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Abstract

We study fine boundary regularity properties of solutions to fully nonlinear ellip-
tic integro-differential equations of order 2s, with s € (0,1). We consider the class
of nonlocal operators £+ C Lo, which consists of infinitesimal generators of stable
Lévy processes belonging to the class £ of Caffarelli-Silvestre. For fully nonlinear
operators 1 elliptic with respect to £ «, we prove that solutions tolu = f in Q, u=0
in R \ Q, satisfy u/d* € C5*Y(Q), where d is the distance to dQ and f € C?. We
expect the class £ to be the largest scale-invariant subclass of £ for which this
result is true. In this direction, we show that the class £ is too large for all solutions
to behave as d°. The constants in all the estimates in this article remain bounded as
the order of the equation approaches 2. Thus, in the limit s 1 1, we recover the cele-
brated boundary regularity result due to Krylov for fully nonlinear elliptic equations.
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1. Introduction and results
This article is concerned with boundary regularity for fully nonlinear elliptic integro-
differential equations.

Since the foundational work of Caffarelli and Silvestre [14], ellipticity for a non-
linear integro-differential operator is defined relatively to a given set £ of linear
translation-invariant elliptic operators. This set £ is called the ellipticity class. The
reference ellipticity class from [14] is the class £ = £o(s) containing all operators
L of the form

Lu(x>=4n(“(x+y)j”(x_y) —u(x))K(y) dy (LD)

with even kernels K(y) bounded between two positive multiples of (1 — s)|y|™*2%,
which is the kernel of the fractional Laplacian (—A)*.

In their articles [14], [15], and [16], Caffarelli and Silvestre studied the interior
regularity for solutions u to

{Iu:f in , (12)

u=g inR"\Q,

where I is a translation-invariant fully nonlinear integro-differential operator of order
2s (see the definition later in this Introduction). Caffarelli and Silvestre proved exis-
tence of viscosity solutions, established C !¢ interior regularity of solutions in [14]
and C251¢ regularity in the case of convex equations in [15], and developed a per-
turbative theory for nontranslation-invariant equations in [16]. Thus, the interior reg-
ularity for these equations is well understood.

However, very little is known about the boundary regularity for fully nonlinear
nonlocal problems.

When I is the fractional Laplacian —(—A)?®, the boundary regularity of solutions
u to (1.2) is now quite well understood. The first result in this direction was obtained
by Bogdan, who established the boundary Harnack principle for s-harmonic functions
in [6] (i.e., for solutions to (—A)*u = 0). More recently, the present authors proved in
[42] thatif f € L®, g =0, and Qis C"!, then u € C*(R") and u/d* € C*(Q) for
some small & > 0, where d is the distance to the boundary d$2. Moreover, the limit of
u(x)/d’(x) as x — dQ is typically nonzero (in fact, it is positive if f < 0), and thus
the C* regularity of u is optimal. After this, Grubb [21] showed that when f € C?
with y > 0 (resp., f € L), g =0, and Q is smooth, then u/d* € C?T57¢(Q) (resp.,
u/d* € C57¢(Q)) for all € > 0. In particular, f € C™ leads to u/d* € C*®(RQ).
Thus, the correct notion of boundary regularity for equations of order 2s is the Holder
regularity of the quotient u/d*. In a new work [20], Grubb removes the € in the
previous estimates, obtaining that u/d® is C**¥ whenever f € C? and neither y + s
nor y + 2s are integers.
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Here, we obtain boundary regularity for fully nonlinear integro-differential prob-
lems of the form (1.2) which are elliptic with respect to the class £« C £ as defined
in the following. We have that &£, consists of all linear operators of the form

. u(x +y) +u(x—y) w(y/Iyl)
Lu(x)—(l—s)[l;n( 5 —u(x))Wdy, (1.3)
with
we L®(S" 1) satisfying u(0) = u(—0) and A < u < A, (1.4)

where 0 < A < A are called ellipticity constants. The class &£ . consists of all infinites-
imal generators of stable Lévy processes belonging to £¢. Our main result essentially
establishes that when f € CY, g =0, and Q is C??7, then the viscosity solutions u
satisfy

u/d® e C*7(Q). (1.5)

In case of flat boundary, we assume € C¥(S™7!). In general C?"¥ domains 2, we
need to assume p € C 1Y (S771).

We expect the class £« to be the largest scale-invariant subclass of £¢ for which
this result is true.

For general elliptic equations with respect to £¢, no fine boundary regularity
results like (1.5) hold. In fact, the class £¢ is too large for all solutions to be com-
parable to d* near the boundary. Indeed, we show in Section 2 that there are powers
0 < B1 < s < B, for which the functions (xn)i‘ and (x,,)’jr2 satisfy

M;go(x,,)’g1 =0 and M;E()(x,,)’jr2 =0 in{x, >0},

where M ;6'0 and M £, are the extremal operators for the class £¢ (see their definition
in Section 2). Hence, since (—A)*(x,)% = 01in {x, > 0}, we have at least three func-
tions which solve fully nonlinear elliptic equations with respect to £¢ but which are
not even comparable near the boundary {x,, = 0}. As we show in Section 2, the same
happens for the subclasses £1 and £, of &£(, which have more regular kernels and
were considered in [14]-[16].

The constants in our estimates remain bounded as s 1 1. Thus, in the limit we
recover the celebrated boundary regularity estimate of Krylov for second-order fully
nonlinear elliptic equations [29].

1.1. The class £«
The class £« consists of all infinitesimal generators of stable Lévy processes belong-
ing to £y. This type of Lévy process has been well studied in probability, as is
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explained next. In that context, the function u € L*®(S"7!) is called the spectral
measure.

Stable processes are for several reasons a natural extension of Gaussian pro-
cesses. For instance, the generalized central limit theorem states that the distribution
of a sum of independent, identically distributed random variables with heavy tails
converges to a stable distribution (see [31], [43], or [3] for a precise statement of
this result). Thus, stable processes are often used to model sums of many random
independent perturbations with heavy-tailed distributions (i.e., when large outcomes
are not unlikely). In particular, they arise frequently in the fields of financial mathe-
matics, internet traffic statistics, or signal processing (see, e.g., [1], [23], [27], [32]-
[35], [37], [39], [40] and the books [36], [43]).

Linear equations Lu = f with L in the class £, have already been studied,
specially by Sztonyk and Bogdan (see, e.g., [7], [41], [49], [50]). When the spectral
measure /& in (1.3) belongs to C%° (S~ 1), the regularity up to the boundary of u/d*
in C*° domains follows from the recent results of Grubb [21] for linear pseudodiffer-
ential operators.

Notice that all second-order linear uniformly elliptic operators are recovered as
limits of operators in £+« = L4«(s) as s — 1. In particular, all second-order fully
nonlinear equations F(D?u) = f(x) are recovered as limits of the fully nonlinear
integro-differential equations that we consider. Furthermore, when s < 1, the class of
translation-invariant linear operators £ (s) is much richer than the one of second-
order uniformly elliptic operators. Indeed, while any operator in the latter class is
determined by a positive definite n x n matrix, a function y : §"~! — R¥ is needed
to determine an operator in £, (s).

A key feature of the class £, for boundary regularity issues is that

L(x,)% =0 in{x, >0} forall L € £,.

This is essential first to construct barriers which are comparable to d* and later to
prove finer boundary regularity.

1.2. Equations with bounded measurable coefficients

The first result of this paper, on which all the other results rely, is Proposition 1.1.
Here and throughout the article, we use the definition of viscosity solutions and

inequalities from [14]. Moreover, for r > 0, we denote

BYf=B,N{x,>0} and B =B, N{x, <0},

and the constants A and A in (1.4) are ellipticity constants. The extremal operators
associated to the class £« are denoted by M ;* and My :
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M;g u= sup Lu and Mg u= inf Lu.
' Leg. * o Leks

: — — + +
Note that, since £« C Lo, then Mxo < Mx* < Mx* < Mio'

PROPOSITION 1.1
Let s9 € (0,1) and s € [sg, 1). Assume that u € C(By) N L*®°(R") is a viscosity solu-
tion of

Mf u>—Cy inBf,
Mz u<Co inBf, (1.6)

N . o + - N
for some nonnegative constant Co. Then, u/x; is C*(B; /2) for some & > 0, with the
estimate

lu/x3l casy,) = € (Co+ atlloogen)- (1.7)

The constants & and C depend only on n, sy, and the ellipticity constants.

It is important to note that the constants in our estimate remain bounded as s — 1.
This means that from Proposition 1.1 we can recover the classical boundary Harnack
inequality of Krylov from [29].

The estimate of Proposition 1.1 is only a first step toward our results. It is obtained
via a nonlocal version of the method of Caffarelli [26, p. 39] for second-order equa-
tions with bounded measurable coefficients (see also Section 9.2 in [10]). This method
has been adapted to nonlocal equations by the authors in [42],T where we proved esti-
mate (1.7) for the fractional Laplacian (—A)* in C ! domains.

As explained before, our main result is the C**7 regularity of u/d* in C27
domains for solutions u to fully nonlinear integro-differential equations (see Sec-
tion 1.3). Thus, for solutions to the nonlinear equations, we push the small Holder
exponent & > 0 in (1.7) up to the sharp exponent s + y in (1.5). To achieve this, new
ideas are needed, and the procedure that we develop differs substantially from that
in second-order equations. We use a new compactness method and the “boundary”
Liouville-type Theorem 1.4, stated later in the Introduction. This Liouville theorem
relies on Proposition 1.1.

TIn [42], we incorrectly attributed the method to Krylov. Instead, we were using a method due to Caffarelli, who
gave an alternative proof of Krylov’s boundary regularity theorem.
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1.3. Main result
Before stating our main result, let us recall the definition and motivations of fully
nonlinear integro-differential operators.

As defined in [14], a fully nonlinear operator I is said to be elliptic with respect
to a subclass £ C £ when

Mg (u—v)(x) < Tu(x) —Tv(x) < Mg (u—v)(x)

for all test functions u, v which are C? in a neighborhood of x and which have finite
integral against wg(x) = (1 —s)(1 + |x|~"2%). Moreover, if

I(u(xo + ) (x) = (Tu) (xo + X),

then we say that I is translation-invariant.

Fully nonlinear elliptic integro-differential equations naturally arise in stochastic
control and games. In typical examples, a single player or two players control some
parameters (e.g., the volatilities of the assets in a portfolio) affecting the joint distri-
bution of the random increments of n variables X (¢) € R". The game ends when X (¢)
exits for the first time a certain domain €2 (as when having automated orders to sell
assets when their prices cross certain limits).

The value or expected payoff of these games u(x) depends on the starting point
X(0) = x (initial prices of all assets in the portfolio). A remarkable fact is that the
value u(x) solves an equation of the type Iu = 0, where

Tu(x) = sup(Lqu + ¢q) or Iu(x) = igfsup(Labu + cap)- (1.8)
a a

The first equation, known as the Bellman equation, arises in control problems (a single
player), while the second one, known as the Isaacs equations, arises in zero-sum
games (two players). The linear operators L, and L, are infinitesimal generators
of Lévy processes, standing for all the possible choices of the distribution of time
increments of X(¢). The constants ¢, and c,p are costs associated to the choice of the
operators L, and L,;. More involved equations with Oth-order terms and right-hand
sides also have meanings in this context as interest rates or running costs (see [9],
[14], [19], [38] and the references therein for more information on these equations).

When all L, and L, belong to £, then (1.8) are fully nonlinear translation-
invariant operators elliptic with respect to £, as defined above.

The interior regularity for fully nonlinear integro-differential elliptic equations
was mainly established by Caffarelli and Silvestre in their well-known work [14].
More precisely, for some small o > 0, they obtain C ' interior regularity for fully
nonlinear elliptic equations with respect to the class &£; made of kernels in &£ which
are C! away from the origin. For s > 1/2, the same result in the class £ has been
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recently proved by Kriventsov in [28]. These estimates are uniform as the order of the
equations approaches 2, so they can be viewed as a natural extension of the interior
regularity for fully nonlinear equations of second order. There were previous interior
estimates by Bass and Levin [5] and by Silvestre [46] which are not uniform as the
order of the equation approaches 2. An interesting aspect of [46] is that its proof is
short and uses only elementary analysis tools, taking advantage of the nonlocal char-
acter of the equations. This is why the same ideas have been used in other different
contexts (see [17], [47]).

For convex equations elliptic with respect to £, (i.e., with kernels in £y which
are C? away from the origin), Caffarelli and Silvestre obtained C 25" interior regu-
larity in [15]. This is the nonlocal extension of the Evans—Krylov theorem. The same
result in the class £¢ has been recently proved by the second author in [45]. (Other
important references concerning interior regularity for nonlocal equations in nondi-
vergence form are [2], [18], [22], [24], [25].)

Our main result is the following.

THEOREM 1.2

Let 5o € (0,1) and let s € [sg,1). Let @ be the exponent given by Proposition 1.1.
Assume that 1 is a fully nonlinear and translation-invariant operator of the form (1.8)—
(1.3)—(1.4). In addition, assume that the spectral measures satisfy

ieabllcr (sn—1y = A.

Let f € C”(Bfr), and let u € L*°(R™) N C(By) be any viscosity solution of

{Iu =/ inBj, (19

u=0 inBj.

Assume that y € (0,1 —s + @) and that s + y is not an integer. Then, u/(x,)* belongs
to CStY (Bl"}z) with the estimate

||u/(xn)s ||Cs+y(Bl";2) = C(”””LOO(R”) + ”f”CV(BIF))’

where the constant C depends only on n, sg, y, A, and A.

Notice that taking y = 1 —s + « in the previous result (with o > 0 small), we find
that u/(x,)* is C ** up to the boundary. Thus, it gives an estimate of order 1 + s + o
on the boundary, and not only 2s 4 « (which is the regularity in the interior of the
domain for convex equations; see [15], [45]).

As stated above, before our results almost nothing was known about the boundary
regularity of solutions to fully nonlinear integro-differential equations. It was only
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known that solutions u to these equations are C% up to the boundary for some small
a > 0 (a result for u but not for the quotient u/d*).

Theorem 1.2 gives a sharp boundary regularity estimate for fully nonlinear equa-
tions elliptic with respect to &£ «, recovering in the limit s 1 1 the celebrated boundary
regularity estimate of order 2 + o of Krylov.

Note also that our result is not only an a priori estimate for classical solutions
but also applies to viscosity solutions. For local equations of second order, the bound-
ary regularity for viscosity solutions to fully nonlinear equations has been recently
obtained by Silvestre and Sirakov [48]. The methods that we introduce here to prove
Theorem 1.2 can be used to give a new proof of the results for second-order fully
nonlinear equations.

Apart from their intrinsic interest, we believe that the results and proofs in this
paper will be useful in order to make progress in the study of other important models
with nonlocal diffusion where the boundary behavior of solutions plays a crucial role.
For instance, the precise understanding of the boundary behavior of solutions given
by Theorem 1.2 (and Theorems 1.3 and 1.4 stated later on in the Introduction) opens
the door to a detailed study of regularity properties for natural free boundary models
such as:

. The obstacle problem with diffusion operator in L € £:

min{—Lu,u —¢} =0 inR".

. The (variational) one-phase problem, concerning local minimizers of
210(3/1y1)
// u(x) —u(x +y)) Tyt dxdy + | xusoy(x)dx.

