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Abstract
We study fine boundary regularity properties of solutions to fully nonlinear ellip-
tic integro-differential equations of order 2s, with s 2 .0; 1/. We consider the class
of nonlocal operators L� �L0, which consists of infinitesimal generators of stable
Lévy processes belonging to the class L0 of Caffarelli–Silvestre. For fully nonlinear
operators I elliptic with respect to L�, we prove that solutions to IuD f in �, uD 0
in Rn n�, satisfy u=d s 2 C sC� . N�/, where d is the distance to @� and f 2 C � . We
expect the class L� to be the largest scale-invariant subclass of L0 for which this
result is true. In this direction, we show that the class L0 is too large for all solutions
to behave as d s . The constants in all the estimates in this article remain bounded as
the order of the equation approaches 2. Thus, in the limit s " 1, we recover the cele-
brated boundary regularity result due to Krylov for fully nonlinear elliptic equations.
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1. Introduction and results
This article is concerned with boundary regularity for fully nonlinear elliptic integro-
differential equations.

Since the foundational work of Caffarelli and Silvestre [14], ellipticity for a non-
linear integro-differential operator is defined relatively to a given set L of linear
translation-invariant elliptic operators. This set L is called the ellipticity class. The
reference ellipticity class from [14] is the class L0 DL0.s/ containing all operators
L of the form

Lu.x/D

Z
Rn

�u.xC y/C u.x � y/
2

� u.x/
�
K.y/dy (1.1)

with even kernels K.y/ bounded between two positive multiples of .1� s/jyj�n�2s ,
which is the kernel of the fractional Laplacian .��/s .

In their articles [14], [15], and [16], Caffarelli and Silvestre studied the interior
regularity for solutions u to ´

IuD f in �;

uD g in Rn n�;
(1.2)

where I is a translation-invariant fully nonlinear integro-differential operator of order
2s (see the definition later in this Introduction). Caffarelli and Silvestre proved exis-
tence of viscosity solutions, established C 1C˛ interior regularity of solutions in [14]
and C 2sC˛ regularity in the case of convex equations in [15], and developed a per-
turbative theory for nontranslation-invariant equations in [16]. Thus, the interior reg-
ularity for these equations is well understood.

However, very little is known about the boundary regularity for fully nonlinear
nonlocal problems.

When I is the fractional Laplacian �.��/s , the boundary regularity of solutions
u to (1.2) is now quite well understood. The first result in this direction was obtained
by Bogdan, who established the boundary Harnack principle for s-harmonic functions
in [6] (i.e., for solutions to .��/suD 0). More recently, the present authors proved in
[42] that if f 2L1, g� 0, and � is C 1;1, then u 2 C s.Rn/ and u=d s 2 C ˛. N�/ for
some small ˛ > 0, where d is the distance to the boundary @�. Moreover, the limit of
u.x/=d s.x/ as x! @� is typically nonzero (in fact, it is positive if f < 0), and thus
the C s regularity of u is optimal. After this, Grubb [21] showed that when f 2 C �

with � > 0 (resp., f 2L1), g� 0, and� is smooth, then u=d s 2 C �Cs��. N�/ (resp.,
u=d s 2 C s��. N�/) for all � > 0. In particular, f 2 C1 leads to u=d s 2 C1. N�/.
Thus, the correct notion of boundary regularity for equations of order 2s is the Hölder
regularity of the quotient u=d s . In a new work [20], Grubb removes the � in the
previous estimates, obtaining that u=d s is C sC� whenever f 2 C � and neither � C s
nor � C 2s are integers.
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Here, we obtain boundary regularity for fully nonlinear integro-differential prob-
lems of the form (1.2) which are elliptic with respect to the class L� �L0 as defined
in the following. We have that L� consists of all linear operators of the form

Lu.x/D .1� s/

Z
Rn

�u.xC y/C u.x � y/
2

� u.x/
��.y=jyj/
jyjnC2s

dy; (1.3)

with

� 2L1.Sn�1/ satisfying �.�/D �.��/ and �� ��ƒ; (1.4)

where 0 < ��ƒ are called ellipticity constants. The class L� consists of all infinites-
imal generators of stable Lévy processes belonging to L0. Our main result essentially
establishes that when f 2 C � , g � 0, and � is C 2;� , then the viscosity solutions u
satisfy

u=d s 2 C sC� . N�/: (1.5)

In case of flat boundary, we assume � 2 C � .Sn�1/. In general C 2;� domains �, we
need to assume � 2 C 1;� .Sn�1/.

