STABLE SOLUTIONS TO FRACTIONAL SEMILINEAR EQUATIONS:
UNIQUENESS, CLASSIFICATION, AND APPROXIMATION RESULTS

TOMAS SANZ-PERELA

ABSTRACT. We study stable solutions to fractional semilinear equations (—A)*u = f(u) in
Q) C R, for convex nonlinearities f, and under the Dirichlet exterior condition v = g in
R™ \  with general g. We establish a uniqueness and a classification result, and we show
that weak (energy) stable solutions can be approximated by a sequence of bounded (and
hence regular) stable solutions to similar problems.

As an application of our results, we establish the interior regularity of weak (energy) stable
solutions to the problem for the half-Laplacian in dimensions 1 < n < 4.
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1. INTRODUCTION

There is a common property among many scenarios in nature: the observed state of a
system is that which, in some sense, minimizes an energy (or action). When the system
configuration is described by a function of several variables, this usually gives rise to a PDE.
A prominent example consists of considering, for a given domain 2 C R", the functional

Elul :%/Q|Vu|2dx—/QF(u)dx.
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Critical points of this functional satisfy the Euler-Lagrange equation —Au = f(u) in €2, with
f = F'. This type of reaction-diffusion equations has been used through many years as a
basic model for combustion of substances, phase transitions, and population dynamics.

When studying physically observable states of a system, one looks for solutions which are
not only critical points of E[-], but which are also local minimizers. More generally, the class
of solutions taken into account is the class of stable solutions. These are solutions at which
the second variation of E[-] is nonnegative. This fact provides some extra information which,
together with the PDE, in many cases yields the rigidity and/or regularity of stable solutions.
This kind of properties has been investigated in the last decades from some part of the PDE
community —see the monograph [13] and also the introduction of [6].

The regularity of stable solutions to —Au = f(u) has been a long-standing problem in
elliptic PDEs since the 1970s. After important efforts devoted to investigate the optimal
dimension up to which stable solutions are bounded, the problem has been recently solved
by Cabré, Figalli, Ros-Oton, and Serra [6], by proving that stable solutions are regular in
dimensions n < 9 for all nonnegative nonlinearities f. Our main motivation for this paper
was the study of the same problem in the nonlocal framework, where one replaces —A by the
fractional Laplacian —see (1.2) below—, the most canonical example of integro-differential
operator used to model diffusion with long-range interactions. In this case, the few known
results' (mainly those contained in the four papers [20, 18, 21, 7]) reach the expected optimal
dimension for boundedness of stable solutions only when f(u) = Ae", even in the radial case.

The recent paper [7] succeeded in extending some of the techniques of [6] to the fractional
setting, obtaining a universal Holder estimate in dimensions 1 < n < 4 for semilinear equa-
tions driven by the half-Laplacian. That result (stated with precision in Theorem 5.1 below)
is an a priori estimate for regular stable solutions. One of the main motivations for this
paper was to provide the necessary tools in order to use the result in [7] (and possible future
estimates) to establish regularity of weak (energy) stable solutions (see Definition 1.2). This
is done in this work through an approximation argument. We show that weak (energy) stable
solutions can be approximated by a sequence of regular stable solutions to similar problems
with different nonlinearities. Then, the key point is to have at hand universal estimates not
depending on the nonlinearity, as the one obtained in [7], to carry the estimates to the limit.

One of the purposes of this article is to provide some general results that can be used in the
future when studying stable solutions —at the moment the only known universal estimate
for stable solutions in the fractional setting is that of [7]. For this, and although usually
one considers nonnegative stable solutions vanishing outside the domain where the equation
holds, for the sake of generality in this paper we will consider stable solutions which are
bounded by below, and which satisfy a rather general exterior condition.

Before stating our main results in Section 1.2, we need to define properly the notions of
solution used in this paper, as well as the definition of stable solution. We also settle some
notation.

I'We refer to the introduction of [7] for a more precise description of the state of the art of the problem, and
also to Figure 1 in that paper for a graphical summary of the known results.
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1.1. Definitions and notation. In this paper, we study stable solutions (see Definition 1.6
below) to
u = g in R™\ €,

where  is a smooth bounded domain of R™ and (—A)? is the fractional Laplacian,

(—A)w (x) ;:cn,s/ wi) = wly) 4 e 0,1), (1.2)

rr [T —y|rtE
with ¢, s being a positive normalizing constant. Through the article, f will be a convex
nonlinearity, and we will consider general exterior datum g being measureable and satisfying

lg(x) — g(2)] < Colx — z|*  forallz € R\ Q and z € 9 (1.3)

for some oy € (max{0,2s — 1}, s) and some positive constant Cy. This assumption provides
the regularity near 02 and the growth at infinity that guarantees that the three notions of
solution considered through the article are well defined for such exterior conditions g. For a
more detailed discussion on how much this condition can be relaxed depending on the class
of solution considered, see Appendix B.

We define dg := dist(-, 092), which denotes the distance to 02, and

Nyw(z) = Cn,s/ Mdy for x € R™\ Q,
Q

|z —y[**?

which is usually called nonlocal normal derivative for its analogies with the classical normal
derivative (in terms of the Neumann problem and the integration by parts formula for the
fractional Laplacian, see [12]).2

The study of stable solutions usually involves three different notions of solutions to the
Dirichlet problem
1.4
u = g inR"\Q, (1.4)
which we define properly next. This first one is the notion of L'-weak solution. Although in
the literature these are called sometimes very weak solutions or distributional solutions, we
prefer to use the same terminology as is [13].3

{(—A)SU — h mQ,

Definition 1.1. Given  C R" a smooth bounded domain, and given h € L'(, d§, dz) and
g satisfying (1.3), we say that w is an L'-weak solution to (1.4) if u € L'(Q), u = g in R\ Q,

and
/ u(—A)’pdx + / gNspdr = / ho dx
Q R™M\Q Q
for every ¢ such that ¢ and (—A)*p are bounded in € and such that ¢ = 0 in R\ Q.*

2Note that if w = 0 in R™ \ Q, then Nyw = (—=A)*w in R™\ Q.

3L weak solutions can be equivalently defined through the Green kernel when g = 0, see [1].

4Note that by standard regularity for the fractional Laplacian, the test functions  that we consider are C*(€2).
In particular, for all x € Q it holds |p(z)| < Cd§(z) for some constant C' —this is why the integrability
assumption on h involves the weight dg,.
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The second notion of solution that we will consider is the one naturally associated with
the variational formulation of the problem, and we give it next. It requires the solution to
belong to the energy space Hg := {w : R" - R : w € L*(N) and [w]fqé < 400}, where

. 2
e 2 R20\(Qexqe) [T — YT

and Q¢ := R"\ Q. Note that H§ is a separable Hilbert space with norm ||| ?19 = H'Hig(m +
[]%15, and scalar product given by (-,-)r2(q) + (-, )y, where (-, -)2(q) is the standard scalar
product in L?(Q) and

_ Cns (v(z) = v(y)) (w(z) — wly))
(v, W) = //R%\(chgc) dz dy.

2 |I‘ _ y|n+2s

Through the paper we will also use the space Hy, = {w € Hy : w =0 ae. in R"\ Q},
which is the closure of C'2°(€2) under the norm ||| 1, (at least for © smooth enough). Note
that thanks to the fractional Sobolev inequality, if 2 is a bounded smooth domain then the
fractional Poincaré inequality holds and therefore [|-|| , and [-]my are equivalent norms in

H§ o —and, as a byproduct, (-,-)gs is a scalar product in Hg,. For more details, see [9,
Section 3.1] and the references therein.

Definition 1.2. Given  C R” a smooth bounded domain, h € L?(Q), and g satisfying
(1.3), we say that u is an energy solution (or variational solution) to (1.4) if u € H3, u =g

in R™\ Q, and
s (u(z) —u) (p(x) = 2@) o\ v
(u, o) ms = //R%\(QCXQC) dedy = /Qh(pd '

2 |z — g+

for all ¢ € HE with o =0 in R™\ .

Note that the test functions considered in the energy formulation belong to H*(R"), and
that by density it is enough to consider test functions ¢ € C°(2). Using integration by parts
(since ¢ is regular enough), one sees that

(4, )iy = / w(—AYpds + / uNpde,
Q R™\Q

showing that energy solutions are always L!-weak solutions.

Remark 1.3. If u is an L'-weak solution to (1.4) and u € H§, by taking ¢ € C°(Q) in the
weak formulation we can integrate by parts to obtain that

(u, )y, :/hgoda:.
Q

Then, by density this holds for every ¢ € H§ , such that he € L'(Q2). We will consider this
setting in most of the results of this paper, exploiting the previous variational-like formulation.
As a terminological remark, we note that since the right-hand sides that we consider through
the paper are merely in L'(£2), we will not call our solutions ‘energy solutions’.
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The third notion of solution considered in this article is the classical one.

Definition 1.4. Given 2 C R” a smooth bounded domain, h € C'(2), and g satisfying (1.3),

we say that u is a pointwise solution (or classical solution) to (1.4) if u € C(Q) and (1.4) is
satisfied pointwise.?