Currently, these models have only been studied for the fractional Laplacian L =
(—A)® (see [11], [12] and the references therein).

1.4. Estimates in C*? domains
We will also establish the following boundary regularity estimate in C?*¥ domains.
In this result, we consider operators

I(u,x) = irblfsup(Labu + cap(x)), (1.10)
a
with L, of the form (1.3)—(1.4) and satisfying
lapllcror(sn—1y < A. (L.11)
Moreover, we assume also that
leaplle () < Co- (1.12)

Under these assumptions, we have the following.
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THEOREM 1.3

Let 5o € (0,1) and let s € [sg, 1). Let & be the exponent given by Proposition 1.1, and
lety € (0,1 —s + ). Assume in addition that s + y is not an integer and that y < s.
Let Q be any C*Y domain, and let 1 be a fully nonlinear operator of the form (1.10)
with (1.3)—(1.4)~(1.11)—(1.12). Let d(x) be a C*Y (S_Z) function that coincides with
dist(x,R" \ Q) in a neighborhood of 3. Then let u € C(Q) be any viscosity solution

of

I(u,x)=f inQ,
u=20 inR"\ Q,

with || f | cv @) < Co- Then, u/d* belongs to C5tY(Q) with the estimate
u/d* || cstv gy < CCo,

where the constant C depends only on R, sg, ¥, A, and A.

In case of local equations of second order, the Krylov estimate in C%¥ domains
is usually proved by flattening the boundary; (see [26], [48]). However, we will not
do this here, and thus we do not deduce Theorem 1.3 from Theorem 1.2.

Note that as a consequence of Theorem 1.3, one can immediately obtain estimates
for solutions to

Iu=f inQ,
u=g inR"\Q,

with g € C*17(R") and f € C? (). Indeed, one only needs to consider i = u — g
in R” and then apply Theorem 1.3 to i to find that (u — g)/d* € C5T7(Q).

1.5. Ingredients of the proof

Let us explain now the main ideas in the proofs of Theorems 1.2 and 1.3. Our proof
of these results differs substantially from boundary regularity methods in second-
order equations. Indeed, recall that for second-order equations, one first shows that
D?u is bounded on the boundary, and then the estimate for equations with bounded
measurable coefficients implies immediately a C2** estimate on the boundary for
solutions to fully nonlinear equations (see [10], [26]).

This is much more delicate for nonlocal equations, and it is not at all easy to prove
Theorem 1.2 using Proposition 1.1. A main reason for this is not only the nonlocal
character of the estimates, but also the fact that tangential and normal derivatives of
the solution behave differently on the boundary; recall that the solution is C* and not
Lipschitz up to the boundary.
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In our proof, the main step toward Theorem 1.2 is an iterative result of the form
u/(xa)* €CP(BY,) = u/(x)* e CFP(B],), (1.13)

where o € (0,@) is small, and § € [0, 1] satisfies @ + B < y + 5. Essentially, this is
equivalent to an estimate on the boundary, which reads as follows. If u satisfies the

hypotheses of Theorem 1.2 and if u/(x,)’ € Cﬂ(B;M), then for all z € {x,, =0} N

By, there exist b, € R and p, € R" for which
lu(x) —bo(xn) — (pz - X)(xp)S | < Clx —z[*PFS forallx e By.  (1.14)

In the case that o + B < 1, then the term (p; - x)(x,)?. does not appear.

The estimate on the boundary (1.14) relies heavily on two ingredients, as we
explain next. The first ingredient is a Liouville-type theorem for solutions in a half-
space. Essentially, we want a Liouville theorem that states that any solution to

Iu=0 in{x, >0},
u=0 in{x, <0},
satisfying the growth control at infinity
||l LooBRy < CRETTE forall R > 1

must be of the form

u(x) = (xn)3 (p-x +b).

However, for functions having such growth at infinity (recall that s + « 4+ 8 could be
2s + y), the operator Iu is not defined. The correct form of such a Liouville theorem
is the following.

THEOREM 1.4
Let & > 0 be the exponent given by Proposition 1.1. Assume that u € C(R") satisfies,
in the viscosity sense,

M;*{u(-ﬁ—h)—u}zO and Mg {u(-+h)—u} <0 in{x, >0},
u=>~0 m{xn <O},

for all h € R" such that hy,, > 0. Assume that, for some B € (0,1) and a € (0,@), u
satisfies

[u/(x,,)i]cﬁ(BR) <CR* forall R>1. (1.15)
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Then,

u(x) = (xn)3 (p-x +b)

for some p e R* and b € R.

To prove Theorem 1.4, we apply Proposition 1.1 to incremental quotients of u in
the first (n — 1)-variables. After this, rescaling the obtained estimates and using (1.15),
we find that such incremental quotients are zero, and thus that u is a 1-dimensional
solution. Then, we use the fact that, for 1-dimensional functions, all operators L €
&£« coincide up to a multiplicative constant with the fractional Laplacian (—A)* (see
Lemma 2.1). Therefore, we only need to prove a Liouville theorem for solutions to
(—A)Sw =01in R4, w = 0 in R_, satisfying a growth control at infinity. This is done
in Lemmas 5.2 and 5.3.

The second ingredient toward (1.14) is a compactness argument. With u as in
Theorem 1.2, and with u/(x,)* € C# (B;r/ 4+)» We suppose by contradiction that (1.14)
does not hold, and we blow up the fully nonlinear equation at a boundary point
(after subtracting appropriate terms to the solution). We then show that the blow-
up sequence converges to an entire solution in {x, > 0}. Finally, the contradiction is
reached by applying the Liouville-type theorem stated above to the entire solution in
{xn > 0}. For this, we need to develop a boundary version of a method introduced
by the second author in [44], [45]. The method was conceived there to prove interior
regularity for integro-differential equations with rough kernels.

These are the main ideas used to prove Theorem 1.2.

The proof of Theorem 1.3 follows the same ideas as the one of Theorem 1.2.
However, since we will not flatten the boundary of € (since the equation would
change too much), it requires one additional ingredient.

Indeed, we need to show that L(d*) is C?(Q) for any linear operator L of the
form (1.3)—(1.4)—(1.11). This is given by Proposition 9.1. Note that in the case of flat
boundary, one has L(x,)?% = 0 for any such operator, so that there is nothing to prove.
To show this in general C2*¥ domains, we need to flatten the boundary.

After flattening the boundary, any operator L of the form (1.3)-(1.4)—(1.11)
becomes

L(u,x) =PV u(x) —u(x+z2))K(x,z)dz,
X )

where

ai(x,z/|z|) | ax(x.z/|z])
K(x,z): |Z|n+23 + |Z|n+23—1 XBl(Z)+J(x’Z)’
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and where a; is even in the second variable, a5 is odd in the second variable, and J
has a singularity of order n + 25 — 1 — y near the origin. Moreover, a1, a,, and J are
C? in the x-variable.

To prove that L((x,)%.,x) is a C? function, we have to take advantage of an
important cancelation arising from the fact that a, is odd in the second variable.

This article has the following organization. In Section 2, we give some important
results on £, and £¢. In Section 3, we construct some subsolutions and supersolu-
tions that will be used later. In Section 4, we prove Proposition 1.1. In Sections 5 and
6, we show the Liouville Theorem 1.4. Then we prove Theorem 1.2 in Section 7, and
in Section 8 we prove Theorem 1.3. Finally, in Section 9 we prove Proposition 9.1.

2. Properties of £, and £

This section has two main purposes: to show that the class &£, C &£ is the appropriate
one to obtain fine boundary regularity results, and to give some important results on
&L+ and Lg.

2.1. The class £«
For s € (0, 1), we define the ellipticity class £, = L« (s) as the set of all linear oper-

ators L of the form (1.3)—(1.4). Throughout the current article, the extremal operators
(as defined in [14]) for the class £, are denoted by M * and M —; that is,

M u(x) = M; u(x) = sup Lu(x)
* Lefs

and

M~ u(x) = Mg u(x) = Lienglg* Lu(x). (2.1)

The following useful formula writes an operator L € £, as a weighted integral
of 1-dimensional fractional Laplacians in all directions:

Lu=(1-ys) - dQE/—oo dr( 5 _u(x))|r|n+2s
1_
) : / dOu(0)(—0g9) u(x), (2.2)
Cl,s JSn—1
where
00 e} —0 d
—(—399)SM(X)=c1,sf_ (u(x+ r)eru(x r)_u(x))wlizs

is the 1-dimensional fractional Laplacian in the direction 6, whose Fourier symbol is
—|6 - £]?S. The following is an immediate consequence of the formula (2.2).
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LEMMA 2.1

Let u be a function depending only on variable x, (i.e., u(x) = w(xy,), where w :
R — R). Then,

1—
Lu(x) =-3 &

<[S‘nI |9n|2S,U«(9) de)(—A)‘H%w(xn)7

Cl,s

where (—A)y, denotes the fractional Laplacian in dimension 1.

Proof
Using (2.2), we have

1—ys
Lu() = 5 [ 85w +6,)1a(6) d6
Cl,s Jsn—1
1—ys
5o [ e A+ )6 do.
Cl,s Jsn—1
as desired. O

Another consequence of (2.2) is that M+ and M~ admit the following closed
formulae:

Mo =3 [ (A0 w00) = Ay w0) ) de
and
Mo = 3= [ (0w ) = Ao ) ) o

Throughout this paper, given that v € S”~! and B € (0,2s), we denote by ¢ :
R — R and gof :R” — R the functions

o= and  ef0) =i (2.3)

A very important property of &£ is the following.

LEMMA 2.2
For any unit vector v € S"~1, the function ¢ satisfies M+ ¢S = M~ ¢S =0 in {x -
v >0} and @) =0in{x-v <0}.

Proof
We use Lemma 2.1 and the well-known fact that the function ¢*(x) = (x4 )" satisfies
(=A)%¢® =0in {x > 0} (see, e.g., [42, Proposition 3.1]). O
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Next we give a useful property of M and M ~.

LEMMA 2.3

Let B € (0,2s), and let M and M~ be defined by (2.1). For any unit vector v €
S"=1, the function (pf satisfies M+(p,‘? (x) = ¢(s, B)(x - v)P~2 and M_(pf (x) =
c(s,B)(x-v)B"25 in{x-v >0}, and (p{? =0in{x-v <0}. Here, ¢ and c are constants
depending only on s, B, n, and the ellipticity constants. Moreover, ¢ and ¢ satisfy
C > ¢, and they are continuous as functions of the variables (s,B) in {0 <s <1,0 <
B < 2s}. In addition, we have

c(s,B)>c(s,B)>0 forall B € (s,25) (2.4)
and
) +oo0  foralls€(0,1),
1 ,B) = 2.5
ﬂl/’Hleg(s 2 {C>O fors=1. )
Proof

Given L € £, by Lemma 2.1 we have

— S

1
Lof (x) = e
.8

([, 1616 49) )3 Gx-v).
Hence, using the scaling properties of the fractional Laplacian and of the function ¢#
we obtain that, for x - v > 0,
M*gf(x) = C(x-v)P 72 max{=A(=A)re” (1), ~A(=A)ze” (1)}
and
M~ @P (x) = C(x - v)P72 min{—A(=A)30? (1), ~A(=A)%0P (1)},

where C = (1 —5)/(2c1,5) > 0.

Therefore, to prove that the two functions ¢ and ¢ are continuous in the variables
(s,B)in {0 <s <1,0 < B < 2s} and that (2.4) and (2.5) hold, it is enough to prove
the same for

(5. 8) — —(=A)seP (1).

We first prove continuity in 8. If 8 and 8’ belong to (0, 2s), then as 8’ — B, we
have " — ¢ in C2([1/2,3/2]) and

/ 0P — P 1) (1 + |x]) T dx —0.
R
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As a consequence, (—A)HSQ(pﬂ'(l) — (—A)ﬁwﬁ(l). It is easy to see that if s and s’
belong to (0, 1], and B < 25, then (—A)Hsggoﬂ(l) — (—A)ﬁwﬂ (1) as 8" — s. Moreover,
note that whenever 8 > s, the function ¢? is touched from below by the function ¢* —
C at some point xg > 0 for some constant C > 0. Hence, we have (—A)ngaﬁ (x0) >
(—=A)j¢°(x0) = 0. This yields (2.4).

Finally, (2.5) follows from an easy computation using the definition of (—A)3,
and thus the proof is finished. ([

2.2. The class £
As defined in [14], for s € (0, 1) the ellipticity class £¢ = £L(s) consists of all oper-
ators L of the form

u(x +y) +ulx—y) b(y)
Lut) = =9 [ ( - )

where
b e L®(R") satisfies b(y) = b(—y) and A<b<A.
It is clear that
£+ C Lo.

The extremal operators for the class &£¢ are denoted here by M ;{0 and M 2o Since
L+« C Lo, we have

Mg, <M~ <M* <Mg .

Hence, all elliptic equations with respect to £, are elliptic with respect to £¢ and all
the definitions and results in [14] apply to the elliptic equations considered in these
pages.

As in [14] and [16], we consider the weighted L' spaces L!(R", wy), where

ws(x) = (1—s)(1+ |x]) "%, (2.6)
The utility of this weighted space is that, if L € £o(s), then Lu(x) can be evaluated
classically and is continuous in B/, provided that u € C?(B¢) N L' (R", wy). One
can then consider viscosity solutions to elliptic equations with respect to £¢(s) which
are not bounded but belong to L!(R”, wy). The weighted norm appears in stability
results (see [16]). As noted in the Introduction, the definitions of viscosity solutions
and viscosity inequalities that we follow are those from [14].

Next we state the interior Harnack inequality and the C* estimate from [14].
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THEOREM 2.4 ([14, Theorem 11.1])
Let so € (0,1) and let s € [so,1]. Let u > 0 in R” satisfy in the viscosity sense
Mg u < Co and Mgou > —Cy in Br. Then,

u(x) < C(u(0) + Cost) for every x € B,

for some constant C depending only on n, sy, and the ellipticity constants.

THEOREM 2.5 ([14, Theorem 12.1])
Let 5o € (0,1) and s € [so,1]. Let u € C(By) N LY (R", wy) satisfy in the viscosity
sense Miou < Co and M;OM > —Cy in By. Then, u € C%(By,2) with the estimate

lullce (s, 2) < C(Co + llullLoosy) + Il L1 @ wg))-

where o and C depend only on n, s, and the ellipticity constants.

2.3. No fine boundary regularity for £

The aim of this section is to show that the class £ is too large for all solutions to
behave comparably near the boundary. Moreover, we give necessary conditions on a
subclass £ C £ in order to have comparability of all solutions near the boundary.
These necessary conditions lead us to the class & ..

In the next result we show that, for any scale-invariant class £ C £ that contains
the fractional Laplacian (—A)®, and any unit vector v, there exist powers 0 < 8; <
s < B2 such that M;%’?‘ =0 and M;Eg)fz =0 in {x - v > 0}. Before stating this
result, we give the following definition.

Definition 2.6
We say that a class of operators &£ is scale-invariant of order 2s if, for each operator
L in £ and for all R > 0, the rescaled operator L g defined by

(Lru)(R) = R™>L(u(R))

also belongs to £.
The proposition then is the following.