We expect the class L� to be the largest scale-invariant subclass of L0 for which
this result is true.

For general elliptic equations with respect to L0, no fine boundary regularity
results like (1.5) hold. In fact, the class L0 is too large for all solutions to be com-
parable to d s near the boundary. Indeed, we show in Section 2 that there are powers
0 < ˇ1 < s < ˇ2 for which the functions .xn/

ˇ1
C and .xn/

ˇ2
C satisfy

MC
L0
.xn/

ˇ1
C D 0 and M�L0.xn/

ˇ2
C D 0 in ¹xn > 0º;

where MC
L0

and M�
L0

are the extremal operators for the class L0 (see their definition
in Section 2). Hence, since .��/s.xn/sC D 0 in ¹xn > 0º, we have at least three func-
tions which solve fully nonlinear elliptic equations with respect to L0 but which are
not even comparable near the boundary ¹xn D 0º. As we show in Section 2, the same
happens for the subclasses L1 and L2 of L0, which have more regular kernels and
were considered in [14]–[16].

The constants in our estimates remain bounded as s " 1. Thus, in the limit we
recover the celebrated boundary regularity estimate of Krylov for second-order fully
nonlinear elliptic equations [29].

1.1. The class L�
The class L� consists of all infinitesimal generators of stable Lévy processes belong-
ing to L0. This type of Lévy process has been well studied in probability, as is
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explained next. In that context, the function � 2 L1.Sn�1/ is called the spectral
measure.

Stable processes are for several reasons a natural extension of Gaussian pro-
cesses. For instance, the generalized central limit theorem states that the distribution
of a sum of independent, identically distributed random variables with heavy tails
converges to a stable distribution (see [31], [43], or [3] for a precise statement of
this result). Thus, stable processes are often used to model sums of many random
independent perturbations with heavy-tailed distributions (i.e., when large outcomes
are not unlikely). In particular, they arise frequently in the fields of financial mathe-
matics, internet traffic statistics, or signal processing (see, e.g., [1], [23], [27], [32]–
[35], [37], [39], [40] and the books [36], [43]).

Linear equations Lu D f with L in the class L� have already been studied,
specially by Sztonyk and Bogdan (see, e.g., [7], [41], [49], [50]). When the spectral
measure � in (1.3) belongs to C1.Sn�1/, the regularity up to the boundary of u=d s

in C1 domains follows from the recent results of Grubb [21] for linear pseudodiffer-
ential operators.

Notice that all second-order linear uniformly elliptic operators are recovered as
limits of operators in L� D L�.s/ as s ! 1. In particular, all second-order fully
nonlinear equations F.D2u/ D f .x/ are recovered as limits of the fully nonlinear
integro-differential equations that we consider. Furthermore, when s < 1, the class of
translation-invariant linear operators L�.s/ is much richer than the one of second-
order uniformly elliptic operators. Indeed, while any operator in the latter class is
determined by a positive definite n � n matrix, a function � W Sn�1! RC is needed
to determine an operator in L�.s/.

A key feature of the class L� for boundary regularity issues is that

L.xn/
s
C D 0 in ¹xn > 0º for all L 2L�:

This is essential first to construct barriers which are comparable to d s and later to
prove finer boundary regularity.

1.2. Equations with bounded measurable coefficients
The first result of this paper, on which all the other results rely, is Proposition 1.1.

