STABLE CONES IN THE ALT-PHILLIPS FREE BOUNDARY PROBLEM

ARAM KARAKHANYAN AND TOMAS SANZ-PERELA

ABSTRACT. In this paper we prove a classification result for axially symmetric one phase minimizers
of the Alt-Phillips free boundary problem in dimensions 3, 4, and 5. To accomplish this, we establish
a stability inequality that extends the one for the Alt-Caffarelli problem.
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1. INTRODUCTION

For a domain 2 C R™ with locally Lipschitz boundary, the Alt-Phillips functional is defined as

BT[] = /Q (IVul® + WX (us0y) da, (1.1)

where v € (0,2) and x g denotes the characteristic function of a set E C R™. We consider the minimizers
of EﬁP[-] over the linear space Ky, := {v € HY(Q) : v —ug € H}(Q)}, where 0 < ug € H(2) —which
forces any minimizer to be nonnegative. Our objective in this paper is to classify global minimizers
(or, more generally, stable critical points) that are axially symmetric. Through the paper, we will say
that u is a global minimizer if it is a minimizer over K, for any bounded domain 2 C R™, and we will
say that it is stable if the second variation of E,‘?P[-] at u is nonnegative (see Proposition 3.2 below).

The problem above appears in population dynamics | |, where the density p of the population
is governed by the porous medium equation

pr = Ag(p) +o(p),

where o(p) represents the population supply due to births and deaths, and ¢ is a nonlinear function of
p. For the steady-case problem with linear supply function modeling a death dominant rate (otherwise
the whole domain becomes populated, i.e., p > 0 everywhere), when ¢ is a power function solutions
can be obtained (after a change of variable) as minimizers of Eﬁp []-

As usual in this type of free boundary problems, in order to understand the regularity of the
free boundary d{u > 0} N Q, after a blow-up one is led to study global homogeneous minimizers
of Eﬁ?P[-]. In our case, there are two regimes: for v € [1,2) the problem is akin to the obstacle
problem (y = 1), namely the blow-up limits are convex functions (see | , |), whereas for
~v € (0,1) it shares the features of the classical Alt-Caffarelli (or Bernoulli) problem, corresponding to
v =0 (see | , Lemma 4.3] and | , Remark 3.4]). Even for the case 7 = 0 the classification
of global minimizers in dimensions n = 5,6 is still open (see | , ) |). For the general
functional Eﬁp[-] the classification of global solutions is only known in dimension n = 2 (see | )]
and thus for v € (0,1) and n > 3 it is an outstanding open problem. In this paper, we settle it in
dimensions n = 3,4, 5 in some range of v for stable axially symmetric solutions, which are the natural
counterexamples in the context of this problem (see | D.
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The key tool to classify global minimizers for v = 0 is the stability inequality
/ Hy?do < / |Vo|?dz  for all ¢ € CLR™), (1.2)
O{u>0} R™

where H is the mean curvature' of the free boundary O{u > 0} (assumed to be smooth in the support
of the test function ¢); this inequality is a characterization of the nonnegativeness of the second
variation of E{T[] at u. For n = 3, (1.2) implies that the free boundary of any global homogeneous
minimimizer consists of a single convex cone, and thus since homogeneous harmonic functions in cones
have homogeneity which decreases as the domain increases, this yields that the free boundary is a
hyperplane; see | |. The stability inequality (1.2) has also been used in | | to classify
axially symmetric solutions (up to dimension n = 5), and in | | (indirectly, with a non-variational
approach) to classify global homogeneous minimizers in dimensions n = 3, 4.

Our main technical result is contained in Theorem 4.1, where we derive a stability inequality for the
Alt-Phillips functional (1.1). More precisely, we show that if u is a nonnegative stable critical point of
Eﬁp[-] in  C R", then

2 — v 2
77/ U’Y%QZDQ dz < / uw|Vpl>dz  for all ¢ € CL(Q). (1.3)
2 2 Jsoyne u {u>0}NQ

Let us mention that from here one recovers the stability inequality for v = 0 in the limit (see Section 5),
and thus (1.3) is more general than (1.2). Moreover, it cannot be derived, even formally, from the
stability condition for semilinear equations of the form —Awu = f(u); see Remark 3.1.

Our main classification result hinges on the stability inequality (1.3) derived in Theorem 4.1 and it
is about classification of global stable solutions that are axially symmetric. These are solutions with
rotational symmetry with respect to some axis (see the precise definition in Section 6).

Theorem 1.1. Letn > 3 and v € (0,2/3), and let u > 0 be a global stable critical point of Eﬁp[-] that
1s axially symmetric. Assume that the dimension satisfies

2
24+ (1-vVI-a)l<n<2+1+V1-a) wherea:%. (1.4)
-7

Then, u is one-dimensional.

_ 2y
o= 5
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FIGURE 1. Visualization of the constraint (1.4) on the dimension.

1Along this paper, the mean curvature of the free boundary is the mean curvature of the boundary of {u = 0}
(assuming {u = 0} with nonempty interior), oriented in the direction of Vu/|Vul|.
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As a corollary, we obtain that, in the dimensions given by (1.4), if u is an axisymmetric global stable
solution whose zero phase {u = 0} has positive density, then {u = 0} must be a half-space. We can
visualize the dimension range (1.4) in Figure 1. Note that when 7 = 0, we get 2 < n < 6, which are
the dimensions obtained in | |, while for v = 2/3, i.e., a = 1, the constraint (1.4) becomes an
empty condition. The significance of the value v = 2/3 can be seen by considering v = (v/3)?, with
8= %, in the Alt-Phillips functional. We have

AP 1\ 3 2
E3 [u] = (ﬁ) / vP(|Vo|* + 1) da.
{v>0}N2

and the weight v7% is concave if y8 < 1, which holds exactly for v € (0,2/3). Also in the proofs of

regularity in | | the range v € (0,2/3) needs to be treated differently than « > 2/3. All this
leads one to wonder whether there is a substantial change in the nature of the problem in the threshold
value v = 2/3.

The proof of Theorem 1.1 follows a strategy which has a number of parallels with the regularity
theory of minimal surfaces: in that case, a test function of the form ¢ = ¢n is chosen in a stability
inequality, where c is the second fundamental form, which is a subsolution to some elliptic inequality,
known as Simons’ inequality; this key fact, combined with a cut-off argument choosing 7 appropriately,
leads to the classification of stable minimal cones up to dimension n = 7 (see | ). We follow a
similar approach, choosing ¢ = ¢n in (1.3) where ¢ is a radial derivative of u weighted with u /2 (see
a more exhaustive discussion in Section 6). Due to the singularity of u~7/? at the free boundary and
also the possible singularity of 9{u > 0} at the origin, there are some difficulties that arise with this
choice of ¢. To circumvent them, we use an approximation argument and a precise cancellation of
some free boundary terms, which requires a fine control of u and its derivatives near 0{u > 0}. This
is the most delicate part of the proof, and it is contained in Proposition 6.1.

Organization of the paper. In Section 2 we present some basic facts about the Alt-Phillips problem.
Then, we first obtain a general expansion of an energy functional in Section 3, and after that, we
establish the stability condition for the Alt-Phillips problem (1.3) in Section 4. In Section 5 we briefly
comment on the relation with the Alt-Caffarelli problem (i.e., the limit v — 0), and finally in Section 6
we prove our main result, Theorem 1.1. At the end of the paper, there is a short appendix with two
elementary matrix results that we prove to make the article self-contained.

Acknowledgments. Both authors are supported by the EPSRC grant EP/S03157X/1. The second
author is also supported by grants PID2020-113596GB-100, PID2021-123903NB-100, and RED2018-
102650-T funded by MCIN/AEI/10.13039/501100011033 and by “ERDF A way of making Europe”,
and by AGAUR Grant 2021 SGR 00087 (Catalunya).

2. DEFINITIONS AND PRELIMINARY RESULTS
In this section we collect some results that will be used in the rest of the article.