PROPOSITION 2.7
Assume that £ C £¢(s) is scale-invariant of order 2s. Then the following hold.
(a) For every v € S" ! and B € (0,2s), the function (p,’? defined in (2.3) satisfies

MLl () =CBv)(x-v)P > in{x-v>0} )
(2.7)
Mz (x)=C(B.v)(x - v)F™ in{x-v>0}.
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Here, C and C are constants depending only on s, B, v, n, and the ellipticity
constants.

(b) The functions C and C are continuous in B and, for each unit vector v, there
are B1 < B2 in (0,2s) such that

C(B1,v)=0 and C(B2,v)=0. (2.8)

Moreover, for all B € (0,2s),

C(B,v) —C(B1,v) has the same sign as B — By (2.9)
and
C(B,v) —C(B2,v) has the same sign as B — B,. (2.10)
(c) If in addition the fractional Laplacian —(—A)’ belongs to £, then we have
B1=<s < pa.
Proof

The scale invariance of £ is equivalent to a scaling property of the extremal operators
M and M. Namely, for all R > 0, we have

MZ (u(R)) = R*(MZu)(R).

(a) By this scaling property, it is immediate to prove that given 8 € (0,2s) and

v e S™ 1 the function (pf satisfies (2.7), where

C(B,v) = Mgfpf(v) and C(B,v):= M;E(pf(v).

Of course, C and C depend also on s and the ellipticity constants, but these are fixed
constants in this proof.

(b) Note that, as 8’ — 8 € [0,2s), we have (pf/ — (pf in C?(By/2(v)) and in
LY(R", wy). As a consequence, C and C are continuous in A in the interval [0, 2s).
Since (p,‘? — X{xv>0} as B — 0, we have

C(v.0) = C(v,0) <0.
On the other hand, it is easy to see that
M;E()(pf (V) — 400 aspB 2s.
Hence, using that M;EO < Mi, we obtain

0<C(v,B)<C(v,B) for B close to 2s.
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Therefore, by continuity, there are 8; and 5 in (0, 2s) such that
C(B1.v)=0 and C(B2,v)=0.

To prove (2.9), we observe that if 8 > 1, then the function (pf is touched from

below by go,’?l — C at some xg € {x - v > 0} for some C > 0. It follows that
M (x0) = M ¢l (x0) = Mg, (o —¢{") (x0) > .

Since the sign of M;(pf is constant in {x - v > 0}, it follows that C (v, 8) > 0 when

B > Bi. Similarly, one proves that C (v, 8) < 0 when B < B1, and hence (2.10).
(c) This proof is an immediate consequence of the results of parts (a) and (b) and
the fact that —(—A)*¢S =01in {x-v > 0}. O

Clearly, to hope for some good description of the boundary behavior of solutions
to all elliptic equations with respect to a scale-invariant class £, it must be 8; = 8>
for every direction v. Typical classes £ contain the fractional Laplacian —(—A)*.
Thus, for them, we must have B = B, = s for all v € S”~!. If this happens, then

LeS=0 in{x-v>0}forall L€, andforallve "', (2.11)

since My <L < M; forall L € L.
As a consequence, we have the following.

COROLLARY 2.8
Let B1, B2 be given by (2.8) in Proposition 2.7. Then, for the classes £o, £1, and £,
we have B < s < Bs.

Proof
Let us show that for £ = £ the condition (2.11) is not satisfied. Indeed, we may
easily cook up L € £ so that Ly; (x',1) # 0 for x’ € R”~!. Namely, if we take

b(y)=(A+ (A =Vxs,,,0).

then at points x = (x’, 1) we have

0>L(pjn(x):(1_s)/Rn(u(x+y)+u(x_y)_

2

b(y)
|y|n+2s

u(x)) dy,
since @y is concave in By/»(x’, 1) and (=A)’¢; =0 in {x, > 0}. By taking an
smoothed version of b(y), we see that both £; and £, fail to satisfy (2.11). O

By the results in Section 2.1, it holds that the class &£ satisfies the necessary
condition (2.11). Although we do not have a rigorous mathematical proof, we believe
that £ is actually the largest scale-invariant subclass of &£ satisfying (2.11).
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3. Barriers

In this section, we construct supersolutions and subsolutions that are needed in our
analysis. From now on, all the results are for the class £ (and not for £). First we
give two preliminary lemmas.

LEMMA 3.1
Let 5o € (0, 1) and let s € [sg, 1). Let

oW (x) = (dist(x, B1))"  and @ (x) = (dist(x,R" \ By))’.
Then,
0=M M) < MTe®(x)
<C{l1+ (1 —s)|log(|x|—1)|} in B>\ B 3.1
and
0=M*9@(x)= M P (x)
>—C{l+ (1—s)[log(1—|x|)|} in By \ Bi. (3.2)

The constant C depends only on sg, n, and the ellipticity constants.

Note that the above bounds are much better than ||x| — 1|™%, which would be the
expected bound given by homogeneity. This is since ¢! and ¢® are in some sense
close to the 1-dimensional solution (x)%.

Proof of Lemma 3.1

Let L € £.. For points x € R, we use the notation x = (x’, x,) with x’ € R"~1. To
prove (3.1), let us estimate L(p(l)(xp), where x, = (0,1 4 p) for p € (0,1) and for a
generic L € £.,. To do it, we subtract the function ¥ (x) = (x, — 1)%_, which satisfies
Ly (x,) = 0. Note that

(o - Y)(x,) =0 forallp>0
and that, for |y| < 1,
|dist(x, + y. B1) = (1+ p+ ya) 4| <CIY'I.

This is because the level sets of the two previous functions are tangent on {y’ = 0}.
Thus,

Co*~Hy'|> fory = (y",yn) € By2.
0< @ =), +y)<{Cly'? for y = (¥, yn) € B1 \ By2.
Clyl* for y e R" \ B;.
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The bound in B/, follows from the inequality a® — b* < (a —b)b*~! fora > b > 0.
Therefore, we have

0<LeW(xy)
= L™ —y)(x))

@ _ @ _
=(1 —s)/ (¢4 w)(xp+y)12L(<p1 V) (xp—y) /Tifn/lzsl)

s—1 /2d /2sd Sd
5C(1—s)A(/ p |y+|2 y+/ Yl +2y+/ |y|+2y)
B |y[r+2s BI\B,,» IVI"T**  Jrm\p, |y[*T**

/2

<C(1+4 (1—ys)|logp]).

This establishes (3.1). The proof of (3.2) is similar. O

In the next result, instead, the bounds are those given by the homogeneity. In
addition, the constant in the bounds has the right sign to construct (together with
Lemma 3.1) appropriate barriers.

LEMMA 3.2
Let 5o € (0,1) and let s € [s9, 1). Let

0@ (x) = (dist(x, Bl))3S/2 and @ (x) = (dist(x,R" \ Bl))3S/2'
Then,
M_(p(3)(X) > c(|x| — 1)_S/2 forall x € By \ By (3.3)
and
M @ (x)>c(1—|x|)"*"*=C forallx € B\ By, (3.4)

The constants ¢ > 0 and C depend only on n, s¢, and the ellipticity constants.

Proof

Let L € £.. For points x € R”, we use the notation x = (x’, x,) with x’ € R"~1. To
prove (3.4) let us estimate Lo® (x,), where x, = (0,1 4+ p) for p € (0, 1) and for a
generic L € £,. To do it, we subtract the function ¥ (x) = (1 — xn)is/ 2, which by
Lemma 2.3 satisfies Ly (x,) = cp~5/2 for some ¢ > 0. We note that

(@@ —y)(x) =0

and, similarly as in the proof of Lemma 3.1,
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—Cp¥/271y'12 fory = (y'. yn) € Bpy2.
0= (W —y)(x, +y) = 1 -Cy'* for y = (y'.yn) € By \ Bypa.
—C|y|?>/? for y e R" \ B;.

Hence,
Lo® (xp) —cp™/?

= L™ —y)(x,)

3s/2—1],,/ 24 "3s 4 s/zd
z _C(l _S)A(/ g n|—iJ-)2L 4 +[ |y |n+2£} +/ |y| n+2sy)
B,/> |y| Bi\B,,> |y| R\ B |y|

>—C.

This establishes (3.4). To prove (3.3), we now define ¥ (x) = (x, — l)is/z, and we
use Lemma 2.3 and the fact that ¢® — v is nonnegative in all of R” and vanishes on
the positive x;, axis. O

We can now construct the subsolutions and supersolutions that will be used in the
next section.

LEMMA 3.3
Let 59 € (0, 1) and let s € [sg, 1). There are positive constants € and C, and a radial,
bounded, continuous function @1 which is C' in By1¢ \ By and which satisfies

M*oi(x) <1 in Byt \ By,
p1(x)=0 in By,

p1(x) =C(lx|=1)* inR"\ By,
p1(x) =1 in R" \ Biye.

The constants €, ¢, and C depend only on n, sg, and the ellipticity constants.

Proof
Let

_ J2e™ =B in B,
1 inR"\ B,.

By Lemmas 3.1 and 3.2, for |x| > 1 itis

—5/2

Mty <C{1+ (1 —s)|log(lx| = 1)|} — (x| — 1) + C.
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Hence, we may take € > 0 small enough so that M T < —1 in By, \ B;. We then
set 1 = Cy with C > 1 large enough so that ¢1 > 1 outside Bj 4. O

LEMMA 3.4
Let sg € (0,1) and s € [sg,1). There is ¢ > 0, and a radial, bounded, continuous
Sfunction @, that satisfies

M~py(x) >c in B\ B2,
P2(x)=0 inR"\ By,
@2(x) = c(1—|x[)* in By,

pa(x) <1 in T/z

The constants €, ¢, and C depend only on n, sg, and the ellipticity constants.

Proof
We first construct a subsolution ¥ in the annulus B; \ B;— for some small € > 0.
Then, using it, we will construct the desired subsolution in By \ By/». Let

v =¢@ 4@
By Lemmas 3.1 and 3.2, for 1/2 < |x| < 1 we have

—s/2 _

M~y > —C{1+ (1—s)|log(1 — |x])[} + (1 —|x]) C.

Hence, we can take € > 0 small enough so that M~y > 1in B; \ Bi—..
Let us now construct a subsolution in By \ By, from v, which is a subsolution
only in By \ Bi—.. We consider

W(x)= max CKy K Ny),
0<k<N
where N is a large integer and C > 1. Notice that, for C large enough, the set {x €

By : W(x) = v(x)} is an annulus contained in By \ Bj_e.
Consider, for k > 0,

Ax = {x € By 1 W(x) = Cky (2" N x)).

Since Ag C By \ Bi—e, then W satisfies M~W > 1 in Ay.
Observe that Ay = 27%/N 4y, since C~'W(2!/"x) = W(x) in the annulus {1/2 <
|x| < 2_1/”}. Hence, for x € Ay, we have 2/N x € 45 C B, \ Bi—¢ and

M~ (x) > M~ (Chy KN ) (x) = CR22KIN M=y 2K/ N x) > 1.

We then set ¢, = c¢W with ¢ > 0 small enough so that g>(x) < 1in By ;. O
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Remark 3.5

Notice that the subsolution ¢, constructed above is C LI from below in B; \El /2,10
the sense that it can be touched from below by paraboloids. This is important when
considering nontranslation-invariant equations for which a comparison principle for
viscosity solutions is not available.

4. The Caffarelli-Krylov method
The goal of this section is to prove Proposition 1.1. Its proof combines the interior
Holder regularity results of Caffarelli and Silvestre [14] and the next key lemma.

LEMMA 4.1 o

Let 59 € (0,1), let s € [s9, 1), and let u € C(Bl+) be a viscosity solution of (1.6). Then
there exist o € (0, 1) and C depending only on n, sg, and the ellipticity constants such
that

supu/x; —infu/x; < Cr¥(Co + |lull Loorn)) “4.1)
Bt B

forallr <3/4.

To prove Lemma 4.1, we need two preliminary lemmas. We start with the first,
which is a nonlocal version of Lemma 4.31 in [26]. Throughout this section, we
denote

D: = B9r/10 N {.X,'n > 1/10}

LEMMA 4.2
Let 5o € (0,1) and let s € [so, 1). Assume that u satisfies u > 0 in all of R" and that

M u<Cy inB,
for some Cy > 0. Then,

iDn;fu/x,s, <C( inf u/xy + Cor®) (4.2)

Br/2
for all r <1, where C is a constant depending only on sy, the ellipticity constants,

and dimension.

Proof
The proof consists of two steps.



2102 ROS-OTON and SERRA
Step 1. Assume that Cp = 0. Let us call
m= iDn;fu/xfl > (.
We have
u>mx, >m(r/10)° in D;. (4.3)

Let us scale and translate the subsolution ¢, in Lemma 3.4 as follows to use it as a
lower barrier:

I () = (/107 (), (44
We then have, for some ¢ > 0,
M~y >0 in Bar/10(x0) \ Br/10(x0),
V=0 in R" \ Bay/10(x0),
Yr>c % —[x])* in By/10(x0).
Vr < (r/10)* in By /10(Xo0).

It is immediate to verify that 3;72 is covered by balls of radius 27 /10 such that the
concentric ball of radius r/10 is contained in D}; that is,

B}, €| J{Bary1o(x0) : Brjio(xo) C D}}.

Now, if we choose some ball B, /19(xo) C D} and define ¥, by (4.4), then by (4.3)
we have u > my, in B,/19(x0). On the other hand, u > my, outside By,/19(x0),
since v, vanishes there and u > 0 in all of R” by assumption. Finally, M T, <0,
and since Co = 0, then M ~u > 0 in the annulus By,/10(x0) \ Br/10(X0). It therefore
follows from the comparison principle that u > m, in By, /19(x0). Since these balls
of radius 2r/10 cover B:;Z and V¥, > ¢(2r /10 — |x|)* in B/10(X0), we obtain

u>cmx, in B:;z,

which yields (4.2).
Step 2. If Cy > 0, then we argue as follows. First, let

¢ (x) = min{1,2(xn)% — (xa) 272},

By Lemma 2.3, we have M "¢ < —c in {0 < x,, < €} for some € > 0 and some ¢ > 0.
By scaling ¢ and reducing ¢, we may assume that € = 1. We then consider

i(x) =u(x)+ %rzsqﬁ(x/r).
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The function # satisfies in {0 < x, <r}
Y - + Co 2s
M u—M u<M (—r gb(x/r)) <—Cy,
¢
and hence
M~ u<0.
Using the fact that u(x) < #(x) < u(x) + CCor*(x,)’ and applying Step 1 to u, we

obtain (4.2). O

The second lemma in the direction of Proposition 4.1 is a nonlocal version of
Lemma 4.35 in [26]. It is an immediate consequence of the Harnack inequality of
Caffarelli and Silvestre in [14].

LEMMA 4.3

Let 59 € (0,1), let s € [sg, 1), let r <1, and let u satisfy u > 0 in all of R" and
M*tu>-Cy and M u<Cy inB}'.

Then,

supu/x; < C(infu/x; + Cor®),
D} Dy

for some constant C depending only on n, sg, and the ellipticity constants.

Proof

The lemma is a consequence of Theorem 2.4. Indeed, covering the set D with balls
contained in B;" and with radii comparable to r (using the same (scaled) covering for
all r), Theorem 2.4 yields

supu < C (infu + Corzs).
D} Dy

Then, the lemma follows by noting that x; is comparable to r* in D} O
Next we prove Lemma 4.1.

