈ C(M(P̃ ))} is the set of supports of
circuits of M(P̃ ).

Proposition 11.7. The affine piping complex AP(P̃ ) is isomorphic to the acyclic nested com-
plex A(B(P̃ ),M(P̃ )) of the affine poset oriented building set of P̃ .

The proof of Proposition 11.7 follows the same lines as that of Proposition 10.3, but the details
are much more involved. The problem here is that we had to include C(M(P̃ )) in B(P̃ ) in order
to make (B(P̃ ),M(P̃ )) an oriented building set. We thus need to make sure that these additional
blocks do not perturb too much the situation. We delay this proof to the end of the section, and
immediately derive some corollaries.

Example 11.8. For instance, if the Hasse diagramH(P̃ ) is a chain, then the affine poset cyclohedron
of P̃ is just the cyclohedron. An affine poset cyclohedra is represented in Figures 21 and 22.

We derive from Propositions 5.16 and 11.7 that links of affine piping complexes are joins of
piping complexes and affine piping complexes, a result already obtained in [Gal24, Coro. 4.10 (vi)].
We need the following analogue of Definition 5.6 for affine posets.

Definition 11.9. For a pipe class cl(Q) ̸= Z in a piping Q of P̃ , we define PQ∈Q as the finite poset
obtained as the transitive closure of the directed graph (H(P̃ )|Q)/

⋃
cl(Q′)∈Q, Q′⊊Q Q′ (the choice of

the representative Q in cl(Q) gives isomorphic posets). We define the affine poset P̃Z∈Q as the
transitive closure of the directed graph (H(P̃ ))/

⋃
Q′∈Q, Q′ ̸=Z Q′ .

Corollary 11.10. The link of an affine piping Q in the affine piping complex AP(P̃ ) is the join of the
affine piping complex AP(P̃Z∈Q) and the (ordinary) piping complexes P(PQ∈Q) for all cl(Q) ̸= Z
of Q.

As M(P̃ ) is defined by a vector configuration, its Las Vergnas face lattice is isomorphic to
the face lattice of the polytope given by its positive tope, which is called affine order poly-
tope OrdPol(P̃ ) by P. Galashin [Gal24].

Combining Proposition 10.3 and Theorems 6.3 and 9.1, we obtain the following compactification,
homeomorphic as a stratified space to that of [Gal24, Thm. 1.12].

Corollary 11.11. There exists a compactification of OrdPol(P̃ ) which is a stratified C∞ manifold
with corners and whose combinatorics is encoded by the affine piping complex AP(P̃ ).

Combining Proposition 11.7 and Theorems 6.3 and 7.4, we also recover the following result
of [Gal24, Sect. 4].
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Figure 21. The isomorphism between the affine piping complex of P̃ (left) and the affine graphical
acyclic nested complex of (B(P̃ ),M(P̃ )) (right). The line graph L(P̃ ) is the 4-clique, and the signs
of the unique circuit of M(P̃ ) are indicated by the black and white vertices of L(P̃ ). The affine
poset tubes of P̃ (left) correspond to the graph tubes of L(P̃ ) (right), and the affine poset tubings
of P̃ (left) correspond to the graph tubings of L(P̃ ) which are acyclic for M(P̃ ) (right). The
maximal pipe/tube is omitted in all pipings/tubings.

Corollary 11.12. The affine piping complex AP(P̃ ) is the boundary complex of a polytope obtained
by stellar subdivisions on the affine order polytope of P̃ .

Again, this approach does not provide explicit coordinates. We now combine Proposition 11.7
with Theorems 8.3 and 8.12 to obtain explicit coordinates for affine poset cyclohedra. We de-
fine ρ ∈ RB(P̃ ) by ρT := |B(P̃ )||T |. For a circuit c = (c+, c−) of H(P̃ ), we define

quo(c) :=
∑

i≺·j∈c+

(
quo(i)− quo(j)

)
−

∑
i≺·j∈c−

(
quo(i)− quo(j)

)
,

where quo(i) is the quotient of the division of i by n.

Corollary 11.13. The affine piping complex AP(P̃ ) is the boundary complex of the polar of the acy-
clonestohedron Acyc(B(P̃ ),A(P̃ )), obtained as the intersection of the nestohedron Nest(B(P̃ ),ρ)
with the linear hyperplanes normal to 1c+ − 1c− − quo(c)1π for all circuits c = (c+, c−) of H(P̃ ),
where π is any fixed path from 1 to 1 + n.

Corollary 11.14. The affine piping complex AP(P̃ ) is the boundary complex of the polar of the acy-
clonestohedron Acyc(B(P̃ ),A(P̃ )), which is the polytope in Rn defined by the equality g[n](y) = 0

and the inequalities gB(y) ≥ 0 for all B ∈ B(P̃ ), where

gB(y) :=
〈 ∑

p,q∈B
p≺·q

b̃p − b̃q
∣∣ y 〉

−
∑

B′∈B(P̃ )
B′⊆B

|B(P̃ )||B|.

We finally come back to the proof of Proposition 11.7. We start with a few definitions and
lemmas in preparation.
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Figure 22. The affine poset cyclohedron of Figure 21 obtained as a section of a graph associa-
hedron. The line graph L(P̃ ) is the 4-clique, and the unique circuit of M(P̃ ) is represented by
the black and white vertices of L(P̃ ). The left picture represents the permutahedron, with all
maximal tubings of L(P̃ ) in blue, the minimal cyclic tubings of L(P̃ ) in red, and the maximal
acyclic tubings of L(P̃ ) in green. The right picture represents the affine poset cyclohedron (the
green polygon) obtained as a section of the permutahedron by the evaluation space. The maximal
tube is omitted in all tubings.