2.1. Regularity and behavior near the free boundary. An important exponent in the context
of the Alt-Phillips free boundary problem is

2
=——0c (1
5= 5= € (1400,
which provides the precise behavior of solutions near the free boundary and gives the optimal regularity
of solutions across O{u > 0}. Indeed, critical points of the Alt-Phillips functional (1.1) satisfy
g v—1

Ay = S in {u>0}NQ, (2.1)

and also the free boundary condition
[Vu| =0 on d{u>0}NQ, (2.2)
and it was proved in | | that any nonnegative minimizer of the previous free boundary problem is

CP=1in Q.
More precisely, the exponent § gives the exact power growth of solutions near the free boundary. If
we define the distance to the free boundary as

0 :=dist(-, {fu =0} NQ),
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then it follows (see | |) that any nonnegative minimizer satisfies
PR
ux0” =02, (2.3)

Here and through the paper we use the notation w; =< ws to mean that, for two functions w; and wo,
there exist two positive constants ¢ < C such that cwa(z) < wi(x) < Cwa(z) for all x € {u > 0}
sufficiently close to the free boundary 0{u > 0}. Indeed, in | | it is proved that if u is a nonnegative
minimizer of Eﬁp[-], then u!'/? is CY for some 6 > 0 inside {u > 0} N Q and up to Hu >0} NN in a
neighborhood of free boundary regular points. In the recent paper | | this has been improved,
showing that u'/# is indeed C'* up to the free boundary near regular points (and that this holds for
solutions, not only minimizers). The same conclusion holds for u/2%. These facts, in particular, yield
that near regular free boundary points we have that nonnegative solutions satisfy (2.3),

IVu| < 9971 =075 (2.4)
and
—1
|D%u| = 0772 = 9%, (2.5)
Note that, despite the fact that in this article we always consider v € (0,2), (2.3) and (2.4) are
also true for v = 0 (recall that solutions to the one-phase problem are Lipschitz across the free

boundary). Instead, the lower bound in (2.5) does not hold for v = 0, as shown by the half-space
solution max{zy,0}.

2.2. The modified Alt-Phillips functional. The previous behavior of v near the free boundary
suggests studying the function /8. Given u > 0, we define

vi=Bul’?,  thatis, wu=(v/B)". (2.6)
Then a simple computation noting that 1/8 =1 — /2 shows that

vu ) v ’YIB/Q
Vo = 7 that is, Vu= (5) Vo, (2.7)
and thus
AP 1\ 2
B3 [u] = <ﬁ> / P (|V)? + 1) da.
{v>0}NQ
Hence, setting
2y
= = 2.8
a:=9f= 5= > (2.8)
it makes sense to define the modified functional
EM[] 1= /Q om0y ([T + 1) da (2.9)

Nonnegative critical points of the functionals Eﬁp[-] and EM[-] are in correspondence through the
relation (2.6), and in particular minimality or stability properties are also shared. Indeed, if we compute
the expansion of E,‘?P with respect to inner variations and up to second order (as in Section 3, see

(3.3) below), setting u = (v/3)? we observe that the first and second order terms are, up to positive
multiplicative constants, the same as in the expansion we would get for EM. As a consequence, it
follows that if v is a nonnegative critical point of EM, then

al—|Vul?
2w
This follows, using (2.7) and (2.1), from the computation

—/2 Yo —~/2-1 2 _ 7 2-1 2—1 2 Y o1 2
Av:u'Y/Au—Eu V271 Yy :§<7/ —u/ |Vv|>:§u /6(1—|V1}|),

Av = in {v>0}NQ. (2.10)

using that w~/# = v~ and recalling (2.8). We will show in Section 4.1 how to obtain this equation
directly from the first variation of EM. Moreover, if {v > 0} N is a smooth enough hypersurface,
we also have the following free boundary condition:

Vol =1 ind{v>0}NQ. (2.11)
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This will be obtained also from the first variation of EM in Section 4.1. Note that (2.11) together
with (2.7) gives a more precise expression of the the free boundary condition (2.2) for u, since when
0{u > 0} N Q is a smooth enough hypersurface we have that

[Vul*
w

1 ind{u>0}nQ. (2.12)

Both (2.11) and (2.12) must be understood as non-tangential limits as we approach the free boundary
from the positive phase.

We conclude the section settling some notation. Since along the paper we will usually integrate
quantities in {u > 0} = {v > 0} and sometimes we will use integration by parts, we define

L Vu _ Vo
V| [Vl

since v is the outer unit normal to the positivity set {u > 0}. The surface measure on 9 will be
denoted by o.

3. A GENERAL STABILITY CONDITION WITH RESPECT TO DOMAIN VARIATIONS

In this section we obtain a stability condition for a general functional
B = / Gu)(|Vul? + F(u)) da. (3.1)
Q

Here, F' and G are measurable functions for which we will not make any assumptions, as we want to
work in full generality. So, for any particular choice of F' and G, we will consider E[-] evaluated in a
set of functions for which (3.1) is well defined. Later in this paper, we will make a precise choice of F
and G. In particular, we would like to consider two cases:

e G(u) =1and F(u) = u"X{y>0) With v € [0,2). This corresponds to the Alt-Phillips functional
(1.1), including the Alt-Caffarelli problem (with v = 0 we have F'(u) = x{y,>0}). For nonneg-
ative u, this can be reformulated to G(u) = x{u>0} and F(u) = u” with v € [0,2), which in
some instances may be more suitable to work with (for v = 0 we have F(u) = 1).

e G(v) = v*X{u>0y and F'(v) = 1 with o > 0. This corresponds to the modified Alt-Phillips

functional (2.9), obtained after the change v = Bul/P, with o := ~p.

As will be mentioned later in Remark 4.4, the first case seems to lead to some problems for v > 0 (if
~v = 0 both functionals are the same for nonnegative functions), and thus we will focus in the next
section on the second one.

For a general functional as (3.1) with G = 1 and F being a C' function, the usual way to obtain
the Euler-Lagrange equation and the stability condition is to consider a competitor of the form u + e
(sometimes called outer variation) and simply differentiate with respect to &, obtaining the semilinear
equation —Au = f(u) in Q, where f(u) := —F’(u)/2, and the stability condition

. F'u) _ ' 2 2
/Q 5 ¢ da:—/Qf(u)go dxé/ﬂVgo[ dx. (3.2)

When F is not differentiable, however, one must consider inner variations, i.e., performing a domain
variation taking competitors of the form w o 7.1, with 7. a vector field which is the identity outside
a compact set inside Q. This is what we do in this section for the general functional (3.1), and will be
used later with EM[].

The second variation formulas have a long history of applications in the theory of free boundary
problems, in particular to study the vortex sheets | |. The latter paper contains the rigorous math-
ematical discussion of the classical Hadamard’s variational formulas in space, with detailed calculations
for the so-called interior variational method in three dimensions. Note that the formula (3.2.22) in
| | is exactly (1.2). The method can be easily generalized to higher dimensions; see | | in
the context of domain optimization problems. Observe that our second variation formula cannot be
directly deduced from the one in | , Section 3|, because we do not assume that the energy density
is C2 with respect to u. Here we compute the second variation for a functional of the form (3.1) just
using basic differential calculus, without employing any geometric notation or advanced tools.
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Remark 3.1. Using the approach of semilinear equations mentioned above, from (3.2) one can formally
guess the stability inequality (1.2) in the Alt-Caffarelli problem (v = 0). Indeed, taking F'(u) = X {u>0}
then the distributional gradient of F(u) is Vu/|Vu|H" 'Ld{u > 0}, where H" 1Ld{u > 0} is the
restriction of the n — 1 dimensional Hausdorff measure to d{w > 0}. Thus, the first and second
variation of the term [{u > 0} N Q| in E[-] involve, respectively, the perimeter of {u > 0} and the mean
curvature of d{u > 0}. Thus, at least at a formal level, f'(u) = HH" 1.0{u > 0} in (3.2). However,
when F'(u) = uYX >0y With v > 0, this formal argument cannot be carried out, since the derivatives
of F(u) will involve H" 'Ld{u > 0} and powers of u, and one should carefully analyze if there is
a cancellation between singular and vanishing terms. This does not seem something intuitive to see
at the formal level, as indicated by the nontrivial expression obtained in the right-hand side of our
stability condition (1.3) —see Theorem 4.1 below.

We present next the expansion of (3.1) when performing an inner variation. In the statement and
in the rest of the paper, for a mapping ® = (®!,...,®")T we will denote its differential by

1 1
o ... D,
Do = )
L 1
where we use a subindex to denote a partial derivative, that is, w; := 0w for any function w.

Moreover, here and through the paper we will adopt the usual convention of summation over repeated
indexes.

