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Objective

New matrix cone CS'.: completely positive semidefinite matrices

Noncommutative analogue of CP": completely positive matrices

Motivation: conic optimization approach for quantum information

> quantum graph coloring

> quantum correlations

(Noncommutative) polynomial optimization: common approach for
(quantum) graph coloring and for matrix factorization ranks:
» symmetric rks: cpsd-rank(A) for A € CS'}, cp-rank(A) for A€ CP"

> asymmetric analogues: psd-rank(A), rank, (A) for A nonnegative

Based on joint works with

Sabine Burgdorf, Sander Gribling, David de Laat, Teresa Piovesan



Completely positive
semidefinite matrices



Completely positive semidefinite matrices

> A matrix A € 8" is completely positive semidefinite (cpsd) if
A has a Gram factorization by positive semidefinite matrices
Xi., ..., Xn € 8¢ of arbitrary size d > 1:

Aj = (X, X)) (=Tr(X;X))) Vi.j € [n]

The smallest such d is cpsd-rank(A) [back to it later]

The cpsd matrices form a convex cone

~~ the completely positive semidefinite cone CS’}

» If X; are diagonal psd matrices (equivalently, replace X; by
nonnegative vectors x; € ]Rﬂ’r), then A is completely positive
~ the completely positive cone CP"

The smallest such d is cp-rank(A) [back to it later]
» Clearly: CP" CCS" Ccl(CST) C ST NRY" = DNN"

Is the cone CS'] closed?



Strict inclusions CP" C CS'] C DNN™

» CP" =CS" = DNN" if n < 4; but strict inclusions if n > 5

» [Fawzi-Gouveia-Parrilo-Robinson-Thomas'15] A € CS°. \ CP° for

1 a b b a
a1l a b b
2 4
A=1|b a 1 a b with a = cos? (g) , b= cos® (57T>
b b a1l a
a b b al

Ae€ CSi because VA = 0:

VA= Gram(uy,...,us) = A= Gram(uiu] ,..., usug )
4 2 0 0 2
2 4 2 00
» [L-Piovesan 2015] A= [0 2 4 3 0| e DNN°\CSE
0 0 3 42
2 0 0 2 4
because A is supported by a cycle: A€ CS| <= Ac CP"



On the closure cl(CS)

4 2 0 0 2
2 4 2 00
Moreover, A= |0 2 4 3 0| &cl(CS?)!
0 0 3 4 2
2 00 2 4

Because [Frenkel-Weiner 2014] show that A does not have a Gram
representation by positive elements in any C*-algebra A with trace ...

.. while [Burgdorf-L-Piovesan 2015] construct a C*-algebra with trace
My such that cl(CS")) consists of all matrices A having a Gram
factorization by positive elements in My,

(using tracial ultraproducts of matrix algebras)

New cone CS' -.: all matrices having a Gram representation by positive
elements in some C*-algebra with trace. Then A ¢ CS' .,
CS" . is closed, and

CST C cl(CST) C ST . C DNN”

Equality cl(CS}) = CS' .. under Connes’ embedding conjecture



SDP outer approximations of CS’}

Assume A€ CS: A= (Tr(X:X;)) for some Xi,...,X, € 8¢

Define the trace evaluation at X = (Xi,..., X,):
L:R{xg,...,x,) = R p— L(p) =Tr(p(Xs,..., Xy))
(1) Lis tracial: L(pg) = L(gp) Vp,q € R{x)
(2) Lis symmetric: L(p*)=L(p) VpeR(x)
(3) Lis positive: L(p*p) >0 Vp € R(x)
(4) localizing constraint:  L(p*x;p) > 0 Vp € R(x)
(5) A= (L(xix))

F: = matrices A € S§" for which there exists L € R(x)3, satisfying (1)-(5)

CST CFin CFy  CSTC(CST)CCSTe. C ()
t>1

F¢ is the solution set of a semidefinite program:

(3) Me(L) = (L(u"v))uver, = 0. (4) (L(u™xiV))uve (e, =0

Noncommutative analogue of outer approximations of CP" [Nie'14]



Quantum graph coloring



Classical coloring number

X(G) = minimum number of colors needed for a proper coloring of V(G)

Y(G)=min ke Nst. 3Ix €{0,1} for ue V(G),iec K
2iel x, =1 Vue V(G)
xixl, =0 Viel[k]Vuv € E(G)
xXix =0 Vi#je k], VYue V(G)



Quantum coloring number

v(G) =min ke Nst. Ix, €{0,1} foru e V(G), i € [K
YiegXu =1 Yu e V(G)
xix, =0 Viel[k], Vuv € E(G)
Xixi =0 Vije[k], Yue V(G)

Yq(G)=min ke Nst. I3deN IFX €8 foru e V(G), i€ [K]
S Xi=1 VueV(G)
XX, =0 Vielk], Yuv € E(G)
XiXi=0 Vi#je [k, Yu e V(G)

Xq(G) < X(G)

[Cameron, Newman, Montanaro, Severini, Winter: On the quantum
chromatic number of a graph, Electronic J. Combinatorics, 2007]



Motivation: non-local coloring game

Two players: Alice and Bob, want to convince a referee that they can
color a given graph G = (V, E) with k colors
Agree on strategy before the start, no communication during the game

» The referee chooses a pair of vertices (u, v) € V2 with prob. 7(u, v)
» The referee sends vertex u to Alice and vertex v to Bob

» Alice answers color i € [k], Bob answers color j € [k], using some
strategy they have chosen before the start of the game

i=j ifu=v

» Alice & Bob win the game when { i4j ifueE

When using a classical strategy, the minimum number of colors needed
to always win the game is the classical coloring number \(G)



Quantum strategy for the coloring game

Yue V  Alice has POVM {Al}c(q: Al e 1Y, Z A=
i€[k]

Vv € V. Bob has POVM {B{;}jelk]: B e Hi. Z B{; =
J€lK]

Alice and Bob share an entangled state ¥ € C? ® C? (unit vector)
Probability of answer (i, j): p(i,jlu,v) = (W, Al @ B] V)

Alice and Bob win the game if they never give a wrong answer :
p(i,jlu,v) =0 if (u=v&i#j) or (uveE&i=j))

Theorem: [Cameron et al. 2007] The minimum number of colors

for which there is a quantum winning strategy is equal to x4(G)



Classical and quantum coloring numbers

Xq(G) < X(G)
3 G for which x4(G) =3 < x(G) =4 [Fukawa et al. 2011]

The separation x4 < Y is exponential for Hadamard graphs G,:
n =4k, with vertices x € {0,1}", edges (x,y) if du(x,y) =n/2

X(G,) > (L+¢)" [Frankl-Rad1'87]
Xq(Gn) =n [Avis et al.’06][Mancinska-Roberson'16]
Deciding whether x4(G) < 3 is NP-hard [Ji 2013]

Approach: Model x,(G) as conic optimization problem using the

cone of completely positive semidefinite matrices



Conic formulation for quantum graph coloring

Yq(G)=min k st. 3X| =0 (ue V,iclk]) satisfying:
Zie[k] X, = Zje[k] X! (#0) (u,veV) (Q1)
XiXi=0 (i#jekl,ueV), XXi=0 (icl[k],u e E) (Q2)

Set A := Gram(X}). Then: X/X] =0 <= Tr(X/X]) =0 = Ay

Then: x4(G) =min k st. FA€ CSik satisfying:
Zh_]e[k] Aui,vj = 1 (U, v E V), (Cl)
Aviyj=0((#je[kl,ue V), Au.i=0/(i€lk],uveE). (C2)

Theorem (L-Piovesan 2015)

» Replacing CS. by the cone CP, we get x(G)

> Replacing CS, by the cone DN/, get the theta number ¥ (G)