Definition 11.15. The quotient graph P̃ /Z is the directed graph with one vertex for each element
class of P̃ and an arc from cl(i) to cl(j) if i ≺· j + kn for some k ∈ Z.

Lemma 11.16. Let
∑

i≺·j∈c δi≺·jai≺·j = 0 be a linear dependence corresponding to a circuit c of M(P̃ ).

Then there exist oriented cycles c1, . . . , cr of P̃ /Z and δ1, . . . , δr ∈ R>0 such that
⋃

k∈[r] ck = c

and
∑

k∈[r] δkquo(ck) = 0. Conversely, for any such cycles c1, . . . , cr and δ1, . . . , δr ∈ R>0, there

is a circuit c of M(P̃ ) whose support is the set
{
i ≺· j

∣∣ ∑
i≺·j∈(ck)+

δk −
∑

i≺·j∈(ck)−
δk ̸= 0

}
.

Proof. If we restrict the vectors ai≺·j to their first n coordinates, we recover a realization of the
graphical oriented matroid of P̃ /Z, whose circuits are given by oriented cycles of P̃ /Z (see [Oxl92,
Prop. 1.1.7 & Chap. 5] and [BLS+99, Sect. 1.1]). Therefore, any linear dependence with support
c decomposes as a linear combination of linear dependences the union of whose supports is c. The
additional condition

∑
k∈[r] δkquo(ck) = 0 arises from imposing that the last coordinate adds up

to zero as well.
For the converse, note that any linear combination of cycles gives a linear dependence on the

first n coordinates, and the condition on the δk’s assures that it is a linear dependence on the last
coordinate as well. The support of the circuit it induces is by definition the set of edges that have
a non-zero coefficient. □

Definition 11.17. Any block B of B(P̃ ) induces an infinite n-periodic subgraph of the Hasse di-
agram H(P̃ ), whose arcs correspond to the cover relations i ≺· j such that cl(i ≺· j) ∈ B. We
denote this subgraph by H(B), and its connected components by κ(B).
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Lemma 11.18. Let B be a block of B(P̃ ) such that H(B) ̸= H(P̃ ). If B is acyclic, then every
connected component K ∈ κ(B) is finite.

Proof. Suppose K ∈ κ(B) is infinite. Since P̃ has a finite number of element classes and K
is infinite, there exist i, k ∈ Z such that {i, i + kn} ⊂ K. Since K is connected, it contains a
(undirected) path π between i and i + kn. Since H(B) ̸= H(P̃ ), there exists j /∈ H(B), which
implies that B contains no cover relation classes that involve cl(j). Since j ≺ j + n, there exists
a directed path π⃗′ in H(P̃ ) from j to j + kn which is not all contained in H(B). With a good
choice of coefficients, the arcs of π ∪ π⃗′ correspond to a circuit c of M(P̃ ) such that c+ ⊆ π′ ⊂ B
while π⃗′ ⊆ c− ̸⊆ B, which implies that B is cyclic. More precisely, if we reorient the arcs of π to
obtain a directed path π⃗ from i to i+ kn, we can set c+ :=π ∩ π⃗ and c− := π⃗′ ∪ (π∖ π⃗). Note that
the support of π⃗ is a cycle c1 of P̃ /Z with quo(c1) = k and the support of π⃗′ is a cycle c2 of P̃ /Z
with quo(c2) = k. Therefore, thanks to Lemma 11.16, c = (c+, c−) is a circuit. □

Lemma 11.19. If B ∈ B(P̃ )∖ B̂(P̃ ), then κ(B) contains an infinite connected component.

Proof. Since B(P̃ ) is the building closure of B̂(P̃ ) ∪ C(M(P̃ )) and B /∈ B̂(P̃ ), there is a circuit c

of M(P̃ ) such that c is contained in B and is not a block of B̂(P̃ ). Let c1, . . . , cr be cycles of P̃ /Z
as in Lemma 11.16. Note that if quo(ck) = 0 for all k ∈ [r], then c corresponds to a connected

collection of cycles of the line graph of P̃ , therefore it belongs to B̂(P̃ ). Let k ∈ [r] be such that
quo(ck) ̸= 0. This implies that ck is the quotient of a path from j to j + hn in H(P̃ ) for some
j, h ∈ Z. Considering that H(B) is n-periodic (since it is induced by cover relation classes), the
connected component K ∈ κ(B) that contains this path also contains paths from j to j + ℓhn for
all ℓ ∈ Z, hence it is infinite. □

Proof of Proposition 11.7. We start by defining a bijection between building blocks of B(P̃ ) which
are acyclic for M(P̃ ) and pipe classes of P̃ . Let B be an building block of B(P̃ ) acyclic for M(P̃ ),
and let us define QB := {v(K) | K ∈ κ(B)}, where v(K) is the set of vertices of K. Since B is

acyclic, B ∈ B̂(P̃ ) by Lemmas 11.18 and 11.19, hence it corresponds to a connected subgraph of
the line graph of P̃ . This implies that QB = cl(Q), where Q is connected, thin by Lemma 11.18,
and convex by the acyclicity of B. Hence, QB is a pipe class of P̃ .