Proof of Lemma 4.1
First, dividing u by a constant, we may assume that Co + ||u||poorn) < 1.

We will prove that there exist constants C; > 0 and « € (0, s), depending only on
n, so, and the ellipticity constants, and monotone sequences (7 )x>1 and (Mg )k>1
satisfying the following. For all k > 1,
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My —my =47 1 <my <mppy <Wpy; < <1, (4.5)

and

+
ri’

my <C;'u/xs <my inB where ry = 47, (4.6)

Note that since ¥ = 0 in B, we have that (4.6) is equivalent to the following inequal-
ity in By, instead of B :

my(xn)% < Cr'u <mg(xy)%.  in By, 4.7)

where r;, = 4k, Clearly, if such sequences exist, then (4.1) holds for all » < 1/4 with
C = 4“C,. Moreover, for 1/4 < r < 3/4, the result follows from (4.8) below. Hence,
we only need to construct {my } and {my}.

Next we construct these sequences by induction. Using the supersolution ¢; in
Lemma 3.3, we find that

C C .
—5 Gy Sus ()} in B, (4.8)
whenever C; is large enough. Thus, we may take m; = —1/2 and m; = 1/2. Assume

now that we have sequences up to my and my . We want to prove that there exist mj
and 7y, which fulfill the requirements. Let

up = Cy 'u —my(xn)’,.

We will consider the positive part u,j of uy in order to have a nonnegative func-
tion in all of R” to which we can apply Lemmas 4.2 and 4.3. Let u; = u,j —ug.
Observe that, by induction hypothesis,

Uy =ug and uy =0 in By,.
Moreover, C{ Ly>m j(xn)% in B, , foreach j < k. Therefore, we have
up > (mj —mp)(xp)% = (mj —m; +my —mg)(xn)%
= (4" + 47 ()L in By,
But clearly 0 < (x,)% < r; in By, and therefore by using r; = 477, we have
up > —ri(r§ —ry) in B, foreach j <k.
Thus, since for every x € B \ B;, thereis j <k such that

x| <rj =477 <4|x|,
J
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we find
4x

Tk

4 o
5|22 —1) outside By, . (4.9)

s(

Now let L € £,. Using (4.9) and the fact that u,, =0 in B

up(x) = —rg .

for all x € By, /> we

rka
have
0 < Luy (x)
_ w(y /1yl
—-9 [ et
ctyEBr, |y|n+2s
<(l-y) r““g—ys(g—ya—l)Ldy
- wizres2 & Tl Ny |y[t2s
8z|5(|18z|* — 1
=(1—s)Ar,‘:—Sf P8~ 1) ),
lzZl=1/2 |zt
<eory °,

where g9 = go(a) | 0 as « | 0 since |8z|* — 1. Since this can be done for all
L € £, then Uy vanishes in B,, and satisfies pointwise 0 < M‘u; < M+u;, <
80r,‘c"_s in Br'lt /2 Therefore, recalling that

-1 —
u,‘: = Cy u—mp(xp) +uy,

and using the fact that MJr(xn)f|r = M~ (x,)% = 0in {x, > 0}, we obtain
M~uf <C7'M™u+ M* (uy)
< Cl_1 +eorg ° in B:]:/Z.
Also clearly,

+. .+ + -1 . p+
M uy > M up >—C; 1nBrk/2.

Now we can apply Lemmas 4.2 and 4.3 with u in its statements replaced by u,i'
Recalling that

u,fzuszl_lu—mkxfl in Br:,

we obtain

sup (Ci'u/x;, —my) < C( inf (C7lu/xy —my) + C7'r + gorf)
D ri/2
ri/2 k

=C( inf (Crlu/xs —my) + Clrf 4+ eor).  (4.10)

Brk/4
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On the other hand, we can repeat the same reasoning “upside down”—that is,
considering the functions uy = my (x,)% — u instead of uy. In this way we obtain,
instead of (4.10), the following:

sup (7 — C 'u/x) < C( inf (" — Crlu/xs) + C7lrl +eorf). (4.11)

DY /2 B, 4

Adding (4.10) and (4.11), we obtain

g —my < C(inf (Cylu/x5 —my) + inf (Mg — Cy 'u/x5) + Crlrf + eorf)
BT BT
ri/4 ri /4
=C( inf Cilu/xs — sup Cylu/xy +my —my + Cylri + eorfl).

Brk+l B;’;{+1

Thus, using my —my = 4_""‘, o<s,and ryp = 4k < 1, we obtain
-1 K : -1 s c-1 -1 —ak
sup C;{ 'u/x, — inf C;{ u/x; < (— + C; +80)4 .
Bt B C
rk+1 +1
Now we choose « small and C; large enough so that

Cc-1
—+ Cil +eo(a) <472

This is possible since gg() | 0 as @ | 0 and the constant C depends only on #, sq,
and the ellipticity constants. Then we find

sup Cylu/xs — iﬂf Cilu/xs < 47otk+D),

B;;c-H Brit

and thus we are able to choose m . and m satisfying (4.5) and (4.6). O
To end this section, we give the following proof.

Proof of Proposition 1.1
Let x € B}, and let x¢ be its nearest point on {x, = 0}. Let

1/2°
d = dist(x, xo) = x, = dist(x, By).
By Theorem 2.5 (rescaled), we have

lullce By ey < Cd™*(|[ull Loo @y + Co).

Hence, since [|(xn) ™ lce (B, »(x)) < Cd ™, then for r < d /2
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0scp, (xy U/ Xy < Créd ™" (|lull Loo@n) + Co)- (4.12)
On the other hand, by Lemma 4.1, for all » > d /2, we have
0SCp, (B, u/xy < Cr®(|Jull Loo@ny + Co)- (4.13)

In both previous estimates, @ € (0, 1) depends only on n, s, and the ellipticity con-
stants. Let us call

M = (|lull o @y + Co).

Then, given 6 > 1, we have the following alternatives.
6] Ifr< d9/2, then by (4.12),

0sCp, (x) U/ Xy <Cré%d™"*M < Cro—G+a)/0
(i) Ifd?/2 <r <d/2, then by (4.13),
0SCp, (x) U/ X < 0SCB, /5 (x) u/x; <Cd*M < crYfm.
(iii)) Ifd/2 <r,then by (4.13),
0SCp, (B, u/x; <Cr*M.
Choosing 0 > (s + &)/« (so that the exponent in (i) is positive), we obtain

osc]_,;r(x)m.’,;u/4 u/xfl < Cr“,M whenever x € BIJF/2 andr > 0, 4.14)

for some o’ € (0, ). This means that |Ju/x} I cor < CM, as desired. O

(B
5. Liouville theorems in R”,
The goal of this section is to prove Theorem 1.4.

First, as a consequence of Proposition 1.1, we show the following Liouville-type
result involving the extremal operators. Note that the growth condition CR# in this
lemma holds for 8 < s + & (with & small), in contrast with the Liouville Theorem 1.4.

PROPOSITION 5.1
Let 59 € (0,1) and let s € [sg, 1). Let & > 0 be the exponent given by Proposition 1.1.
Assume that u € C(R") is a viscosity solution of

MTu>0 and M u<0 in{x,>0},

u=0 in{x, <0}
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Assume that, for some positive B < s + &, u satisfies the growth control at infinity
||l Loor) < CRP  forall R> 1. (5.1)
Then,
u(x) = K(xa)Y,
for some constant K € R.
Proof

Given p > 1, let v,(x) = pPu(px). Note that for all p > 1, the function v, satisfies
the same growth control (5.1) as u. Indeed,

lvpllzoe () = 0 P llull Loo(B,) < PP C(PR)P = CRE.

In particular [[vyllzoo(g;) < C and |JvpllL1gn m,) < C, with C independent of p.
Hence, the function 0, = v, x g, satisfies M T3, > —C and M~ 0, < C in By, N
{xn > 0}, and v, = 0 in {x, < 0}. Also, [|Up| L(B,,,) < C. Therefore, by Proposi-
tion 1.1, we obtain

1vo/ %l caag,p = 10/ 55l cags,y < C-
Scaling this estimate back to u, we obtain
/%) caat ) = P[40/ 0x) Laay
= PP v/ () Jcaa ) < CPPTT
Using the fact that 8 < s + « and letting p — oo, we obtain
[u/xplce @ nix,>o0pn =0,

which means that u = K(x,)? . O

Proposition 5.1 will be applied to tangential derivatives of a solution to u in the
situation of Theorem 1.4. It will give that u is in fact a function of x, alone. To
proceed, we will need the following crucial lemmas. These are Liouville-type results
for the fractional Laplacian in dimension 1, and they will be proved in Section 6.

In the first one, the growth of the solution u still allows us to compute (—A)*u.

LEMMA 5.2
Let u € C(R) be a function satisfying (—A)’u =0in R4, u=0inR_, and |u(x)| <
C(1 + |x|B) for some B < 2s. Then, u(x) = K(x4)".
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The second one is for functions that grow too much at infinity, so that one cannot
compute (—A)*u—as in Theorem 1.4.

LEMMA 5.3
Let ¢ : R —> R be defined by

Gap(x) =a(xs) +b(xp)' .

Then we have the following.
(a) For any a and b, the function ¢, p satisfies

(=) {@ap (- +h) = dap} =0 in (0,00).
(b)  Letu € C(R) be any function such that u = 0 in R_ and satisfying
(A {u-+h)—u} =0 inRy
Sfor any h > 0. Assume in addition that, for some y € (0,1) and p € (0,2s),
[/ () ] ev qo.rpy = CR? forallR>1.
Then,
U(x) = B ()

for some a and b.
We will also need the following observation.

LEMMA 5.4
Assume that u is a function in R" depending only of one variable (i.e., u(x) = {(xp)).
Then, we have

Mtu(x) = —c1(—A)RE(xn)
and
M~u(x) = —c2(= AR (xp)

in the viscosity sense, where ¢y and c; are positive constants.

Proof
The proof follows immediately from Lemma 2.1. O
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Furthermore, we will also use the following lemma.

LEMMA 5.5
Let a € R" and let b € R, and define

¢(x) = (xn)%(a-x +Db).
Then, for all h € R™ with h, > 0, we have

MH¢(+h) —¢} =M {p(-+h) —¢} =0 in{x, >0}

Proof
The proof follows immediately from Lemmas 5.4 and 5.3(a). O

We can now give the following proof.

Proof of Theorem 1.4
First take & € S™~! such that &,, = 0, and define

v(x) =u(x +h) —u(x).
Then, v satisfies

M*tv>0 and M~v <0 in{x, >0},
v=20 in {x, <0}.

Moreover, by (1.15) it also satisfies the growth control
|0/ Gin)% || Loo gy < CR® forall R>1,
and hence
vl Loo(gy < CR*Y®  forall R > 1.
Thus, it follows from Proposition 5.1 that
v(x) = K(x,)3.
Therefore, we have
u(x +h) —u(x) = K(x,)%
whenever &, = 0, and this implies that
u(x) = (xn) (@ x +b) + ¥ (xn)

for some 1-dimensional function ¢ : R — R.
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Now, by Lemmas 5.5 and 5.4, we have, for all / € R’i and all x € Ri,

M {u(+h) = uf(x) = =1 (A {Y (- + hn) = ¥} (xn),

and the same holds with M ~. Thus, for any 4 > 0, this 1-dimensional function
satisfies

(=AY (-+h)—y}=0 in(0,+00),
Y =0 in (—o00,0).

Moreover, note that by the assumptions of the theorem, the function y satisfies
[v/(x0)* s qo.py) = CR® forall R>1.
Hence, by Lemma 5.3, we find that ¥ (x,) = K (x,,)fr“ + K>(xp)%, and
u(x) = ()’ @~ x + b).

as desired. O

6. Liouville theorems in dimension 1
The aim of this section is to prove Lemmas 5.2 and 5.3.

To prove them, we need the following result. It classifies all homogeneous solu-
tions (with no growth condition) that vanish in a half line of the extension problem of
Caffarelli and Silvestre [13] in dimension 1 + 1.

LEMMA 6.1

Let s € (0,1). Let (x,y) denote a point in R?, and let r > 0, 6 € (—m, ) be polar
coordinates defined by the relations x = r cos 0, y = r sinf. Assume that v > —s and
that ¢, = r’tV0,(0) is even with respect y (or equivalently with respect to 0) and
solves

div(|y['"*Vgy) =0 in{y # 0},
limy_ |y['™20yg, =0 on{y =0} N{x >0}, (6.1)
qv=0 on{y =0}N{x <0}

Then we have the following.
(a) v belongs to NU {0, —1} and

©,(0) = K|sin0|* P; (cos b)),

where Pl' is the associated Legendre function of the first kind. Equivalently,
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0,(0) = C‘cos(g)‘zstl (-vv+ - #)

where 5 F1 is the hypergeometric function.
(b) The functions {©y }yenugoy are a complete orthogonal system in the subspace
of even functions of the weighted space L*((—m, ), |sin0|!72%).

Proof
We defer the proof to the Appendix. O

Using the previous computation, we can now prove Lemma 5.2.

Proof of Lemma 5.2
Let

PLs !
y (14 (x/y)?)+29/2

Ps(xsy) =

be the Poisson kernel for the extension problem of Caffarelli and Silvestre (see [8],
[13]). Given the growth control |u(x)| < C|x|? at infinity with B < 25 and given
lu(x)| < C|x|°~" near the origin with § > 0, the convolution

v(,y) =ux Ps(.y)
is well defined and is a solution of the extension problem
div(y'=2Vv) =0 in{y >0},
{v(x,O):u(x) for x e R.
Since (—A)*u =01in {x > 0} and u = 0 in {x < 0}, the function v satisfies

li\INn yl_Zsayv(x,y):0 forx >0 and v(x,00=0 forx <D0.
y\O

Hence, v solves (6.1). Let ®,, v € NU{0}, be as in Lemma 6.1. Recall that r* 7 ©®,,(9)
also solves (6.1). By standard separation of variables, in every ball B; (0) of R? the
function v can be written as a series

o0
v(x,y)=v(rcosf,rsinf) = Za,,rs+”®,,(9). (6.2)

v=0
To obtain this expansion, we use the fact that, by Lemma 6.1(b), the functions
{®,}venufo,—1} are a complete orthogonal system in the subspace of even func-
tions in the weighted space L2((—m, ), |sinf|'72%), and hence they are complete
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in L2((0, ), (sin@)=2%). Moreover, by uniqueness, the coefficients a, are indepen-
dent of R and hence the series (6.2) provides a representation formula for v(x, y) in
the whole {y > 0}.

Now, we claim that the growth control ||u|| oo~ g, R) < CRP with B € (0,25) is
transferred to v (perhaps with a bigger constant C); that is,

”v”LOO(B;) = CRﬂ

To see this, consider the rescaled function ug(x) = R™Pu(Rx), which satisfies the
same growth control of u. Then,

VR = R_ﬂv(R-) =upg* P;.