Here and throughout the article, we use the definition of viscosity solutions and
inequalities from [14]. Moreover, for r > 0, we denote

BCr DBr \ ¹xn > 0º and B�r DBr \ ¹xn < 0º;

and the constants � and ƒ in (1.4) are ellipticity constants. The extremal operators
associated to the class L� are denoted by MC

L�
and M�

L�
:
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MC
L�
uD sup

L2L�

Lu and M�L�uD inf
L2L�

Lu:

Note that, since L� �L0, then M�
L0
�M�

L�
�MC

L�
�MC

L0
.

PROPOSITION 1.1
Let s0 2 .0; 1/ and s 2 Œs0; 1/. Assume that u 2 C.B1/\L1.Rn/ is a viscosity solu-
tion of 8̂̂<

ˆ̂:
MC

L�
u��C0 in BC1 ;

M�
L�
u� C0 in BC1 ;

uD 0 in B�1 ;

(1.6)

for some nonnegative constant C0. Then, u=xsn is C N̨ .BC
1=2
/ for some N̨ > 0, with the

estimate

ku=xsnkC N̨ .BC
1=2

/
� C

�
C0CkukL1.Rn/

�
: (1.7)

The constants N̨ and C depend only on n, s0, and the ellipticity constants.

It is important to note that the constants in our estimate remain bounded as s! 1.
This means that from Proposition 1.1 we can recover the classical boundary Harnack
inequality of Krylov from [29].

The estimate of Proposition 1.1 is only a first step toward our results. It is obtained
via a nonlocal version of the method of Caffarelli [26, p. 39] for second-order equa-
tions with bounded measurable coefficients (see also Section 9.2 in [10]). This method
has been adapted to nonlocal equations by the authors in [42],� where we proved esti-
mate (1.7) for the fractional Laplacian .��/s in C 1;1 domains.

As explained before, our main result is the C sC� regularity of u=d s in C 2;�

domains for solutions u to fully nonlinear integro-differential equations (see Sec-
tion 1.3). Thus, for solutions to the nonlinear equations, we push the small Hölder
exponent N̨ > 0 in (1.7) up to the sharp exponent sC � in (1.5). To achieve this, new
ideas are needed, and the procedure that we develop differs substantially from that
in second-order equations. We use a new compactness method and the “boundary”
Liouville-type Theorem 1.4, stated later in the Introduction. This Liouville theorem
relies on Proposition 1.1.

�In [42], we incorrectly attributed the method to Krylov. Instead, we were using a method due to Caffarelli, who
gave an alternative proof of Krylov’s boundary regularity theorem.
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1.3. Main result
Before stating our main result, let us recall the definition and motivations of fully
nonlinear integro-differential operators.

As defined in [14], a fully nonlinear operator I is said to be elliptic with respect
to a subclass L�L0 when

M�L .u� v/.x/� Iu.x/� Iv.x/�MC
L
.u� v/.x/

for all test functions u;v which are C 2 in a neighborhood of x and which have finite
integral against !s.x/D .1� s/.1C jxj�n�2s/. Moreover, if

I
�
u.x0C 	/

�
.x/D .Iu/.x0C x/;

then we say that I is translation-invariant.
Fully nonlinear elliptic integro-differential equations naturally arise in stochastic

control and games. In typical examples, a single player or two players control some
parameters (e.g., the volatilities of the assets in a portfolio) affecting the joint distri-
bution of the random increments of n variables X.t/ 2Rn. The game ends when X.t/
exits for the first time a certain domain � (as when having automated orders to sell
assets when their prices cross certain limits).

The value or expected payoff of these games u.x/ depends on the starting point
X.0/ D x (initial prices of all assets in the portfolio). A remarkable fact is that the
value u.x/ solves an equation of the type IuD 0, where

Iu.x/D sup
a
.LauC ca/ or Iu.x/D inf

b
sup
a
.LabuC cab/: (1.8)

The first equation, known as the Bellman equation, arises in control problems (a single
player), while the second one, known as the Isaacs equations, arises in zero-sum
games (two players). The linear operators La and Lab are infinitesimal generators
of Lévy processes, standing for all the possible choices of the distribution of time
increments of X.t/. The constants ca and cab are costs associated to the choice of the
operators La and Lab . More involved equations with 0th-order terms and right-hand
sides also have meanings in this context as interest rates or running costs (see [9],
[14], [19], [38] and the references therein for more information on these equations).