Conversely, let Q be a pipe of P̃ and let BQ be the set of cover relation classes induced by Q.
We show that BQ is a building block of B(P̃ ) acyclic for M(P̃ ). Observe that if BQ is not acyclic,
then Q is not convex. In fact, if B is not acyclic there exists a circuit c ∈ C(M(P̃ )) with c+ ⊆ BQ

while c− ̸⊆ BQ. We decompose c = c1∪· · ·∪cr into cycles of the quotient graph as in Lemma 11.16.
If quo(ck) = 0 for all k ∈ [r], then c corresponds to a circuit of H(P̃ ), and we can deduce that Q
is not convex as in the case of non-affine posets (Proposition 10.3). Otherwise, assume without
loss of generality that quo(c1) > 0. There are i, k ∈ Z, k > 0 such that c1 induces a path π
from i to i + kn in H(P̃ ). Since Q is thin, at least some edge class of this path is not in BQ,
and therefore (c1)− ̸⊆ BQ (while still (c1)+ ⊆ BQ). This means that π starts with a down path
from i to some element i1 ∈ Q, and ends with a down path from some element i2 ∈ Q to i+ kn.
One of these two paths can be empty, but not both because of the aforementioned thinness. We
also know that there is some increasing path from i to i + kn by the definition of affine poset.
Combining these paths i1 → i, i→ i+ kn and i+ kn→ i2, we see that Q is not convex.

Since the maps B 7→ QB and cl(Q) 7→ BQ are clearly inverse to each other, we get a bijection
between building blocks of B(P̃ ) acyclic for M(P̃ ) and pipe classes of P̃ . We now prove that these
maps induce bijections between pipings of P̃ and acyclic nested sets of (B(P̃ ),M(P̃ )).

Note that if B and B′ are acyclic building blocks different from [n], then they both belong to the

graphical building set B̂(P̃ ) by Lemmas 11.18 and 11.19, and we directly have that B and B′ are
nested if and only ifQB andQB′ are nested, and that B and B′ are disjoint and non-adjacent if and
only ifQB andQB′ are disjoint. It thus only remains to show that if B1, . . . , Br are acyclic building
blocks forming a nested set, then there exists a circuit c of M(P̃ ) such that c+ ⊆ B1 ∪ · · · ∪ Br

but c− ̸⊆ B1∪· · ·∪Br if and only if QB1
, . . . ,QBr

form a directed cycle of D(P̃ ). The“if”direction
is straightforward. To prove the “only if” direction, let c be such a circuit. We decompose it
c = c1 ∪ · · · ∪ cr into cycles of the quotient graph following Lemma 11.16. Again, if quo(ci) = 0
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for all i, then c corresponds to a circuit of H(P̃ ), and we can directly deduce that QB1
, . . . ,QBr

form a directed cycle of D(P̃ ) as in the case of non-affine posets (Proposition 10.3). Otherwise,
as above, we can assume without loss of generality that quo(c1) > 0 and find a path π from i
to i+kn. Some edge class of this path is not in QB1

∪· · ·∪QBr
, as otherwise there would be a pipe

containing both i and i+ kn, contradicting the thinness. Therefore, (c1)− ̸⊆ B1 ∪ · · · ∪Br (while
still (c1)+ ⊆ B1 ∪ · · · ∪ Br). This implies that π ∖ (QB1

∪ · · · ∪ QBr
) is a non-empty collection

of down paths whose endpoints belong to some pipes Q1, . . . , Qℓ in QB1 ∪ · · · ∪ QBr . We also
know that there is some increasing path from i to i + kn by the definition of affine poset. The
combination of these paths induces a directed cycle on the vertices Q1, . . . , Qℓ of D(P̃ ). □
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Part V. Nested complex embeddings and the Bergman embedding

Embedding facial nested complexes as acyclic nested complexes (Part II) enabled us to produce
polyhedral realizations (Part III). In this part, we discuss further embeddings of nested complexes
and the resulting realizations. We first investigate conditions on a map L → L′ between two lattices
which guarantee that the L-nested complexes embed as subcomplexes of L′-nested complexes
(Section 12). We then apply these conditions to embed atomic nested complexes as subcomplexes
of boolean nested complexes (Section 13), and derive realizations of atomic nested complexes
as subfans of boolean nested fans and as subcomplexes of boundary complexes of nestohedra,
recovering the fan realizations of E. M. Feichtner and S. Yuzvinsky [FY04]. We finally apply our
conditions to extend the connection between nested complexes over the face lattice and the flat
lattice of an oriented matroid (Section 14).

12. Nested complex embeddings

In this section, we consider two lattices L,L′ and discuss conditions for the L-nested complexes
to embed as subcomplexes of L′-nested complexes.

12.1. Compatible building sets. Consider an order embedding ϕ : L → L′ between two lat-
tices L,L′ (i.e. X ≤L Y ⇐⇒ ϕ(X) ≤L′ ϕ(Y ) for all X,Y ∈ L). We study the relation between
the L-building sets and their L-nested complexes and the L′-building sets and their L′-nested
complexes.

Definition 12.1. Consider an order embedding ϕ : L → L′ between two lattices L,L′. Let B be
an L-building set, and B′ be an L′-building set. We say that (B,B′) is ϕ-compatible if ϕ(B) is
contained in B′ and ϕ embeds the L-nested complex NL(B) to a subcomplex of the L′-nested
complex NL′(B′).

Example 12.2. (L>0̂,L′
>0̂′) is always ϕ-compatible. Indeed, ϕ(L>0̂) ⊆ L′

>0̂′
since ϕ is an order

embedding, and any N ∈ NL(B) forms a chain, hence ϕ(N ) also forms a chain since B is order
preserving.

Example 12.3. Following on the examples of Figure 12, consider the three lattices

L1 =

∅

1 2 3 4

12 23 34 14

1234

L2 =

∅

1 2 3 4

12 13 24 34

1234

and L′ =

∅

1 2 3 4

12 13 14 23 24 34

123 124 134 234

1234

and their building sets B1 :=L1 ∖ {0̂L1
}, B2 :=L2 ∖ {0̂L2

, 13, 24}, and B′ :=L′ ∖ {0̂L′ , 13, 24} (we
have boxed the blocks of these building sets). Then the pairs (B1,B′) and (B2,B′) are ι-compatible
(where ι is the inclusion map). Note that B′ is the inclusion minimal L′-building set ι-compatible
with B1. In contrast, the inclusion mininal L′-building set ι-compatible with B2 is B2 itself, not B′.