Proposition 3.2. Let @ C R" be a bounded domain with locally Lipschitz boundary, and let u be
an admissible function for the functional E[-] defined by (3.1). Given ® € C*°(Q;R™) with compact
support in S, fore > 0 let

ue (z) = w(T- N x)), with T.(z):=x+ed(z).

Then, for € small enough T; is a diffeomorphism and thus u. is well defined and an admissible
competitor for u. Moreover, the following expansion holds:

Flu.] = /QG(U)(\VUF + F(u) de

e </Q G(u)(]Vu|2—|—F(u))div¢‘dm—2/QG(u)Vu-D<I>Vudx>

(div )2 — Tr( (33)

2

2
b </QG(u)(|Vu|2+F(u)) De) da:+/QG(u)|D<I>TVu|2da:

+/ G(u) (2uiuj<I)§CI)§- — 2Vu - D®Vudiv @) dx) + O(?).
Q
As a consequence, we say that u is a stable critical point of E[-] if

[ G val + )™ DD gy | GlpeTvup o
Q Q

+ / G (u) (2uju; ®[D) — 2Vu - DOVudiv®) dz > 0
Q

for every ® € C*(Q; R™) with compact support in .

Proof. Note that since ® has compact support, if € small enough, then T is a diffeomorphism and u.
agrees with u at {2 —thus it is an admissible competitor. Let us now compute the expansion (3.3).
Using the change of variables y = T.(z) we get

Blud] = /Q Gu) (| Vuel? + F(uz)) dy
- /Q Gu(T () (IVuew)? + Fu((T@))) dy (3.4)

:/QG(U(:L‘))(|Vu€(TE(:E))|2+F(u(:v)))|det([d+5D<I>)(x)|dx.
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Note that we have the following expansion for the Jacobian:

5 (div ®)? — Tr(D®)?
2
For a proof of this just take A = D® in Lemma A.1. In addition, we claim that

det(Id 4+ eD®) =14 ediv®d +¢ + O(e?). (3.5)

\Vu (T-(x))|? = |Vul* = 2¢eVu - DOV (3:6)
+2(|DRTVul? + 2uu; @j0L) + O(e?), ‘

where everything in the right-hand side is evaluated at x. With this last expansion, the result will
follow from using (3.5) and (3.6) in (3.4).
It remains to show (3.6). For y € Q we have

Vue(y)? = [V (u(TH )P = (DT () V(T ()] (3.7)

Let us now obtain an expansion for DT- !(y). Note that since Ty = Id, we have a general expansion
of the form T (y) = y + ea(y) + £2b(y) + O(g3) for some a,b € C*°(Q; Q). But, since y = T.(T- 1 (y))
we have

y = T(y +ea(y) +*b(y) + O(e?))
=y +ea(y) +%b(y) + O(e?) + e®(y + caly) + £*b(y) + O(e?))
=y +ca(y) + e°b(y) + £(®(y) + eD2(y)aly) + O(e?)) + O(e?)
=y +e(ay) + ®(y)) + 2 (b(y) + DO(y)al(y)) + O(e?).
Thus a = —® and b = —D®a = DO P, that is,

T M y) =y — e®(y) + (D) (y) + O(?).

=

Taking differentials we obtain

DT (y) = Id — eD®(y) + £2D(D®®)(y) + O(e?). (3.8)

£

Once we have the expansion (3.8), we use Lemma A.2 with ¢ = Vu(T-!(y)) and M. = DT-(y)
(thus A = —D®(y) and B = D(D®®)(y) in the notation of that lemma), and from (3.7) we get

Vue(y)]* = [Vu(T7(y))]” — 2eVu(T7 (y)) - DR(y) Vu(TZ ()
+eX(|DOT(y)Vu(TZ (y))1 + 2Vu(TH(y) - D(D2P)(y) Vu(I: ' (y)))
+ O(?).
Hence, if we set y = T.(z) = x + e®(x), we obtain
|Vue (Te(2))|? = |Vu(z)|? — 2eVu(z) - DO (z 4 e®(x))Vu(z)
+&%(|ID®T(z + £®(x)) Vu(x) > + 2Vu(z) - D(D®®)(z + e®(z)) Vu(z))
+ 0(e?).
Now, on the one hand, note that in the terms with €2 we can replace z + e®(z) directly by z since

the rest only contributes to higher order terms. On the other hand, we will take a further expansion
in the term Vu(x) - D®(x + ¢®(x))Vu(z) to obtain

Vu(z) - DO(z + e®(z))Vu(x) = ui(x)u; (x)@é(m +ed(x))
= ui(x)u, (x)(bé(:n) + eui(x)uj(x) ;-l(x)q)l(x) +0(%).
Therefore, writing shortly Vu - D(D®®)Vu = u;(®i{®)u; we finally obtain the expansion
IVue(Te(2))]> = |Vul?> — 2eVu - DOV + & (| DPTVul® — 2u;u; @5 ' + 2usu;(9]®');) + O(e?),

where everything in the right-hand side is evaluated at . This can be simplified to get (3.6), concluding
the proof. [l
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4. THE STABILITY CONDITION FOR THE ALT-PHILLIPS FUNCTIONAL

In this section we establish one of the main results of this paper, which is the stability inequality
for the Alt-Phillips problem. The precise statement is the following:

Theorem 4.1. Let u > 0 be a stable critical point of Eﬁp[-] or, equivalently, let v = Bu'/? be a stable

critical point of EM[-]. Assume that v € C*™({v > 0}N), that the free boundary d{u > 0} is a smooth
hypersurface in Q, and that [Vv| > 0 in {v > 0} N Q.

Then,
2 A
2 7;/ W#‘PQ dz < / w|Ve|? dz (4.1)
{u>0}NQ U {u>0}NQ
or, equivalently,
_ 2

o[ elETpas [ wwepan, (1.2
2 J{w>o01na v {v>0}nQ

for every ¢ € CH(Q).
Before proceeding, a couple of remarks are in order.

Remark 4.2. Note that the assumption on the regularity of v up to the free boundary is natural in
view of the comments in Section 2, taking into account that we also assume that the free boundary
is smooth. Regarding this second assumption, it is the usual one in the context of free boundary
problems, and one of the technical points in the proofs (in | |, or in Proposition 6.1 below) is to
use a cut-off function near singular free boundary points (typically the vertex of a cone) to circumvent
this issue. Finally, the nonvanishing assumption on |Vv| is just a technical matter since in the proof we
use a vector field of the form Vvyp/|Vv|? and we need to ensure that it is not singular. Nevertheless,
this assumption is not a problem in practical applications: the stability inequality is usually considered
either for homogeneous solutions (for which the gradient does not vanish anywhere in the positivity set)
or tested with ¢ such that || < |Vo|n for a smooth function 7 (and thus the nonvanishing assumption
on |Vu| can be removed).

Remark 4.3. Recall that at regular free boundary points we have u” = |Vu|? = 0. The free boundary
condition (2.11) together with the relation (2.7) and the behavior of u near the free boundary yields
that

24
uY — |Vu\2 = 0ot — 925

Thus, the integrand in the left-hand side of (4.1) behaves as 0%~ !¢? near the free boundary, and thus
it is integrable for all a > 0. Here we have used crucially the cancellation given by u” — |Vu|?. This
means that, if we split this difference into two terms in some computations, we only get integrands
which behave as 9%~2 near the free boundary, which would require o > 1 (that is, ¥ > 2/3) so that
the integrals are finite. The same happens if we split 1 — |Vv|? in (4.2).