Remark 1.5. For the semilinear problem (1.1) the three notions of solution coincide when w is
bounded in €. Indeed, if u is an L'-weak solution to (1.1) which is bounded in €, then it is a
classical solution (and by assumption (1.3) also an energy solution, arguing as in Appendix B).
To see this, one first uses that the fractional Laplacian commutes with convolution and, by
considering a standard mollifier 7., it follows that (—A)*(u*n.) = f(u) * 7. in any smaller
domain ' CC Q for € small enough depending on €. Using the usual interior estimates for
the fractional Laplacian (see [19, Corollaries 2.4 and 2.5]) and letting ¢ — 0 it follows that
u € C%Q) for some a > 2s and thus (—A)*u = f(u) holds pointwise in 2. Moreover, by the
results of Audrito and Ros-Oton [2], u is continous up to the boundary.®

We recall now the definition of stability in the fractional setting.

Definition 1.6. Let u be a solution (in any of the previous three senses defined above) to
the semilinear problem (1.1) with f € C'(R). We say that u is stable in Q if f'(u) € Li. (Q)
and

/ f(w)€?dr < [f]%ﬂ for every £ € C2°(Q). (1.5)
Q

Note that if one considers the energy functional associated to problem (1.1),

Lo o

Blu] = 5 [ully, - /Q Flw)ds with F' = f,

then the stability condition (1.5) is equivalent to

d2
@E[u +e£] >0 forevery £ € C°(Q)

1.2. Main results. Let us now present the main results of this article. We will always
assume that the nonlinearity f is strictly convex, although after the proof of each result we
will make some comments on the (possible) differences if one allows f to be affine.

Our first result is the following uniqueness theorem for stable solutions. It is proved in
Section 2.

Theorem 1.7. Let Q C R a bounded smooth domain of R™ and let f € CY(R) be a strictly
convex function.

Then, there exists at most one stable solution u to (1.1) —in the L'-weak sense and for g
as in (1.3)— such that u is bounded by below and u € H§,.

SA typical assumption to ensure that (—A)*u is well defined pointwise is that u € C2(€2) N L(R™) (see (5.1)
for this last space). The C? assumption can be relaxed depending on s € (0,1), requiring only u € C%(£2)
for some « > 2s. The required integrability at infinity is satisfied under assumption (1.3).

6The results of [2] hold for L!-weak solutions since are based on the comparison principle; see [2, Remark 1.5].
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Our next result states that when u vanishes in R™\ ©Q and f(0) = 0, then u = 0 is the only
possible nonnegative stable solution. We prove it in Section 3.

Theorem 1.8. Let Q C R" be a bounded smooth domain of R™ and let f € C*(R) be a
strictly conver function with f(0) = 0. Let u € HE be a nonnegative L'-weak stable solution

to
(CAYu = fu) Q.
{ u = 0 in R™\ Q. (1.6)
Then, uw =0 and f'(0) < A1, where A\; > 0 is the first eigenvalue of (—A)® in Q with zero
exterior Dirichlet condition.

Finally, we present our approximation result for stable solutions. It is proved in Section 4.

Theorem 1.9. Let Q C R™ be a bounded smooth domain, and let f € C*(R) be a strictly
convex function. Let u be a stable L'-weak solution to (1.1) for some g as in (1.3). Assume
that w € HY, that u > —M in R"™ for some M, and that f(—M) > 0.

Then, there exists a nondecreasing sequence { fi. }ren C CH([—M, +00)) of globally Lipschitz
convezr nonlinearities converging pointwise to f in [—M,+o00), and a sequence {uy}ren of
bounded stable solutions to

(—A)suk = fk(uk) m Q,
U, = g in R™\ €,
such that —M < up < u in R" and such that ui, — v in HS as k — +00.

Moreover, if f is nonnegative, then all f;, are nonnegative as well, and if f € C(R) for
some 7y € (0,1), then fi € C*(R) for all k € N.

(1.7)

As mentioned before, the previous result can be combined with uniform a priori estimates
for stable solutions to establish the regularity of H¢ stable solutions. In view of the main re-
sult of [7] (see Theorem 5.1 below), our approximation theorem yields the following regularity
result in low dimensions.

Corollary 1.10. Let 2 C R™ be a bounded smooth domain, and let f be a nonnegative strictly

convex CY function for some v > 0. Let u be a stable L'-weak solution to (1.1) for s = 1/2

and for some g as in (1.3). Assume that u € Hglz/2 and that u s bounded by below in R".
Then, u € C%°(Q) for some & > 0 provided that 1 < n < 4.

1.3. Organization of the paper: Theorems 1.7 and 1.8 are proved respectively in Section 2
and Section 3. Our main approximation result, Theorem 1.9, is established in Section 4,
where we also prove another approximation theorem for stable solutions (Theorem 4.2).
Corollary 1.10 is proved in Section 5 and, finally, in Section 6 we provide a counterexample
for our approximation result when we drop the assumption of u belonging to Hg.

The article contains three appendices. In Appendix A we recall an “intermediate value
theorem” for functions in fractional Sobolev spaces which is needed in the arguments of
Remark 2.4. Appendix B is devoted to some comments on the regularity assumptions on
the exterior condition g needed to define each notion of solution. Finally, in Appendix C we
collect several results concerning L!'-weak solutions which are used through the paper.
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2. UNIQUENESS OF STABLE SOLUTIONS

In this section, we present several results concerning stable solutions to the semilinear
problem (1.1). We will conclude by proving our uniqueness result, Theorem 1.7.

Through the paper we will consider L'-weak solutions which are in Hg (exploiting the
variational formulation of the equation, see Remark 1.3). Furthermore, we will always assume
that f is convex. Regarding the stability inequality (1.5), through the section we intend
to take test functions § € Hg, —mnot necessarily belonging to C2°(€2). As explained in
the following remark, (1.5) holds as well for this wider class of test functions thanks to
the convexity of f. Here and through the paper we denote positive and negative parts by
wt := max{w, 0} and w™ := max{—w, 0} (and thus w = w™ —w™).

Remark 2.1. Let us show that we can take { € Hg, as a test function in the stability
condition (1.5), at least when f is convex and the stable solution u is bounded below in 2.
To do it, it suffices to show that

f(w)e* e LNQ)  for all € € Hy, (2.1)

and use an approximation argument. Note first that since f is convex and v > —M in € for
some M, we have f'(—M) < f'(u) in €2, which shows that f'(u)~ € L*(Q2), and therefore
f'(u)=€* € LY(Q) for every £ € H§ ;. Now, from the stability of u we have

/f’(u)+§2 dz < [S]éﬂ + / f'(u)~€*dx  for every & € C°(Q). (2.2)
Q Q

Then, for every £ € H§, let {{fren C C2°(S2) be a sequence converging to § in Hg , as
k — 4o00. Taking £ = & in (2.2), and using Fatou’s lemma, by letting k& — +o00 we obtain
that (2.2) holds for every £ € Hg,. This yields that f'(u)*&? € L'(Q) for every £ € H§,
establishing (2.1) and, as a byproduct, showing that the stability condition (1.5) holds for
all § € HY .

Our first result in this section states that if the nonlinearity f is convex, then a bounded
by below stable solution cannot cross another solution which is also bounded by below.

Proposition 2.2. Let Q C R" be a bounded smooth domain and let f € CY(R) be a convex
function. Let u,v € HE be two L'-weak solutions to the problem (1.1), for some exterior
condition g as in (1.3). Assume that both w and v are bounded by below in Q0 and that at
least one solution is stable in €.

Then, u and v are ordered: either u < v in Q, u=wv in 2, oru > v in 2.

Proof. Without loss of generality we will assume that u is stable. We will also use through
the proof that © > —M and v > —M in () for some M.
First, using that for every two numbers a,b € R, it holds
o =P < (a—b)(a® = b7) < Ja— b, (2.3)

it follows that (u—wv)"™ € Hg. Moreover, since both u and v agree outside 2, (u—v)* € Hg .
Now, we claim that

(f(u) = f(v)) (u—v)" € L}(Q). (2.4)
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To show this, note that from the convexity of f and the lower bound of v we have

F(=M)|(u =) < f/(0)(u—v)(w—v)" < (f(u) = f(0)(u—0)"
and
(f(u) = fFW)(u=0)" < fw)(u—v)(u—0)" < f)l(w-0)"
Using that (u —v)™ € Hg, and (2.1), the claim follows.
Note that u —v € Hg  is an L'-weak solution to

{(—A)S(u—v) = flw)—f(v) nQ,
u—v = 0 in R™\ €.

Testing the above equation with (u —v)* € Hg, (thanks to (2.4) and taking into account
Remark 1.3), and using (2.3), we get

[w—vﬁmg<W—u@wwwﬁ@:/Xﬂm—f@»w—w+m.

