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In this talk we introduce some existence results for nonlocal
critical problems with concave-convex nonlinearities,

(Pλ)
{

(−∆)su = λuq + u2∗s−1, u > 0 in Ω,
B(u) = 0 on ∂Ω,

with 1
2 < s < 1 and 0 < q < 2∗s−1, q 6= 1, being 2∗s = 2N

N−2s ;
λ > 0 and Ω ⊂ RN , N > 2s, is a smooth bounded domain
with mixed Dirichlet-Neumann boundary conditions

B(u) = uχΣD +
∂u

∂ν
χΣN ,

where χA is the characteristic function of a set A, ΣD and
ΣN are smooth (N − 1)-dimensional submanifolds of ∂Ω
such that ΣD is closed with measure |ΣD| = α ∈ (0, |∂Ω|);
ΣD ∩ ΣN = ∅, ΣD ∪ ΣN = ∂Ω and ΣD ∩ ΣN = Γ is a
smooth (N − 2)-dimensional submanifold.

Using variational and topological methods we prove:

Theorem 0.1 Let 0 < q < 1 and N > 2s. Then, there exists
0 < Λ <∞ such that the problem (Pλ)

1. has no solution for λ > Λ,

2. has a minimal solution for any 0 < λ < Λ. Moreover,
the family of minimal solutions is increasing in λ,

3. has at least one solution for λ = Λ,

4. has at least two solutions for 0 < λ < Λ.

Theorem 0.2 Let 1 < q < 2∗s − 1 and N > 2s
(

1 + 1
q

)
. The

problem (Pλ) has at least one solution for any λ > 0.

The existence of a second solution in Theorem 0.1 crucially re-
lies on a Strong Maximum Principle for mixed fractional prob-
lems that will be also discussed in the talk. In particular, let u
be the solution to{

(−∆)su = f in Ω,
B(u) = 0 on ∂Ω,

with f ∈ L∞(Ω), f 
 0 and v be the solution to{
(−∆)sv = g in Ω,
B(u) = 0 on ∂Ω,

with g ∈ Lp(Ω), p > N
s and g 
 0. Then, the following holds.

Theorem 0.3 There exists a constant C > 0 such that∥∥∥ v

u

∥∥∥
L∞(Ω)

≤ C‖g‖Lp(Ω).
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