Example 12.4. More generally, for an oriented matroid M on a ground set S, Theorems 6.1 and 6.3
show that if B is an acyclic building set for M, then F :=B∩L(M) is a facial building set for M,
and (F ,B) is ϕ-compatible, where ϕ : L(M) → 2S is defined by ϕ(F ) :=S≤F . This example will
be largely extended in Section 13.1.

As already illustrated in Part III, one can use the ϕ-compatibility of a pair (B,B′) to construct
geometric realizations ofNL(B) from geometric realizations ofNL′(B′) as follows. We note however
that the resulting realizations are in general not polytopal, see Remark 13.10.

Proposition 12.5. Consider an order embedding ϕ : L → L′ and a ϕ-compatible pair (B,B′). Then
any polyhedral complex realizing NL′(B′) contains a subcomplex realizing NL(B).
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join preserving cover preserving

atom exhaustive

Identity

Figure 23. The conditions of Definition 12.7 are independent.

Proof. As (B,B′) is ϕ-compatible, NL(B) embeds as a subcomplex of NL′(B′), so we just need
to select the faces of the polyhedral complex realizing NL′(B′) to obtain a subcomplex realiz-
ing NL(B). □

Example 12.6. Following on Example 12.3, Figure 12 illustrates polyhedral realizations of the
nested complexes NL1

(B1) and NL2
(B2) as subrealizations of the boolean nested complex N(B′).

The fans of Figure 12 (top) are subfans of the nested fan Σ(B′), and the polytopal complexes
of Figure 12 (bottom) are subcomplexes of the boundary complex of the nestohedron Nest(B′).
The subfans of Σ(B′) are normal to the subcomplexes of Nest(B′). This example will be largely
extended in Section 13.2.

12.2. Compatibility guarantees. We now try to find sufficient conditions for a pair (B,B′) to be
ϕ-compatible. For this, we consider the following properties of ϕ.

Definition 12.7. We say that a map ϕ : L → L′ is

• atom exhaustive if ϕ(L) contains all atoms A of L′ such that A ≤ ϕ(1̂L),
• join preserving if ϕ(X ∨L Y ) = ϕ(X) ∨L′ ϕ(Y ) for any X,Y ∈ L,
• cover preserving if it sends cover relations of L to cover relations of L′. (Note that this holds

in particular if L and L′ are ranked and ϕ is rank shifting, meaning that rk(ϕ(x))− rk(x)
is the same for all x ∈ L.)

We say that ϕ : L → L′ is tame if ϕ is an order embedding and satisfies at least one of these three
properties.

Remark 12.8. Note that the three conditions of Definition 12.7 are independent. We have repre-
sented in Figure 23 an example in each region of the Venn diagram of these conditions.

We first observe that if L has a product structure, then a cover preserving order embedding
also preserves joins compatible with the product structure.

Lemma 12.9. If ϕ : L → L′ is a cover preserving order embedding and B1, . . . , Bk ∈ L are such
that L≤B1∨···∨Bk

∼= L≤B1 × · · · × L≤Bk
, then ϕ(B1 ∨L · · · ∨L Bk) = ϕ(B1) ∨L′ · · · ∨L′ ϕ(Bk).

Proof. By an immediate induction, we can clearly assume that k = 2. Consider two saturated
chains 0̂ = X0 ⋖X1 ⋖ · · · ⋖Xp = B1 and 0̂ = Y0 ⋖ Y1 ⋖ · · · ⋖ Yq = B2. We prove by induction
on i + j that ϕ(Xi ∨L Yj) = ϕ(Xi) ∨L′ ϕ(Yj) for all 0 ≤ i ≤ p and 0 ≤ j ≤ q. It holds for i = 0

and j = 0 since ϕ(X0 ∨L Y0) = ϕ(0̂) = ϕ(0̂) ∨L′ ϕ(0̂) = ϕ(X0) ∨L′ ϕ(Y0). Assume now that i > 0
(the case j > 0 is symmetric). We have

ϕ(Xi−1 ∨L Yj) = ϕ(Xi−1) ∨L′ ϕ(Yj) ≤ ϕ(Xi) ∨L′ ϕ(Yj) ≤ ϕ(Xi ∨L Yj),
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where the equality holds by induction hypothesis and the inequalities hold since ϕ is order
preserving. Moreover, Xi−1 ∨L Yj ⋖ Xi ∨L Yj is a cover relation of L (since Xi−1 ⋖ Xi is a
cover relation and L≤B1∨B2 has a product structure). Since ϕ is cover preserving, we obtain
that ϕ(Xi−1 ∨L Yj) ⋖ ϕ(Xi ∨L Yj) is a cover relation. As Xi ̸≤ Xi−1 ∨L Yj and ϕ is order re-
flecting, we have ϕ(Xi) ̸≤ ϕ(Xi−1 ∨L Yj), hence ϕ(Xi−1 ∨L Yj) ̸= ϕ(Xi) ∨L′ ϕ(Yj). We obtain
that ϕ(Xi ∨L Yj) = ϕ(Xi) ∨L′ ϕ(Yj), which proves our induction. Finally, for i = p and j = q, we
obtain that ϕ(B1 ∨L B2) = ϕ(B1) ∨L′ ϕ(B2) as desired. □

Proposition 12.10. If ϕ is tame and B = ϕ−1(B′) (or equivalently B′ ∩ ϕ(L) = ϕ(B)), then (B,B′)
is ϕ-compatible.

Proof. Consider N ∈ NL(B) and N ′ :=ϕ(N ). We want to prove that N ′ ∈ NL′(B′) that is,

• N ′ ∩ κ(B′) = ∅, and
• for any B′

1, . . . , B
′
k pairwise incomparable in N ′, the join B′

1 ∨L′ · · · ∨L′ B′
k is not in B′.