Q
Combining this inequality with the stability of u (taking { = (u —v)* € Hg, as a test
function in (1.5), see Remark 2.1), we obtain

[ 7@l oy Pas < =),
< [ (1) = @) =v)* e

/f (u —v)"|* da,

where in this last inequality we have used the convexity of f. As a consequence, we have
that

[(u—wv)* Hs /f )T?dz = 0.

Since u is stable, the functional
w]?{Q — / f'(w)w? d
Q

is nonnegative in H§ ,, and therefore (v — v)™ is a minimizer. Hence, it is an energy solution
(and in particular L'-weak solution) to

{ (A (u—v)" = fu)(u—v)" inQ,
(u—v)t =0 in R™\ Q.

Writing f/(u) = f'(u)™ — f'(u)~, we have (in the L'-weak sense)
(=AY (u—v)t+ fflw) (u—v)"=f () (u—0v)" >0 inQ.

Then, by the strong maximum principle (we use Proposition C.4 taking into account that
f'(w)= € L>(R), since f'(t) = f/(—M) for all t > —M by convexity) we deduce that either
u>wvin Q, or u < v in Q. In this second case, we have (in the L'-weak sense again)

(=AY (v —u) = f(v) = f(u) = f(u)(v —u) nQ,
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and as before, using now that v > u in ), we get
(=AY (v—u)+ f'(w) (v—u)=f(u)(v—u) >0 inQ.

The strong maximum principle yields that either © = v in 2, or u < v in €. O

Next, we show that if f is strictly convex then stable solutions are minimal in the sense
that below a stable solution there cannot exist another solution bounded by below. After the
proof, in Remark 2.4 below, we make some comments on the strict convexity assumption.

Proposition 2.3. Let Q C R™ a bounded smooth domain of R™ and let f € C'(R) be a

strictly convex function. Let u,v € HE be two L'-weak solutions to (1.1) for some exterior

condition g as in (1.3). Assume that —M < v < u in Q for some M and that u is stable.
Then, u = v.

Proof. By contradiction, we assume that u % v in . Then, we define w := u —v € Hg,
which is an L'-weak solution to

{(—A)Sw = f(u)—f(v) inQ,
w = 0 in R™\ Q.

Note that by the strong maximum principle (Proposition 2.2), w > 0 in 2. Taking w as
a test function in the weak formulation of the above problem (arguing as in the proof of
Proposition 2.2 and taking into account Remark 1.3), we obtain

[wﬁfﬂ = (0, w) s = /Q (f(w) = f(v))wda.

Using the convexity of f and the fact that u is stable —note that we can take £ = w as a
test function in the stability condition, see Remark 2.1—, we get

w2, < / (F(w) — f(0))wdz < / Flwyw? dz < [wf?,.

This yields that
flu) = f(v) = f(w)(u—v) inQ, (2.5)

which is a contradiction with the strict convexity of f (since u # v). O

Remark 2.4. If we relax the strict convexity assumption in the previous lemma to allow non
strict convex nonlinearities, the consequence of the previous result may not be true. Indeed,
if f(u) = a+ M\u with @ € R and A\ being the first Dirichlet eigenvalue of (—A)® in Q,
then the function w defined in the previous proof could be (a positive multiple of) the first
Dirichlet eigenfunction of (—A)*® in €.

Let us show now that, at least if s > 1/2, this eigenvalue case is the only obstruction when
relaxing the strictness in the convexity assumption. More precisely, assuming f (non strictly)
convex and w := u — v # 0, we will prove that (2.5) does not yield a contradiction, but it
entails that f(t) = a + A\t for all ¢ € (infq v, supg u), for some a € R and with A; being the
first Dirichlet eigenvalue of (—A)® in 2. This will lead to u — v being any (positive multiple
of the) first Dirichlet eigenfunction of (—A)* in €.
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To start with, we claim that (2.5) yields that f is affine in the interval (I,.S), where
I :=infgv and S := supg u. To prove this, we take a sequence of smooth domains 2, CC Q2
with Q C Qgy1 and U1 Q, = Q such that, for every k > 1, dist(€Q, 0Q) > 1/k (without
loss of generality, after scaling we may assume that sup,.q dist(x,9Q) > 1). Then, defining
I}, := infq, v and S}, := supg, v, it suffices to show that f is affine in (Ix, Sk), and by letting
k — +o0o we will conclude the claim. The details go as follows.

First, since f(u) — f(v) = f'(u)(u — v) in Qf, we have that f is affine in the interval
[v(x),u(x)] for a.e. z € Q. Now, by the strong maximum principle (applied to u — v in Q)
there exists a positive constant 9, > 0 such that

u—ov=0,>0 in Q.

As a consequence of this, each of the intervals of the form [v(z),u(x)] for a.e. x € Q4
has length at least dz. That f is affine in (I, Sy) will follow if we show that the union
of the intervals [v(x),u(z)], as x varies a.e. in {, covers all the interval (I, Sg). Assume
by contradiction that this last assertion is not true. Then, there exist two numbers a < b
with b — a > d; such that [{a < u < b} N Q| =0 but {u < a} N Q| > 0 and [{u >
b} N Q| > 0, contradicting the intermediate value theorem for functions in H® with s > 1/2;
see Proposition A.1.
Now that we have proved our claim, we have that f(t) = a+ bt for t € (1,.5) and for some
a,b € R. Thus, w solves
(—A)Yw = bw inQ,
w > 0 in Q,
w = 0 inR"\Q,
in the variational sense. As a consequence, since w is positive, it follows that w is (a multiple
of) the first Dirichlet eigenfunction of (—A)® in Q (see [22, Proposition 9]) and thus necessarily
b = Ay, the first Dirichlet eigenvalue of (—A)®.

The previous two results yield our main uniqueness result for bounded by below stable
solutions in H.

Proof of Theorem 1.7. Assume by contradiction that there exist two different stable solutions
uy, uy € HE to (1.1) (in the L'-weak sense) which are bounded by below. Then, by Proposi-
tion 2.2 they are ordered and we may assume that u; < ug in 2. However, since f is strictly
convex, this contradicts Proposition 2.3. U

3. A CLASSIFICATION RESULT

In this section we show Theorem 1.8, our classification result for stable solutions in Hj)
when the nonlinearity f is strictly convex and satisfies f(0) = 0. The proof follows essentially
from Proposition 2.3, but to establish the bound for f’(0) we will use the next lemma.

Lemma 3.1. Let Q C R" be a bounded smooth domain and let f € CY(R) be such that
f(t) > Mt for t > 0, where A is the first eigenvalue of (—A)* in Q with zero exterior
Dirichlet condition. Let u € HE be a nonnegative function such that (—A)°u > f(u) in Q in
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the L'-weak sense, i.e., such that f(u) € LY(Q, d§, dx) and

/u(—A)ﬂpdx—i—/ uA@godx}/f(u)godx
Q R\ Q

for every nonnegative function ¢ such that ¢ and (—A)*@ are bounded in Q and such that
0 =0inR"\ Q.
Then, u =0 in R™, f(0) =0, and u is a solution to (1.1) with g = 0 which is not stable.

Proof. From the strong maximum principle (Proposition C.4), either u > 0in Q or « =0 in
R™. Let us assume by contradiction that « > 0 in  and let w € H§ be the (energy) solution
to
(—AYw = 0 in £,
{ w = u inR"\Q.
Since u —w € Hg , arguing as in Remark 1.3 using Fatou’s lemma (taking into account that
f(u) > 0in Q), we have that

(u—w, )y /f Yo dz (3.1)

for every nonnegative ¢ € Hg) .
Now, let ¢; € Hg  be the first eigenvalue of (—A)* with zero Dirichlet exterior condition
in R™\ Q. Recall that ¢; > 0 in 2. On the one hand, taking ¢ = ¢; in (3.1) we have

(u—w,d)x /f ¢1dx>)\1/u¢1dx

On the other hand, taking u —w € Hg , as a test function in the weak formulation of the
equation for ¢; and using that w¢; > 0 in Q (note that 0 < w < w in © by the maximum
principle), we have

(u—w, b1)i; = M / (1 — w)éy de < / wé, d.

Q
arriving at a contradiction. This shows that © = 0 in R".
Finally, let us show that u is not stable. To do it, recall that by the definition of ¢; and
A1, it holds that
(613,

[

1=

Hence, since f'(0) > \;, we have

[ rwstas = £10) [ 6tde> a6l = ol

showing that u is not stable. U
With the previous result at hand we can now establish Theorem 1.8.

Proof of Theorem 1.8. Since f(0) =0, v = 0 is a solution to (1.6). Then, by Proposition 2.3,
u = v =0 and since u is stable, by Lemma 3.1 it follows that f/(0) < A;. 0
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Remark 3.2. If we relax the convexity assumption on f to allow non strictly convex nonlin-
earities, then Theorem 1.8 may not be true. Indeed, if f(u) = A\ju, then u can be the first
eigenfunction of (—A)® with zero exterior Dirichlet condition in R™ \ © (which is stable).
Note that, in view of the arguments in Remark 2.4, this is the only other possible option if
u # 0 whenever f is (non strictly) convex and s > 1/2.