To establish the Theorem 4.1 we use the general expansion (3.3) of Proposition 3.2 with u replaced
by v, and with G(v) = v*Xx{y>0} and F(v) = 1. We have the following expansion:

EMv.] = EM[v] + s/ (v*(|Vol* + 1) div® — 2Vv - D®V0) da
{v>0}NQ2
div ®)2 — Tr(D®)? , .
+£2/ v <(|W|2 L)WV e~ TDRS | pgrg,p 4 2050, (BID, — c1>;.<1>§)> da
{v>0}NQ2 2

+0(e%), )
4.3

for any ® € C'(Q;R") with compact support in €. From this, the stability inequality (4.2) will be
obtained by considering that the term with €2 is nonnegative, after a suitable choice of the vector field
® in the direction of Vuv. For the sake of completeness, before the proof we will show next how to get,
from the previous expansion, the equation (2.10) and the free boundary condition (2.11) for critical
points of the functional.
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4.1. First variation. Assume that v is a critical point of the functional EM[] and that v is regular
enough to carry out the computations below. In particular, assume that d{v > 0} N Q is a smooth
hypersurface. Then,

/ (va(]VU|2+1)div<1>—2VU-D(I>VU) dz =0
{v>0}NQ

for every ® € C1(Q;R") with compact support.
For ¢ > 0, we take

b v in {v>e}NQ,
T in{0<v<e}lnQ,
with ¥ € CY(Q; R™) with compact support. Note that since we are always integrating in {v > 0} N Q
there is no need to specify the values of ® in {v =0} N Q. As long as ® is C' up to d{v > 0} NQ and
the intersection of the free boundary with the support of ® is smooth, we can extend ® across the free
boundary as a C' function with compact support. Note also that, by approximation, we can take ®

just being Lipschitz and therefore the previous choice is admissible.
Taking ® as above, we have

0= o G (7o 0 )

—i—/ v ((]VUIQ + 1)(v_0‘\1/j)j — 2vivj(v_a‘llj)i) dx
{v>e}nNQ

_ v ) B
B /{0<v<a}mQ ( ) <(|V1}‘ + 1)\11 2'011)] > dx
o (T e 2 ) da
{v>e}nNQ
+/ ((IW\2 + 1)WY — 200, 0 ) Az
{v>e}nNQ
a /{0<v<s}ﬂﬂ ( ) <(|V’U‘ + 1) 2”17)] > dz

_ 2 ) )
_ a/ ﬂvj\p] dz _|_/ <(WU‘2 4 1) - — 2v;0, ¥ ) dx.
{v>eINQ v {v>e}nQ

Now we let € — 0 and by dominated convergence the first integral converges to zero. For the remaining
terms, using integration by parts we obtain

1— 2 . . ,
0= —a/ Mvjlll] dz —|—/ <(|Vv|2 + 1)\11; - QUivj\Iig> dz
{v>0}NQ v {v>0}NQ
1— 2 ) . ) 2
= —a/ Mvj\lﬂ dz —/ <(!V1}|2 +1) éj -2 é’ v]\1ﬂ> do
{v>0}NQ v o{v>0}NQ [Vl [Vl

—/ (2vivij\11j — 200,07 — 2vivji\11j) dx
{v>0}NQ2

1— 2 . .
= —a/ ﬂvj\lﬂ dx + / 2Avv; W dx
{v>0}NQ v {v>0}NQ

1- 2
_ / L= Vol i do
o>y |Vl

From here we obtain both the equation (2.10) and the free boundary condition (2.11).

4.2. Second variation. We now prove Theorem 4.1, obtaining the stability condition for the Alt-
Phillips problem.



10 ARAM KARAKHANYAN AND TOMAS SANZ-PERELA

Proof of Theorem J.1. We will establish first (4.2). To do it, we abbreviate the second-order term in
the energy expansion (4.3) as

div @)% — Tr(D®)? | ,
/ v ((\Vv[2+1)( iv®)” — Tr(D®) +1D¢Tvu|2+2uiuj(q>;q>g—q>;q>;)> da
{v>0}NQ 2

and the stability inequality will follow from the fact that I; + Is + I3 > 0 after a suitable choice of

® and some computations. As done in the first variation, since all the integrals are only computed in

{v > 0} NQ and the free boundary is smooth, we will only specify the definition of our test functions in

{v > 0} N Q assuming that they are extended to the whole 2 as a C! function with compact support.
We take

d = Vg,
with ¢ € C}(Q) and deal with each term separately. Eventually we will take
£=o/IVol?

with ¢ € C1(Q). Note that v is C* up to the free boundary near regular points, and since |Vv| does
not vanish, this is an admissible test function to choose.

Now we compute each term in the second variation separately, just using some general differential
identities (in particular, without using any knowledge of which equation v satisfies). Later we will add
I, I, and I3, and we will integrate by parts in some terms and finally use the equation to get (4.2).

e Computation of ;. On the one hand,
(div ®)? = (div(Vve))? = (Av€ 4+ Vv - VE)? = (Av)2E? + 2A0EVv - VE + (Vo - VE)2.
On the other hand, since for a matrix A = (a;;) it holds Tr A?Z = a;jaj;, we have
Tr(D®)* = ¢§¢§ = (vi€)(v;€); = (vi;& + vi&5) (Vi€ + vi&;)
= v3&” + i UEE + vivjiés + vikiuiEs
= €% + 230,66 + (Vo - €)%
Thus, we get

. 1
(div®)? — Tr(D®)? = (Av)*¢* + AvVv - VE2 — v &2 — §V(\Vv]2) - VeE?
1
= div |:<AUVU - 2V(|VU|2)> 52} ,
where in the last equality we have used that A(|Vv|?)) = 21)% + 2uv55; = 27}1‘2]‘ + 2V(Av) - Vo.
Consequently, setting & = /|Vv|? we obtain

1/ 5 _ [( Vo 1V(|W|2)) 2]
I == v*(|Vo|* + 1) div | | Av - = ©?| dax.
P70 e VY Vol T2 [V

e Computation of I,. Note that

2
|DOTVv|? = Z [Z Um(IDT] :

%

Thus, after the choice ® = Vvé, we get

2 2 9
]DCI‘TVU\Z = Z lzm: vm(vmf)i] = Z [zm: U?nfz' + zm:vmvmﬁl = Z {’VUP& + %(|VU‘2)z’f .
Now, let us take & = /|Vv|?. We have
24 1 2 ¢ 2 ¥ }(’V”P)i o 9 1 2\ E(WU‘Z)i
|V’U| é.l + 2(|VU‘ )lf - |VU| ’vv’2 Z+ 2 ’va ¥ =¥ ’vv| ‘V’UHHVU‘ )ZSO + 9 ‘VUP ¥

(VP
“H T e 7
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Hence,

L(IVoP): 77 Vol); 1(|Vol2)?
|D<I>TVU|QZZ[% ( vl>4 :Z[(ﬁ_“ 0P LUVRE

2 |[Vol? w2 TN 4 [Vl
1V(|Vol?) 1|V([Vu))?
_ 2 _ - . 2, - 2
=IVel =g Ve T v
1. (V(Vu]) LA([V]?) L|V([V])?
_ 2 - 2 - 2 - 2
= Vel =3 d”( o Yt YT v P

For convenience in forthcoming computations, let us compute the Laplacian in the third term. We
get

TA(VeP) 5 V(Av)-Vo 5, v
2 Vo2 ¥ T W2 C T VP

902

and thus we obtain

2
I, = / v |Vl? da — 1/ v* div <V(]V1)2|)¢2> dx
(v>0}nQ 2 J{vs01n0 [V

V(Av) - Vv Vg a1 V(IVoP)? ,
+/ v ————0 dx—i—/ v® % dx—/ v —————p* dx.
{(v>0}rQ Vo2 oo |Vol? 4 Jivsopnn Vot
e Computation of 3. Taking ® = Vv¢, we compute
DjP, — DLd] = (v;€)1(n€); — (Vi€); (W) = (V& + vi&) (Vi€ + vi&s) — (Vi€ + vi&y) (Vu€ + &)
= v € + adds + vivg €& + vi§ui&s — vijung® — viucs — viouééy — vigué
1

1
= (v — vigAv)E* + B <2(|VU|2)i - UiAv> (&), + %(Uﬂflj — vv1) (€)1

Hence,
| ' 1
21)1"1)3'((1);(1); . (I);(I)é) _ 2(’07;’Uilvjvlj — Uﬂ]jvijA’U)é“Q + <2m(!Vv|2)i - UZ'QAU> 'Uj(§2)j
+ (U?’Ujvlj — UinUijvl)(€2)l

1
— (SIV0VeP)E = - V(veP)ac ) €
1
+ <2w -V(|Vo]?) - |Vv|2Av> Vo - Ve?
1 2 2 1 2 2
+ §\Vv] V(|Vul|*) — §Vv (|[Vv])Vo ) - V¢
1
— (SIV0VePIE = - V(veP)ac ) €
1
+ §|VU|2V(|VU|2) Ve — |Vu]?PAvV - V2
2 _
= div (2|VU|2V(|VU\2) - |VU|2AUVU> €2
3 _
— 5[ VOPA(VP)E + Vo'V (Av) - Vog? + [Vol*(Av)*¢?

