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Abstract

We present the fundamentals of simplicity theory starting from general
model theory and finishing in the proof of the Independence Theorem.

1 Introduction

Simple theories are a natural and fruitful generalization of stable theories. They
were introduced by Shelah in [12] and rediscovered and fully developed by Kim and
Pillay in [7], [6] and [8]. See [9] for historical background. The book [13] of Wagner
is now the main reference. In the last five years the foundations of simple theories
have been simplified after some new ideas from Shami, Shelah and Buechler and
Lessmann. Here we add further simplifications from [3] and systematize all the
basic results up to the Independence Theorem and type-definability of equality of
Lascar strong types. The references contain the sources for all the results. We do
not give credits for every single result but we give complete proofs of everything
without previous assumptions except the usual ones in Model Theory.

We use the standard notation and conventions. Everywhere T is a complete
theory with infinite models in a first-order language and € is its monster model.

I thank Juan Francisco Pons for many comments.

2 Lascar strong types

Definition 1 A relation R is bounded if for some cardinal k there is not a sequence
(a; : i < k) such that = R(a;,a;j) for all i < j < k. The relation is finite if this

*This is a slightly expanded version of a conference at the Simpleton 2002, Workshop on Simples
Theories, Centre International de Rencontres Mathématiques, Luminy (Marseilles), July 8-12, 2002.



bound k is in fact a natural number. Observe that for definable relations finiteness
1s equivalent to boundedness.

Remark 2.1 Any intersection of a bounded number of bounded relations is a bounded
relation.

Proof. Let (R; : | < \) be a sequence of bounded relations. For all I < A let k; be a
bound for R; and let k = A+sup{x; : | < A\}. Assume that there are (a; : i < (2F))
such that—R(a;,a;) for all i < j < (27)*, where R = (), R;. By Erdés-Rado for
some [ < A there is a subset I C (2%)" of cardinality x* such that - R;(a;,a;) for
all ¢ < j in I. This contradicts the choice of &;. O

Definition 2 An equivalence relation is A-invariant if its classes are preserved
under automorphisms of the monster model fixing A pointwise. Since every A-
invariant equivalence relation is definable by a disjunction (maybe infinite) of types
over A, there is a bounded number of them. Therefore the intersection of all A-
invariant bounded equivalence relations is again an A-invariant bounded equivalence
relation. We say that the sequences a, b have the same Lascar strong type over A and
we write Lstp(a/A) = Lstp(b/A) if a and b are equivalent in this least A-invariant
bounded equivalence relation.

Definition 3 Let x,y be finite tuples of variables of the same length. We say that
the formula 6(z,y) is thick if it defines a reflexive and symmetric relation which is
finite. For any set A and for any sequences of variables x,y of the same length,
the set of all thick formulas over A in (finite subtuples of) the variables x,y will be
nca(x,y). For every natural number n, nc's(x,y) is the type Iy1 . .. yn—1(nca(x, y1)A
nca(yr,y2) A ... Anc(yn—1,9)).

Remarks 2.2 1. The conjunction and the disjunction of thick formulas are thick
formulas.

2. Any consequence of a thick formula is a finite formula.

3. If p(z,y) is finite then, v =y V (p(z,y) A @y, z)) is thick.

Lemma 2.3 For any a # b, | nca(a,b) if and only if a,b start an infinite A-
indiscernible sequence.

Proof. If a, b start an infinite A-indiscernible sequence, then it is clear that |= 6(a, b)
for any finite formula (z,y) over A. Now assume = ncy(a,b). Me may also assume
that a # b. Let p(z,y) = tp(ab/A). By Ramsey’s Theorem and compactness, to
prove that a,b start an infinite A-indiscernible sequence it is enough to check that
there is an infinite sequence (a; : ¢ < w) such that = p(a;,a;) for all i < j < w.
For this we have to prove for any ¢ € p, the consistency of {z; # x; : i < j <
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wiU{p(x;, ;) 1 i < j < w}. In case a, b are infinite sequences we choose a coordinate
where they are different to express inequality. If this set of formulas is inconsistent,
then —p(z,y) is finite and therefore (z = y V (mp(z,y) A ~¢(y,z)) € nca(z,y).
Hence = —¢(a,b), a contradiction. O

Proposition 2.4 FEquality of Lascar strong types over A is the transitive closure
of the relation of starting an A-indiscernible sequence. Hence it is defined by the
infinite disjunction \/, nc’y(z,y).