4. APPROXIMATION OF STABLE SOLUTIONS

In this section we establish our main results regarding the approximation of stable solutions
in H§ (by bounded stable solutions).

Proof of Theorem 1.9. We proceed as in [14]. Note first that if f/(¢) < 0 for all t > —M, then
by convexity we have that f is globally Lipschitz in [—M, 4+00) —since f'(—M) < f'(t) <0
for t € [-M,+00)— and then a standard bootstrap argument (using Proposition C.5, as in
the proof of Lemma 4.4 below) yields that u € L*>(Q2); thus we can take uy = u and f, = f
for all £ € N. As a consequence, in the rest of the proof we will assume that there exists
some ty > —M for which f’(ts) > 0.

Under the previous assumption, by convexity there exists ¢y > 0 such that f'(¢) > 0 for
t > tg. We set kg := [to], i.e., the smallest integer greater or equal than ¢y (hence ky > 1),
and for every integer k > ko we define

a £t if t<k,
i) == { FR)+ (Rt —k) if t>k

Note that each f;, is a C' convex function which is globally Lipschitz in [—M, +00) (since
f'(=M) < fi(t) < f'(k) for all t > —M) and bounded below by C; := minye[—ar k) f(t). By
convexity we have that fi(t) < f(¢) for allt > —M, and clearly fi 1 f pointwise in [—M, +00)
as k — 400. Moreover, if f is nonnegative, all the functions fj are also nonnegative, and if
f is CY for some ~, so are fj.

In order to build a solution to (1.7) for a nonlinearity fr as in (4.1), we will use the
monotone iteration method (see Proposition C.7). As a subsolution, we will take u := —M
(recall that 0 < f(—M) and that v > —M in R™), while as a supersolution we will take
7 := u (note that u > —M in Q, and thus fx(u) < f(u) in Q). Then, since f; is globally
Lipschitz in [—M, 4+00), we can apply Proposition C.7 (taking into account Remark C.8) to
obtain a solution wuy to (1.7) such that —M < uy < u in Q. Note that since fy is bounded by
below and linear at infinity, a standard bootstrap argument —as that of Lemma 4.4 below,
using Proposition C.5 taking into account that u; < u in © and that u € L'(Q)— yields
that wuy is bounded in €2, and hence regular (see Remark 1.5); in particular, u, € H§ (see
Appendix B for more details on the role of the exterior condition). Furthermore, since f is
convex and f;(t) < f'(t) for t > —M, it follows that f;(ux) < fi.(u) < f'(u) in Q, and hence
uy, 1s stable.

It remains to show that u;, — u in H as k — +o00o (up to subsequences). To do so, note
first that fy(t) < frs1(t) for all t > —M and k € N and thus w1, is a supersolution of the
problem for u;. Hence, up < ugyq in 2 and taking the pointwise limit of u; as k — 400

(4.1)
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(which exists by monotonicity) we obtain a function v such that v < w in Q. Furthermore,
by the dominated convergence theorem, u, — v in L*(Q) as k — +o0.

Now, we test the equation for uy with u —wu, € Hg, (as in Remark 1.3 using that wy, is
bounded) to obtain

(g, u — Uk>H5 = /ka(uk)(u — uy) dz.

Hence, using that fi is bounded below by the constant C. = minye_azx, f(¢) which is
independent of k£, we have

[uk]%r;l = <Ukauk>H5 = <Uk,U>H5 — /Q fre(ug) (u — ug) de

< (g, w) g —Co/(u—uk)dx

Q

1
< <Ukauk>H5 + §<U7U>H5 + |G| ||U||L1(Q) + Gl ||uk||L1(Q) :

1
2
Thus, since =M < wy < w in €2, it follows that [lukl ;1) and [[ukl 72, are bounded inde-
pendently of £, and therefore the sequence uy, is uniformly bounded in H§. By the reflexivity
of this space, there exists a subsequence k; for which ug, — v in Hg. To show that we have
indeed strong convergence, we test the equation for ug, with v —uy, € H§  and similarly as
before we obtain

ety 3, < Mol +21C| / (v — ) dr.

Hence, using that uy, — v in L*(Q2) we obtain

) 2
lim sup Huk]HHé < |||
j—>+OO 2

2
This together with the weak convergence yields that uy, — v in Hg as k;j — 400 (see [5,
Proposition 3.32]).

We shall prove now that v solves the same problem as u (in the L'-weak sense). To establish
this, it suffices to take the limit k; — oo in the L'-weak formulation of the equation for Ug,
using that fi (ux,) — f(v) in L'(Q). This last statement follows by dominated convergence,
since

Co < fi;(ury) < flug,) = f(ukj)X{vkjgko} + f(ukj>X{vkj>ko} < [Sl}l\?k ] @)+ 1f ()l
te|—M, ko

To conclude, since v is a stable L!-weak solution to (1.1) with —M < v < u, Proposition 2.3
yields that © = v, concluding the proof. U

Remark 4.1. Note that the strict convexity hypothesis of f has been used only in the last
point of the proof, to use Proposition 2.3. Nevertheless, Theorem 1.9 could be generalized to
(non strictly) convex nonlinearities in some cases. Indeed, if f is piecewise affine’, since f is
globally Lipschitz it follows that u is bounded (this can be seen using a bootstrap argument);
we can take then fr, = f and u, = u for every k € N. In particular, note that if s > 1/2

"That is, defined piecewise in a finite number of intervals and affine in each of these intervals.
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we showed in Remark 2.4 that if f is not strictly convex and uniqueness does not hold, then
necessarily f(t) = a+ A\t for all t > —M (and thus also the approximation result holds).

In the rest of the section, we establish another approximation result in which the non-
linearity f (which we additionally assume to be nonincreasing) is replaced by (1 — e;)f for
some sequence € J 0. Note that this approximation reminds of the problem of the extremal
solution (see [7, Section 1.1]). For the sake of simplicity, and since Theorem 1.9 already gives
an approximation result for more general stable solutions, we will consider here nonnegative
stable solutions which vanish outside 2. Nevertheless, the obvious modifications in the proofs
establish the result for more general exterior data. We will also assume that f(0) > 0, since
otherwise our classification result (Theorem 1.8) yields that u = 0 in R™.

Theorem 4.2. Let Q C R™ be a bounded smooth domain, and let f € CY(R) be a nonde-
creasing strictly convex function with f(0) > 0. Let u be a stable L'-weak solution to

(“AYu = f(u) nQ,
{ u = 0 in R™\ Q, (4.2)
such that v € H,.
Then, there exists a sequence {ex }ren C [0, 1) such that eg | 0 as k — +00, and a sequence
{ug tren of bounded stable solutions to
(=A)Yup = (L—ep)f(ue) in,

such that 0 < up, < u in R", and such that up — w in HS as k — +00.

To establish Theorem 4.2 we need two preliminary results, Lemma 4.3 and Lemma 4.4.
The first one is a general statement of what is usually known as concave truncation method.®
We include the detailed proof for L'-weak solutions and with nontrivial exterior data for the
sake of completeness.

Lemma 4.3. Let Q C R" a bounded smooth domain. Given h € L'(Q,d§ dz) and g as in
(1.3), let u be the L'-weak solution to

(—=A)u = h inQ,
u = g mR"\Q.
Then, for every concave function ® € C'(R) such that ®' is bounded, we have ®(u) € L' (Q)
and (—A)*®(u) = &' (u)h in Q in the L'-weak sense, that is,

/Q B(u)(—A) 0 da + /]R L BN > / ' (u)hep da

Q

for every ¢ such that ¢ and (—A)%p are bounded in ), and such that ¢ >0 in Q and ¢ =0
in R™\ Q.

8Sometimes referred to as Kato’s inequality when ®(u) = —ut.
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Proof. Let hy € C>(2) be a sequence of functions such that h, — h in LY(Q, d§, dr), and
define u;, as the solution to

u, = g inR™\ Q.

By the regularity of the fractional Laplacian (see [19, 2]), it follows that u;, € C*°(Q)NC*(Q)
with ag as in (1.3), and therefore the equation holds pointwise. Note that the functions uy are
uniformly bounded in L*(Q2) and converge to u in L'(€) (by uniqueness of L'-weak solutions).

Now, assume for a while that ® is smooth. Since it is concave, we have ®(a) — ®(b) >
®'(a)(a —b) for all a,b € R, and thus it readily follows that

{(—A)Suk = hk in Q,

Multiplying the above inequality by a function ¢ being as in the statement of the result, and
integrating by parts the fractional Laplacian (using that ¢ =0 in R\ ), we have

/ch(uk)(—A)sgpdx—l—/Rn\Q @(u@/\@g@dx}/@'(uk)hkapdx. (4.4)

Q

Note that we have assumed that ® is smooth in order to compute the fractional Laplacian
in (4.3) —we require ®(uy) to be C? for 8 > 2s. To avoid this issue if ® is only C*, we can
just simply take ®, being a smooth concave approximation? of ® in the range of u;, (which
is smooth and hence bounded) and carry out the previous argument for such ®.. Then, by
letting € — 0 and using that ® is C'* and that ®’ is bounded, we obtain (4.4).