For the first point, we have B′ ∩ ϕ(L) = ϕ(B), thus κ(B′) ∩ ϕ(L) ⊆ κ(ϕ(B)) = ϕ(κ(B)) since ϕ
is an order embedding. Hence, N ∩ κ(B) = ∅ implies N ′ ∩ κ(B′) = ∅.

For the second point, let B′
1, . . . , B

′
k be pairwise incomparable inN ′, and Y ′:=B′

1 ∨L′ · · · ∨L′ B′
k.

Let B1, . . . , Bk ∈ N such that B′
i = ϕ(Bi), let Z :=B1 ∨L · · · ∨L Bk, and Z ′ :=ϕ(Z). Note

that Y ′ ≤ Z ′ since ϕ is order preserving. We now distinguish three cases, corresponding to
the different cases in Definition 12.7.

ϕ is join preserving. As N ∈ NL(B), we have Z /∈ B. As ϕ is lattice preserving, we obtain
that Y ′ = Z ′ /∈ ϕ(B) = B′.

ϕ is cover preserving. As N ∈ NL(B), we have Z /∈ B and moreover L≤Z
∼=

∏
i∈[k] L≤Bi

by

Proposition 2.36. By Lemma 12.9, we obtain that Y ′ = Z ′ /∈ ϕ(B) = B′.

ϕ is atom exhaustive. Assume by contradiction that Y ′ ∈ B′. Since B′ is an L′-building set,
we have L′

≤Z′
∼=

∏
j∈[ℓ] L′

≤C′
j
where {C ′

1, . . . , C
′
ℓ} = max(B′

≤Z′). As Y ′ ∈ B′ and Y ′ ≤ Z ′, there

is j ∈ [ℓ] such that Y ′ ≤ C ′
j by maximality. If ℓ > 1, then there is i ∈ [ℓ] distinct from j, and an

atom A′ ≤ C ′
i. As ϕ is atom exhaustive, there is A ∈ L such that A′ = ϕ(A). Note that A′ ≤ Z ′

so that A ≤ Z since ϕ is order reflecting. Moreover, the product structure of L′
≤Z′ ensures

that A′ ̸≤ C ′
j , therefore for any m ∈ [k], we have A′ ̸≤ B′

m, hence A ̸≤ Bm since ϕ is order pre-
serving. Additionally, A is an atom of L since ϕ is order embedding. Hence, A ∈ B, and we obtain
that max(B≤Z) ̸={B1, . . . , Bk}, which by Proposition 2.36 contradicts that {B1, . . . , Bk} ∈ NL(B),
hence that N ∈ NL(B). □

Example 12.11. Note that none of the conditions of Proposition 12.10 is superfluous to guarantee
ϕ-compatibility. Indeed, consider the lattices

L =

a

b c

d

and L′ =

1

2 3 4

5 6 7

8

.

Then

• for the identity map ι : L → L, the L-building sets B1 := {b, c} and B2 := {b, c, d} form
a ι-incompatible pair (B1,B2) (since {b, c} ∈ NL(B) ∖ NL(B′) as b ∨L c = d ∈ B′ ∖ B),
although ι satisfies all three conditions of Definition 12.7,

• for the (non-tame) order embedding ϕ : L → L′ given by a 7→ 1, b 7→ 2, c 7→ 3, and d 7→ 8,
the L-building set B := {b, c} and the L′-building set B′ := {2, 3, 4, 5} form a ϕ-incom-
patible pair (B,B′) (since {b, c} ∈ NL(B) b ∨L c = d /∈ B but ϕ(N ) = {2, 3} /∈ NL′(B′)
as 2 ∨L′ 3 = 5 ∈ B′), although B = ϕ−1(B′).
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Example 12.12. Note that none of the conditions of Proposition 12.10 is necessary to have ϕ-compa-
tibility. Indeed, consider the lattices

L =

a

b c

d

and L′ =

1

2 3 4

5

6

and the order embedding ϕ : L → L′ given by a 7→ 1, b 7→ 2, c 7→ 3, and d 7→ 6, the L-building
set B := {b, c}, and the L′-building set B′ := {2, 3, 6}. Then (B,B′) is ϕ-compatible while ϕ is not
tame and B ̸= ϕ−1(B′).

Remark 12.13. Following an early presentation of our work, where Proposition 12.10 was not
presented, S. Backman and R. Danner independently investigated in [BD24] conditions on a
map ϕ : L → L′ to guarantee that the L-nested complexes embed as subcomplexes of L′-nested
complexes. They prove in [BD24, Thm. 4.5] that if ϕ is a meet preserving order embedding such
that, below any element of ϕ(L), any irreducible of L′ is the image of an irreducible of L, then
any L-building set B is the preimage ϕ−1(B′) of an L′-building set B′, and the L-nested com-
plex NL(B) embeds as a subcomplex of the L′-nested complex NL′(B′) (here, irreducible means
that the corresponding lower interval does not exhibit a product structure). We note that this
result can a posteriori be derived directly from Propositions 2.32 and 12.10. Namely, the condition
that any irreducible of L′ is the image of an irreducible of L ensures that

• the map ϕ is atom exhaustive (since any atom is irrecucible),
• for any L-building set B, the L′-building closure B′ of ϕ(B) satisfies B = ϕ−1(B′) (this can

be seen from the second sentence of Proposition 2.32).

In view of Proposition 12.10, the conditions in [BD24, Thm. 4.5] can be weakened: we just assume
that ϕ is an order embedding (not necessarily that it preserves meets), and atom exhaustive (not
necessarily that it is consistent). Finally, we note that, besides the atom exhaustive criterion,
Propositions 2.32 and 12.10 provide alternative criteria to guarantee nested complex embeddings,
which will be particularly useful in Section 14.