J

i ]
= div (2\VU\QV(\VU\2) - |Vv\2AvVv) | + |Vl ((Av)? — v3)E2

In the last equality we have used again the identity A(|Vv|?)) = 211%- + 2vv;55 = 21)1-2]- +2V(Av) - Vo.
Taking £ = ¢/|Vv|?, we have obtained

(Av)? — 02, LV(|Vu?)  AvVo
I = al” L YW2y / @ di - - 21 dz.
i /{M}m” voE YT ona K2 Vof? |w2)9” !
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e Combining all three terms, integrating by parts, and using the equation.
Putting together the previous computations we obtain

Il—i-Ig—l—Igz/ UQ‘V(p‘de
{v>0}N2

1/ 9 . [( Vv 1V(]Vv|2)> 2]
+ = vY(|Voul? + 1)div | [ Av — = dz
2 Sy VY Vot 2 e ) ¥

—/ v* div [Avv;)goQ] dx
{v>0}n0 [Vl (4.4)
V(Av)-Vo , 1 V(IVuP)? 5
+/ v ———0 da:—/ v ————p dx
{(v>0}nQ V|2 4 Jiwso1na Vot

(AU)2 2
+ / v® dz.
e A

We denote by Iparts the terms in the previous expression which we will integrate by parts, that is,

1 . %) LV(IVuH)\
Iars::/ v (|Vol? + 1 leKAU - = do
"= 2 fmagen Y Vot 2wt )¢

A
— / v div [ vv;)gOQ] dx.
{(v>0}N0 |Vl

Integrating by parts we obtain

(4.5)

1 _ Vv  1V(|Vv]?)
Iparts = — 7 o ! 211 22, [ A _ = 2d
part 2/{v>0}va (™ (|Vv]* 4+ 1)V + V(|Vu[?)) < U|Vv|4 > Vo o dx
—i—a/ vo‘gqﬁdx
{v>0}NQ v
a UQ‘VU‘Z-FIVU'V(IV’UP) 9

Av o
=—— v (|Vol? + 1 chdaH—/ w*dx
2 /{v>0}ﬁQ (Ve )U|VU\2 4 Jwsopno v Vot
1/ an, V(IVV])-Vo , 1/ V(VoP)I? 5
- = vV AV————— 0 dx + ~ v ————p dx
2 Jwso1ne Vol 4 Jvsopne Vot
Av

+ a/ v¥—p? da.
{v>0}NQ v

Note that since the free boundary is smooth, the factor v with a > 0 makes all boundary term vanish
in the integration by parts.” Moreover, note that if o € (0,1), to do the integration by parts correctly
we should integrate first in {v > §} for § > 0, where v® is smooth, and then let 6 — 0 to obtain the
previous identity by dominated convergence. Combining the first and last terms in Iparts, and also the
second one with the third one, from the last expression we get

Av 1+ |Vv\2> 9 1 IV(IVoA)]? ,
Iarsza/ v (VUQ— cpdac+/ v dx
part (wsone vVl [Vl 2 4 Jius03n0 Vol

2 _ 2
n 1/ o <onv| +1 Av) Vo - V(|Vv| )902 o
{v>0}NQ2

2 2 v Vo4

Av al—|Vv]? , 1 V(IVuH)? ,
=— v® — © dx+/ v dx
/{v>0}mQ Vol22 v 4 Jus03n0 Vol

2 , 2
N 1/ o (aVv[ +1 Av) Vo - V(|Vv| )@2 .
{v>0}NQ2

2 2 v |Vl

2 This is a step where the case o > 0 is significantly different from o = 0; see Section 5 for more details.
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Now, using the equation for v this gets simplified to

Av)? 1 V(|Vu|2)[2
Iparts:_/ va( v)2 <p2dx—|—/ UQMSOQ(J.J}
oy |V 4 Jips03na Vo

a/ UO&VU'V(\VUP)
{v>0}NQ

2 v |Vu|?

©? de.

Plugging this into (4.4) we get

11+12+I3—/

v |Vl do + / “
{v>0}NQ2

. Vv _(aV(|Vv|2)
{v>0}NQ |Vol?

2
7 o + V(Av)) p-dx.

Using again the equation, we see that in {v > 0} N Q it holds

2 2 1— 2 1— 2
QVITP) | Goany = @ (VAVOP) | o [L=IVeP]) _ _al=[VeP o
2 v 2 v v 2 v2
Therefore,
1— 2
I1+Ig+13:/ va|Vgp\2dm—a/ U"‘ﬂgpzdx,
{(v>0}NQ 2 Jiusoina v

and we obtain the stability condition (4.2) from the fact that I; + Iy + I3 > 0.

e Proof of (4.1). To conclude the proof, let us show that the inequality (4.2) is equivalent to (4.1).
To do it, we undo the change (2.6), that is, we use that v = Bul/P. Indeed, we have that v® = %"
and thus the right-hand side of (4.2) can be written as

/ |Vl de = 5 / 0|Vl da,
{v>0}NQ2 {u>0}NQ2

while the left-hand side of (4.2) becomes

1- 2 1— 2
a/ v07|2Vv| orde = 756“/ u77|2Vv\ dz.
2 {v>0}NQ v 2 {u>0}NQ v

Therefore, it only remains to show that
ﬂl — V|2 2=y u? — |[Vul?
v2 2 u?

To show this last identity, recall that from (2.7) we have |Vv|? = |[Vu|?/u” in {u > 0} N Q and thus in
this set we have

in {u>0}NQ.

1= Vol 1—|VuP/u? 1w’ = |[Vul* 2 —yu? — |Vl

02 =B 62u2/5 - B ulu2—7 2 u?

B

O

Remark 4.4. One may think that the same computations could be carried out directly for the functional
E?P[-] instead of EM[-]. Indeed, our first approach to this problem was precisely that, using an
expansion for EVAP[-] taking later a vector field of the form Vuep/|Vu|? (since this is the choice that
works when v = 0, see Section 5). Nevertheless, several difficulties appear in this case, since |Vu|
vanishes on the free boundary and thus this choice is not admissible. Even trying with a vector field
of the form Vuy/|Vu| gives problems, since the computations lead to singular free boundary terms
in the integration by parts. Once we see how the previous proof works, this tells us that the right
choice, if one wants to carry out the computations directly for E‘WAP[-], is taking a vector field of the

form Vupu/?/|Vul?.

5. RECOVERING THE STABILITY CONDITION OF THE ALT-CAFFARELLI PROBLEM

In this section, we briefly comment on the relation of Theorem 4.1 with the stability inequality for
the Alt-Caffarelli problem (1.2), which would correspond to the case 7 = 0 (i.e., « = 0). The key fact
that we will use is the following lemma:
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Lemma 5.1. Let a > 0 and v € C*({v > 0} NQ) be a function satisfying (2.10) and (2.11), and such
that 0{v > 0} N Q is smooth. Then, for every xo € O{v > 0} NQ,

xli)rgo Av(z) = —avy,(x0)

whenever © — x¢ from the positivity set {v > 0}. In particular, the mean curvature® of the free
boundary at reqular points can be expressed as

H=—(1+4a)v,.
Proof. Given xg € 9{v > 0} N a regular free boundary point, for ¢ > 0 small enough we consider the
points xg — tv(zg) € {v > 0}. For simplicity we will write v = v(xp). Using the PDE (2.10) we get
1

2 v(zg —tv)

Av(zg — tv) = 5 1 — |Vu(zg — tv) %)

We will expand the previous expression in terms of ¢ and later take the limit ¢ | 0.
On the one hand, using that v(xzg) = 0, we know that
v(wo — tv) = v(x0) — tuy(x0) + O(?) = —tu, (z0) + O(t?),
and since |Vuv| = 1 along the free boundary, it follows that v, (xg) = —1, which yields
v(zg — tv) =t + O(t?). (5.1)
On the other hand, since for ¢ = 1,...,n we have
vi(zo — tv) = vi(z0) — tvg, (zg) + O(t?),
it follows that

Vo(zo — t)]> = wvilwo —tw)® = vi(xo)® — 2t Y _ vi(xo)viw (o) + O(t?)
i=1 i=1 i=1 (5:2)
= |Vu(xo)|* — t0,|Vu(xo)|* + O(?),
Note that if we choose coordinates at x is such a way that e, = v = —Vv/|Vu|, then Vo(zg) =