Since the growth control for u g is independent of R, we find a bound for [[vR||; oo (B
1

that is independent of R, and this means that v is controlled by CRP in B, as
claimed. Next, since we may assume that foﬂ |©,(0)|?|sinf]% dd = 1 for all v > 0,
Parseval’s identity yields

o0
/ |U(x,y)|2yadU=Z|Clv|2R2S+2v+l+a, (6.3)
1t Br =0

where 0t Bgr = dBg N {y > 0}. But by the growth control, we have

/ [v(x.9)|*y* do < CRzﬂ/ y*do = CR¥+1+a, (6.4)
datBr 3T Br

Finally, since 28 < 45 < 2s + 2, this implies that a, = 0 for all v > 1, and hence
u(x) = K(x4)>*%, as desired. O

To establish Lemma 5.3, we will need the following extension of Lemma 5.2.

LEMMA 6.2

Let u satisfy (—A)*u =0 in Ry and let u = 0 in R_. Assume that, for some § > 0
and B € (0,2s), u satisfies the growth conditions

. [u(x)| < C|x|*! forall x € (0,1),

. [u(x)| < C|x|® forall x > 1.

Then u(x) = a(x4)® + b(xy)*~ L.

Proof

The proof is a slight modification of the proof of Lemma 5.2. Indeed, we may con-
sider the extension v(x, y) of u(x), which solves (6.1). Then we consider v(x, y) =
ffoo v(x, y) dx, which also satisfies (6.1) as well as satisfying the growth condition
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”v”LOO(B;) = CR'B+17

with B + 1 < 1 + 2s. Finally, writing v as in (6.2) and using (6.3) and (6.4) and the
fact that 2(8 + 1) <2 + 4s, we find that a,, = 0 for all v > 2. This yields (x,0) =
(x4)%(ax + b), and hence u(x) = a(x;)* + b(xy) L. O

We finally give the following proof.

Proof of Lemma 5.3

(a) The proof follows easily by using the extension of Caffarelli-Silvestre from [13].
(b) First, notice that u € C?([0, 1]), with § = min{y, s}. Hence, for each & > 0, the

function v(x) = u(x + 1) —u(x) satisfies v = 0 in (—oo, —h), [v| < C|h|® in [-h, 0],

and (—A)Sv = 0 in (0,00), and |v(x)| < C|h|"(1 + |x|?+5) in (0,00). Thus, by

standard interior regularity (see for example [42]), we get [v]co.1 (2 < C |h|3 1.

In particular,

[’ (x +h) —u'(x)| = |v'(x)| < Clh|®~" forall x € [h,2h],h € (0,1).
And this implies (summing a geometric series) that
/' (x)] < C|x[*~! forx € (0,1).
On the other hand, since |v(x)| < C|h|"|x|*$ for x > 1, we have
[V'(R)| < [V]co.a qr,2r1) < %||v||L°°([R/2,3R]) <C[n’ RFFs™1 for R> 1.
Therefore, it follows that, for all x > 1,
[/ ()| < [’ (D) —w' @)+ 4 ' (x = 1) —u'(x)]|
< CAPHs=T g obts=1 o 4 BTy
<C|x|P*s.

Thus, the function u’ satisfies
. (=A) (') =01in (0, 00),
. [u’(x)] < Clx]®~ for x € (0, 1),
. [u/(x)] < Clx[sTB+r=1 for x > 1,
and then it follows from Lemma 6.1 that

w'(x) = a(x)” +b(xy) "
Hence, since u(0) = 0, we have
u(x) = a(xs) T+ b(xy)’,

as desired. O
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7. Boundary regularity: Flat boundary

In this section we prove Theorem 1.2. The main step in the direction of this result
will be Proposition 7.1. Note that throughout this section the operator I will not
be translation-invariant but of the form (7.1), with L, translation-invariant. Hence,
I(u, x) belongs to a restricted class of nontranslation-invariant operators. Within this
class we can truncate solutions. Thanks to this, we may assume, for example, that in
u/(x,)* we find C# in all of R% and not only in B;r/ 4 (recall that we want to show
(1.13)).

In the following, given 8 € [0, 1] and A C R”, we denote

. [u(x) —u(y)|
[u]g,a:= sup — 5
xyedx#y 1X— Yl

That is, for § = 0, this gives the oscillation, and for 8 € (0, 1), this gives the Cch
seminorm. We also denote

lllg,a = llullLoocay + [ulg;a-
This notation is appropriate in order to treat at the same time the cases § = 0 and

B e(0,1).

PROPOSITION 7.1

Let 59 € (0,1), and let @ > 0 be the constant given by Proposition 1.1. Let s € (s¢, 1),
let @ € (0,&), let y €[0,1), and let B € [0,1] such that o« + <y + s. Assume in
addition that o + B # 1. Let u be a solution of l(u,x) = 0 in B;" and u = 0 in R",
where 1 is any fully nonlinear operator elliptic with respect to £«(s) of the form

I(u,x) = b'ggg sgi(Labu(x) + cap(x)). (7.1
Assume that
4/ Gon? Loy <1 and licapl, g <1
foralla € A and b € B. Then, for all r > 0,
[/ (en)* = Pr()] g+ < C

for some constant C that depends only on n, g, the ellipticity constants, «, and f,
where P(x) is defined as the polynomial of degree at most |« + B (0 or 1) which
best fits the function u/(x,)* in B". That is,

P, = argmin[B+ (u(x)/(xn)* — P()c))2 dx,

Pep r

where P is the space of polynomials with real coefficients and degree at most |+ S ].
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We will need the following preliminary results.

LEMMA 7.2

Let 59 € (0,1), let s, € [s0, 1] be a converging sequence with s,, — s, and let M;‘n
and Mg denote the extremal Pucci-type operators for the class £ «(sm) of order 2sy,.
Then, Ms'; — M and M;, — M weakly with respect to the weight ws,(y) =
(14 [yp"=2%.

Proof
The proof follows in a straightforward manner from the definition of weak conver-
gence of nonlocal elliptic operators in [16]. O

The second needed lemma is the following.

LEMMA 7.3

Let 59 € (0,1) and let s € (sg, 1). There exists § > 0 such that the following statement
holds. If M*w > —Cy and M~w < Cg in Bj', w =0 in By, and lwll L1 @r o) <
Co, then

< CC(y,
”w”CS(B;M) = 0
where C and § depend only on n, sy, and the ellipticity constants.

Proof
First, using the barrier given by Lemma 3.3, we find that [w(x)| < CCp(x,)% in

B7+/8. Then, the result follows by using the interior estimates in [14] (see also [16,
Section 3]). O

We next give the following proof.

Proof of Proposition 7.1
The proof is by contradiction. If the conclusion of the proposition is false, then there
are sequences Uy, lx, Sk, and yg satisfying

. Ix (ug,x) =0in Bt and uy =0in B,

. L (uk, x) = infpe g, SUPgen; (LapUi(X) + can(x)),

. {Lgp:a € A, be B} C L(sy) with s € [s0, 1],

. e/ (xn)%% || g:gxp =03 < 1 and ||C“b”yk'Bl+ <1 foralla € A and b € By,

. Yk > min{0,a + B —si }
for which
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supsupr ™ [u/(xn)"* = Ppr ] . g+ = o0, (7.2)
k r>0 T

where

Py = argmin/ (ur(x)/(xp)** — P)dx
pep JBY

(recall that & denotes the real polynomials of degree at most |« + S]).
To prove that this is impossible, let us start by defining

0(r) := sup sup (')~ [ux/ ()™ — Picr] g

k r’>r

The function 6 is monotone nonincreasing and we have 8(r) < 400 for r > 0 since
we are assuming that

“uk/(xn)sk Hﬂ;{xn>0} <1 (7.3)

In addition, by (7.2) we have 0(r) /" +o0 as r \( 0. For every positive integer m, by
definition of 6(1/m) there are r;,, > 1/m and k,, for which

1 1
(o)™ [/ 5n)° = Py 1 g, = 5001/m) = S0y (7:4)

Here we have used that 6 is nonincreasing. Note that we will have r,, \, 0 since
0(1/m) /" +o0 and (7.3) holds.
From now on in this proof we will use the notation

Um = Uy, Pm = Py, .1, Sm = Sk s and Ym = Yk -

Let us consider the blow-up sequence

um(ry/nx)/(rrlnxn)s — Py, (rr,nx)

= 7.5
o) CAGZIEN 73
For all m > 1, we have
/ N U (x)P(x)dx =0 forall P € P, (7.6)
Bl

since this is the optimality condition in the least squares minimization. Note also that
(7.4) implies the following inequality for all m > 1:

[l pt = 1/2. (7.7)

Let us now show that
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[vmlg.p+ = CR® (7.8)

forall R > 1.

We will do the proof of (7.8) in the most difficult case o« + 8 > 1 (the case
a + B € (0,1) is very similar). To prove (7.8), we need to estimate the difference
in the coefficients of Py, g, — Py, . - Letus denote

Pir(x) = pk,-x+ bk, where p, €R" and by, € R.

Note that since we are doing the case o + 8 > 1, we will have @ + ] = 1 and hence
P contains all affine functions. Let R = 2% , and let us show that

| Dien, Rry — Pl =Py 251ty = Phopyorty] < COU)(Rrp)* A1 (7.9)
Indeed, by definition of 8(2r) and 8(r), we have

|pk,2r — pk’r|rl_ﬂ - [(pk,Zr - pk,r) : x]/g;B;*'

red(r) - red(r)
 Pror = Peslp. gt
B red(r)
2092r) [Ur/(xn)** — Pk,Zr]ﬁ;Ber
< r
0(r) (2r)*0(2r)
[ug /(xn)* — Pk,r]ﬂ;BrJr
red(r)
<2+4+1<3,

where we have used the definition of 6 and its monotonicity. Thus,

k—1
| Py 27y = Phomort] <3 027 13) 2717 ) T ~1 < CO(r) ) (251 ) TP
j=0

Note that it is here where we use the fact thato + 8 — 1 > 0.
Therefore, we can estimate as follows:

1 Sm
[Um]ﬁ;B;g = W[”m/(xn) - Pm]ﬂ;B;’e_r;n

Ra

= W([ukm/(xn)s’" - Pkm,Rr{ﬂ]ﬂ;B;i;

’
"m

+ [Pkm,Rr,’ﬂ - Pm]ﬂ;B; , )
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/
< g O(Rr,,)
T 0y
< R% + CR®,

+2|p ks, — Pml(REp)' P

where we have used (7.9). This proves (7.8) in the case & + 8 > 1. As noted above,
the proof of (7.8) in the case & + B € (0, 1) is easier since in this case [Py, gy —
Pl pBt, = 0 and we do not need to estimate the difference of the coefficients.

1) Rr/

When R = 1, (7.8) implies that ||v,, — b| Loo(p,) < C for some b € R. Thus,
(7.6) implies that

lomll oo gy = C- (7.10)
Then, using (7.8) and (7.10), we easily obtain that
lvmll oo gy < CROFP. (7.11)

Note that in the case B = 0, the difference between (7.8) and (7.11) is that we pass
from a oscillation bound to an L°° bound. Next we prove the following.

CLAIM

Let Wy (x) = vy (x)(xn)%. Then, up to subsequences we have sy, — s € [so, 1] and
Wy — W locally uniformly in {x, > 0}, where w € C(R"). Moreover, the limiting
function w satisfies the assumptions of the Liouville-type Theorem 1.4.

In the case B > 0, it follows from (7.8), (7.11), and the Arzela—Ascoli theorem
that a subsequence of v,, converges locally uniformly in R”, to some v € C({x, >
0}). The convergence of wy, to w = v(x,)?% is then immediate. In the case g =0,
the functions w,, satisfy M Tw,, < C(K) and M~ w,, > —C(K) in every half-ball
B and also satisfy ||w || Loo(pz) < CR*"*® for every R > 1. Thus lwmllcsBy) <
C(K) by Lemma 7.3. Therefore, the functions w,, converge to some w uniformly
in compact sets. Moreover, by passing to the limit (7.8), we find that the assumption
(1.15) of Theorem 1.4 is satisfied by w.

Now, each uy satisfies

I (ug, x) := birg sup (Laptg(x) + cap(x)) =0 in B

€bx acAy

+

1/2> We have

Thus, for every heB

inf  sup (Lgpum(X +h) + cap(X +h)) =0 forxe Bl+/2
beBiy achy,,
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in the viscosity sense. Using the fact that [c,p]cvm < 1 (for all a € Ay, and b €
Bk, ), it follows that

inf  sup (Lapum(X + h) + cap(0)) = —|x + h|"m  for X € BIJF/2
beBy,, achg,,

and

inf  sup (Lapum(¥) + cap(0)) < [X|""  for X € Bf),
bEBim achy,,
in the viscosity sense.
Therefore, using Lemma 5.8 in [14], we obtain

M (m -+ h) = ) = —|F["™ — X + A" in B},

o s (7.12)

in the viscosity sense. Next, by Lemma 5.5, for every affine or constant function
P € 2, the function ¢(x) = P(x,)? satisfies

M*(¢(+7)—¢) =M (¢p(+h)—¢)=0 inR"

pointwise in the classical sense for every h with h, > 0. Using this property, the
value of the operator does not change when adding to test functions multiples of
¢ (- + h) — ¢. Hence, recalling that

Um(x)(rrlnxn)ifn . um(rr/nx) - Pm(rr,nxn)ifn
(rp)sm (ry) B FsmO(r),)

Sm

Wpy (X) = Um(x)(xn)+ =

and the definition of v,, from (7.5), we can translate (7.12) from u,, to w,. Indeed,
setting i = r,, h and X = r,,x, we obtain

0r3) (1) HE
()

whenever h, >0, |h| < K, and r}, < 1/2K. Therefore

—(r))Ym3KYm < Mt (wn(-+h) —wp) in BE

(r],)5m trm

_3KYm <M7T (W (-+h)—wm) inBF (7.13)

0(rp) ()~

in the viscosity sense for all # € Bx whenever r,, < 1/2K. Since w,, — w locally
uniformly in {x, > 0} (up to subsequences), we then have

(wm (- 4+ h) —wp) = (w(- + h) —w) locally uniformly in R”. (7.14)

Let us check that, for some € > 0 small enough, we have, for every & € R” with
hy >0,
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(Wi (- +h) = wm) > (W +h) —w) in L'(R", 05—). (7.15)

Recall that throughout the present article we denote wg(y) = (1 —s)(1 + |y|) ™25,
To show (7.15), observe that

Wi (x + h) — Wi (x)
= (Vm (X + 1) = v (X)) (Xn + 1) A+ Vi () (00 + h) 7" = (X))
and hence, using (7.8) and (7.11),
| W (x + h) — W (x)]|

ClhlP (1 + |xD*(xn + hn)*m
+ C(1+ |x[)% TP Ry (xn) =1 if x, > 0,
C(1+ [x)* P (hy)"m if —hy < xn <0,

0 if x, < —hy,.
Therefore, we have

|wm(x + h) — wn(x)| < g(x)
= C (14 (IX[*Cen)™ + X[ (xn)* ") X 0,400) (Xn)
+ x[*P y .0y (xn)),

where C (and g) depend on h. Since s, — s, we will have s, > s — € for m large
enough, and using the facts that 8 < 1 and @ < s, we readily show that g € L' (R",
ws—¢). Therefore, (7.15) follows from (7.14) using the dominated convergence theo-
rem.