Now, since @’ is bounded, it follows that |®(¢)| < C|t| + |®(0)| for all ¢ in R, and therefore
®(uy) are uniformly bounded in L'(£2). Hence, there exists a sequence k; such that ®(u,) —
P(u) in L*(Q) as k; — +oo (to see this, we use convergence a.e., the continuity of @, and
dominated convergence). Similarly, we also have that @ (uy;)hy, — ®'(u)h in L'(Q,d§, dx)
—up to a subsequence which we relabel as k; abusing of notation. Thus, taking the limit
k;j — 400 in (4.4) and noting that ®(uy,) = ®(g) = ®(u) in R™ \ Q for all k;, the desired
conclusion follows. d

With the previous tool at hand we can now establish the second result needed in the
proof of Theorem 4.2. In its proof, which follows the same lines of [13, Theorem 3.2.1],
the construction of the approximate solutions is explicitly described. The main idea is to
construct the solution u. using monotone iteration, taking 0 as a subsolution, and ®.(u), for
some concave function ®., as a supersolution.

Lemma 4.4. Let Q C R™ be a bounded smooth domain and let f € C*(R) be a nondecreasing
convex function with f(0) > 0. Assume that u is a stable L'-weak solution to (1.6).
Then, for every e € (0,1) there exists a stable solution u. to

{ (=A)u. = (L=¢)f(u) in
u. = 0 in R™\ €,

9Note that the convolution of a convex function with a standard mollifier provides a smooth approximation
which is convex, see [15].
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which is bounded (and hence it is a pointwise solution).

Proof. For § € (0,1), let @5 be the solution of the initial value problem

(1Y F(t) = (1—8)f(@s(t) fort >0,
{ b 55(0) = 0 b (4.5)
defined implicitly by
®s5) dr bdr
/0 m:(l—é)/o 70 for t > 0. (4.6)

From (4.5) and (4.6), using that f is positive, it follows that ®; is strictly increasing and
that 0 < ®4(¢) < ¢ for all £ > 0 (and thus, since f is nondecreasing, we have ®4(t) < 1 —0
for t > 0). Now, using this last assertion, the ODE for ®5, and that f is nonnegative,
nondecreasing, and convex, we obtain

04() = (1 - oy BAVEOI) S0/ 0

@), ,
= (1= 8) e (@)1 —0) — 1)
F@s(0) ¢, ,
< (=)= (1@ - 1)

<07

showing that ®; is concave. Therefore, we can apply Lemma 4.3 to see that ®s(u) € L'(Q)
and that

[owarears [ amnipar> [ a0 rmpar= [ 0= ar@pds

for every ¢ such that ¢ and (—A)®p are bounded in 2, and such that ¢ > 0in Q and ¢ =0
in R™\ Q. Hence, recalling that v = 0 in R™ \ 2 and that ®5(0) = 0 we have proved that
®s(u) is an L'-weak supersolution to

(—A)yw = (1-0)f(w) in,
{ w = 0 in R™\ €.
Now, using that f(0) > 0, it follows that 0 is an L'-weak subsolution to (4.7). Therefore, by
the monotone iteration method (see Proposition C.7) we obtain a solution us; to (4.7) with
0 < usy < Ps(u) < win
Note that if ®5 is bounded,' we already have the desired bounded solution setting § = ¢
and u. := u.;. Otherwise, we need to iterate the previous procedure and, as we will see, in
each step we will improve the integrability of the solution, obtaining after a finite number of
iterations a bounded solution.

(4.7)

10This is equivalent to say that f0+oo f(}:) = +00, and thus the boundedness or not of ®; is completely

independent of § € (0,1).
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Repeating the previous arguments with us; playing the role of u (i.e., taking ®5(us1) as a
supersolution), and replacing f by (1 — §)f (noticing that this does not affect the definition
of ®5), we obtain a function uss which is an L'-weak solution to

(—A)usas = (1—=10)*f(us2) inQ,
usa = 0 in R™\ Q,

such that 0 < uso < Ps(usy) < w in €. Iterating this process, for each positive integer k we
obtain a function us ) which is an L'-weak solution to

(—A)SU57k = (1 — 5)kf(u(;7k) n Q,
usr = 0 in R™\ €,

such that 0 < usp < PF(u) < win Q.
We will prove that there exists a positive integer ko for which us, is bounded. To do so,
we show first that for every § € (0,1) it holds

F(®s(1) < 05(1+t) for all £ > 0 (4.8)

and for some constant C, depending only on f. To prove (4.8), we set
bdr
o) = [ <
o f(7)
and noting that ¢ is increasing and concave in (0, +00) —since ¢'(t) = 1/f(t) and ¢"(t) =
@)/ f2(t) for t > 0—, for every a,b € (0,+00) with a < b we have

00) < 0(a) + 6a)(b =) = d(a) + 5.
Taking a = ®5(b) and using that ¢(a) = ¢(Ps(b)) = (1 — 0)p(b) —see (4.6)—, we obtain
b—®s(b)
60) < (1= 0)o(t) + ool
and therefore b— By(h) ;
5
TS =50 S 5

Hence, on the one hand, for b > 1 we have ¢(b) > ¢(1), and thus
b

Bs(h)) < ——
On the other hand, for b < 1 it follows readily that
f(@s(b)) < f(b) < f(1),
and using that § < 1 we establish (4.8) with C, = max{f(1),¢(1)"'}.

Once we have proved (4.8), let us show that there exists a positive integer ko (depending
only on n and s) such that usy, is bounded. First, we notice that, since us; < ®s(u), (4.8)
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yields

Flusy) < F(@s(w) < <21+

and since u € L'(Q), by Proposition C.5 (i) it follows that us; € LP*(Q) for some p; < —-.
Repeating this argument we have

Flusa) < F@s(u1s)) € 21+ )

and since us; € LP'(€2), by Proposition C.5 (ii) we get that usp € LP(Q2) for py := 25
Iterating this procedure, it is easy to see that after a finite number of iterations we reach a
power py, > n/(2s), and thus Proposition C.5 (iii) yields that usy, € L>(12).

Taking 6 = §(g) such that (1 — §)* = (1 — ¢), we have obtained the desired solution by
setting u. := us() k- Finally, by convexity we have that f'(u.) < f'(u) in Q and thus u, is

stable. O
Having proved the previous result, we conclude the section by establishing Theorem 4.2.

Proof of Theorem 4.2. For each ¢ € (0,1), let u. be the bounded stable solution given by
Lemma 4.4. By construction, 0 < ue < u in R for all € € (0,1), and therefore ||ucl| () <
[ull f2(q)- Now, since u. is a bounded solution (and thus regular enough), we can multiply
the equation that it satisfies by u. and integrate by parts to obtain

el = (1) [ fuducde < [ s = [ufy, (19

where we have used the monotonicity of f and the fact that u € Hg, (and thus one can
perform one integration by parts in the L'-weak formulation, see Remark 1.3). Hence, u,
are uniformly bounded in H§, and therefore there exists a sequence {e }reny with e — 0 as
k — 400 such that u,, — v in H§ for some v € H§. Furthermore, since f is nondecreasing,
f(ue) < f(u) and thus, since f(u) € L*(Q2), by dominated convergence we have f(ue, ) — f(v)
in L'(Q). Thus, taking the limit ¥ — 400 in the weak formulation of the equation for u,,
we obtain that v € H§, is an L'-weak solution to (4.2). Hence, by Proposition 2.3, u = v.
Finally, we show that u., — w in HS as k — +o0o. By the first equality in (4.9), this is
equivalent to showing that (1 — ) f(u., )ue, converges to f(u)u in L'(2), and this follows
from the inequality in (4.9) by dominated convergence, since [u]fgé < +o00. O

5. APPLICATION: REGULARITY OF STABLE SOLUTIONS IN LOW DIMENSIONS

In this section we show how to combine the approximation results of the previous section
with universal a priori estimates for stable solutions to establish the regularity of energy
solutions which are stable. In particular, we will use the following a priori estimate from [7],
which provides a universal Holder estimate in low dimensions for half-Laplacian semilinear
equations. Here and through the paper, for s € (0,1) we denote by L!(R") the space of
measurable functions for which the norm

(@)
ey = [ oo e 6.1)

1+ [af?)
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is finite.

Theorem 5.1 ([7]). Letn > 1 andu € C’Q(Bl)ﬂL%/Q(]R”) be a stable solution to (—A)/?u =
f(u) in By CR™, where f is a nonnegative convex C*7 function for some v > 0.
Then,
Jullosa, o < Cllllyy ey 1<0<A, (5.2

for some dimensional constants f > 0 and C.

From the previous universal estimate and using Theorem 1.9 we establish the regularity of
Hé/ ? stable solutions in low dimensions.