—|Vv(zp)|en and thus
vi(zg) =0 fori=1,...,n—1
and
Un(20) = en - Vv(20) = —Vo(z0) - Vu(20)/[Vu(zo)| = —[Vv(20)|.
As a consequence, since v, (xg) = vy (o) in these coordinates,

n

d,|Vu(zo)|? = 2 Zvi(:co)vi,,(xo) = 20 (x0)vnu (o) = —2|Vu(x0)|vpw (20).
=1
Using this in (5.2) and recalling that |Vu(zg)| = 1, we obtain
|Vo(zg — tv)|? = 1+ 2tv,,(v0) + O(t?).
Combining this expression with (5.1) we get
_a 2tvyy (o) + o?) _a 2u,(20) + O(1)

Avlao—t) = =5 == 0w ~ ~ 2 1+0@)

which gives
1}{8 Av(zg — tv) = —avy, (). (5.3)

Finally, at points x¢ — tv, the mean curvature of the level set of v passing through zy — tv is given
by the expression®
Av(zg — tv) — vy (xo — tv)
|Vou(zg — tv)|
Since |Vu(zg)| = 1, the result follows from (5.3). O

H(zg—tv) =

3See Footnote 1 for our orientation convention.
4For a smooth function w, the mean curvature of the boundary of a sublevel set {w < k} is usually defined as

Yw 1
Hi=div( 2% ) = 1 (Aw—w.),
d”(\le) ] (A )

where w,, = w;w;w;;|Vw| ™2 is the second derivative of w in the direction of v = Vw/|Vw|.
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Taking the previous lemma into account, one realizes that the proof of Theorem 4.1 can be carried
out as well in the case a = 0, thus obtaining an alternative proof of (1.2) which uses only elementary
computations and integration by parts. Indeed, one can follow the whole proof with o = 0 and taking
into account that in this case Av =0 in {v > 0} N Q. Then, the term Ip,s defined in (4.5) is simply

1 ) V(|Vv|?)
Iars:_/ Vo2 +1 d1v[< o2 da
part 4 {v>0}ﬁﬂ(‘ | ) [Volt

Using that on 0{v > 0} N Q we have |Vv| =1 and v = —Vw, and taking into account the fact that
9i(|Vv|?) = 2vjvj; (and thus V(IVo|?) - v = —=28;(Vu[*)v; = —2vjvj;0; = —2v,,), it follows readily
that
1 MORI
1 t:/ v @2d0+/ — ¢ dx
PR Jogsoyna 4 Jisoyna  [Vol?

and putting this in (4.4) and taking into account Lemma 5.1 we readily obtain (1.2).

A priori, the regimes @ = 0 and a > 0 seem quite different, at least in terms of the stability
inequality. However, it can be seen that (4.2) converges, as a — 0, to the stability inequality for the
one phase problem (1.2). This link can be made more clear if we write (4.2) as

/ v T Avg? da < / v |V|? dz,
{v>0}NQ {v>0}NQ

_ 2
a/ va_lﬂcf dzr < / v |Vop|* da.
{v>0}NQ 2v {v>0}NQ

1

or

On the one hand, it is easy to see that av®~" converges in the sense of distributions (for v fixed) to
the delta distribution on the free boundary as a — 0. Indeed, for any ¢ € C°(Q2), using integration
by parts we have

Vo Vo
o v tpdr = / V(v®) - ¢pdx = —/ v div <¢> dx.
/{u>0}mﬂ {(v>0}nQ ) [Vul? {(v>0}nQ [Vvl?

Letting av — 0, in the right-hand side we obtain (by the divergence theorem using that v = —Vuv/|Vu|
and that |[Vv| =1 on 0{v >0} N Q)

Vv Vv
- div ¢> d:c:—/ -V(;Sdaz/ édo.
/{v>0}mﬂ <|V7J\2 afvs>0ina | Vv[? 2{v>0}nQ

On the other hand, using Lemma 5.1 we can see that, given zg € d{v > 0} NQ a regular free boundary
point, then

1—|Vo(z)|?  Av(z)  H(zo)

2v(x) T a1 +

where H(xg) is the mean curvature of the boundary of {v = 0} oriented towards —Vuv. As a consequence

of the previous two facts, if we have a sequence {ay} with o | 0 as k — +00, and for each ay we have

an associated stable critical point v of Egi [-], if ux — v4 in a suitable sense, then we would obtain the
stability inequality (1.2) for v, as k — +oo.

asx — xo € 0{v >0} NQ,

6. CLASSIFICATION OF AXIALLY SYMMETRIC SOLUTIONS

In this section, we establish our classification result on axially symmetric solutions, stated in The-
orem 1.1. To be more precise, if we denote points in R” by x = (2, x,,), with 2/ € R"~!, we say that
u is axially symmetric if (up to a rotation), it depends only on |2'| and z,,, and we will call 7 := |2/].
In particular, we do not require u to be even with respect to x,,, and this includes in our setting the
cases where {u = 0} is a one-sided or a two-sided cone with vertex at the origin. These cases will be
ruled out (except for the half-space case) if u is stable thanks to Theorem 1.1, but until such result is
proved we will not assume that 0{u > 0} is smooth at the origin.

Note that if we write the equation for u in the (7,x,) coordinates we have

uT—I—unn:zuﬂ_l in{u>0}N{r>0}NQ,

n
Ay = T
U= Urr + 9
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where u, and u,, denote the first and second derivatives of v with respect to 7. Differentiating the
above equation with respect to 7, we get

-2 -1
Aur) = n7-2 ur + 7(72)“7_27‘7 in {u>0}n{r>0}NQ, (6.1)

which will be used in this section.
To establish Theorem 1.1, the crucial point is to obtain the following result:

Proposition 6.1. Letn > 3 and let u > 0 be a stable critical point of E‘VAP[-] that is axially symmetric.

Assume that 0 € d{u > 0} N Q, that d{u > 0} NQ is smooth away from 0, and that v = fu'/? is C=
up to the free boundary away from 0.

Then,
n=2) /{u>0}mQ ﬁnz s /{u>0}mQ u3|V7]\2 dr (62
or, equivalently,
(n—2) / vav—an dz < / v 2|V de, (6.3)
fv>opn T {v>0}NQ

for every n € CH(Q).

The main idea to establish (6.2) is to take, in the stability condition, a test function of the form
= cn, where 1 has compact support and ¢ does not, but satisfies an appropriated linearized equation.
For semilinear equations —Awu = f(u), the choice ¢ = cn leads, after integration by parts in the
stability condition (3.2), to a left-hand side with the term ¢(A + f’(u))c, and then one takes ¢ = u,
since (A+ f'(u))u,; = (n—2)72u,, leading to an inequality analogous to (6.2); see | | for more
details. In view of the linearized equation (6.1) we would like to choose as well ¢ = u,. However, this
choice does not work since in the stability inequality (4.1) the linearized operator A — (v/2)(y—1)u?~2
does not explicitly appear. Indeed, the key point to prove Proposition 6.1 is realizing that the right
choice of test function consists of taking ¢ = u="/2u,. As we will see below in the proof, if we first
take ¢ = u~7/2¢ for some test function £ yet to choose, at least for v > 2 /3 we get

—WQ_ 1)/ m‘?g?dxg/ Vel da,
{u>0}N2 {u>0}N2

which resembles very much to the stability inequality (3.2) for semilinear equations. From this, we then
take & = u,n obtaining (6.2) for v > 2/3. However, as will be explained in more detail in the proof,
this argument does not directly work in the range v € (0,2/3) due to the presence of two singular free
boundary terms appearing after using integration by parts. To overcome this, it is necessary to do a
more careful analysis, using the precise behavior of v and its derivatives up to the free boundary to
observe a crucial cancellation.

From the previous reasoning, one realizes that our choice of test function is actually ¢ = cn with
¢ = vy, where v = Su!/8. This leads to an alternative way of establishing Proposition 6.1, using the
function v and the stability inequality (4.2) in a slightly more direct way. This is how we will present
first the proof of Proposition 6.1, establishing (6.3), and later we will show how to obtain (6.2) from
the stability inequality (4.1) as explained in the previous paragraph. Even if one can really go from
(6.2) to (6.3) and back simply using the relation between u and v, we think that it is more insightful
to show both proofs.