Finally, using (7.15) and (7.14), it follows from Lemma 7.2 and Lemma 5 in [16]
we can pass to the limit in (7.13) in every ball B}(Ir to obtain

0<M*{w(+h)—w} inBE.
Thus, since this can be done for any K > 0, we have

0<M™{w(+h) —w} inR%.
Analogously, we will have

0>M {w(+h)—w} inRY,

and this finishes the proof the claim.
We have thus proved that w satisfies all the assumptions of Theorem 1.4 and
hence we conclude that v = w/(x,)* is an affine function. On the other hand, passing
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(7.6) to the limit, we obtain that v is orthogonal to every affine function and hence
it must be v = 0. But then passing (7.7) to the limit, we obtain that v cannot be
constantly zero in By, which is a contradiction. O

To prove Theorem 1.2, we will need the following lemma, which matches Propo-
sition 7.1.

LEMMA 7.4
Let o € (0,1] and let B € [0, 1] with o + B # 1, and let v satisfy, for all r > 0,

supr=“[v — Pr]g. g+ < Co.
r>0 o

where P, is some polynomial of degree at most |« + B| (0 or 1) depending on r. In
the case a + B > 1, assume in addition that Py(x) = p1 - x + by, with |p1| < Co.
Then, the limit P = lim,~ o Py exists, and for all r > 0 we have

”v_P”Loo(B"F) SCCOrﬁ—Hx and |P| < CCo,

where P(x)=p-x+band p=0ifa + B < 1. The constant C depends only on o
and f.

Proof
We will show the most difficult case, @ + 8 > 1.
Let Pr(x) = py - x + b,. We have, for all r > 0,

[0 — pr 3y < Cor®.

Thus,
|pr — Pr/2|(r/2)1_ﬁ <[(pr = prj2)- x]ﬁ;Bj;Z
=lv=pr-xlg g + 0= preXles gt
< Cor® 4 Co(r/2)*
and hence

|pr — Prja] < CCoroth=1,

It follows (developing the expressions as telescopic sums and summing the geometric
series) that p = lim,~ o p, exists and that

|pr — pl < CCoro A1,
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In particular,
lpl = Ip1l+ Ip1— pl = Co + CCo.
Then we obtain
oscBr+[v —p-x]< oscBr+[v —pr-X]+ oscBrJr[(pr —p)-x]
<[v—pr-xlgpr? +1pr = plr
< CCorPte

and the lemma now follows. O

We give now a second step toward Theorem 1.2. This result follows from the
interior estimates.

LEMMA 7.5

Let 59 € (0,1), and let @ > 0 be the constant given by Proposition 1.1. Let s € (sg, 1),
let @ € (0,a), let y € (0,1), and let B € [0,1) such that o + B <y + s. Assume in
addition that o + B # 1. Let e, = (0, ...,0, 1) and let w be a solution of I(w,x) =0
in Bi(en), where 1 is any fully nonlinear operator elliptic with respect to £ «(s) of the
form

I(w,x) = inf sup(Lapw(x) + cap(x)),
beB feh

with Lgp given by (1.3) and (1.4),
lcablly;Bieny =1 and  |paplleysn—1y < A.
Assume that

a+B+s

[wllLeo@ny <00, [lwllLeos, ) < Cor lwlip:B,resy < Cor®™*

forall r > 0. Then,

[Wlca+s(s, > @reny < Cor’

for all v € (0, 1), for some constant C that depends only on n, sy, the ellipticity con-
stants, o, and B.

Proof
We defer the proof to the Appendix. U
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We next show the following result. It follows from Proposition 7.1 and Lemma 7.4
by truncating the solution u. We will also use the interior estimates from Lemma 7.5.

PROPOSITION 7.6

Let 59 € (0,1), and let & > 0 be the constant given by Proposition 1.1. Let s € (s¢, 1),
let @ € (0,&), let y € (0,1), and let B € [0, 1] such that @ + B < y + 5. Assume in
addition that o + B # 1. Let u € L°®°(R") be a solution of I(u,x) =0 in BlJr and
u = 0in By, where L is any fully nonlinear operator elliptic with respect to £« (s) of
the form

I(u,x) = inf sup(Lgpu(x) + cap(x)),
beEB feh

with || ftap | cv (sn—1y < 1. Assume that
S
|/ (xn) Hﬁ;B;L/4 <1, leanll, . pr =1 and — Jullzee@n) = 1.
Then,
u/Cen)* ||Cﬁ+oe(31+/4) =C,

for some constant C that depends only on n, sy, the ellipticity constants, a, and B.

Proof
Let us consider u = un, where n € C°(B3/4) satisfies n = 1in Bs/g. Then, using that
the kernels of the operators are C? outside the origin, we find that L,pu = Lgpu +

C_ab(x) in Bl—‘?za

where ¢, satisfies
_ -
||Cab||y;31+/2 < Co.

Hence, we have

(i1, x) = inf sup(Lgpti(x) — Cap(x) + cap(x)) =0 in B1+/2.
€B e

Moreover, we have
it/ Cen)* ”,B;{xnzo} = Go.

Hence, by Proposition 7.1 and Lemma 7.4, we find the following. Foreach z € By /4 N
{x, = 0} there exist p(z) € R" and b(z) € R such that

[u/Gen)* = p(2) - x =b(2) | oo pt) = CCorP*® forall r <1/4, (7.16)
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and
|u/Gxen)* — p(z) - x —b(z) Hﬁ;W <CCor®* forallr <1/4, (7.17)
with
p(2)| <CCo,  |b(2)] =CCo.

We have used the fact that u = u in By 5.
Let us see next that (7.16) and (7.17) imply

[/ Cen)” Hca+B(Bl+/4) =CCo.
For this, we define
0:(x) 1= (p(2) - x + b(2)) (xn)% X B> (%),
and we observe that (7.16) and (7.17) give
It = Q:llLoo(B oy < CRETHF

and

lu— O:l1g:Br(xo) < CRF®

for every ball Bg(x¢) such that 2R = dist(x¢, {x, = 0}) and Bag(x9) C Bl+/4, where

z is the projection of x¢ on {x, = 0}. Using the previous two inequalities, Lemma 7.5
yields

lu — Q:llcs+eBrxg)y < CR (7.18)

in every such ball Bgr(xo). Finally, using |[|(x;)™*||zoo(Br(xo)) < CR™ and
||(xn)_s||ca+B(BR(xO)) <CR> P we find

““/(xn)s “COI‘H’(BR(xo)) <C.
Since this can be done for all balls Bg(xg) with 2R = dist(xg, {x, = 0}) and
Bar(xg) C Bl+/4, we have ||u/(xn)s||ca+ﬁ(3+ y =< C, and thus the proposition is
1/4

proved. O
Finally, we give the following proof.
Proof of Theorem 1.2

We will show the result by applying inductively Proposition 7.6. First, using the super-
solution in Lemma 3.3, we find that
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||u/(xn)s ||L°°(B3+/4) < CCy.

Hence, using Proposition 7.6 with 8 = 0, we find that
14/ (e | caa, = € Co-

Since this can be done for any solution u, then by a standard covering argument, we
will have the estimate

Hu/(xn)s HC"‘(B;%) =< CCO
Using this and Proposition 7.6, we find that
||u/(xn)s||cz~a(31“;4) < CCo.

Iterating this procedure, we find that u/(x,)* € C¥%(B; /4) wWhenever k a0 <5 + y.
More precisely, after a finite number of steps, we find that, for any solution u, we
have the estimate

”u/(xn)S”CHV(Bf’M) < CCy.

Thus, the theorem is proved. |

8. Boundary regularity: Curved boundary
In this section, we prove Theorem 1.3 by following the same steps as in the preceding
section.

The main ingredient in the direction of Theorem 1.3 will be Proposition 8.2.
Before stating it, we need the following.

Definition 8.1

We say that T is a global C?7 surface given by a graph of C2*¥ norm smaller than 1,

splitting R” into QT and Q7 , if the following steps happen.

. The surface I' C R” is the graph of a global C?¥ and bounded function,
whose C2*¥ norm is smaller than 1.

. The two disjoint domains Q7 and Q~ partition R” (i.e., R" = QtuQ).
. Wehave ' = 9QtT =0Q ", and 0 eT.
. The origin 0 belongs to I and the normal vector to " at 0 is v(0) = e,.

Moreover, we let d(x) be any C 2,y(9_+) function that coincides with dist(x, 27) in
a neighborhood of I' N B4 and d = 0 outside Bs.

We then have the following proposition.
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PROPOSITION 8.2

Let 5o € (0,1), and let @ > 0 be the constant given by Proposition 1.1. Let s € (5o, 1),
let a € (0,&), let y € (0,s], and let B € [0,1) such that « + B <y + 5. Assume in
addition that a + B # 1. Assume that T is a global C*Y surface given by a graph
of C>Y norm smaller than 1, splitting R" into Q% and Q™ (see Definition 8.1). Let
u € C.(By) be a solution of 1(u,x) =0 in B; N Q" and u = 0 in all of L™, where |
is any fully nonlinear operator elliptic with respect to £«(s) of the form

I(u,x) = inf sup(Lgpu(x) + cqp(x)).
bEB feh
Assume that
lu/d*|g.q+ <1 and lcaplly:p,n+ <1 forallac Aandbe B,
and that || pLap || cv (sn—1y < A. Then,
o [u/d* — Pr()] .5 nqr <C

Sfor some constant C that depends only on n, sg, the ellipticity constants, o, and B,
where P.(x) is defined as the polynomial of degree at most |« + B | which best fits
the function u/(x,)* in B, N Q*. That is,

Pep

P, = argmin/ (u(x)/ds—P(x))zdx,
B-NQ+t
where P is the space of polynomials with real coefficients and degree at most |+ S ].
An important ingredient of this proof is the following.

LEMMA 8.3

Let 59 € (0, 1), let s € (59, 1), and let y € (0,s]. Let I and d be as in Definition 8.1.
Let L be any operator of the form (1.3) with |[tapllc1.v(sn—1) < 1. Then, for any
function n € C?7 (R™), we have

HL(dSU) ”CV(BIQQ+) <Clnlczr,

where C is a constant that depends only on n and s.

Proof
The proof follows easily from Proposition 9.2. ([

Remark 8.4
The hypothesis y < s of Proposition 8.2 and of Theorem 1.3 is only needed to show
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Lemma 8.3. In particular, if one can show this result for all y € (0, 1), then the hypoth-
esis y < s in Theorem 1.3 can be removed.

Let us now proceed with the proof of Proposition 8.2. We will skip some details
of this proof, since it is very similar to the one of Proposition 7.1.

Proof of Proposition 8.2
We argue by contradiction. If the conclusion of the proposition is false, then there are
sequences U, Ix, Ik, Yk, and s satisfying

. Iy is a global C?7% surface given by a graph of C Y% norm smaller than 1,
splitting R” into Q,‘: and €2~ (see Definition 8.1),
. I (ug,x) =0in BIOQZ and up =01in Q,
. I (uk, x) = infpe g, SUPen; (LapUi(X) + Can (X)),
. {Lap:a € Ay, be B} C L(sg) with sg € [s0, 1],
. ||u/d,f" ||ﬁ;Q;r <1 and ”C“b”yk;BmQ}f <1foralla € A; and b € By,
. Ve +sk>a+p
for which
supsupr~*ug/dp* — Picrlg.p,nq+ = T00 8.1)
k r>0 Tk
where

Py, = argmin/ (u(x)/d* — P)dx.
B-NQ;"

(2]
Pe¥ x

To prove that this is impossible, we proceed as in the Proof of Proposition 7.1.
We define

0(r) :=sup sup(r')™* [uk/d]ik — Pk,,]B;Ber;.

k r'>r

The function 6 is monotone nonincreasing, and 6(r) < +oc for r > 0 since
Sk
It/ g = 1. (32)

In addition, by (8.1) we have 6(r) /" +o00 as r \( 0, and there are sequences r;, \ 0
and k,, for which

_ 1
o)™ Wi/ 4" = Proyi g, s 2 500 83)
For the rest of this article, we will use the notation

Um = Uk, Pm = Pkm,r,’n’ Sm = Sky,» and Ym = Vi
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and

1 i J
Il Oh= 0l da() = disge R\ @) = S,

m m m

(Note that T, is a rescaled version of I, so that, di,, does not coincide with dm.)
Since r,y — 0, then Ty, will converge to {x, = 0} as m — oo. Also, 2 will converge
to R as m — oco. We consider the blow-up sequence

i () /157 ()] = Py )

U (x) = (rr/n)a+ﬂ9(rr/n)
_ (1 ¥) /1) ot (0] = Prn(r ) 54)
(rp)* P 0(ry,) ' '
As in the proof of Proposition 7.1, for all m > 1 we have
f Un(x)P(x)dx =0 forall P € P, (8.5)
BiNG,
[om) . gt = 1/2 (8.6)
and
[vm) .5 ot < CR 8.7)
for all R > 1. Furthermore, we also have
+8
lvmll oo gty < CR (8.8)

Next we prove the following.

CLAIM

Let wy,(x) = vm(x)(;,fq. Then, up to subsequences we have sy, — § € [sg, 1] and
Wy, — W locally uniformly in R, where w € C(R"). Moreover, the limiting func-
tion w satisfies the assumptions of the Liouville-type Theorem 1.4.

First recall that, by definition of T, and dyn, we have that a_f,fl converges locally
uniformly to (x,)? .

In the case 8 > 0, it follows from (8.7), (8.8), and the Arzela—Ascoli theorem that
a subsequence of vy, converges locally uniformly in R’} to some v € C({x, > 0}).
The convergence of wy, to w = v(x,)% is then immediate.

In the case B = 0, the functions w,, satisfy M *w,, < C(K) and M~ w,, >
—C(K) in Bx N Qf for any K > 0, and they satisfy w, = 0 in Q, and
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[wmllLoo(Bg)y < CR*™** for every R > 1. Hence, we will have ||wpm|lcsp,) <
C(K) for some § > 0. Thus, the functions w,, converge to some w uniformly in
compact sets.