12.3. Pushable and pullable building sets. In practice, we will be given only one of B and B′, and
we will try to find the other one to create a ϕ-compatible pair (B,B′). For that, we will try to
apply Proposition 12.10, and thus to find a pair with B = ϕ−1(B′). The following definition thus
considers the natural candidates.

Definition 12.14. Consider an order embedding ϕ : L → L′ between two lattices L,L′. We say
that

• an L′-building set B′ is ϕ-pullable if ϕ−1(B′) is an L-building set,
• an L-building set B is ϕ-pushable if there exists an L′-building set B′ such that B=ϕ−1(B′).

Lemma 12.15. An L-building set B is pushable if and only if B = ϕ−1(B′) where B′ is the L′-building
closure of ϕ(B).

Proof. Assume that there is an L′-building set B′′ such that B = ϕ−1(B′′), and let B′ denote the
L′-building closure of ϕ(B). Then ϕ(B) ⊆ B′ ⊆ B′′, hence ϕ(B) ⊆ B′ ∩ ϕ(L) ⊆ B′′ ∩ ϕ(L) = ϕ(B),
which proves that B′ suits. The reverse implication is immediate. □

Corollary 12.16. If ϕ : L → L′ is tame, then

• if an L′-building set B′ is ϕ-pullable, then (B,B′) is ϕ-compatible, where B = ϕ−1(B′),
• if an L-building set B is ϕ-pushable, then (B,B′) is ϕ-compatible, where B′ is the L′-building

closure of ϕ(B).

Example 12.17. Consider the inclusion ι : L → L′ where L is a bottom interval of L′. It is clearly
tame (in fact, it satisfies all three conditions of Definition 12.7). Moreover, any L′-building set B′

is ι-pullable (as the decomposition of any Y ∈ L coincides in L and L′) and any L-building B set
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is ι-pushable (as the L′-building closure of B only adds elements in L′ ∖ L by Proposition 2.32).
Note in particular that this example implies that, for any face F of an oriented matroid M, facial
nested complexes of M|F embed in facial nested complexes of M.

Remark 12.18. Note that not all L-building sets B are ϕ-pushable, nor all L′-building sets B′ are
ϕ-pullable, even if ϕ satisfies all three conditions of Definition 12.7. For instance, consider the two
order embeddings

L =

a

b c

d

e

ϕ−→ L′ =

1

2 3

4 5

6

ϕ′

−→ L′ =

α

β γ
δ ϵ ζ

η

where ϕ is given by a 7→ 1, b 7→ 2, c 7→ 3, d 7→ 4, and e 7→ 6 and ϕ′ is given by 1 7→ α, 2 7→ β,
3 7→ γ, 4 7→ δ, 5 7→ ζ, and 6 7→ η. Then the L′-building set {2, 3, 5} is neither ϕ-pullable nor
ϕ′-pushable.

13. Atomic nested complex embeddings

In this section, we show that when L is atomic, the L-nested complex of an L-building set can
always be embedded as a subcomplex of the boolean nested complex of a boolean building set. We
then use it to realize the NL(B) as a subfan of a boolean nested fan (recovering the fan realization
of NL(B) in [FY04]), and as a subcomplex of the boundary complex of a nestohedron.

13.1. Atomic nested complexes. We first recall the definition of atomic lattices and embed their
nested complexes into boolean nested complexes.

Definition 13.1. A lattice L is atomic if every element is a join of atoms.

Proposition 13.2. For any finite atomic lattice L with atoms S, the map ϕ : L 7→ 2S defined
by ϕ(X) :=S≤X is an atom exhaustive order embedding, hence is tame.

Proof. The map ϕ is

• atom exhaustive since ϕ(s) = {s} for all s ∈ S,
• order preserving since X ≤ Y implies S≤X ⊆ S≤Y for all X,Y ∈ L,
• order reflecting since X =

∨
s∈S≤X

s for all X ∈ L since L is atomic. □

Proposition 13.3. Consider a finite atomic lattice L with atoms S and the map ϕ : L 7→ 2S

defined by ϕ(X) :=S≤X . For any L-building set B, the (boolean) building closure B′ of ϕ(B)
satisfies B = ϕ−1(B′). In other words, any L-building set B is ϕ-pushable.

Proof. Let X ∈ L such that ϕ(X) ∈ B′ and {B1, . . . , Bk} = max(B≤X). As B is an L-building
set, we have L≤X

∼=
∏

i∈[k] L≤Bi , so that ϕ(B1), . . . , ϕ(Bk) are pairwise disjoint. As ϕ(X) is in

the (boolean) building closure B′ of ϕ(B), Definition 2.6 ensures that there are C1, . . . , Cℓ ∈ B
such that ϕ(X) =

⋃
i∈[ℓ] ϕ(Ci) and the intersection graph of ϕ(C1), . . . , ϕ(Ck) is connected.

As ϕ(Ci) ⊆ ϕ(X) and ϕ is order reflecting, we obtain that C1, . . . , Cℓ ∈ B≤X . As the intersection
graph of ϕ(C1), . . . , ϕ(Ck) is connected while ϕ(B1), . . . , ϕ(Bk) are pairwise disjoint, we conclude
that C1, . . . , Cℓ all belong to the same Bj . We thus obtain that

⋃
i∈[ℓ] ϕ(Ci) ⊆ ϕ(Bj) ⊆ ϕ(X).