Proof of Corollary 1.10. First, by Theorem 1.9, there exists a sequence {uy}ren of bounded

stable solutions to
(—A)Wuk = fr(ur) in
{ U = ¢ in R™\ Q,
where { fi hren € C17(R) is a sequence of globally Lipschitz nonnegative convex nonlinearities
converging pointwise to f in R. Moreover, —M < u; < u in R™ for some M and u, — u in
Hsll/ ?as k — +o0.

Now, given a point zy € €, let R > 0 be such that Br(xg) CC Q. On the one hand, since
each uy is bounded in Q and f;, € C'7(R), by standard regularity for the half-Laplacian it
follows that u, € C?(Bg(xg)) (see Corollaries 2.3 and 2.5 in [19]). On the other hand, by the
assumption (1.3), we get that u € Li/Q(R”) —see Appendix B. Thus, since 1 < n < 4, the
universal estimate (5.2) yields

Huk”Cﬁ(BR/Q(azo)) <C HukHL}/Q(R") <C ||u||L}/2(Rn)

for some universal 5 € (0,1) depending only on n, and some constant C' depending on n,
M, and R. As a consequence, by the compact embedding of Holder spaces, there exists a
subsequence (which we relabel as {uy,}en) such that u, — v for some v € C?(Bpg/s(x9)) with
B < . Moreover, we already know that u, — u a.e. in Bpja(x0), and thus v = u in Bp/»(2o).
Since this holds for every point zy € €, we obtain that u € C? (22). The conclusion then
follows from standard interior estimates for the half-Laplacian using the regularity of f. [

6. UNBOUNDED L!-WEAK STABLE SOLUTIONS IN LOW DIMENSIONS

In this section we show that the assumption on u belonging to H§ is crucial in our state-
ments. To do it, we provide a counterexample for our approximation result which is an
L'-weak solution not belonging to the energy space.

Recall (see [18]) that the fractional Laplacian of a function of the form |x|=# is given by

()T ()

2 2

(=5E) ()

(=A)S|x|™F = 2% || 772, for B € (0,n — 2s). (6.1)

For p > 1, we consider the function
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and, for convenience, we define as well g, : R" \ B; — R by
gp(T) = |x|_% -1, forzeR"\ By.
From (6.1), a formal computation shows that

_2s 9, _2sp
(—A)sup(x) = Ansz”x‘ = An,s,p’x‘ ol = An,s,p(l + up(x))p

A, . 928 . (Pil + S) F < B pil)
n,s,p .
(-2
Therefore, if p > n/(n — 2s), we have that (1 + w,)? € L*(B;) u, and thus u, is an L'-weak
solution to the problem

where

|3

r
el!

(—A)Yu = A,sp(l+u)? in By,
" . o (6.2)
u = gp 1mn R \ Bl.
In addition, note that if p < (n 4+ 2s)/(n — 2s), then
2 g
x| 7170 ¢ L¥(B),
and therefore u, ¢ Hp . As a summary, we have that for p such that
2
n S (6.3)

n — 2s Ps n — 2s
the function u, is an L'-weak solution to (6.2) not belonging to H .
Let us now see that, for some values of p satisfying (6.3), u, is stable in B;. Note that this
is equivalent to check whether the inequality

£? 2
pAn,s,p dr < X [g] Hgl

|Jf|28

holds for every smooth function £ € C°°(Bl). Recall that fractional Hardy inequality reads

2 (n+25)
e ()
n |x\25 T2 (2=2)
Then, u, is stable in By if and only if pA,, 5, < H,, s, which is explicitly written as
) m) ey
rl RV (f). (6.4)

pr(%— () )

2
| dzdy where H, s = 228

" Ifff - y|”+25

n

V)

va)

p—1 p—1

Now, if we choose

= fi 2 —2
P n—23+€ or € < 2s/(n — 2s),
then (6.4) is satisfied if € is small enough. To check this last assertion, note that

n— 2s S n—2s 1 n—2s

2 p-1 2 2= "By

n—2s
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and thus

-2
F(n S8 )—>—|—oo as € — 0.
2 p—1

From this, and noticing that the other expressions appearing in A, 5, which involve the
Gamma function are uniformly controlled as ¢ — 0, we see that for ¢ small enough (6.4)
holds, and thus wu, is stable.

As a conclusion, we have obtained an unbounded L!-weak solution which does not belong
to the energy space but which is stable. This provides a counterexample of our approximation
result (Theorem 4.2) for stable solutions if we do not assume that the solution belongs to
the energy space. Indeed, if u, could be approximated by bounded stable solutions, in view
of the regularity results of [7] for s = 1/2 and 1 < n < 4, and arguing as in the proof of
Corollary 1.10, it would follow that wu, is bounded in B, 5, arriving at a contradiction.

APPENDIX A. AN “INTERMEDIATE VALUE THEOREM” IN FRACTIONAL SOBOLEV SPACES

In this appendix we recall an “intermediate value theorem” for functions in the fractional
Sobolev space W*P with ps > 1, which has been used in the discussion of Remark 2.4. In
this result we denote by |E| the n-dimensional Lebesgue measure of a measurable set FE.

Proposition A.1. Let u € W*P(By) be such that |[{u < a}NBy| >0 and [{u = b}NBy| >0
for some a,b € R with a < b. If sp > 1, then |[{a < u < b} N By| > 0.

Proof. Assume by contradiction that |[{a < u < b}NB;| = 0. Then, setting F := {u < a}NB,
we have that B;\ £ = {u > b} N B; up to a set of measure zero. Therefore, if we consider the
function wu,p := min{max{u, a}, b}, since |uzp(z) — uap(y)| < |u(z) — u(y)| for all z,y € By,
it follows that u,, € W*P(By), and thus we have

dz dy
2 n,S b_ = |[Ua v s < .
s ) / /B1\E |z — y|ntep [u ’b]W‘ ?(B1) 00

Then, since sp > 1 it holds that

d:cdy
) < +00
Bi\E ]x —

and then by [4, Corollary 2] it follows that either |E| = 0 or | By \ E| = 0, a contradiction. [

APPENDIX B. SOME COMMENTS ON THE EXTERIOR CONDITION IN THE NOTIONS OF
SOLUTION

In this appendix we discuss with more details which are the assumptions on the exterior
condition g needed to define each type of solution considered in this article. Our assumptions
concern its regularity near 02 and its growth at infinity. On the one hand, we assume that
g satisfies

lg(x) — g(2)] < Colx — 2z|*  for all z € 0N and z € R™ \ 2 such that dgo(x) < C; (B.1)
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for some positive constants Cy and C7, and some exponent o € (0,1). On the other hand,
we assume that

lg(z)] < Co(1+ |z|") forall z € R™\ Q (B.2)
for some v > 0. These pointwise assumptions can be also considered in an integral form,
assuming g belonging to an appropriate fractional Sobolev space near 02, and g in the right
tail space (see [16, Section 5.1] for some boundary regularity results under these assumptions),
but here for simplicity we consider (B.1) and (B.2).

In the following discussion we will need two estimates for the nonlocal Neumann derivative
of a function ¢ which is C® across 992 and has a growth of the form |¢(z)| < C(1 + |z|7), for
some @ € (0,1) and some 7 > 0. On the one hand, for z € R"\ Q with dg(x) < C we have

Nop(a)| < ¢ [ PO =Wl / # dy < Cda(e)™>.  (B3)
0l —

Q ’QZ’ _ y’n+23 n+2s—a

On the other hand, for z € R™ \ Q with d(z) > C we have
C

1+ ’$|n+2s—'_y

Nog()] < (B.4)

e L!'-weak solutions
To properly define L!'-weak solutions, the integral

/ gNsp dx
R™\Q

must be finite for any test function ¢. Recall that any such ¢ vanishes in R \ © (and thus
is bounded at infinity) and is C* across 0f2. Therefore the above estimates (B.3) and (B.4)
hold for @ = s and 7 = 0 respectively. As a consequence, |gN;| < C|g|dg® near 9 and
|gN,| < C(1 + |2|772%) at infinity. We conclude that L'-weak solutions can be well defined
for every exterior datum g € L{ (R™\ Q,dy° dz) N LL(R™\ Q).
¢ Energy solutions
In this context, an energy solution can be seen as an extension (minimizing an Hg semi-
norm) of the function g inside 2. To carry out this minimization process we need to ensure
that the set of admissible functions is not empty. For this, we define § to be the harmonic
extension of ¢ inside €2, which is the smoothest (in ) possible extension of g, as mentioned
in [2, Lemma 2.2]. Indeed, if g satisfies (B.1) for some a € (0,1), then g € C*(Q) N C>®(Q).
We shall show next under which assumptions g € H.
Note first that
0y = @9 = [ 9(-Drgde+ [ gNgd (B.5)
Q R™M\Q
and it suffices to check the finiteness of each integral separately. On the one hand, the
following estimate was proved in [2, Lemma 2.4]:

(~A)'g] < CdS™®  in Q. (B.6)
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Thus, the first integral in (B.5) is finite provided that a > 2s — 1. On the other hand, using
estimates (B.3) and (B.4) with ¢ replaced by g and taking @ = a and 5 = v we readily see
that the second integral in (B.5) is finite provided that a@ > 2s — 1 (to ensure integrability
near 0f2), and 27y < 2s (to guarantee integrability at infinity).