Passing to the limit (8.7), we find that the assumption (i) of Theorem 1.4 is satis-
fied by w. Let £ (s,,) be the class consisting of all the operators in £, whose spec-

tral measures have C 1Y (S”~1) norm smaller or equal than A, and let M ] L7 (511 and
M £ (s0) denote the extremal Pucci operators for this class. Note that M, LY (50) =

M ™. Let us prove that, similarly as in Proposition 7.1, there is a function §(r) with
lim,~ o 8(r) = O such that, for all 7 € Bx and r;, < 1/2K, we have

— C(K)8(ry,) < M,

2rm sy Wm (1) —wm) 0 QN (2, —h) N Bk, (8.9)

To prove (8.9) we use the fact that, by definition of 6,
[uk/d,“:k — Prrlg.B,ng, < O(r)r* forall k and r > 0.
Thus, recognizing that Py , is the best fitting polynomial in & for u in B,, we obtain
luk/d* — P rllLoos,n < CretPor),
where C depends only on the dimension. Hence, for all r > 0 and k, we have

| Pk2r — Pr,rllLooBrnei) < | Pr2r — UkllLoo (B, ney) + Uk — Pr,rllLoo (B, nep)

<CO®r)yreth. (8.10)
Let us now denote
Pk,r(x) =DPkyr-X+ bk,r,

where pi , € R” is nonzero only if o + B > 1 and where by, € R. Using (8.2) and

+ Uy dr, we obtain

observing that by , = JCB,mQ
k

|bk,| <1 forallk andr > 0. (8.11)
On the other hand, when o + B > 1 using (8.10) we obtain
|Pror = Pi, | < CO)retP=,

Therefore, for r = 2%, we have

|Picr = Prcal 0(277) (atB—1)
= CZ o) —= _(1/2)/@+B-D), (8.12)



BOUNDARY REGULARITY FOR NONLINEAR EQUATIONS 2131

But again using (8.2), we obtain | px ;| < C, and thus from (8.12) and (8.11) we have,
for r € [27, 2711,

| i + 1| 0T sy
BT §Cj2=(:)—9(r) (1/2)7 =y (r). (8.13)

Note that ¥ (r) < C for all » <1 and that, moreover, ¥ (r) — 0 as r \( O since

9592(:; ) 0 for every fixed j. Hence, using Lemma 8.3 and the assumption that [y, is

a global C 2k surface given by a graph of C2:¥% norm smaller than 1, we obtain

d;"™ P
. ! Ym
[L( 9(}",/”) ):ICVm(BlmQZ‘m) = Cl//(rm) forall L € ‘f* (Sm)v (814)

which via rescaling is

" (rr/n')Pm(rr,n')):I

([ L (e

<Cvy(r)).
Crm((rp) = (B1nQy ) T Vrm)

Equivalently, since Q,, = %Q:m and dyy" = () ~*"d ;:: (r],-), we obtain
[L( " P (rpy?) )]
o(r},)(r})x+E/lcvm B

_ CU )yt
G

ne;h)

/7,

for all L € £V (). (8.15)

Now, recall that y,,, + s, > o + B (for all m) and that

Un(rgyX)  Pulrx) - diy ()
() BT 0 () T BO(ry,)

Wi (X) = U (X)d3 (x) =

Therefore, using (8.15) and the same argument as in the proof of Proposition 7.1, we
find

3K,
0(rh)
for all 4 € Bg. Since 6(r;,) — oo and ¥ (r,,) — 0 as r;, — 0, (8.9) follows.

On the other hand, since w,, — w locally uniformly in R” (up to subsequences),
then we have

M7 (wm('+h)_wm)z

X7 (sm)

—CK"y(r)) inQtN(QF—hnBk

(wm (- 4+ h) —wp) = (w(- + h) —w) locally uniformly in R”. (8.16)

Also, similarly as in Proposition 7.1, we have, for every h € R” with h, >0,
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(Wi (- + 1) —wm) = (W +h)—w) in L'R", ws—e) (8.17)

for some € > 0. Thus, using (8.17) and (8.16) we can pass to the limit in (8.9) to
obtain that, for every K > 1 and for every h € B,

+ o pt
0< sz(s){w(- +h)—w} inBE.
This yields
0=<Mg, AwC+h)—w} inRY
whenever i, > 0. Analogously, we have
0> Mgy \wC+h)—w} inRY.

52; ©) > M ™, this finishes the proof the claim.

Hence, w satisfies all the assumptions of Theorem 1.4, and thus v = w/(x,)°® is
an affine function. On the other hand, passing (8.5) to the limit we obtain that v is
orthogonal to every affine function and hence it must be v = 0. But then passing (8.6)
to the limit, we obtain that v cannot be constantly zero in By, which is a contradiction.

O

Proof of Theorem 1.3
Using Proposition 8.2 instead of Proposition 7.1, the proof follows exactly the same
steps as those of Theorem 1.2. O

9. Flattening the boundary: Proof of Proposition 9.1

The aim of this section is to prove Propositions 9.1 and 9.2. Throughout this section,
d(x) is any C? () function that coincides with dist(x,R” \ ) in a neighborhood
of 0€2.

PROPOSITION 9.1

Let 5o € (0,1), let s € (59, 1), and let y € (0,s]. Let Q be any C>Y bounded domain,
and let L be any operator of the form (1.3), with € CYY (S™*~1). Then, the function
d® satisfies

”L(dS)HCV(Q) =C,

where C is a constant that depends only on n, so, 2, and |||l c1.v (gn-1y.

In fact, we will also need the following.
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PROPOSITION 9.2

Let so € (0,1) and s € (sg. 1), and let y € (0, s]. Let Q be any C?Y bounded domain,
and let L be any operator of the form (1.3), with 1 € C%Y(S"™1). Then, for any
function n € C%Y (R"), we have

L@ D] cr gy < Clinllczr,

where C is a constant that depends only on n, so, 2, and |||l c1.v (gn-1y.

Remark 9.3

The dependence on €2 of the constant C in Propositions 9.1 and 9.2 is through the
C?7 norm of the diffeomorphism that flattens the boundary 9. In particular, this
constant C is uniform among all domains with a uniform bound on this C2¥ norm.

To prove these two propositions, we will need to flatten the boundary of €2. In the
following result we show how these operators change when we flatten the boundary.

PROPOSITION 9.4
Let L be any operator of the form (1.3), with i € C1Y (S™1). Let Q be any bounded
C?Y domain, and let i be any function satisfying

Li=f inQ, =0 inR"\Q.

Let ¢ : R" — R" be a C*7 diffeomorphism that flattens the boundary 32 and such
that (¢n)%. = d°. In particular, ¢(B) =N {d < 1}. Then, the function u =1ii o ¢
satisfies the equation

L(u,x)= f(x) in B1+, u=0 inBy,
where f = f o¢ and
L(u,x):=Luog¢ ") ($(x)).

Moreover, L(u,x) can be written as

dz
L(u,x)=/]R (M(X)—M(x‘i‘z))K(x Z)| |p+2s°

and

K(X’Z):al( 1z |>+|Z|a2(x H)+|z|1+”1(x z) for|z| <2.

The functions a; and a, belong to CYY (S*™1) and CY (S"1) respectively, and J is
C?Y with respect to x. Furthermore,
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ai(x,—0)=a(x,0) forall®e S" !,
and
ar(x,—0) = —ar(x,0) forall®eS" L.
The CY norms of a1, az, and J, depend only onn, s, the ||p||c2.y, and || jt]l ¢ 1.y (sn—1y-
Proof
By definition,

L= [ —u(e7 o0 + ) D g,

B>

Thus, making the change of variables
y=¢(x+z2)—¢(x),
(ie., z = ¢~ (¢(x) + y) — x), we have
y = Ax)z 4+ z' B(x)z + |z|>TV ¢ (x, 2),
where
Ax)=D¢(x),  B(x)=D*¢(x),

and where ¥ (x, y) is bounded and C? in the x-variable. We have used the fact that ¢
is C?7. Moreover, notice also that A(x) is C'77 and that B(x) is C”. Writing now
z=rf,withr =|z| and § € S, one finds

y =rA(x)0 + r?0' B(x)0 + r> Ty (x,r,0).

Therefore, this yields

yl=rla@)6]+ ”z[égia (6" B()O) | + 12y (x.1.0)
and also
= e e [(A8) - (6 BO) |+ v 0)
Iyl rlAx)0] |A(x)02 2(x,7,0)7.
Thus,
y _ AMX)0 0'B(x)0  A(x)6 t
[yl 1A {IA(x)9| ~ TAmep HAWe) - (6 B()0)]}
+r1+y1//3(x,r,9). ©.1)

Moreover, the functions V1, V2, and yr3 are bounded and C? in the x-variable.
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Now, recognizing that ;. € C17(S"~1) and (9.1), we have
M(y/|y|) = al(xv 9) + ra2(~x’ 9) + rl+y1/f4(xv”s 9)7

where

A(x)0 )

a1(x.0) = (7755

and

A(x)0 )'{G’B(x)e A(x)6

az(x’9>==Vs"—'“(|A(x)9| A 48P

[(406) - (6" Bx)9)]}-
Moreover, the function ¥4 is bounded and it is C? in the x-variable.

Finally notice that, since w(y/|y|) = u(—y/|y|), it immediately follows from
the expressions of a; and a, that a;(x,0) = a;(x,—0) and that ar(x,—0) =
—ay(x,0). O

We will also need the following lemmas.

LEMMA 9.5
Let sg € (0,1), let s € (59, 1), and let y € (0,s]. Let a; (x, 8) be a function in L°°(R" x
S"=Vy which is CY in x and which satisfies

ay(x,—0) =ay(x,0) forall®e S" L.
Define

ay(x,y/lyl)

I(x) = [B (5010 = o+ e +0)

Then, we have 1, € CV(B_I"’), and

C
1—s’

171 ||CV(BI+) =
where C depends only on n, sg, the C*Y norm of n, and the C? norm of a;.

Proof
Case 1: Assume that n = 1. Then, since a; is even, we have

[ (= o 32 B dy = -8y ) =0 0
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Therefore,

5 sya1(x.y/lyD)
Ii(x) = /]R”\Bz ((Xn)+ — (xp + )’n)+)l|y|ﬁ dy

Now, using that (x,)% is C”, we have
()% = e+ vy = 2% + (P + )| < Claxy = x|y

for any x; and x; in Bl+. Thus, recognizing also that a; is C? with respect to x, we
find

C
|y|n+2s

|11(x1)—11(x2)|§/ Clxr —x2["[y|*77

R”\ B>

dy

Clx1 — x|
+/ Chy ————dy
R\ By |y|tes

<Clx; —x2|”.

Case 2: Assume that 7 is a linear function, (x) = b - x + c. Then,

ap\x,
L(x) = PV/ (Xn +yn)i(b-y)l(n4y+/2|sy|)dy
B, |yl
; sy a(x, )
+®b-x+c) ((xn)+ — (xn + yn)+)1(n7in-/Z|Sy| dy.
_— |1

where we have used (9.2). The second term is C?, as we already proved that in Case
1. Hence, it remains to see that the first term is C? also. Since a1 is C? in x, it suffices
to prove that

arx.y/yh o f o €

(Pv/&[(xn+yn)i—(xn+h+yn)i]<b-y> b dy] < Tl

To prove this, we show next that the function

ay(x,y/lyl)

N2t =PV [ o+t o S

B |

satisfies

|h2(0)| < T

Here, we denoted (¢)5~! = (|¢|52¢). To bound I; (x), we first notice that
+ + s

ay(x,y/|yl) J

|y|n+23 y =0.

PV[ (Xn + yn i-_l(b'y)
Rn



BOUNDARY REGULARITY FOR NONLINEAR EQUATIONS

Indeed, this follows from

- ai(x,y/1y0)
PV/R"(Xn + yn) l(b'J’)IMW dy

—PV 0,1°|b - 0 oyao [ s _rdr
= Sn—l| n| | . Ial(x» ) - (xn+r)+ |r|1+zs
+00
_ _, rdr
=c(x)(xn) SPV/ (1+r)11|r|1+2s
—00
and
+o0
_y rdr
PV/_C>o (14 r)% —|r|1+2s
+o0
t—1
_ s—1
—PV/(; t 7|t—1|1+25 r
1—€ dt o0 dt
— l {_ tS—l / ts_l }
5 [0 a-n= " Ju @
1—€ dt T 7257247
=1 {_ ts—l— l—si}
e [0 (1—1)2s +/0 S
1
T+e dt
= lim R —
€0 J1¢ (I—1)*
=0.
Thus,

_ -1 ar(x.y/lyD
I12(x) = _/R”\Bz(xn + yn)¥ (b'J’)W dy,

and using the fact that x € By,

Cc

C
Lix(x)| < ! dy = ,
2= [ e 4 =

as desired.
Case 3: Now let us proceed to the general case n € C2Y. We have

L(x) = PV/ (Xn 4 yn)3 [n(x) = n(x + y)]%

ay(x,y/lyl)

B>
a0 [ (0 = o) B dy

)

2137

(9.3)
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where we have used (9.2). The second term is C?, as we already proved that in Case 1.
Hence, it remains to see that the first term is C? also. Let us denote /;,3(x) this first
term; that is,

naw =V [ ™20 gy

with
E(x.y) = (xn + yu)’ [n(x) = n(x + »)].
Using that a; is C? with respect to x, and that

£, y) + ECr,—p)| < (n 4 yn)% [20(x) = n(x + y) = n(x — y)|
+ |(xn + Yn)i- — (xn _Yn)i| : }ﬂ(x) —n(x —Y)}

<Cly'*, 04)
we have
ai(x,
|]1,3(X)_11,3(X+h€i)|E’PV[ [f(xvy)—é(xﬁ-hei,y)]%d ‘
B>
Clhl”
+/ Cly|'ts dv.
B v s
We now claim, forany i = 1,...,n, that
S oyay/lyD C ...,
‘PV[BZ[é(x,y)—E(erhe,,y)] s dy‘f . )

Indeed, since n is C 2.7 we have
[20() =nC+ ) = nC= ] =ClyI%
and hence a similar computation as in (9.4) yields
|§(x,y) + E(x,—y) —E(x + hei, y) —§(x + hei,—y)| < Cly['**|n|,
and therefore (9.5) follows. Hence, we have showed that
¢ Y
[11,3(x) = 13(x + he;)| < :W :

and thus the lemma is proved. O
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LEMMA 9.6
Let sg € (0,1), let s € (59, 1), and let y € (0, s]. Let az(x, 0) be a function in L*° (R" x
S"=1Y which is C? in x and which satisfies

a(x,—60) = —as(x,0) forall®eS" L.
Let n € CZY(R™), and define

L(x) = /;;2 (Cen)3n(x) = Con + yn)n(x + y))%)]z/styl” dy

Then, we have I, € CV(B_1+), and

C
1—=5

||12||CV(BI+) =
where C depends only on n, o, the C*? norm of n, and the C? norm of a,.

Proof
Case 1: Assume that n = 1. Since the function (x,)% does not depend on the first
n — 1 variables and a, is C? with respect to x, then it is clear that

C|h|” C
|I2(x) = Io(x + he;)| _/B lyl® N dy < 1_S|h|y
fori =1,2,...,n — 1. Moreover, we also have
12()6)—]2()6 +l’l€n)
ax(x,y/ly|) —aax(x + he ,y/lyl)
=/Bz((.Xn +h)i»_(xn +h+J/n)s) |y|n+2s 1 z

As before, the first term is bounded by

s s\ 92X, y/1y) —az(x + hen, y/| |)
‘Az((xn-i'h)_,’_—(xn'f‘h'i‘yn) ) A ARAAY |y|:i;§l o Y ‘

<
=1=

Thus, it only remains to see that the second term is also bounded by C |A|”.
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We will show that, in fact, we have

/ )= o+ 30 = o G+ mm% dy

C

<
N

|h|. (9.6)

Indeed, it is clear that (9.6) is equivalent to

-1 -1 az(X,J’/|)’|) C
’/l;z{(xn)i — (Xn + yn)¥ }W dy’ =< =5 ()]
where we denoted (abusing a little bit the notation) (x,,)fi:1 = (|xn|*2x,) 4. Let us
define

2= [t = o) 202 ay

Notice that, since a5 is odd, then

Li==PV | (xp+ )"
B>

ax(x,y/|yl) J
|y|n+2s—1

We now claim that

> —1az2(x,y/1yD)
Iz(x) = PV/R”(Xn + y,,)i lwdy =0.