The equality ϕ(X) =
⋃

i∈[ℓ] ϕ(Ci) thus shows that ϕ(Bj) = ϕ(X). As ϕ is injective, we obtain

that X = Bj ∈ B. □

Corollary 13.4. The L-nested complex NL(B) of any L-building set B on a finite atomic lattice L
with atoms S is isomorphic to a subcomplex of the (boolean) nested complex N(B′) on the (boolean)
building set B′ obtained as the (boolean) building closure of {S≤B | B ∈ B}.

Proof. This follows from Propositions 12.10, 13.2 and 13.3. □
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Remark 13.5. Proposition 12.10 actually tells that NL(B) is isomorphic to a subcomplex of N(B′)
for any boolean building set B′ such that B = {X ∈ L | S≤X ∈ B′}. The existence of such a
building set B′ is not clear in general (as discussed in Remark 12.18), but is guarantied here by
Proposition 13.3, which says that the building closure of {S≤B | B ∈ B} suits.

Example 13.6. Following on Example 12.3, Corollary 13.4 embeds the nested complexes NL1
(B1)

and NL2
(B2) into the boolean nested complex N(B′).

13.2. Polyhedral realizations. We now use the embedding of Corollary 13.4 to obtain polyhedral
fan realizations of the L-nested complexes of L-building sets for any finite atomic lattice L.

Corollary 13.7. The L-nested complex NL(B) of any L-building set B on a finite atomic lattice L
with atoms S is realized by

• a subfan of the (boolean) nested fan Σ(B′),
• a subcomplex of the boundary complex of the polar of the (boolean) nestohedron Nest(B′),

where B′ is the (boolean) building closure of {S≤B | B ∈ B}.

Remark 13.8. Following Remark 13.5, Corollary 13.7 holds for any boolean building set B′ such
that B = {X ∈ L | S≤X ∈ B′}.

Example 13.9. Following on Example 12.3, Corollary 13.7 realizes the nested complexes NL1(B1)
and NL2(B2) as in Figure 12.

Remark 13.10. As illustrated in Figure 12, note that

(1) the dimension of the affine span of the subfan of Corollary 13.7 may exceed the dimension
of NL(B),

(2) the subcomplex of the boundary complex of the nestohedron Nest(B′) does not form the
boundary complex of a polytope.

As established in Section 8, when L is the face lattice of a realizable oriented matroid, there are
alternative realizations as a complete simplicial fan in an affine subspace of the right dimension,
and as the boundary complex of a polytope.

We now give an explicit description of the subfan of Corollary 13.7 to recover the explicit fan
realizations of E. M. Feichtner and S. Yuzvinsky [FY04].

Definition 13.11 ([FY04]). Let L be a finite atomic lattice with atoms S. The L-nested fan of an
L-building set B is the polyhedral fan

ΣL(B) := {CN | N ∈ NL(B)}
where CN := cone {eB | B ∈ N} is the polyhedral cone generated by the characteristic vectors
eX :=

∑
s∈S≤X

es ∈ RS of S≤X for all X ∈ N .

Proposition 13.12 ([FY04]). For any finite atomic lattice L and any L-building set B, the L-nested
fan ΣL(B) is a simplicial fan realization of the L-nested complex NL(B).

Proof. This result is proved in [FY04]. It can alternatively be seen as a consequence of Defini-
tion 2.16, Theorem 2.17, and Corollary 13.7. □

Remark 13.13. Following up on Remark 12.13, we note that [BD24, Coro. 4.6] is a direct conse-
quence of Corollary 13.7.

14. The Bergman embedding

Generalizing tropicalizations of linear varieties to non-necessarily realizable (unoriented) ma-
troids, the Bergman fan B(M) of a matroid M was first introduced in [Stu02, Sect. 9.3] by
B. Sturmfels, who suggested studying its combinatorial structure. This was first done by F. Ardila
and C. Klivans in [AK06], who showed that the Bergman fan B(M) could be triangulated using
the order complex of its flat lattice F l(M) (which is the nested complex of the maximal building
set, by Example 2.35). E. M. Feichtner and B. Sturmfels then extended this result in [FS05] by
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showing that, for any F l(M)-building set G, the nested fan ΣFl(M)(G) of Proposition 13.12 trian-
gulates the Bergman fan. The Chow ring of the matroid M is the toric variety associated to its
fan B(M) [FY04, Sect. 5], and it would later become a central ingredient for the celebrated proof
of the Heron–Rota–Welsh conjecture by K. Adiprasito, J. Huh, and E. Katz [AHK18].

Motivated by the theory of total positivity, F. Ardila, C. Klivans, and L. Williams studied the
positive Bergman fan of an oriented matroid M, generalizing the notion of positive tropical linear
variety [AKW06]. They proved that the order complex of L(M) triangulates the positive Bergman
fan. Our first result is the extension of this result to arbitrary facial building sets.

Let M be an oriented matroid on S, and consider a weight function ω ∈ RS . For any cir-
cuit C ∈ C(M), define inω(C) to be the elements of C which have the largest weight. Let
inω(C(M)) := {inω(C) | C ∈ C(M)} and define Mω to be the oriented matroid on S whose collec-
tion of circuits is in inω(C(M)) (see [AKW06]) for details).

The Bergman fan B(M) and the positive Bergman fan B+(M) are respectively defined as

B(M) :=
{
ω ∈ RS

∣∣ Mω has no loops
}

and B+(M) :=
{
ω ∈ RS

∣∣ Mω is acyclic
}
.

Proposition 14.1. Let M be an acyclic oriented matroid and F be a facial building set for M.
Then the L(M)-nested fan ΣL(M)(F) is a triangulation of the positive Bergman fan B+(M).