Proof of Proposition 6.1 using v. Since 0{u > 0} N is smooth away from 0 € 9{u > 0}, the stability
condition (4.2) holds for any test function ¢ € C}(Q2\ {0}). We start by choosing ¢ in (4.2) of the
form

p =cn,
where 7 is as in the statement of the result, but with support in {7 > 0}, and where ¢ is a smooth
function in {v >0} N QN {r > 0} not necessarily with compact support and with |¢| < |Vv|. In
view of Remark 4.2, this last assumption allows us to remove the nonvanishing assumption on |Vu| in

Theorem 4.1. Note that the free boundary 9{v > 0} N is smooth in the support of 7, and thus we
have that v is C'°° up to the free boundary in the support of 7.
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With this choice of test function in (4.2), we compute the right-hand side of the resulting stability
inequality using integration by parts. We get

/ v |Ve|? do = / v |Ve|?n? dx—i—/ v 2| Vn|* dzx
{v>0}NQ2 {v>0}NQ2 {v>0}NQ2
+ / v*(cVe) - Vn? dz
{v>0}NQ
:/ v 2| Vn|* dx
{v>0}NQ2

— a/ v (Ve - Vo) do — /
{v>0}NQ2 {v>0}N2

Note that here no boundary term appears since c¢ is smooth up to the free boundary and then v“cVe
vanishes on 0{v > 0} N . As a consequence, we have

/ <A L 1—|Vo?
{v>0}mQ 2 v?

To obtain (6.3), we take ¢ = v, (which satisfies the hypothesis mentioned above), and it is enough
to check that in {v > 0} N {7 > 0} N Q it holds
al—|Vol?
2 0?
On the one hand, note that we can rewrite the left-hand side in the equation for u, using that v = fu!/?
and that the gradients of u and v are related through (2.7). Thus, (6.1) becomes

v¥cAcen? da.

1
c+a-Ve- Vv) en?da < / v*c?|Vn)? da.
v {v>0}NQ

Ur

1
vr + a;V(vT) Vv =(n—-2)—.

Avy + = (6.4)

2 «

A(uy) = (B)*/? <n7'_2 vy + 5(7 —-1)p Z;) in {u>0}Nn{r>0}NQN.

On the other hand, from the relation u, = (8v)*/?v, we easily obtain

A(uy) = (Bv)*/? <;‘ (% ) NU’Q vy + %% Uy + a— V(UT) Vv + A(v7)> ,

also in {v > 0}N{7 > 0}N. Putting together the last two equations, and using that (y—1)5
and the equation for v, (2.10), we get

=a/2-1

1 —2
A@H+a;V@ﬁ-Vv:n

S WAN)

S § (-0 (§ 1)) 5§30
n—2 « «
:ﬂ“+z<Q‘

n—2 +a (a
= — —_ _——
2 7T 2 \\2

1— Vo2 Av
Qz‘v>“

v
1 — |Vol|? a1—|Vv|2>
1) - = Vs,

v2 2 V2

which gives (6.4) and, as a consequence, (6.3) for every n € CL(Q N {r > 0}).

To conclude, we need to check that (6.3) holds for 7 not necessarily vanishing on {7 = 0}. For this, we
will use axially and radially symmetric cut-off functions build from a smooth one-dimensional function
¢ which is 0 in (—o00,1/2) and 1 in (1,400). First, for € > 0, replace n by n¢., with {(7) = ((7/e)
and n € C1(Q\ {0}). Then, the stability inequality (6.3) holds for n € CL(Q\ {0}) if we show that the

term
+o0 €
/—oo /8/2
converges to 0 as ¢ — 0. This follows, taking into account that |V(.|? < Ce™2, from the fact that
n > 3 and that |v;| — 0 as 7 — 0 (which is a consequence of the axial symmetry of v, noting that v is
smooth in the support of 7 up to the free boundary). Finally, we repeat the same argument replacing

the previous 1 by n(;, where now (. is a radial cut-off function (.(r) = {(r/e) with r = |z|, and
n € C1(Q). In this case, to show that (6.3) holds for n € C}(Q) we need to see that the term

€
/ P 1 e 27]2|VC€|2 dr
€/2

converges to 0 as € — 0, which follows from the fact that v < Ce®

20202V 2 dr day

in Be, the support of V(.. O
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Proof of Proposition 6.1 using u. In this case the proof requires a finer analysis of the behavior of
certain quantities near the free boundary. We will assume first that v > 2/3 and at the end of the
proof (Step 3 below) we will show how to proceed in the range v € (0,2/3]. We will only establish
(6.2) for n € CH(QN {7 > 0}), since then we can use the same arguments as in the end of the previous
proof to obtain the result for n € C(Q).
Step 1: Assume v > 2/3 (that is, & > 1). In the stability condition (4.1) we take
p=u"%,

with ¢ a C! function in {u > 0} N Q, with compact support in €, such that £ = 0 in {u = 0} N Q,
and satisfying |£| < 977 = 03. Note that these assumptions make ¢ an admissible choice, since the

behavior of € near the free boundary compensates the singularity of v =7/2,
Now, since ¢; = —(v/2)u™/> " u;é +u™/2¢; for j = 1,...,n, we have

2
Vel = (3) w A VuPe? = JuT T Vu V(D) +u Ve

Thus, the stability condition (4.1) becomes

_ v 2 2
2”/ ﬂg do < (1) / w2 Vul2e? dz — 7/ uWVu - V() do
2 2 Jiusone u 27 Jiusoyne 2 J{u>03n0

+ / IVEP da.
{u>0}N2

Integrating by parts in the second term of the right-hand side we obtain

—’7/ u'Vau - V(€% daz = ry/ div <Vu> ¢ da. (6.5)
2 {u>0}NQ 2 {u>0}NQ2 u

Note that here no boundary term appears if a > 1 (that is, 7 > 2/3), since u~!Vu =< 0! and therefore

“Ig,2 — 95—l _ ya—1 {]a :
u” Vug® <02=7 ~ =0%"". Using the equation (2.1), we have

Vv Au — |Vul? 2 Vu|?
paw (2) = PP () 1T s e

and thus the stability condition becomes

2 — 2 — 2
W/ uv—agzdx_w/ lVg\ € dz
2 2 Jiwsone 2 2 Jfusopne u

v 2/ Vul? 2 2/ —2¢2
< (2 U e2qp 4 (2 W26 da
( 2 ) {u>0}NQ u? ( 2 ) {u>0}NQ

2
—7/ |V§" de:ch/ IVER da.
2 {u>0(nQ U {u>0}NQ

Rearranging terms we have

M/ W2 dy </ IVe|? da. (6.6)
2 {u>0}nQ2 {u>0}NQ

2
Note that since we chose ¢ such that |¢[? < 027 = 0%, the left-hand side is integrable if and only if
a>1 (ie,v>2/3).
Step 2: In the previous inequality (6.6) we take a test function of the form

§=cn,

where ¢ = u, and 7 is a C! function with compact support in QN {7 > 0} not necessarily vanishing
on the free boundary. Note that £ satisfies the requirements of behavior near the free boundary since
lur| <02,

With this choice of £ we have

/ IVEP da = / 02|V77]2d:b+/ CVC'V(T]2)(11E+/ |Ve|*n? da.
{u>0}N2 {u>0}N2 {u>0}NQ2 {u>0}N2
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Integrating the second term by parts we get

/ cVe-V(n)de = —/ |Ve|*n? dz — / cAcn? dz. (6.7)
{u>0}NQ2 {u>0}N2 {u>0}NQ2

Note that there are no boundary terms here if ¢ = u,, since [cVe| < 9% 1 and a > 1 (i.e., v > 2/3).
As a consequence, we have

/ Ve[ da = / CQIVn\de—/ cAcn? d.
{u>0}nQ2 {u>0}nQ {u>0}NQ

Using the equation for ¢ = u,, (6.1), we get

2 -1
—/ cAcn?dz = —(n — 2)/ u—;nQ dz — W/ w " 2u2n? du,
{u>0}NQ2 {u>0}nQ T 2 {u>0}NQ2

and putting all together we finally obtain (6.2) for v > 2/3.

Step 3: We show how to proceed if v < 2/3. The main concern in this range is that, in the
computations done before, there are two points in which, when integrating by parts, a boundary term
would appear, and each of these terms would be infinite if v < 2/3. The rough explanation of why this
will not be eventually an issue is that the two terms are infinities of the same order that cancel out,
leading to (6.2).