Indeed, we have

r

400
7 _ -1
Ir(x) —PV/;oo /nil(x,, + 70, aZ(x’9)|,,|1+2s dodr

e 1 25—1 r
= s— §—
_PV/_oo /n_l(xn + 7)Y (O] 9na2(x,0)md9 dr

+o0 ) r
ZC(X)PV/; (x,,—i—r)i__ Wdr

00
+oo )

(1 +r)i
00

=c(x)(xy)~* PV/

|r|1+2s dr’
and hence the claim follows from (9.3). Therefore, we have

Foo s—1a2(x,/|y])
I(x) = /RH\BZ(Xn + ) Wdy,

and then, using the fact that x € By,
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- _ dy
|L2(x)| = C/}R"\Bz(xn + yn) IW

dy C

<C s—1 < .
- /R{;\B;(y")’L ly|r+2s=t = 1—s

Hence, (9.7) is proved, and the lemma follows.
Case 2: Assume now that 7 is any C2? function. Then, using the result in Case
1, it suffices to show that the function

La(x):= /B ot [0 — e+ y>]%yjs'ﬂ')

is C?.
Fori =1,...,n—1, we have

|12,2(x) —Io(x + hei)|
S/ (xXn + yn)’ |n(x + h) —n(x + h + y)|
B>

Ja2Cey/lyD) —azx(x +hy/1yDI
|y|n+2s—1

dy

+ ‘/B Con + yn)3 [0(0) =n(x +y) = nCx + 1) +n(x +h + y)]

ax(x,y/|yl) J
|y|n+2s—1 :
Since a5, is C?, then

a2, /1) — aa(x + h, v/ D)
/Bz(anryn e ) =G+ )[R dy

Clh|” C
< C dy < h|”.
< [, iy dy = 7

On the other hand, we have

[ ot 0 = no 4 ) = ne 4 -t 4 )] 22D

C
|
-5

=

1
Indeed, this is equivalent to

ax(x,y/1yl) c
[ oty [ = e+ 0] 2By <
B> |y] s

and this follows immediately from the fact that 5 is C>7.
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For i = n, the reasoning is very similar, and we only have to bound the additional
term

om0 = G 0 o) =+ 2

d C
< [ = Al
B, |y|n+2s— 1—=s
Thus, the lemma is proved. O

LEMMA 9.7
Let sg € (0,1), let s € (59, 1), and let y € (0, s]. Let J(x,y) be a function in L>°(R" x
R™) which is CY in x. Let n € c’ (R™), and define

J(x,)

B:= [ (im0 = Con e+ ) [

Then, we have I3 € C ”(B_1+), and

sler iy = 17—
where C depends only on n, sg, the C2%Y norm of n, and the CY norm of J.
Proof

Case 1: Assume first that n = 1. Using (9.2) and recognizing that J is C? with respect
to x, we have

C
_ _ Y s=y___ -
[13(x1) 13(x2)|§[32C|x1 x2|" |yl |y|,,+25_1_ydy

Clxy —xaf”
s =r et
+[32C|y| |y[rt2s=i-y

5—1 lx1 —x2]” + Clx1 — xal”,

—s

and the result follows.
Case 2: Assume now that 1 is any C2¥ function. Then, one only needs to use
that g(x) := (x,)? n(x) is a C* function. Indeed, we then have

|g(x1) —g(x1 +y) —g(x2) + g(x2 + )| < Clx1 — x|
and

lg(x1) —g(x1 +y) —g(x2) + glx2 + »)| < Clyl’,



BOUNDARY REGULARITY FOR NONLINEAR EQUATIONS 2143

and interpolating these two inequalities,
|g(x1) —g(x1 +y) — g(x2) + g(x2 + y)| < Clxy — x| [y 7.

Using this, the proof is the same as in Case 1. O
Using the previous lemmas, we can now give the following.

Proofs of Propositions 9.1 and 9.2
The proofs follow immediately from Proposition 9.4 and Lemmas 9.5, 9.6, and 9.7.
O

Remark 9.8
In case both the domain 2 and the spectral measure p are C*°, the result in Proposi-

tion 9.1 is well known and can be proved by Fourier transform methods (see [21]). In
this case, one has that L(d*) is C*®(R).

Appendices

A. Proof of Lemma 6.1
In this appendix we give the following.

Proof of Lemma 6.1
Let us show first the statement (a). Denote

a=1-2s.

We first note that the Caffarelli-Silvestre extension equation Au + %3 yu = 01is writ-
ten in polar coordinates x =rcos6, y =rsinf,r >0, 0 € (0, ) as

a . Uy
inf (sm@u, + cos@—) =0.

1 1
Upr + =Ur + —Ugy +
r r r

Note the homogeneity of the equation in the variable r. If we seek for (bounded at 0)
solutions of the form u = r**v®, (0), then it must be v > —s and
O, +acotgf®, + (s +v)(s +v+a)®, =0.
If we want u to satisfy the boundary conditions
u(x,0)=0 forx <0 and ly|40yu(x,y) >0 asy—0,
then ®,, must satisfy

{@v(e) = 0,(0) + o((5in6)%) > 0 as 6\, 0, A
®,(r) =0.
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We have used the fact that, for x > 0,

lim y*dyu(x.y) =0 = u(x.y)=ulx.0)+ o(y*).

y\0

sincea =1 —2s.
To solve this ordinary differential equation (ODE), consider

0, (0) = (sinf)*h(cos H).
After some computations and the change of variable z = cos 6, we obtain the follow-
ing ODE for h(z):

S2

(1= 22" (z) — 221 (z) + (v +v7 - )h(z) —0.

—z2

This is the so-called associated Legendre differential equation. All solutions to this
second-order ODE solutions are given by

h(z) = C1Pj(2) + C205(2).

where P; and Q3 are the associated Legendre functions of first and second kind,

respectively. Translating (A.1) to the function 4 and using the fact that sinf ~ (1 —
cos0)/2 as 6\, 0 and sin ~ (1 4 cos§)'/2 as § 7, we obtain

{(1 —2)2h(z)=c+o((1-2)%) asz /1, A2

lim, 1 (1 + 2)*/2h(z) = 0.

Let us prove that P fulfills all these requirements only for v =0,1,2,3,...,

while Q3 has to be discarded. To have a good description of the singularities of P; (z)
at z = %1, we use its expression as an hypergeometric function

1 (1+2)%?
(1—s) (1-2)%/2

1—
PiE) = 2F1(—v,v—|—1;1—s; 22).
Using this and the definition of , F; as a power series, we obtain

Pj(z) =

1 28/2 { viv+1)1—z

g - S rela =) me

Hence, (1 — Z)S/ZPj(z) =c+ O(1l—2z)=c+o((1—2)%), as desired.
For the analysis as z N\ —1, we need to use Euler’s transformation

2Fi(a,b;e;x)=(1— x)‘_b_“zFl (c—a,c—b;c;x),

obtaining
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1 (1+Z)S/2(1+z

(1—s) 25/2 5 )_S{2F1(1—s—v,—s—v;l—s;1)+o(1)}

P =1

as z N\, —1. It follows that the zero-boundary condition is satisfied if and only if

2Fi(l—s—v,—s—v;1—s;1)= M =0
r'(—v)I'1 +v)
This implies that v =0, 1,2, 3, ..., so that ['(—v) = oco. With a similar analysis one
easily finds that the functions Q3 (x) do not satisty (A.2) for any v > —s.
The statement (b) of the lemma could be proved for example by using singular
Sturm-Liouville theory after observing that the ODE

O, +acotgf®, — 10, =0
can be written as
(Isinf]“®)" = A|sin0|*O,.

However, it is not necessary to do it because we have already computed the eigen-
functions to this ODE, and they are given by

Ok (8) = (sin6)* P} (cos §),

where P; are the associated Legendre functions of first kind. The functions
{ P} (x)}r=0 have been well studied, and they are known to be a complete orthogonal
system in L2((0,1),dx) (see [30], [51]). Therefore, it immediately follows (after a
change of variables) that {®y(0)}x>0 are a complete orthogonal system in

L?((0, ), (sinf)? dB). Thus, the lemma is proved. O

B. Interior regularity
We give here the proof of the interior estimate in Lemma 7.5. For it, we will need the
following.

LEMMA B.1
Let @ > 0 be the exponent given by Proposition 1.1. Assume that u € C(R") satisfies
in the viscosity sense

M*{u(-+h)y—u}>=0 and M {u(-+h)—u} <0 inR"
for all h € R". Assume that for some B € (0,1) and a € (0, @), u satisfies

[ulcs sy < CR® forall R> 1. (B.1)
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Then,
ux)=p-x+5>
for some p € R* and b € R.
Proof
Given that p > 1, let v(x) = W. By assumption, we have
MTv>0 and M v<0 inB
and

[vllLooBR) < CR®

for all R > 1. Hence it follows from the interior estimate in [14] (recall that M 2, =
M- <Mt < M;O) that

[vllcacs,) < C.

We use now the following well-known result: if all incremental quotients of order
of u are uniformly C¢, then u is Ch+e (unless B + « is an integer) (see, e.g., [4,
Proposition 2.1] or [10, Lemma 5.6]). This yields

[u]ca+s(s,) < Cp* %
Letting p — oo, we conclude that [u]c(i+B(R11) =0, and the lemma follows. O

We next show the following.

PROPOSITION B.2

Let 59 € (0,1), and let a € (0, 59) be the constant given by Proposition 1.1. Let s €
(s0, 1), let @ € (0,@), let v € (0,1), and let B € (0,1) such that o« + 8 <y + 2s.
Assume in addition that « + B # 1. Let w € CP(R") be a solution of I(w,x) = 0 in
B1, where 1is any fully nonlinear operator elliptic with respect to L +(s) of the form

I(w, x) = inf sup(Lapw(x) + cap(x)).
beB e

Suppose that Ly are given by (1.3) and (1.4) and that

|infcap(x)| <00, [caply;B, <1. (B.2)
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Then,

lwllcstes, ) = Clwlcswn. (B.3)

for some constant C that depends only on n, s, the ellipticity constants, a, and f.

Proof
It suffices to prove the estimate

supr~*[w — Prlcs.p, < Cllwlgrn, (B.4)

r>0

where

Pep

P, = argmin/ (wg — P)?dx,
By

P begin the linear space of polynomials of degree at most |« + ] with real coeffi-
cients. Using (B.4), (B.3) follows easily.

The proof of (B.4) is by contradiction. If it did not hold, then there would be
sequences Wy, I, Sk, and yi satisfying

. lwillgrn <1,

. I (Wi, x) =0in By,

. I (g, x) = infpeg, SUPyeu, (LabUk(X) + Cap(X)),

® {Lap:a € Ap,be B} C L(sy) with sg € [s0, 1],

. |infcgp (x)| < 00, [caply;B, < 1foralla € Ay and b € By,

. Ve + 25k >+ B

for which
supsupr~*[wg — P, 188, = +00, (B.5)
k r>0

where

Py, = argmin/ (wi (x) — P) dx.
PeP B,
To prove that this is impossible, we proceed similarly as in the Proof of Proposi-
tion 7.1. We define

6(r) := sup sup (r') " *[wg — Pr.r1g:B, -
k r'>r
The function 6 is monotone-nonincreasing, and 6(r) < 4+oo for r > 0 since
|lwk |l g;r» < 1. In addition, by (B.5) we have 0(r) /" +00 as r (0, and there are
sequences r,, N\, 0 and k,, for which
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_ 1
()™ [wk = Prcyy s, ):8,, = 59(",',,)-

For the rest of this proof, we will use the notation
Um = Uk, Pm = Py i) Sm = Skp, s
We consider the blow-up sequence

Wan (71, X) — Py (7}, X)
CAREICN

Um (X) =

As in the proof of Proposition 7.1, for all m > 1 we have

/ Vm(x)P(x)dx =0 forall P € P
B

[vmlp:B, = 1/2
and
[Vmlg;Br < CR®
for all R > 1. Furthermore, we also have
[vm | Loo(B Ry < CROTE.

Next we prove the following.

CLAIM

ROS-OTON and SERRA

Ym = Yk, -

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

Up to subsequences, we have sy, — s € [sg, 1] and vy, — v locally uniformly in R",

where w € C(R"™). Moreover, the limiting function v satisfies the assumptions of the

Liouville-type Lemma B. 1.

Since 8 > 0, it follows from (B.10), (B.11), and the Arzela—Ascoli theorem that a
subsequence of v, converges locally uniformly in R” to some v € C({R"}). Passing
to the limit (B.10) we find that the assumption (B.1) of Theorem B.1 is satisfied by v.
Similarly as in Proposition 7.1, using [cgp]y,;B, < 1, we show that

0= inf sup (Lagpui(X) + cap(X))

beBy acAy

> inf sup (Labuk()_c) + Cab(o)) + [ X[

beBy achy

and that
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0= inf sup (Lapux(¥ +h) + cap(¥ + 1))

beBy achy

< inf sup (Lapur (X +h) + cap(0)) + |X + h|7*,
be 3By achy

and thus that
—[x " =%+ A" < M{ o (vm(-+h) =) in By
Therefore, by rescaling we obtain

3K)/m (rr/n)zsm'f'l’m
A

<MgZ ., (m(+h) —vy) inBg (B.12)

whenever |h| < K and ), < 1/2K.
On the other hand, since vy, — v locally uniformly in R” (up to subsequences),
we then have

(vm(-+h) —vm) = (v(- + h) —v) locally uniformly in R”. (B.13)

Also, similarly as in Proposition 7.1, (B.10) and the dominated convergence theorem
imply that
(Um(-+h) —vm) = (v(+h)—v) in L'R", wy,), (B.14)

since v (- + 1) — vp| < C(1 + [x)* < C(1 + |x|)* € LY(R", ws,). Thus, using
(B.14) and (B.13), we can pass to the limit in (B.12) (for each K > 1) to obtain

0<Mg ov(+h)—v}j inR"
Analogously, we have
0> Mg*(s){v(- +h)—v} inR].

Hence, w satisfies all the assumptions of Lemma B.1, and thus v is an affine
function. On the other hand, passing (B.8) to the limit we obtain that v is orthogonal
to every affine function and hence it must be v = 0. But then passing (B.9) to the limit
we obtain that v cannot be constantly zero in By, which is a contradiction. O

Finally, we give the following.

Proof of Lemma 7.5
The result follows by rescaling from Proposition B.2. Indeed, let

—a—f—s

w(x)=r w(rx).
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We have
||u_)||Lc>0(Rn) < 00 and ||u_)||Loo(BR) < C()RDH_B_H

for all R > 1. Since the spectral measures (qp satisty ||iapllcr(sn—1) < A, we have

[Mab(J’/l)’D] CA
|y|n+2s C7(Bag\BRr) — Rn+2s+y'

Hence, if n € C°(Bj(ey)) is such that n = 1 on Bs e, it follows that

[, %) = inf sup(Lapw(¥) +Eap(¥)) =0 in Bass,

€b geA

where
Cab(}) =117 P e (r %) + Lap (1= ).
It then easily follows that
[Cablcy (Baseny < CrV TP +CCo < C(1 + Co).
Therefore, Proposition B.2 yields
lwnllcats s, menn = Clwnllcss, en)-
Rescaling back to w, we have
lwllcatses, ey = CrIwllp:B ren) < Cr=ore™ = Cr*,
and thus the lemma is proved. U
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