Proof. Let E be this transitive closure. It is an A-invariant equivalence relation.
Since the relation of starting an infinite indiscernible sequence is defined by a set of
finite formulas, it is bounded. Hence its transitive closure F is also bounded. From
this it follows that equality of Lascar strong types is contained in E. For the other
direction it suffices to show that if a,b start an infinite A-indiscernible sequence
then Lstp(a/A) = Lstp(b/A). Let k be a bound for the number of classes in the
relation of equality of Lascar strong types over A. We can choose an A-indiscernible
set starting with a,b of length bigger than x. If Lstp(a/A) # Lstp(b/A) then by
A-invariance Lstp(a’/A) # Lstp(b'/A) for any two different o/, b in the indiscernible
sequence, which contradicts the choice of k. O

Lemma 2.5 1. Ifnca(a,b), then there is a model M O A such that tp(a/M) =
tp(b/M).

2. If for some model M 2 A tp(a/M) = tp(b/M), then nc?(a,b).

Proof. For 1 fix a model M DO A and an infinite A-indiscernible sequence I
starting with a,b. By Ramsey’s Theorem and compactness we can obtain another
infinite A-indiscernible sequence (a; : i < w) where tp(ab/A) = tp(apai/A) and
tp(a;/M) = tp(a;/M) for all i < j < w. This implies that tp(a/M) = tp(b/M).
For 2 we assume that a,b have the same type over some model M O A and we
show that for any thick formula 6(z,y) over A, = 32(0(a, z) A0(b, z)). Let n be the

maximal length of a sequence ay,...,a, such that = —60(a;,a;) for all i < j < n.
We can find such ay,...,a, in M. For some i,j < n, = 6(a,a;) and = 0(b, a;).
Since a, b have the same type over M we may take ¢ = j. O

Proposition 2.6 Fquality of Lascar strong types over A is the transitive closure
of the relation of having the same type over a model containing A.

Proof. Clear by Proposition 2.4 and Lemma 2.5. O

Definition 4 The group Autf(€/A) of strong automorphisms over A of the monster
model € is the subgroup of Aut(€/A) generated by the automorphisms firing a small
submodel containing A.



Corollary 2.7 Lstp(a/A) = Lstp(b/A) if and only if f(a) = b for some f €
Autf(€/A).

Proof. It follows from Proposition 2.6. O

Corollary 2.8 If Lstp(a/A) = Lstp(b/A) then for any c there is some d such that
Lstp(ac/A) = Lstp(bd/A)

Proof. Choose f € Autf(€/A) such that f(a) =b and put d = f(c). O

3 Dividing and forking

Definition 5 The formula ¢(x,a) divides over the set A with respect to k (2 < k <
w) if there is an infinite sequence I = (a; : i < w) of realizations of tp(a/A) such that
{e(x,a;) : i < w} is k-inconsistent, i.e, every subset of k elements is inconsistent.
We may always assume that I is A-indiscernible. We may also assume that a = ag.
Finally, in place of w we may choose any infinite linear ordering. The formula
o(x,a) divides over A if it divides over A with respect to some k.

Remarks 3.1 1. Ifp(x,a) divides over A with respect to k and ¥ (x,b) F p(z,a),
then (x,b) divides over A with respect to k too.

2. If a € acl(A), then p(z,a) does not divide over A.

Definition 6 The set of formulas w(z,a) divides over the set A if it implies a
formula p(x,b) which divides over A. We may always assume that b = a and that
o(z,y) is a conjunction of formulas in w(z,y).

Remarks 3.2 1. If w(x,a) is inconsistent, it divides over A.

2. m(x,a) divides over A iff for some infinite A-indiscernible sequence (a; : i < w)
with ag = a, the set of formulas | J,_ , m(x, a;) is inconsistent.

3. o(x,a) divides over A iff the set {o(x,a)} divides over A.
4. acl(A) = {a: tp(a/Aa) does not divide over A}

Definition 7 The set of formulas w(x,a) forks over A if for some n there are
formulas p1(x,a1),...,on(x,a,) such that w(x,a) F @1(z,a1) V...V pn(x,a,) and
every p;(x,a;) divides over A. The formula p(x,a) forks over A if the set {p(x,a)}
forks over A.

The advantage of forking over dividing lies in that we can make sure that non-
forking types can be extended while it is not clear whether we can do it in the case
of dividing.



