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Lie algebroid picture

Let (A→ M, ρ, [·, ·]) be a Lie algebroid and B → M vector bundle.

A-connection: ∇ : ΓA× ΓB → ΓB with

∇fab = f∇ab ∇a(fb) = f∇ab + ρ(a)(f )b

Curvature: F∇(a1, a2) = [∇a1 ,∇a2 ]−∇[a1,a2]. Where it lives?

Cartan calculus of A: (C •(A), d ,L, ι) with C k(A) = Γ ∧k A∗ and

dω(a0, · · · , ak) =
k∑

i=0

(−1)iρ(ai )ω(a0, · · · , âi , · · · , ak)

+
∑
i<j

(−1)i+1ω(a0, · · · , âi , · · · , [ai , aj ], · · · , ak)

Curvature and Bianchi identity: F∇ ∈ C 2(A; End(B)) D∇̃F∇ = 0.

Representations of A: Flat A-connections.



Lie algebroid picture

Let (A→ M, ρ, [·, ·]) be a Lie algebroid and B → M vector bundle.

A-connection: ∇ : ΓA× ΓB → ΓB with

∇fab = f∇ab ∇a(fb) = f∇ab + ρ(a)(f )b

Curvature: F∇(a1, a2) = [∇a1 ,∇a2 ]−∇[a1,a2]. Where it lives?

Cartan calculus of A: (C •(A), d ,L, ι) with C k(A) = Γ ∧k A∗ and

dω(a0, · · · , ak) =
k∑

i=0

(−1)iρ(ai )ω(a0, · · · , âi , · · · , ak)
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Definition of Courant algebroids

Vector Bundle E → M with the following structure:

I 〈·, ·〉 nondegenerate symmetric pairing.

I ρ : E → TM a bundle map.

I J·, ·K a bracket.

Satisfiyng:

1. Je1, Je2, e3KK = JJe1, e2K, e3K + Je2, Je1, e3KK,

2. Je1, fe2K = ρ(e1)(f )e2 + f Je1, e2K,

3. ρ(e1)〈e2, e3〉 = 〈Je1, e2K, e3〉+ 〈e2, Je1, e3K〉,
4. Je1, e2K + Je2, e1K = D〈e1, e2〉,

where D : C∞(M)→ Γ(E ) is given by 〈Df , e〉 = ρ(e)(f ).

This is due to Liu-Weinstein-Xu, 1997.



Courant connections
Alekseev-Xu

(E → M, 〈·, ·〉, J·, ·K, ρ) Courant algebroid, B → M vector bundle.

An E -connection is ∇ : ΓE × ΓB → ΓB such that

∇feb = f∇eb ∇e(fb) = f∇eb + ρ(e)(f )b.

The curvature is

F∇(e1, e2)(b) = [∇e1 ,∇e2 ](b)−∇Je1,e2Kb.

Questions:

I Why F∇(fe1, e2) 6= f F∇(e1, e2)?

I Where does it lives?

I Cartan calculus for E?
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Theorem (Roytenberg, Severa)

Courant algebroids are in one-to-one correspondence with degree 2
symplectic Q-manifolds.

(E , 〈··〉, J·, ·K, ρ)⇐⇒ (M, {·, ·},Q)

Examples:

I TM ⊕ T ∗M corresponds to T ∗[2]T [1]M

I g corresponds to g[1]

In general, the correspondence was only implicitly defined:
E corresponds to the minimal symplectic realization of E [1].

The Q-structure defines a complex

Ok
M

Q−→ Ok+1
M ,

Questions:

I How to find an easy-to-work description?

I Any Cartan-type formula for the differential?
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Keller-Waldmann Algebra

Given a vector bundle with nondegenerate pairing (E → M, 〈·, ·〉) ,
define k-cochains as maps

ω : Γ(E )× · · · × Γ(E )︸ ︷︷ ︸
k

→ C∞(M)

I C∞(M)-linear in the last entry

I There exists a map

σω : Γ(E )× · · · × Γ(E )︸ ︷︷ ︸
k−2

→ X(M)

such that

ω(e1, . . . , ei , ei+1, . . . , ek) + ω(e1, . . . , ei+1, ei , . . . , ek)

= σω(e1, ˆ. . . ˆ. . ., ek)(〈ei , ei+1〉)

The space of cochains is denoted C •(E ). It is a graded
commutative algebra with a degree −2 Poisson bracket.
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Courant algebroid differential

If E → M is a Courant algebroid, then

T (e1, e2, e3) = 〈Je1, e2K, e3〉 ∈ C 3(E ).

Courant axioms ⇐⇒ {T ,T} = 0

dE = {T , ·} is a differential on C •(E ).

Result 1: Let E → M a Courant algebroid.
The dg-algebras (OM,Q) and (C •(E ), dE ) are ismorphic via

Υ(ψ)(e1, · · · , ek) = {ek , {ek−1, · · · {e1, ψ}, · · · }.

Keller-Waldmann introduced C •(E ) in an algebraic setting where
the correspondence with Q-manifolds doesn’t apply.
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Cartan calculus

Result 2: The differential satisfies the Cartan formula

dEω(e0, · · · , ek) =
k∑

i=0

(−1)iρ(ei )ω(e0, · · · , êi , · · · , ek)

+
∑
i<j

(−1)i+1ω(e0, · · · , êi , · · · , Jei , ejK, · · · , ek).

If we introduce contractions and Lie derivatives

(ιeω)(e1, · · · , ek−1) = ω(e, e1, · · · , ek−1), Leω = {{e,T}, ω}.

Result 3: The following Cartan relations hold

d2
E = 0 [Le , dE ] = 0

[ιe , dE ] = Le [Le ,Le′ ] = LJe,e′K
[Le , ιe′ ] = ιJe,e′K

Warning: [ιe , ιe′ ] 6= 0.
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E-connections

For ∇ an E -connection on B define D∇ : C •(E ;B)→ C •+1(E ;B)

D∇ω(e0, · · · , ek) =
k∑

i=0

(−1)i∇eiω(e0, · · · , êi , · · · , ek)

+
∑
i<j

(−1)i+1ω(e0, · · · , êi , · · · , Jei , ejK, · · · , ek)

Result 4: There is a correspondence between:

I ∇ E -connections on B.

I D differentials on C •(E ;B) with D(ω^τ)=dEω^τ+(−1)kω^Dτ .

Result 5: For ∇ an E -conenction on B the curvature F∇ satisfy

I F∇ ∈ C 2(E ; End(B)).

I The Bianchi identity D∇̃F∇ = 0.
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Applications

I Le induce a connection on ∧topE . It shows that Courant
algebroids are unimodular.

I The Torsion of an E -connection on E is

T (e1, e2) = ∇e1e2 −∇e2e1 − Je1, e2K ∈ C 2(E ).

I For ∇̂ a TM-connection on E we define the adjoint connection

∇E
e1e2 = Je1, e2K + ∇̂ρ(e2)e1 − ρ

∗〈D∇̂e1, e2〉.

∇E induce secondary char. classes for Courant algebroids.

I For TM ⊕H T ∗M and ∇ torsion free TM-conn. on TM then

∇̂XY+β = ∇XY+∇†Xβ+
1

2
iX iYH so ∇E

X+αY+β = ∇XY+∇†Xβ

and all the secondary characteristic classes vanish.
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Thanks !!