» Hence: V.(G) < x4(G) [Mancinska-Roberson 2015]



SDP relaxations for coloring

If (X.) is solution to x4(G) = k, its normalized trace evaluation satisfies
(1) L(1)=1

(2) L is symmetric, tracial, positive (on Hermitian squares)

(3) L =0 on the ideal generated by

1721 xb(we V), xix (i#j,ue V), xixi (uve€E,ié€l[k])
Restricting to the truncated polynomial space R(x)o¢, get the parameters:
7°(G) = mink such that 3L € R(x);, satisfying (1)-(3)
¢£(G) = mink such that 3L € R[x]5, satisfying (1)-(3)
§°(6) <xq(G)  ££(G) < x(6G)

» For t = 1 get the theta number: £/°(G) = £5(G) = 97(G)
> §(G)=x(G) Vt=>n [Gvozdenovié-L 2008]
> {9(G) = xc-(G) < xg(G) Vt>1ty  [Gribling-de Laat-L 2017]
Yc-(G)= allow solutions X/ € A for any C*-algebra A with trace
[Ortiz-Paulsen 2016]



Quantum correlations
Cy(n, k) = quantum correlations p = (p(i, j|u,v)) := ((V, Al @ BJV)),
with d € N, Al B) € HO. with Y, A, = 3, B) = I, W € C¢ @ C? unit
Theorem (Sikora-Varvitsiotis 2015)

Cq4(n, k) is the projection of an affine section of CS%":

P = (p(’7J|u7 V)) ~ AP = (p(lmj‘uv V))(i,u),(j,v)e[k]XV

?
pe€ Cy(n k) = IM = <AT é”) € CSi”k satisfying additional affine
P conditions

Theorem (Gribling-de Laat-L 2017)

For synchronous correlations: p(i,j|u, u) = 0 whenever i # j

p € Cy(n k) <= A, €CS"*

The smallest dimension d realizing p is equal to cpsd-rank(A,)

Theorem (Slofstra 2017)
Cq4(n, k) is not closed = CS'' is not closed for large N (> 1942)



Matrix factorization ranks



Four matrix factorization ranks

Symmetric factorizations:
» A€ CP"if A= (x'x;) for nonnegative x; € R{
Smallest such d = cp-rank(A)
» A€ (ST if A= (Tr(X:X;)) for X; € HY or S¢
Smallest such d = cpsd-ranky(A) with K = C or R

Applications: probability, entanglement dimension in quantum
information

Asymmetric factorizations for A € RT*":
» A= (xy;) for nonnegative x;, y; € R
Smallest such d = rank, (A): nonnegative rank

> A= (Tr(X;Y))) for X, Y; € HY or S¢
Smallest such d = psd-ranky(A) with K= C or R

Applications: (quantum) communication complexity, extended
formulations of polytopes



rank,, psd-ranky and extended formulations

AN

[Yannakakis 1991]

Slack matrix: S = (b; — a/ v),; if P =conv(V) = {x:a/x < b; Vi}

Smallest k s.t. P is projection of affine section of RX is rank. (5)

Smallest k s.t. P is projection of affine section of S% is psd-rank,(S)

[Rothvoss'14] The matching polytope of K, has no polynomial size LP
extended formulation: smallest k = 29"



Basic upper bounds

» For Ae RT*™ psd-rank(A) < rank. (A) < min{m, n}
> For A€ CP™  cprank(A) < ("3
» For Ac CS':  cpsd-rankc(A) < cpsd-rankg(A) <7

No upper bound on cpsd-rank exists in terms of matrix size!

rank,, psd-rank, cp-rank are computable; is cpsd-rank computable?
[Vavasis 2009] rank is NP-complete

Theorem (G-dL-L 2016, Prakash-Sikora-Varvitsiotis-Wei 2016)
Construct A, € CS". with exponential cpsd-rankg(A,) = 2°(V7)

Example (G-dL-L 2016)
A, = <ZI” nJ;) € CP?" has quadratic separation for cp and cpsd rks:

» cp-rank(A,) = n?,  cpsd-rankc(A,) = n

» cpsd-rankg (A,) = n <= 3 real Hadamard matrix of order n



What about lower bounds?

o [Fawzi-Parrilo 2016] defines lower bounds 7 (-) for rank., and
Tep(+) for cp-rank, based on their atomic definition:
rank. (A) =min d st. A=u1v] +...+ugv] with uj,v; € R]

cprank(A) =min d st. A= uiuf +...+ugu) with u; € RY

7+(A)=mina st. A€ a-conv(ReR™":0< R <A rank(R) <1)
Tep(A) =mina sit. A€ arconv(R e S": 0 < R< Arank(R) <1,R < A)

e [FP 2016] also defines tractable SDP relaxations 75°°(-) and 7:5°(-):

r(A) < 7.(A) < rank, (A),  rank(A) < 75°(A) < 7ep(A) < cp-rank(A)

e Combinatorial lower bound: Boolean rank rankg(A) < rank, (A)
rankg(A) = x(RG(A)): coloring number of the ‘rectangle graph’ RG(A)

7(A) 2 x¢(RG(A),  75(A) = V(RG(A))

[Fiorini & al. 2015] shows no polynomial LP extended formulations
exist for TSP, correlation, cut, stable set polytopes



No atomic definition exists for psd-rank and cpsd-rank ...
. using (nc) polynomial optimization we get a common
framework which applies to all four factorization ranks [G-dL-L 2017]

Commutative polynomial optimization [Lasserre, Parrilo 2000-]
Noncommutative: eigenvalue opt. [Pironio, Navascués, Acin 2010-]
Noncommutative: tracial opt. [Burgdorf, Cafuta, Klep, Povh 2012-]

fe=inff(x) st. xeR",g(x)>0(geS)
= inf Tr(f(X)) st. deN, X e (89", g(X)=0(geS)
fc* =inf 7(f(X)) s.t. A C*-algebra,X € A", g(X) =0 (g€ S)
fr8 < e < fE

e SDP lower bounds: min L(f) s.t. L € R(x)2; or L € R[x]2; s.t. ....
Asymptotic convergence: "¢ — f2¢, ff — ffast — o0

e Equality: £,"° = f°, £ = f° if order t bound has flat optimal solution

For matrix factorization ranks: same framework, but now minimizing L(1)



Polynomial optimization approach for cpsd-rank

Assume X = (Xq,...,X,) € (H{)" is a Gram factorization of A € CS"]
The (real part of the) trace evaluation L at X satisfies:

(0) L(1)=d

(1) A= (L(xix))

(2) L is symmetric, tracial, positive

(3) L(p*(v/Aixi —x*)p) >0 Vp [localizing constraints]

(3) hOIdS: A,',' = Tr(X’Z) _— \/7”X’ o X,‘2 t 0

Define the parameters for t € NU {o0}
Pd(A) =min L(1) st. LeR(x)%, satisfies (1)-(3)

£PI(A) . add to £ the constraint rank M(L) < oo

moment matrix: M(L) = (L(u"Vv))uver)

PAA) < ... < EPIA) < ... < EPH(A) < £P(A) < cpsd-rankg(A)



Properties of the bounds £

PA) << EP(A) < L < EP(A) < EP(A) < epsd-rankg (A)

» Asymptotic convergence: £°(A) — £P%(A) as t — oo
P(A) =min ast. A=« (7(X;X;)) for some C*-algebra (A,T)
and X € A" with /A; X, — X,2 =0Vi

> £P9(A) = mina sit. ... A finite dimensional ...
= min L(1) s.t. L conic combination of trace evaluations at X ...