Remarks 3.3 1. If n(z,a) divides over A, then it forks over A.
2. If m(x,a) is finitely satisfiable in A, then it does not fork over A.
3. mw(x,a) forks over A iff a conjunction of formulas in w(x,a) forks over A.

4. If 1(x,a) does not fork over A, then it can be extended to a complete type over
a which does not fork over A. Any complete type over a extending the partial
type m(z,a) U{=p(z,a) : (x,a) forks over A} does the job.

Next lemma turns out to be very useful. From it we can prove a result on pairs
which anticipates some version of transitivity for nondividing (Proposition 3.5).

Lemma 3.4 Those following are equivalent.

1. tp(a/Ab) does not divide over A.

2. For every infinite A-indiscernible sequence I such that b € I, there is a’ =43 a
such that I is Aa’-indiscernible.

3. For every infinite A-indiscernible sequence I such thatb € I, there is J = 1
such that J is Aa-indiscernible.

Proof. The equivalence of 2 and 3 follows by conjugation. It is clear that &
implies 7. We prove that I implies 2. We may assume that A is empty, that
I = (b : i <w) and that b = bg. Let p(x,b) = tp(a/b) and let I'(x, (x; : i < w)) be
a set of formulas expressing that (z; : i < w) is z-indiscernible. It will be enough
to prove that p(z,b) UT'(z,(b; : i < w)) is consistent. By I q(z) = U, p(x,b;)
is consistent. Let ¢ |= ¢ and let 'y a finite subset of I'. By Ramsey’s Theorem,
there is an order preserving f : w — w such that = To(c, (b @ 7 < w)). By
indiscernibility (b; : i < w) = (by(;) : @ < w) and therefore we can find ¢’ such that
(b i <w)=c(bpy i <w). Clearly ¢ |= q(x) UTo(x, (b; i < w)). O

Proposition 3.5 If tp(a/B) does not divide over A C B and tp(b/Ba) does not
divide over Aa, then tp(ab/B) does not divide over A.

Proof. It is an easy application of Lemma 3.4. O

Proposition 3.6 If ¢(z,a) divides over A with respect to k and tp(b/Aa) does not
divide over A, then ¢(x,a) divides over Ab with respect to k.

Proof. Let I = (a; : ¢ < w) be an infinite A-indiscernible sequence such that a = ag
and {p(z,a;) : i < w} is k-inconsistent. By Lemma 3.4 there is J =4, I which is
Ab-indiscernible. Then J witnesses that ¢(x,a) divides over Ab with respect to k.
O



4 The tree property and simplicity

This section can be skipped if one chooses to define simple theories as the theories
where every complete type does not fork over a subset of cardinality at most |T| of
its domain (Proposition 4.10). With this definition it is straightforward that a type
does not fork over its domain. Here we present the proofs of the equivalence of this
definition with some others, like not having the tree property, types not dividing
over a small subset of its domain or finiteness of rank D(p, ¢, k).

Definition 8 ¢(x,y) has the tree property with respect to k (2 < k < w) if there
is a tree (as : s € W) such that for all n € w*, the branch {p(x,any) : n < w}
is consistent and for all s € w<Y the set {p(x,a45~;) 11 < w} is k-inconsistent. By

compactness it is easy to obtain a corresponding tree (as : s € k<) for any cardinals
K, \.

Lemma 4.1 Let « be an ordinal number, (@;(x,y;) 11 < ) a sequence of formulas
and (k; : i < a) a sequence of natural numbers k; > 2. The following are equivalent.

1. Thereis atree (as : s € wS*) such that for alln € w®, the branch {@;(x, ayjit1) :
i < a} is consistent and for all i < a and s € W', the set {p;i(x,a4~;) 1 j <w}
18 k;-1nconsistent.

2. There is a sequence (a; : i < «) such that {p;(z,a;) : i < a} is consistent and
for every i < o, pi(z,a;) divides over {a; : j < i} with respect to k;.

Moreover in 1 we can add that all the branches (any; : i < o) have the same type.