When all La and Lab belong to L�, then (1.8) are fully nonlinear translation-
invariant operators elliptic with respect to L�, as defined above.

The interior regularity for fully nonlinear integro-differential elliptic equations
was mainly established by Caffarelli and Silvestre in their well-known work [14].
More precisely, for some small ˛ > 0, they obtain C 1C˛ interior regularity for fully
nonlinear elliptic equations with respect to the class L1 made of kernels in L0 which
are C 1 away from the origin. For s > 1=2, the same result in the class L0 has been
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recently proved by Kriventsov in [28]. These estimates are uniform as the order of the
equations approaches 2, so they can be viewed as a natural extension of the interior
regularity for fully nonlinear equations of second order. There were previous interior
estimates by Bass and Levin [5] and by Silvestre [46] which are not uniform as the
order of the equation approaches 2. An interesting aspect of [46] is that its proof is
short and uses only elementary analysis tools, taking advantage of the nonlocal char-
acter of the equations. This is why the same ideas have been used in other different
contexts (see [17], [47]).

For convex equations elliptic with respect to L2 (i.e., with kernels in L0 which
are C 2 away from the origin), Caffarelli and Silvestre obtained C 2sC˛ interior regu-
larity in [15]. This is the nonlocal extension of the Evans–Krylov theorem. The same
result in the class L0 has been recently proved by the second author in [45]. (Other
important references concerning interior regularity for nonlocal equations in nondi-
vergence form are [2], [18], [22], [24], [25].)

Our main result is the following.

THEOREM 1.2
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Let N̨ be the exponent given by Proposition 1.1.
Assume that I is a fully nonlinear and translation-invariant operator of the form (1.8)–
(1.3)–(1.4). In addition, assume that the spectral measures satisfy

k�abkC� .Sn�1/ �ƒ:

Let f 2 C � .BC1 /, and let u 2L1.Rn/\C.B1/ be any viscosity solution of´
IuD f in BC1 ;

uD 0 in B�1 :
(1.9)

Assume that � 2 .0; 1� sC N̨ / and that sC� is not an integer. Then, u=.xn/s belongs

to C sC� .BC
1=2
/ with the estimate

��u=.xn/s��C sC� .BC
1=2

/
� C

�
kukL1.Rn/Ckf kC� .BC

1
/

�
;

where the constant C depends only on n, s0, � , �, and ƒ.

Notice that taking � D 1� sC˛ in the previous result (with ˛ > 0 small), we find
that u=.xn/s is C 1;˛ up to the boundary. Thus, it gives an estimate of order 1C sC˛
on the boundary, and not only 2s C ˛ (which is the regularity in the interior of the
domain for convex equations; see [15], [45]).

As stated above, before our results almost nothing was known about the boundary
regularity of solutions to fully nonlinear integro-differential equations. It was only
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known that solutions u to these equations are C ˛ up to the boundary for some small
˛ > 0 (a result for u but not for the quotient u=d s).

Theorem 1.2 gives a sharp boundary regularity estimate for fully nonlinear equa-
tions elliptic with respect to L�, recovering in the limit s " 1 the celebrated boundary
regularity estimate of order 2C ˛ of Krylov.

Note also that our result is not only an a priori estimate for classical solutions
but also applies to viscosity solutions. For local equations of second order, the bound-
ary regularity for viscosity solutions to fully nonlinear equations has been recently
obtained by Silvestre and Sirakov [48]. The methods that we introduce here to prove
Theorem 1.2 can be used to give a new proof of the results for second-order fully
nonlinear equations.