Proof. This is proved in [AKW06, Cor. 3.5] for the maximal building set (whose nested complex is
the order complex of L(M), see Example 2.35). In [FM05, Thm. 4.2], it is proved that if F ⊆ F ′

are building sets, then ΣL(M)(F) and ΣL(M)(F ′) have the same support, which concludes the
proof. □

The construction of [AKW06] sees the positive Bergman fan B+(M) as a subfan of the Bergman
fan B(M), which implies in particular that any subdivision of the latter induces a subdivision of
the former. They focus specifically on two subdivisions:

• The ‘fine’ subdivision is associated to the maximal building sets of the lattices of faces
and flats of M, and the construction provides an embedding of the corresponding nested
complexes. The ‘fine’ subdivision is a special case of Example 12.2 for the inclusion of the
face lattice inside the flat lattice.

• The ‘coarse’ subdivision is used to study the positive Bergman fan of the braid arrange-
ment. For arbitrary matroids, the ‘coarse’ subdivision is not necessarily associated to a
nested complex set, and it might not even be a simplicial complex [FS05, Ex. 5.9]. E. M. Fe-
ichtner and B. Sturfmels characterize in [FS05, Thm. 5.3] when it is a nested complex,
in which case it is the nested complex of the minimal building set of Example 2.29. In
particular, the braid arrangement is an example where the ‘coarse’ subdivision is a nested
complex by [FS05, Rmk. 5.4], thus providing another example of a nested complex embed-
ding from the face to the flat lattices of an oriented matroid. The ‘coarse’ subdivision was
used again in [ARW06] with the positive Bergman fans of Coxeter arrangements, where
we have again that the coarse subdivision is a nested complex [ARW06, Thm 1.2].

Here, we apply the results of Section 12 to study more generally compatible pairs of facial and
flatial building sets, beyond these particular examples.

Definition 14.2. A flat of an oriented matroid M is the zero set of a covector, that is S ∖ v∗ for
v∗ ∈ V∗(A). The flat lattice F l(M) is the set of flats of M ordered by inclusion. It is ranked by
dimension.

Remark 14.3. Note that:

(1) The flat lattice F l(M) is actually an invariant of the underlying unoriented matroid M.
(2) By definition every face in L(M) is also a flat.

Definition 14.4. A flatial building set is a pair (G,M), where M is an oriented matroid and G
is a F l(M)-building set over the flat lattice F l(M). We also often say that G is a flatial build-
ing set for M. The flatial nested complex of a flatial building set (G,M) is the F l(M)-nested
complex NFl(M)(B) of G.
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Remark 14.5. Specializing Proposition 2.41 to flatial building sets, we recover the link description
independently established [BEPV24, Thm. 1.6].

The following proposition is immediate.

Proposition 14.6. The inclusion map ι : L(M) ↪−→ F l(M) is a ranked order embedding, hence it is
tame.

Lemma 14.7. The flat lattice of the direct sum is the Cartesian product of flat lattices. Namely,
if M and M′ are oriented matroids on disjoint ground sets S and S′, then

F l(M⊕M′) ∼= F l(M)×F l(M′),

where the isomorphism is given by F 7→ (F ∩ S, F ∩ S′). Conversely, for an oriented matroid M
with ground set S ⊔ S′, if F l(M) ∼= F l(M|S)×F l(M|S′), then M = M|S ⊕M|S′ .

Proof. The proof is analogous to that of Proposition 3.38. □

Proposition 14.8. For any flatial building set G for M, the intersection F :=G ∩L(M) is a facial
building set for M. In other words, any F l(M)-building set G is ι-pullable.

Proof. Let F ∈ L(M). As G is an F l(M)-building set, F l(M)≤F
∼=

∏
i∈[k] F l(M)≤Fi , where

{F1, . . . , Fk} := max(G≤F ). By Lemma 14.7, M|F = M|F1
⊕ · · · ⊕ M|Fk

. Hence, by Proposi-
tion 3.38, we have L(M|F ) = L(M|F1

) × · · · × L(M|Fk
). Thus, we have F1, . . . , Fk ∈ L(M)

and F :=G ∩ L(M) is a facial building set. □

Proposition 14.9. If all the elements of M are in L(M), then for any facial building set F , the
F l(M)-building closure G of F satisfies G ∩ L(M) = F . In other words, if S ⊆ L(M), any facial
building set F is ι-pushable.

Proof. The inclusion G ∩ L(M) ⊇ F holds by definition of building closure. To prove the inclu-
sion G ∩ L(M) ⊆ F , consider an element Z ∈ L(M) ∖ F . Since Z does not belong to F , and
using that all the elements of M are in L(M) in Proposition 3.38, we know that

M|Z = M|F1
⊕ · · · ⊕M|Fk

,

where {F1, . . . , Fk} := max(F≤Z). Following Proposition 2.32, we iteratively construct G by adding
from small to large all elements of F l(M) whose lower interval does not decompose into a Cartesian
product. However, note that for all Y ⊆ Z we have

M|Y = M|F1∩Y ⊕ · · · ⊕M|Fk∩Y

and by Lemma 14.7
F l(M|Y ) = F l(M|F1∩Y )⊕ · · · ⊕ F l(M|Fk∩Y ).

Therefore, if Y is not contained in any Fi it has a Cartesian product decomposition and will not
be added to B[G]. In particular, Z /∈ B[G] as desired. □

Corollary 14.10. Let M be an oriented matroid with face lattice L(M) and flat lattice F l(M).
Then

(1) any flatial building set G for M yields a facial building set F :=G ∩L(M) for M and the
facial nested complex NL(M)(F) is a subcomplex of the flatial nested complex NFl(M)(G),

(2) if all the elements of M are in L(M), then the facial nested complex NL(M)(F) of any
facial building set F for M is a subcomplex of the flatial nested complex NFl(M)(G) of the
flatial building set for M obtained as the F l(M)-building closure of F .

Proof. This follows from Propositions 12.10, 14.6, 14.8 and 14.9. □
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