Proof. Assume first that the tree is given. By compactness we may obtain a
corresponding tree (as : s € A<%) for a very big cardinal A\. By induction on 3 < «
we can show then that there is such a tree with the additional property that for all
i< pBallneX and all j,1 <X, tp(a,-~;/(anm : h < i) = tp(a,~y/(angm = h < 0)).
Apply this with 8 = a. Any branch in the resulting tree is a dividing sequence
as required. For the other direction, fix the dividing sequence (p;(x,a;) : i < )
and construct the tree inductively with the additional property that every branch
is isomorphic to the initial segment of the chain of the same level. It is enough to
show how to extend a given branch and it is clear how to do it using the fact that
the formulas in the sequence always divide. Observe that the parameters as in the
tree play no role at all if s € w' and i is either 0 or a limit ordinal. O

Definition 9 A dividing chain for ¢(x,y) is a sequence (a; : i < «) such that
{¢(z,a;) - i < a} is consistent and for everyi < o, p(x,a;) divides over {a; : j < i}.
If it divides with respect to k;, we say that it is a dividing chain with respect to
(ki :i < a). We say that o(x,y) divides a times (with respect to (k; 1 i < «)) if
there is a dividing chain of length o for o(x,y) (with respect to (ki : 1 < «)).



Remarks 4.2 1. ¢(x,y) divides w times with respect to k iff it has the tree
property with respect to k.

2. If o(z,y) divides n times with respect to k for every n < w, then it divides o
times with respect to k for every ordinal «.

3. If p(x,y) divides wy times, then for some k < w, @(x,y) divides w times with
respect to k.

Definition 10 T is simple if in T there are no formulas with the tree property.
This is clearly equivalent to the non existence of formulas which divide w times with
respect to some k and also to the non existence of formulas which divide w1 times.

Proposition 4.3 The following conditions are equivalent to the simplicity of T.

1. For every type p € S(A) in finitely many variables there is a B C A such that
|B| < |T| and p does not divide over B.

2. There is some cardinal k such that for every type p € S(A) in finitely many
variables there is a B C A such that |B| < k and p does not divide over B.

3. There is no increasing chain (p;(x) : i < |T|") of types p;(x) € S(A;) in
finitely many variables such that for every i < |T|", piv1 divides over A;.

4. For some cardinal k there is no increasing chain (p;(x) : i < k) of types
pi(x) € S(A;) in finitely many variables such that for every i < K, pi+1 divides
over A;.

Proof. Simplicity implies 1, since if p € S(A) divides over every subset of A
of cardinality < |T'|, then we can inductively construct a sequence of formulas
(pi(z,y;) 11 < |T|") and a sequence (a; : i < [T'|") of parameters a; € A such that
vi(x,a;) € p and ¢(z,a;) divides over {a; : j < i}. Clearly one formula ¢(z,y)
appears wj times in the sequence and this contradicts simplicity. It is clear that
1 implies 2 and that & implies 4. To show that 7 implies 3, observe that if the
increasing chain (p;(z) : i < |T|") is given and we set A = JA; and p = |Jp;, then
p(z) € S(A) divides over every subset of A of cardinality < |T'|. The same argument
proves 4 from 2. It remains only to show simplicity from 4. If T is not simple,
then some formula p(x,y) divides k times. Let (a; : i < k) a witness of this. Let
a be a realization of {¢(z,a;) : i < Kk}, let A; = {a; : j < i} and let p; = tp(a/A4;).
The chain (p; : ¢ < k) contradicts point 4. O

Definition 11 Let A = {p;i(z,y;) : i = 1,...,n} and let 2 < k < w. For any
partial type m(x,a) we define the rank D(n(x,a), A, k) as the supremum (an ordinal
or 00) of the ordinals « such that D(m(x,a),Ak) > « according to the following
recursive definition. If we want we can agree that inconsistent sets have rank —1.



1. D(n(z,a),Ak) > 0 iff 7(x,a) is consistent.

2. D(7r( a), A k) > a+ 1 iff for some o(x,y) € A there is a sequence (a; :
i< ) such that {p(z,a;) : i < w} is k-inconsistent and for every i < w,
D(m(z,a) U{p(z,ai)}, A k) = a.

3. For limit 3, D(n(x,a),Ak) > B iff D(m(x,a),Ak) > « for all a < 3.

Remarks 4.4 1. Ifr(z,a)F 7'(z,d’), A C A and k <K, then D(n(z,a),A k) <
D ('), A )

2. Ifn(x,a), o(x,b) are equivalent partial types, then D(m(x,a), A, k) = D(o(x,b), A k).

Proof. 2 follows from I and to prove 1 one shows by induction on « that
D(r(z,a),A k) > a= D(r'(z,d),A k) >«
O
Lemma 4.5 D(w(x,a),Ak) > n iff there is a sequence (¢i(z,y;) : ¢ < n) of
formulas in A and parameters (a; : i < n) such that for each i < n, w(x,a) U

{pi(z,a;) : i < n} is consistent and for all i < n, ¢i(x,a;) divides over aU{a; : j <
i} with respect to k.