Apart from their intrinsic interest, we believe that the results and proofs in this
paper will be useful in order to make progress in the study of other important models
with nonlocal diffusion where the boundary behavior of solutions plays a crucial role.
For instance, the precise understanding of the boundary behavior of solutions given
by Theorem 1.2 (and Theorems 1.3 and 1.4 stated later on in the Introduction) opens
the door to a detailed study of regularity properties for natural free boundary models
such as:
� The obstacle problem with diffusion operator in L 2L�:

min¹�Lu;u� 'º D 0 in Rn:

� The (variational) one-phase problem, concerning local minimizers of

1

2

“ �
u.x/� u.xC y/

�2�.y=jyj/
jyjnC2s

dx dy C

Z
	¹u>0º.x/dx:

Currently, these models have only been studied for the fractional Laplacian L D
.��/s (see [11], [12] and the references therein).

1.4. Estimates in C 2;� domains
We will also establish the following boundary regularity estimate in C 2;� domains.
In this result, we consider operators

I.u; x/D inf
b

sup
a

�
LabuC cab.x/

�
; (1.10)

with Lab of the form (1.3)–(1.4) and satisfying

k�abkC1;� .Sn�1/ �ƒ: (1.11)

Moreover, we assume also that

kcabkC� . N�/ � C0: (1.12)

Under these assumptions, we have the following.
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THEOREM 1.3
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Let N̨ be the exponent given by Proposition 1.1, and
let � 2 .0; 1� sC N̨ /. Assume in addition that sC � is not an integer and that � � s.
Let � be any C 2;� domain, and let I be a fully nonlinear operator of the form (1.10)
with (1.3)–(1.4)–(1.11)–(1.12). Let d.x/ be a C 2;� . N�/ function that coincides with
dist.x;Rn n�/ in a neighborhood of @�. Then let u 2 C. N�/ be any viscosity solution
of ´

I.u; x/D f in �;

uD 0 in Rn n�;

with kf kC� . N�/ � C0. Then, u=d s belongs to C sC� . N�/ with the estimate

ku=d skC sC� . N�/ � CC0;

where the constant C depends only on �, s0, � , �, and ƒ.

In case of local equations of second order, the Krylov estimate in C 2;� domains
is usually proved by flattening the boundary; (see [26], [48]). However, we will not
do this here, and thus we do not deduce Theorem 1.3 from Theorem 1.2.

Note that as a consequence of Theorem 1.3, one can immediately obtain estimates
for solutions to ´

IuD f in �;

uD g in Rn n�;

with g 2 C 2sC� .Rn/ and f 2 C � . N�/. Indeed, one only needs to consider QuD u� g
in Rn and then apply Theorem 1.3 to Qu to find that .u� g/=d s 2 C sC� . N�/.

1.5. Ingredients of the proof
Let us explain now the main ideas in the proofs of Theorems 1.2 and 1.3. Our proof
of these results differs substantially from boundary regularity methods in second-
order equations. Indeed, recall that for second-order equations, one first shows that
D2u is bounded on the boundary, and then the estimate for equations with bounded
measurable coefficients implies immediately a C 2;˛ estimate on the boundary for
solutions to fully nonlinear equations (see [10], [26]).

This is much more delicate for nonlocal equations, and it is not at all easy to prove
Theorem 1.2 using Proposition 1.1. A main reason for this is not only the nonlocal
character of the estimates, but also the fact that tangential and normal derivatives of
the solution behave differently on the boundary; recall that the solution is C s and not
Lipschitz up to the boundary.
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In our proof, the main step toward Theorem 1.2 is an iterative result of the form

u=.xn/
s 2 C ˇ .BC

3=4
/ H) u=.xn/

s 2 C ˛Cˇ .BC
1=2
/; (1.13)

where ˛ 2 .0; N̨ / is small, and ˇ 2 Œ0; 1
 satisfies ˛ C ˇ � � C s. Essentially, this is
equivalent to an estimate on the boundary, which reads as follows. If u satisfies the
hypotheses of Theorem 1.2 and if u=.xn/s 2 C ˇ .B

C
3=4
/, then for all z 2 ¹xn D 0º \

B1=2 there exist bz 2R and pz 2Rn for whichˇ̌
u.x/� bz.xn/

s
C � .pz 	 x/.xn/

s
C

ˇ̌
� C jx � zj˛CˇCs for all x 2B1: (1.14)

In the case that ˛C ˇ < 1, then the term .pz 	 x/.xn/
s
C does not appear.