» Finite convergence: £°(A) = ¢P*(A) if £P*(A) has an optimal
solution L which is flat: rankM,(L) = rankM;_1(L)

> ﬁpsd( ) > (ZZ\/AT;) [analytic bound of Prakash et al.'16]

» Can strengthen the bounds by adding constraints on L:
L L(p*(v AV — (3, vix)’)p) >0 forallveR" [v-constraints]
2. L(pgp*g’) >0 for g, g’ are localizing for A [Berta et al.’16]
3. L(pxixj))=0 ifA; =0 [zeros propagate]
4. L(p(>_;vixi)) =0 forall v € ker A



Small example

1 1/2 0 0 1/2
12 1 1/2 0 0
Consider A=| 0 1/2 1 1/2 0
0 0o 1/2 1 1/2
1/2 0 0o 1/2 1

» cpsd-rank(A) < 5
because if X = Diag(1,1,0,0,0) and its cyclic shifts
then X/v/2 is a factorization of A

» L =1Ly is feasible for £P*(A), with value L(1) = 5/2
Hence ¢7°/(A) < 5/2, in fact &5P°(A) = £P*(A) =5/2

» But ECPSd( A)=5 = cpsd-rank(A) =5
with the v-constraints for v = (1,—1,1,—1,1) and its cyclic shifts



Lower bounds for cp-rank

Same approach: Minimize L(1) for L € R[x]o; (commutative)
satisfying (1)-(3): L(p?) >0, L(p*(VAixi —x7)) 2 0, A= (L(xx}))
and

(4) L(p (AU*X/'XJ))>0

(5) L(u) >0, L(u(Aj — xix;)) >0  for u monomial

(6) A®! —(L(u* v))u,ve<x> =0 for2</<t

Comparison to the bounds 75° and 7, of [Fawzi-Parrilo'16]:
> §°(A) 2 75°(A)
> Top(A) = &P(A)
> 7cp(A) is reached as asymptotic limit when using v-constraints for a
dense subset of S"~! instead of constraints (5)-(6)

(q+a)lp Jp.q

’ ) fora,b>0

Example: A =
P ( Ja.p (p+ b)lq

> &°(A) = pg
» &SP(A) = 6 is tight for (p,q) = (2,3), since cp-rank(A) =6
but 755° < 6 for nonzero (a, b) € [0, 1]?, equal to 5 on large region



Lower bounds for rank, and psd-rank

Same approach: as no a priori bound on the eigenvalues of the factors
. rescale the factors to get such bounds and thus localizing constraints

Get now 7 (A) = £ (A) directly as asymptotic limit of the SDP bounds
Example for rank : [Fawzi-Parrilo'16]

1-a 14a 1+a 1—a

_|1+a 1—-a 1—a 1+a
Sab= 1—b 1-b 14b 145 for a, b € [0,1]

1+b 14+b 1-b 1-b

slack matrix of nested rectangles: R = [—a,a] x [~b,b] C P =[-1,1]°

3 triangle T s.t. RC T C P <= rank;(S.5) =3



rank(S,p) =3 <= (1 +a)(1+b) <2 (in dark blue region)

rank, (S.p) = 4 outside dark blue region
73%(Sap) > 3 in yellow region

& (Sap) > 3 in green & yellow regions



Small example for psd-rank

1 b
[Fawzi et al.'15] For Mp.=|c 1
b ¢

= T 0

psd-ranky (Mp ) <2 <= b*> + > +1 < 2(b+ c + bc)

psd-rank(Mj, ) = 3: outside light blue region

25 (Mp.c) > 2: in yellow region



Concluding remarks

» Polynomial optimization approach:

commutative (tracial) noncommutative
copositive cone | completely positive semidefinite cone
CP" CS"
classical coloring quantum coloring
x(G) Xq(G)
cp-rank, rank cpsd-ranke, psd-ranke

v

The approach extends to other quantum graph parameters

v

Extension to nonnegative tensor rank [Fawzi-Parrilo 2016],
nuclear norm of symmetric tensors [Nie 2016]

v

How to tailor the bounds for real ranks: cpsd-ranky, psd-rankyg?

v

Structure of the cone CSi? little known already for small n > 5...