Proof. By Lemma 4.1. O
Proposition 4.6 T is simple iff for all finite A and all k, D(x = z,Ak) < w

Proof. By Lemma 4.5 it is clear that it holds if we state for sets A consisting
in only one formula. The general case can be established by a standard coding of

A-types in p-types or by noticing that D(x = z, A k) < Z%A D(zx=uz,0,k). O

Remark 4.7 For all m(z,a), A, k and (¢(x,a;) : 1 <i<n),

D(m(xz,a) U {\/ o(z,a:)}, A k) = max D(w(z,a)U{p(x,a;)}, A k)

. 1<i<n
=1

Proof. Let o = D(n(z,a) U{V!,¢(z,a;)},Ak) and let oy = D(w(x,a) U
{e(x,a;)},A,k). By Remarks 4.4 a > maxj<ij<p ;. By Lemma 4.5 if a > n
then for some ¢, a; > n. Hence maxj<;<, a; > . O

Lemma 4.8 Let A = {pi(z,y1),...,0n(z,yn)}, D(m(z,a) | A, Ak) < w and
m(x,a) F @i1(r,a1) V...V on(x,a,) where every p(z,a;) divides over A with respect
to k. Then D(n(z, ) k) < D(m(z,a) | A, Ak).



Proof. By Remarks 4.7 and 4.4, D(w(x,a), A, k) < D(w(x,a) | AU{pi(z,a;)}, A k)
for some i. Let m = D(n(xz,a) | AU {pi(z,a;)},A, k). By Lemma 4.5 there is a
sequence (¢;(z,z;) : j < m) of formulas in A and a sequence (b; : j < m) such
that w(z,a) [ AU {pi(x,a;)} U{¢;(x,b;) : j <m} is consistent and every v;(x,b;)
divides over A U {a;} U{a; : | < j} with respect to k for all j < m. Again
by Lemma 4.5, the sequence p;(x,a;),vo(x,bo), ..., Ym—1(x,by—1) witnesses that
D(m(xz,a) | A,A k) > m+ 1. O

Proposition 4.9 Simplicity is also equivalent to the conditions in Proposition 4.3
if we replace forking for dividing.

Proof. Point 4 from Proposition 4.3 stated for forking implies its original version
with dividing. The arguments in the proof of Proposition 4.3 showing that 7 implies
2 and 8 and that any of 2 and 8 implies / adapt to its version with forking.
Moreover it is pretty clear that & implies I in any version. Hence it will be enough
to prove that simple theories verify point & in this new version for forking. Here
is where we use D(m, A, k)-rank. Assume (p;(z) : @ < |T|") is a increasing chain
of types p;(z) € S(A;) such that p;1; forks over A; for all 4 < |T|*. This means
that for all ¢ < |T|" we can find some ¢} (), ..., ¢k, (x) such that piy1(z) F ¢} (z)V
...Vl (x) and each gpé(:ﬁ) divides over A; with respect to some kj; < w. Clearly
we may assume that there are n,k < w and some ¢i(z,91),...,¢n(x,y,) such
that for all i < |T|T there are tuples a!,...,a}, € A;y1 for which ¢;(x, aé) =
go;(a:) and moreover k = kj;. Let A = {¢1(x,y1),...,¢n(z,yn)}. By Lemma 4.8
D(pi(z), A, k) > D(piy1(z), A, k) for all # < |T'|*, which is a contradiction. O

Corollary 4.10 If T is simple and p(x) € S(A), then p does not fork over A.

Proof. By Proposition 4.9. a

5 Independence and Morley sequences

Definition 12 We say that A is independent of B over C (written A J/C B) if for
every finite sequence a € A, tp(a/BC) does not fork over C.

Remarks 5.1 1. AJ/CBiﬁALCC’B.
2. Ifaicbforallﬁm'teaEA,bEB, thenAJ/CB.
3. IfA | ,Band B'C B, then A |, B.
4- IfA L B, A CAandB'CB,then A" | B



Definition 13 Let X be a linearly ordered set. The sequence (a; : i € X) is A-
independent if for every i € X, a; LA{aj :j < i}. A Morley sequence over A is a
sequence (a; : i € X) which is A-independent and A-indiscernible. It is said to be a
Morley sequence in the type p if every a; realizes p.