Summarizing, energy solutions are well defined if one assumes that ¢ satisfies (B.1) and
(B.2) with @ > max{0,2s — 1} and 7 < s respectively. Note that since we exclude the set
(R™\ 2)? in the double integral defining the seminorm of H¢, we do not require any local
regularity of g in R™ \ 2 when we are at a positive distance of 0fQ.

Remark B.1. Condition a > max{0,2s — 1} illustrates again (as Proposition A.1) the differ-
ence of the fractional Sobolev spaces H§ depending on whether s < 1/2 or s > 1/2. Indeed,
when s < 1/2 the functions in H§ can have jumps across 02 but the singularity given by
|z — y|7"7** is not strong enough so that integrals of the form [, fR"\Q |z — y| "% dady
are infinite (assuming d€2 smooth enough). On the other hand, when s > 1/2 we need an
additional assumption, namely the Holder regularity of the function g across 0f2, in order for
the difference g(x) — g(y) to compensate the singularity of |x — y|™"~2.

e Pointwise solutions
In order to have (—A)*u well defined pointwise in (2, apart from interior regularity we
require v € L}(R™). Since u = g in R™\ €, it is enough to assume that (B.2) holds fo v < 2s.

ApPPENDIX C. L'-THEORY FOR THE FRACTIONAL LAPLACIAN

In this section we collect the results that are needed through the paper concerning L'-weak
solutions. This setting (with minor modifications and usually for zero exterior condition)
has been used in several papers, see [1, 3, 17, 20] to name some of them. For the sake of
completeness, we will next provide elementary proofs of the results that we use in the paper,
paying especial attention to the role of the nontrivial exterior condition.

We first show how to prove existence and uniqueness of L!-weak solutions to the Dirichlet
problem for the fractional Laplacian (1.4).

Proposition C.1 (Existence and uniqueness of L'-weak solutions). Let Q C R™ be a smooth
bounded domain, let h € L*(Q,d{, dx), and let g satisfy (1.3) for some oy € (max{0,2s—1}, s)
and some positive constant Cy.

Then, there exists a unique L*-weak solution u to (1.4) in the sense of Definition 1.1. In
addition,

ol oy < C (121l a5 a0y + Co) (€.1)

for some constant C' depending only n, s, ag, and 2.

Proof. The uniqueness will follow from the maximum principle (see (C.2) below), and thus
we concentrate on proving the existence. We will show first the result for ¢ = 0. In this case,
note that by splitting A into its positive and negative parts h = h™ —h™, it is enough to prove
the existence assuming that h > 0 a.e. in Q. For such a function h, set hy := min{h, k} and
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since this is a bounded function, there exists a classical solution u to (1.4) with h replaced
by hj and with g = 0.
Now, take n € C°(Q) and let ¢ be the solution to
(=49 = n inQ,
{ e = 0 inR"\Q. (€:2)

Multiplying the previous equation by wu, and integrating in €2, after using the equation for

U we obtain
/ukndx:/uk(—A)sgodx:/(—A)sukgodx:/hkgodx. (C.3)
Q Q Q Q

Here we have used that u, and ¢ are classical solutions of linear equations with bounded
right-hand sides, and hence regular enough to perform the usual integration by parts for the
fractional Laplacian. Note that by standard boundary regularity for the fractional Laplacian
(see [19, Theorem 1.2]), for z € Q we have [p(z)| < d§(2)C 1]l 1 (q) for some constant C
depending on €). As a consequence, we obtain the estimate

[ wnds) < [ Ihullglds < Cllllimiay | Faldhde < C lllmioy Il

and taking the supremum over all 7 with [|7] o) = 1 we get

||Uk||L1(Q) <C ||h||L1(Q7d§2dx) .

By monotone convergence (note that the sequence wy is nondecreasing by the maximum
principle), as k — +oo the sequence u;, converges in L'(Q) to some function u € L'(f)
satisfying (C.1) with Cy = 0. Furthermore, from (C.3) and by dominated convergence, it
follows that u is an L'-weak solution to (1.4) with g = 0 —note that we can take n € L>(Q)
and ¢ the solution to (C.2).

Finally, to consider a nonzero exterior condition g, by the linearity of the problem it suffices
to add, to the previously built function u, the solution to

(=A)w = 0 in Q,
{ w = g inR"\Q.

This solution can be obtained by standard methods (see [11] for more details) minimizing
the H§ seminorm in the convex set Iy := {v € Hy : v —g € Hg,}, where g is a smooth

extension of g inside €2 (here we need to assume «y > 2s — 1 to ensure that § € H§), see
Appendix B). By the maximum principle (see [2, Lemma 2.1]) it follows that

HwHLOO(Q) < CG

for some constant C' depending only on n, s, ag, and €. From this, estimate (C.1) follows.
As an alternative method, one can consider directly the problem for v — g, whose right-hand
side is now h — (—A)*g and belongs to L'(2) if & > 2s — 1 thanks to estimate (B.6), and use
the argument for zero exterior data. O

We next present the maximum principle in the L!'-weak setting.
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Proposition C.2 (Maximum principle). Let Q C R"™ be a smooth bounded domain and let
c € L>(Q) be a nonnegative function in Q. Letu € LY R™)NLL (R"\Q,dg* dz) be a function
satisfying
(=AYu+cu = 0 inQ,
{ u = 0 mR"\Q,

in the L'-weak sense, i.e., such that u >0 a.e. in R" \ Q and
/u(—A)ngdl‘—i—/ uj\/;godx+/cug0d$ >0
0 R7\Q 0

for every nonnegative function ¢ such that ¢ and (—A)*¢ are bounded in Q0 and such that
@ =0 inR"\ Q.
Then uw >0 a.e. in ).

Proof. Take n € C2°(£2) and let ¢ be the solution to

(=A)Yo+cp = n inQ,
¢ = 0 inR"\Q.

Assume that 7 > 0. Then, since ¢ > 0 in €2, the standard maximum principle yields ¢ > 0.
Plugging this function into the definition of L!-weak solution we obtain

/undx—i—/ uNzpdr > 0.
Q R7\Q

Moreover, since ¢ = 0 in R™ \ Q, then
Nsp(z) = Cn,s/ Mdy = —Cn,s/ Mdy <0 forxeR"\Q.

Q |x_y|n+2s Q |x_y|n+2s

Hence, using that v > 0 a.e. in R™ \ Q, we get that
/ undx >0  for every n € C2°(Q2) such that n > 0 in Q.
Q

Thus, it follows that u > 0 a.e. in €. O

Following a similar argument we can establish a unique continuation principle in the L!-
weak setting.

Proposition C.3 (Unique continuation). Let 2 C R"™ be a smooth bounded domain, and let
we LIR")NLL(R™\ Q,dy° dz) be a function such that u > 0 a.e. in R™ and satisfying

loc
(—AYutcu>0 inQ (C4)

in the L'-weak sense and for some c € L*°(1Q).
If there exists a ball B C Q2 such that w =0 a.e. in B, then u =0 a.e. in R".

Proof. From the L'-weak formulation of (C.4) we have that

/u(—A)swdx—i—/ u./\fsgodx—i-/cwpdx >0
0 Rm\Q Q
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for every nonnegative ¢ such that ¢ and (—A)*p are bounded in €2, and such that ¢ = 0 in
R™\ Q. Take ¢ being a nonnegative function with compact support in B. Then, it follows
that (—A)*¢ < 0 in R™\ B and therefore since u = 0 a.e. in B we have

/ u(—A)pdr = / u(—A)’pdr <0.
0 O\B

Moreover, since ¢ vanishes outside B we have that Nyp < 0 in R™\ Q and that

/ cupdr = 0.
Q

Hence, from the weak formulation we have

0 2/ uNypdr > / u(—A)SgodaH—/ u./\/’sgod:c—ir/cugoda: >0
R"\Q Q R"\Q Q

and thus u = 0 a.e. in R" \ 2. The same argument yields

0 2/ u(—A)pdr = / u(—A)sgpdx—l—/ u./\fsgodx+/cug0dx >0
O\B Q RPM\Q Q

and since v > 0 a.e. in R” and (—A)°p < 0 in R™ \ B, it follows that v = 0 a.e. in Q\ B,
concluding the proof. O

Now we recall a strong maximum principle for L'-weak supersolutions in Hg. It is used
several times along the paper.

Proposition C.4 (Strong maximum principle). Let Q@ C R™ be a smooth bounded domain,
and let uw € HE be a function such that w > 0 a.e. in R™ and satisfying

(—A)Yu+cu>0 inQ

in the L'-weak sense and for some ¢ € L>(Q).
If there exists a ball B CC () such that infgu =0, then u =0 a.e. in R".