To formalize these thoughts, we follow the computations of the previous steps but computing all the
integrals in {u > ¢} for some § > 0. If we do it in this way, we should check which are the boundary
terms that appear in the integration by parts. First, in (6.5) we would get the boundary term

—7/ (U_IVU§2) -vdo = —7/ (U_IVUU3772) -vdo
2 Jotussyne 2 Joqussyne

in the right-hand side of the stability inequality. Second, in (6.7) we would get

/ (chn2) -vdo = / (uTVuTnz) -vdo
H{u>6}1NQ H{u>6}1NQY

also in the right-hand side.
Summarizing, we would obtain

2
(n— 2)/ u—;nQ dz < / u?|Vn|* dz + / n’u, (VuT - lu_1VuuT) -vdo.
{u>61nQ T {u>61nQ d{u>8}NQ 2

To get (6.2) we want to let § — 0 in the previous inequality and use dominated convergence, and thus
we have to prove that the boundary term goes to zero as 6 — 0. We realize that

Ur (VUT — %u_1VuuT) = uyu 2 (VuTiﬂ/2 — uT%uw/Q_IVu)

= u,u/? (Vu7u7/2 — uTV(qu))

=5 (573)

=uvV(vy),

where in this last equality we have used the relation between the gradients of u and v given by (2.7).
Since v is C'™° up to the free boundary in the support of 7, it follows that |u v,V (v;)| < C§% in
O{u > 6} NQ for some constant C' depending on 7 but independent of §. From this the result follows
letting § — 0 (choosing a sequence & — for which [0{u > §;} N Q| < C, which exists by Sard’s
theorem). O

With Proposition 6.1 proved we can now establish Theorem 1.1.

Proof of Theorem 1.1. First, note that by a simple approximation argument, we can take the test
function 7 in (6.2) being just Lipschitz and not C'. Taking this into account, let R > 1, ¢ € (0,1),
and 6 > 0 a constant to be chosen later, and for such parameters we take in (6.2), with = R", the
Lipschitz function

B T_Q/QCR for 7 > ¢,
= e 02¢p  for 1 <e.
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Here (g is a cut-off function such that (g = 1 in B and (g =0 in R™ \ Byp.

Our goal will be to estimate some integrals, and through the proof we will denote by C' a positive
constant depending on n, v, 6, and u (but independent of ¢ and R) which may change each time it
appears. In particular, we will use that |V(r| < C/R in Bog\ Bg and that, by C1%~1 global regularity
(see Section 2), we have

< CR?*72=CR® in Byp\ Bg. (6.8)
First, we analyze the term 1ntegrated on {7 < ¢} in the right-hand side of (6.2). We have
/ u3|Vn\2dx:6_6/ u2|V¢g|? dx
{u>0}n{r<e}NBa2r {u>0}n{r<e}N(B2r\Br)

15
< CRO‘_la_e/ " 2dr
0

1 n—1—
< CROtgn=1-0,

Thus, from (6.2) we get

(n — 2)/ —6’ 2 2(2 dz < / U?—‘V(T_O/QCR)P dz + CRO‘_lgn_l_e_
{u>0}N{r>e}NBag {u>e}N{r>e}NBag

Now, for every § > 0 (which will be chosen later depending only on n and 6) we have that

92 e Iy
VG < (1482 (14 3 ) TG

and thus we obtain

2
<n—2—(1+5)6) / 022G de < C w0V RF da
4 ) J{u>0yn{r>e}nBar {u>0}N{r>c}N(B2r\Br)

+ CRoa—lgn—l—e.
(6.9)

Last, we estimate the first term in the right-hand side as follows:

R
/ 2 —G‘VCRde < CRY™ 1/ 7 2— 0d7_ CR% 1 <Rn 1-60 €n_1_9),
{u>0}n{r>e}N(B2r\BR) e
and choosing a bigger constant C' in the second right-hand side term of (6.9) if needed, we get
2

<n —2—(1+ 5)9> / 0202k de < CRMTOTP0 L RO Y
4 {u>0}n{r>c}NBag

From this last estimate we want to deduce that u is one-dimensional. To do it, note that if we take

0 such that ,

n—2> HZ’ (6.10)

after choosing § small enough (depending on n and 6 so that n — 2 > (1 + §)0?/4) we have
/ _922dx<CRn+a29+CRaln19
{u>0}n{r>e}NBR
Then, taking into account that (6.10) yields n —1—6 > 0 (sincen —1=n—2+1> 02/4+1>0),

by letting ¢ — 0 we obtain
/ _922dl’<0Rn+a20
{u>0}ﬂBR

and thus, if we take 6 such that
n+a—2<6, (6.11)
by letting R — +o00 we deduce that u, = 0 in R", obtaining that u is one-dimensional (only depending
on ).
Summarizing, if we can choose 6 > 0 satisfying (6.10) and (6.11), i.e. n+a—2 < 0 < 2y/n —2, we
can show that w is one-dimensional. This can be done in dimensions n > 3 satisfying

2Vn—2>n-2+a. (6.12)
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Setting A\ := v/n — 2, this is equivalent to
M2\ +a<0,
which will have solutions if the equation A2 — 2\ + « = 0 has two different real roots. Denoting them

by A+ we have

24+4—4
Aizfa:um—a,

and thus we require o < 1. For such values of « (that is, for v < 2/3), the admissible dimensions for
which (6.12) holds are given by

I1-Vli—a<vn—-2<1++V1-aq,
that is, (1.4). O

Remark 6.2. Note that the last proof can be carried out from the inequality (6.3), using v instead of
u. Indeed, the proof would follow exactly the same lines with the same test function, but instead of
using (6.8) to estimate the growth of u,, we would use that v is globally Lipschitz and thus |v,| < C
and v® < CR*.

APPENDIX A.

Lemma A.1. Let A be a square matriz. Then, we have the following expansion:

o (Tr A)? — Tr(A?)
2

det(Id+eA)=1+eTrA+¢ + 0(£%)
Proof. First, we claim that
det(Id +eA) =14+eTr A+ f(A) + O(e%) (A1)

for some function f. To see this, it suffices to denote by A; the column vectors of the matrix A and
write

det(Id +eA) = det(e; + €Ai,e2 +cAg,...,en +4,),
where 7 is the dimension of the matrix and e; are the canonical basis vectors of R™. Then, since the
determinant is multilinear on the columns, we readily see that

det(Id +cA) =det(eg + €A1, ea+cAg, ... en +A,)
= det(e1, ea,...,e,) + €[det(A1,€2, cosen) + ...+ det(eq,. . .,en,l,An)]
+e7f(A) + O(e®),

proving (A.1).
It remains to find the explicit expression of f. First, by a standard property of the exponential of a
matrix we have det[exp(¢A)] = exp[Tr(¢A)], and thus the expansion of the exponential function gives

det(Id +eA+e2A%/2 +O(%) = 1+ eTr A + 2(Tr A)?/2 + O(£3).
Now, taking the left hand-side of the last expression and factoring one ¢, using (A.1) we obtain
det(Id + A+ 24?2+ O(e%)) = det(Id + [A + A% /2 + O(?)])
=1+eTr(A+:eA?/2+ 0(c?))
+ e f(A+eA%/24 0(?)) + O(e?)

=14+eTrA+e>Tr(A%)/2+%f(A) + O(e3).

Comparing the second order terms of the two previous expressions we get

Te(A2)/2 + f(A) = (Tx A)/2,
concluding the proof. O

Lemma A.2. Let A and B be two square matrices and, for € > 0, let M. be a square matriz defined
by the expansion
M. =Id+ecA+&*B+ O(c%).
Then, for any vector q we have
[MIq|* = |q|* +e2q - Ag+*(|ATq|* + 2¢ - Bg) + O(?),

where AT denotes the transpose of the matriz A.
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Proof. 1t is a simple computation, which we show here considering vectors as n x 1 matrices and using
matrix notation for the dot product (i.e., ¢-q = qTq). We have |MIq|> = (MIq)TMIq = ¢TM.MIq
and using that

M.MT = (Id +cA + e*B)(Id 4 e AT +&?BT) + O(?)
=Id+e(A+ A7)+ 3B+ BT+ AAT) + O(&®),

we obtain
|MIq|* = TM.MIq = |q|* + £2¢T Ag + £*(|ATq|* + 247 Bq) + O(®).
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