Remark 5.2 Let (a; : i € X) be A-independent. If Y, Z are subsets of X such
that Y < Z, then tp((a; : i € Z)/A(a; : i € Y)) does not divide over A.

Proof. It can be assumed that Z is finite. An induction on |Z| using Lemma 3.5
gives easily the result. g

Lemma 5.3 If p(x) € S(B) does not fork over A C B, there is a Morley sequence
(a; : i < w) in p over A which is moreover B-indiscernible. If p is not algebraic,
the sequence 1is infinite, i.e, a; # a; fori < j < w.

Proof. Using the extension Lemma (item 4 in Remarks 3.3) one can construct
a sequence (a; : i < w) of realizations a; of p such that a; | , B{a; : j < i}.
Observe that this property is type definable over B (because p is complete) and im-
plies A-independence. Hence compactness and Ramsey’s Theorem give us a Morley
sequence over A in p which is moreover B-indiscernible. O

Proposition 5.4 Let T be simple. The formula ¢(z,a) divides over A iff for every
infinite Morley sequence (a; : i < w) over A in tp(a/A), {p(x,a;) 1 i < w} is
inconsistent.

Proof. Without loss of generality A = (). Assume that ¢(z,a) divides over () but
for some infinite Morley sequence the consistency fails. Let X be a linearly ordered
set isomorphic to the reverse order of the cardinal |T|*. By compactness there is
an infinite Morley sequence ax = (a; : i € X) in tp(a) such that {p(z,q;) : i € X}
is consistent. Let ¢ realize this type. By simplicity there is Y C X of cardinality
at most |T'| such that tp(c/ax) does not fork over ay = (a; : i € Y)). By choice
of the order of X we can find ¢ € X such that i < Y. By Lemma 5.2 tp(ay/a;)
does not divide over ). Since ¢(x,a;) divides over (), by Proposition 3.6 it divides
over ay. But tp(c/ax) contains ¢(x,a;) and hence it divides (and forks) over ay,
a contradiction. O

Proposition 5.5 Let T be simple. A partial type 7(x,a) divides over A iff it forks
over A.

Proof. We may assume 7(zx, a) is a formula ¢(z, a) and that a is not algebraic over
A. Assume ¢(z,a) does not divide over A but it implies a disjunction ¢1(x,a1) Vv
...V on(r,a,) where every o(z,a;) divides over A. Let (a’a]...a) : j < w) be
an infinite Morley sequence over A in tp(aa; ...a,/A) (a nonalgebraic type). Then
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(a7 : j < w) is an infinite Morley sequence over A in tp(a/A). By Proposition 5.4,
there exists a realization ¢ of {¢(z,a’) : j < w}. For every j < w there is some i
such that ¢ realizes some ¢;(z, a]). By Ramsey’s Theorem there is some 7 such that
for a cofinal subset X C w, c realizes every p(z, a{ ) with j € X. By indiscernibility,
{o(z, a{) : J < w} is consistent and then by Proposition 5.4 ¢;(x, a;) does not divide
over A since (az : j < w) is an infinite Morley sequence over A in tp(a;/A). O

Proposition 5.6 In a simple theory independence is a symmetric relation, i.e,

A |, B implies B | A.

Proof. It is enough to prove that if tp(a/Cb) does not fork over C, then tp(b/Ca)
does not divide over C. We may assume that tp(a/C) is not algebraic. By
Lemma 5.3 there is an infinite Morley sequence I = (a; : i < w) in tp(a/C)
which is Cb-indiscernible and starts with ap = a. Let ¢(x,y, z) be a formula and
¢ € C such that = ¢(a,b,c). We will show that ¢(x,a,c) does not divide over C.
By indiscernibility of I over Cb we know that = ¢(a;,b,c) for all i < w. Hence
{¢(ai,y,c) : i < w} is consistent. Since (a;c : i < w) is a Morley sequence in
tp(ac/C), by Proposition 5.4 we conclude that p(a,y, c) does not divide over C. O

Proposition 5.7 In a simple theory independence is a transitive relation, i.e, when-
ever BCCCD, Al ,CandA | D, then A | ,D.

Proof. It is a direct consequence of Proposition 5.6, Lemma 3.5 and Proposition 5.5.
O

Corollary 5.8 Let T' be simple. If I is an ordered set an (a; : i € I) is an A-
independent sequence, then a; J/A{aj :j#i} foralliel.