Proof. First, proceeding as in Remark 1.3 it follows that u is a weak supersolution to
(—=A)u = f(u) in Q in the sense of [8, Definition 8.4], and for f such that |f(u)| <
di + dofu|?, with ¢ = 2, di = 0, and dy = |[|¢[| e (q- Taking this into account, a de-
tailed inspection'! of the proof of Proposition 8.5 of [8] shows that  fulfills the hypothesis
of [8, Proposition 6.8] with d = d; = 0, and therefore the following weak Harnack inequality

holds:
1/q
(][ |u]qu) < Cinfu
B B

for some ¢ € (0,1) and some constant C' depending on n, s, B, and |[[c|[;« (). Note that in
nonlocal Harnack inequalities a tail term must appear in the right-hand side of the inequality
if one considers the hypothesis of u being nonnegative only on a ball B (see [10]). This tail
term is essentially the integral in R™ \ B of u_ times a power growth function, and thus it

)\ ore precisely, following the notation of [8, Proposition 8.5] one sees that if p = 2 (which is the situation
of the present paper), then one can take kg = —o0.
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does not appear here because u > 0 a.e. in R". Since infgu = 0 we get that u = 0 a.e. in
B, and the result follows from Proposition C.3. U

We now show how to easily extend the L? estimates of [20] to L'-weak solutions and with
nonzero exterior conditions. The result that we use repeatedly through the paper (specially
in some bootstrap arguments) is the following.

Proposition C.5 (L regularity for L'-weak solutions). Let s € (0,1) and n > 2s. Let
Q C R" be a smooth bounded domain, let h € L'(Q, d§, dx), and let g satisfy (1.3) for some
oo € (max{0,2s—1}, s) and some positive constant Cy. Assume that u is the unique L'-weak
solution u to (1.4) given by Proposition C.1.

(i) If h € LY(Q), then u € LY(Q) for every 1 < ¢ < 25 and

n
[l oy < C <||h||L1(Q) + Co) , forl<g< T od

for some constant C' depending only on n, s, q, g, and €.
(ii) If h € LP(Q) forp € (1,2), then u € L72% () and

’ 2s
< C (I1hllagey + Co)

for some constant C' depending only on n, s, p, ag, and 2.

(iii) If h € LP(Q) for p € (£, +00), then u € C*(Q) and

lull 22

. . n
ol < € (Wil + Co) . with 5 = min {aa, 25— 2},

for some constant C' depending only on n, s, p, ag, and 2.

Proof. We prove first (i) and (i7) in the case ¢ = 0. As in the proof of Proposition C.1, by
splitting h = h™ — h™ we can assume without loss of generality that h > 0, and thus u > 0
by the maximum principle; see Proposition C.2. Then, we consider the function

v:=(—A)"*(hxq),

in the sense that v is the Riesz potential of order 2s of hyq. Since v = (hxq) * |z up
to a normalizing constant, using that the fractional Laplacian and the convolution commute
it is not difficult to see that

|fn+23

0 inR"\Q,

in the L'-weak sense, an therefore by the maximum principe it follows that 0 < u < v. From
this, (i) and (i7) (with Cy = 0) follow readily from the classical embeddings for the Riesz
potential exactly as in [20, Proposition 1.4].

To treat the case g #Z 0, it suffices to write u = ¥ + w, where v solves the same problem
as u but with zero exterior condition (and for which we have already established the desired
estimates), and w solves

(=A)v = h inQ,
vo=

{(—A)Sw = 0 inQ, (C.5)

w = g inR"\Q,



28 TOMAS SANZ-PERELA

and for which it holds that [[wl| gy < CCo; see [2, Lemma 2.1].
To establish (iii), we take as before

vi=(=A)"(hxa),
and we write u = v + w, with w being the solution to

{(—A)Sw = 0 in Q,

w = g—v inR"\Q. (C.6)

From the embedding of the Riesz potential into Holder spaces when p > - (see [20, Theo-
rem 1.6]), it follows that

[W]e2snm@ny < C ||l Loy
for some constant C' depending only on n, s, and p. Moreover, since €2 is bounded hyq
has compact support, and therefore v has a decay at infinity (and in particular is bounded).
Therefore, the exterior condition g—v satisfies (1.3) but with an exponent § = min{ag, 25—}
instead of . From the boundary regularity results of [2], it follows that

[w]l o @y < CCo. (C.7)

Note that if p > n the solution to (C.6) is obtained by standard methods minimizing the
H§ seminorm in the convex set {p € Hy : ¢ —g+v € Hy,}. If p < n (which can only
happen if s > 1/2), then the regularity up to 0f2 of the exterior condition ¢ — v may not be
enough to define energy solutions (see the comments in Appendix B), but we can consider w
being a viscosity solution'? to (C.6) instead, for which the estimate (C.7) holds as well. [

Remark C.6. The previous result does not provide any estimate for n < 2s (which, since
s € (0,1), entails n = 1 and s < 1/2). Nevertheless, since in this case the Green function
of any bounded domain (which is an interval) is explicit, we easily have an L estimate
provided that h € LP(Q2) for some p > 1, as mentioned in Remark 1.5 of [20]. This is used
implicitly in all the bootstrap arguments carried out in this paper when the nonlinearity f(-)
is Lipschitz and n < 2s. Indeed, since we consider solutions in L?(2) C H§, the previous L™
estimates yield the boundedness of the solution in the case n < 2s.

To conclude the section, we present the method of sub and supersolutions (also called
monotone iteration method) in the L'-weak setting. We show how to find an L'-weak solution
to the semilinear problem (1.1) once we have a sub and a supersolution in the L!-weak sense.

Proposition C.7 (Monotone iteration method in the L'-setting). Let Q C R™ be a bounded
smooth domain, and let f € CY(R) be a nondecreasing function. Assume that there erist
two functions u,u € LY (R™) N LL_(R™\ Q,dq°dz) which are, respectively, a supersolution

loc
and a subsolution of (1.1) in the L'-weak sense, for some exterior condition g as in (1.3).

Furthermore, assume that u < u a.e. in 2.

2Note that viscosity solutions to (C.5) are L'-weak solutions. Indeed, the existence and boundary regularity
of viscosity solutions is proved in [2]. From this and the fact that w € C°°(2) (since (—A)*w = 0) it follows
that the equation holds pointwise and multiplying by a test function with compact support in 2 we can
integrate by parts to obtain the L!-weak formulation (note that the test functions with compact support are
dense among the test functions considered in the L!-weak formulation).
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Then, there exists an L'-weak solution u to (1.1) which is minimal relative to u, that is,

u < u < w for every L'-weak supersolution w such that uw < w. In particular, u < u < U a.e.
mn R™.

Proof. Set ug := u and, for k > 1, define recursively wu;, as the L'-weak solution to

{(—A)Suk = f(up-1) in,

u = g in R™\ €. (C.8)

Below we will see that in each step we have f(u;_1) € L'(Q,d§,dz) and thus u; are well
defined and uniquely determined by Proposition C.1.

We claim that for £ > 0, u < up < upy; < uw ae. in Q. To prove it we proceed by
induction, using the maximum principle (see Proposition C.2) and the monotonicity of f.
First, note that (—A)*uy = (—A)*u < f(u) = f(up) = (—A)°uy = f(u) < f(u) < (-A)*T
in the L'-weak sense in 2. Then, the maximum principle yields v = vy < u; < U a.e.
in . Now, assume that we have u,_; < up < uw a.e. in 2. Then, using this hypothesis
and the monotonicity of f, we have (—A)%uy = f(ur—1) < flur) = (=A)°upr1 = flug) <
f(u) < (=A)*u in the L'-weak sense in , and as before, the maximum principle yields
up < upy1 < u a.e. in €2, establishing our claim. Note that the previous argument, together
with the monotonicity of f and the fact that f(u), f(u) € L'(Q, d§, dz), yields that in each
iteration step, after defining u; we get that f(u;) € L*(Q, df, dx), guaranteeing the existence
of Up1-

Once the previous claim is proved, since the sequence {uy}r>o is nondecreasing and lies
between the two integrable functions v and u, we can define its pointwise limit u, and
by dominated convergence up — u in L'(Q2) as k — +oo. By continuity, we also have
fur) = f(u) ae. in Q, and thus since f(u) < f(ux) < f(@), by the dominated convergence
theorem, f(ux) — f(u) in L'(Q,d§dx) as k — 4oo. Taking all this into account, we can
take the limit & — 400 in the L'-weak formulation of (C.8) to obtain that u is an L'-weak
solution to (1.1).

Note that we have only used u to guarantee some integrability properties, but since the
iteration has been done from wu, in the previous arguments we can replace u by any other
supersolution w such that w > w a.e. in €2, proving the minimality of u relative to w. O

Remark C.8. The same result holds without the assumption of f being nondecreasing, if we
assume that f is uniformly Lipschitz in the interval (infq u, supy ). Indeed, if we consider
the nonlinearity f(t) := f(t) + ¢t, where ¢ > 0 is the Lipschintz constant of f in the above
interval, the problem is equivalent to find a solution to (—A)*u+lu = f(u) in Q with the same

exterior condition. Then, we can repeat the previous proof using that f is nondecreasing and
that the maximum principle holds in this case since ¢ > 0 (see Proposition C.2).
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