Proof. By induction on n it is easy to show that for all different i1,..., 4,41 € I,
@i, L 4 @iys - - - @i, . For the inductive case one uses symmetry and Lemma 3.5.0

6 The independence theorem

Lemma 6.1 Let T' be simple. If (a; : i < w+ w) is an infinite A-indiscernible
sequence, then (a; : w < i <w +w) is a Morley sequence over A{a; : i < w}.

Proof. Let I = (a; : i < w). Clearly (¢; : w < i < w+ w) is Al-indiscernible. Tt
suffices to show that it is Al-independent. Let X be a finite subset of {i : w < i <
w+w} an let i < w+w be greater than every element in X. By symmetry it will be
enough to check that ax | ,;a;, where ax = (a; : j € X). But this is clear since
by A-indiscernibility tp(ax/Ala;) is finitely satisfiable in I. 0
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Proposition 6.2 Let T' be simple. If p(x,a) does not divide over A and a,b start
an infinite A-indiscernible sequence, then p(x,a) A @(x,b) does not divide over A.

Proof. Let us first assume that a,b start an infinite Morley sequence (a; : i < w)
over A. Since ¢(x,a) does not divide over A, {¢(x,a;) : i < w} is consistent. If
bi = agiazi+1, (b; 1 i < w) is an infinite Morley sequence in tp(ab) over A. Since
{p(z,a2;) N p(z,a2+1) 1 i < w} is consistent, by Proposition 5.4, p(z,a) A ¢(z,b)
does not divide over A. Now let us consider the general case, where a,b start
an infinite A-indiscernible sequence (a; : i < w). Choose (b; : i < w) such that
ab | ,(bi : i < w) and the sequence (b; : i < w)7(a; : i < w) is A-indiscernible.
By Lemma 6.1 (a; : ¢ < w) is a Morley sequence over B = AU {b; : i < w}.
Since ¢(x, a) does not divide over B also, by the first case considered we know that
o(z,a) A p(x,b) does not divide over B. By Proposition 3.6 this conjunction does
not divide over A. O

Remark 6.3 The proof of Proposition 6.2 generalizes to show that if w(x,a) does
not divide over A and I > a is an infinite A-indiscernible sequence, then |y m(x,b)
does not divide over A.

Lemma 6.4 Let T be simple. If a,b start an infinite A-indiscernible sequence
and c \LAa b, then for some d, the extended sequences ac,bd start an infinite A-
indiscernible sequence also.

Proof. Assume A = (). Let ¢ | b and assume I = (q; : i < w) is an infinite
indiscernible sequence with a = ag and b = ay. Since (ay, : n > 1) is a-indiscernible
and ¢ i/a b, by Lemma 3.4 there is an ac-indiscernible sequence (aj, : n > 1) such
that (an : n > 1) =4 (al, : n > 1). Thus we may assume that a,, = a}, for all n > 1.

Let ¢g = ¢ and choose for n > 1 some ¢, such that
Capay ... = Cplnlnpii - - -

Since (a, : n > 1) is ac-indiscernible, cab = caa,,. Hence cab = cpananim, i-e., in
the sequence (cpa, : n < w) all triangles ¢, a,an+m have the same type p(x,y, z) =
tp(cab). By Ramsey’s Theorem there is an indiscernible sequence (d,by, : n < w)
where all triangles d,,by, by, 4, satisfy p(z,y, z). Clearly we may assume that ¢ = dj,
a="bygand b=0b;. Take d = d;. O

Proposition 6.5 Let T' be simple and assume that p(z,a) A P (z,b) does not fork
over A. If b,V start an infinite A-indiscernible sequence and a J/Ab b, then p(x,a)A
Y(x,b') does not fork over the A.

Proof. Apply Lemma 6.4 finding ¢ such that ba, b'c start an infinite A-indiscernible
sequence. By Proposition 6.2, p(z,a) A (z,b) Ap(x, c) Ap(x,b') does not fork over
A. In particular ¢(z,a) A (z,b") does not fork over A. O
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Corollary 6.6 Let T be simple and assume that o(x,a) A(x,b) does not fork over
A. If Lstp(b/A) = Lstp(Vt'/A) and a | , bV, then ¢(x,a) A (z,b") does not fork
over A.

Proof. Assume A = (). Find by,...,b, such that b = by, V/ = b, and b;, b1 start
an infinite indiscernible sequence. Let a’ be such that a’ =4 a and o Lbb, bi,...bn.
By Proposition 6.5 we see that ¢(x,a’) A(z,b;) does not fork over the empty set
for all i < n. Hence p(z,a) A (x,b’) does not fork over the empty set . O

Lemma 6.7 Let T' be simple. Let k be a cardinal number bigger than |T| + |A|. If
(a; i < K) is A-independent and the length of every a; is smaller than k, then for
any a of length smaller than k there is some i < k such that a \LA a;.

Proof. By choice of k, there is a proper subset B C {a; : i < k} such that
a | p{ai:i <rk} Takea; ¢ B. Then a | ,a; and, by Corollary 5.8, a; | , B. By
symmetry and transitivity, a | 4 i O

Lemma 6.8 Let T be simple. For any a,A and B D A there is a' such that
Lstp(a’/A) = Lstp(a/A) and o’ |, B.

Proof. Let k be a cardinal bigger than |T'| + |B| and bigger than the length of
a. We may assume that tp(a/A) is not algebraic. Let (a; : ¢ < k) be a Morley
sequence in tp(a/A). By Lemma 6.7 there is some i < & such that B | , a;.
Clearly, Lstp(a/A) = Lstp(a;/A). O

Lemma 6.9 Let T' be simple and Lstp(a/A) = Lstp(b/A). For any c, B there is
some d such that Lstp(ac/A) = Lstp(bd/A) and d | ,, B.

Proof. By Corollary 2.8 there is some d' such that Lstp(ac/A) = Lstp(bd'/A)
and by Corollary 2.7, there is a strong automorphism f € Autf(€/A) such that
f(ac) = bd'. By Lemma 6.8 there is some d such that Lstp(d/Ab) = Lstp(d'/Ab)
and d | ,, B. Again by Corollary 2.7 there is some g € Aut(€/Ab) such that
g(d') = d. It follows that go f € Autf(€/A) and go f(ac) = bd. Hence Lstp(ac/A) =
Lstp(bd/A). O

Corollary 6.10 (Independence Theorem) LetT be simple and a J/A b. If there
are ¢,d such that = ¢(c,a), ¢ | , a, E¥(d,b),d | , b, and Lstp(c/A) = Lstp(d/A),
then o(x,a) A(z,b) does not fork over A.

Proof. Using Lemma 6.9, choose V' | , ab such that Lstp(ct//A) = Lstp(db/A).
Then = ¢(c,a) Aip(c,b') and ¢ | , ab/. Therefore ¢(z,a) A ¢(x,b’) does not fork
over A. Since a | , bb' by Corollary 6.6, p(z,a) A ¢(z,b) does not fork over A. O
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Remarks 6.11 1. The version of the Independence Theorem for partial types
mw(x,a), o(x,b) in place of formulas (x,a), Y¥(x,b) follows in a straightfor-
ward way. It can be also generalized easily to any ordered sequence of types
(mi(z,a;) = i € I) if the corresponding sequence (a; : i € I) of parameters is
independent over A.

2. The Independence Theorem for types over a model follows also easily from the
stated version.

Proposition 6.12 Let T' be simple. If Lstp(a/A) = Lstp(b/A) and a | , b, then
a,b start a Morley sequence over A.

Proof. Let p = tp(ab/A). We prove first that there is an infinite A-independent
sequence (a; : 1 < w) such that = p(a;,a;) for all i < j < w. The sequence is
constructed inductively starting with ag = a and a; = b. To get a,, we need to prove
that | J;,, p(, a;) does not fork over A. But this is clear by the generalized version
of the Independence Theorem. Now, once we have this A-independent sequence we
still need to make it A-indiscernible. But this can be done by Ramsey’s Theorem and
compactness if one notices that the fact that ag,...,a, | 4 Gn+1 can be expressed
by a type over A since the type tp(a,+1/A) is given. O

Proposition 6.13 If T is simple, then Lstp(a/A) = Lstp(b/A) if and only if there
is some ¢ such that a,c start an infinite A-indiscernible sequence and b, c start an
infinite indiscernible sequence over A.

Proof. Assume Lstp(a/A) = Lstp(b/A) and find with Lemma 6.8 some ¢ such
that Lstp(c/A) = Lstp(a/A) and ¢ | , ab. By Proposition 6.12 a, c start an infinite
Morley sequence over A and b, ¢ start an infinite Morley sequence over A. O

Corollary 6.14 IfT is simple, then equality of Lascar strong types over A is type
definable over A by 3z(nca(z,z) Anca(y, 2)).

Proof. Clear, by Proposition 6.13. O
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