The estimate on the boundary (1.14) relies heavily on two ingredients, as we
explain next. The first ingredient is a Liouville-type theorem for solutions in a half-
space. Essentially, we want a Liouville theorem that states that any solution to´

IuD 0 in ¹xn > 0º;

uD 0 in ¹xn < 0º;

satisfying the growth control at infinity

kukL1.BR/ � CR
sC˛Cˇ for all R � 1

must be of the form

u.x/D .xn/
s
C.p 	 xC b/:

However, for functions having such growth at infinity (recall that sC ˛C ˇ could be
2sC � ), the operator Iu is not defined. The correct form of such a Liouville theorem
is the following.

THEOREM 1.4
Let N̨ > 0 be the exponent given by Proposition 1.1. Assume that u 2 C.Rn/ satisfies,
in the viscosity sense,´

MC
L�
¹u.	 C h/� uº � 0 and M�

L�
¹u.	 C h/� uº � 0 in ¹xn > 0º;

uD 0 in ¹xn < 0º;

for all h 2 Rn such that hn � 0. Assume that, for some ˇ 2 .0; 1/ and ˛ 2 .0; N̨ /, u
satisfies �

u=.xn/
s
C

�
Cˇ.BR/

� CR˛ for all R � 1: (1.15)
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Then,

u.x/D .xn/
s
C.p 	 xC b/

for some p 2Rn and b 2R.

To prove Theorem 1.4, we apply Proposition 1.1 to incremental quotients of u in
the first .n�1/-variables. After this, rescaling the obtained estimates and using (1.15),
we find that such incremental quotients are zero, and thus that u is a 1-dimensional
solution. Then, we use the fact that, for 1-dimensional functions, all operators L 2
L� coincide up to a multiplicative constant with the fractional Laplacian .��/s (see
Lemma 2.1). Therefore, we only need to prove a Liouville theorem for solutions to
.��/swD 0 in RC, wD 0 in R�, satisfying a growth control at infinity. This is done
in Lemmas 5.2 and 5.3.

The second ingredient toward (1.14) is a compactness argument. With u as in
Theorem 1.2, and with u=.xn/s 2 C ˇ .B

C
3=4
/, we suppose by contradiction that (1.14)

does not hold, and we blow up the fully nonlinear equation at a boundary point
(after subtracting appropriate terms to the solution). We then show that the blow-
up sequence converges to an entire solution in ¹xn > 0º. Finally, the contradiction is
reached by applying the Liouville-type theorem stated above to the entire solution in
¹xn > 0º. For this, we need to develop a boundary version of a method introduced
by the second author in [44], [45]. The method was conceived there to prove interior
regularity for integro-differential equations with rough kernels.

These are the main ideas used to prove Theorem 1.2.
The proof of Theorem 1.3 follows the same ideas as the one of Theorem 1.2.

However, since we will not flatten the boundary of � (since the equation would
change too much), it requires one additional ingredient.

Indeed, we need to show that L.d s/ is C � . N�/ for any linear operator L of the
form (1.3)–(1.4)–(1.11). This is given by Proposition 9.1. Note that in the case of flat
boundary, one hasL.xn/sC D 0 for any such operator, so that there is nothing to prove.
To show this in general C 2;� domains, we need to flatten the boundary.

After flattening the boundary, any operator L of the form (1.3)–(1.4)–(1.11)
becomes

QL.u;x/D PV
Z
Rn

�
u.x/� u.xC z/

�
K.x; z/dz;

where

K.x; z/D
a1.x; z=jzj/

jzjnC2s
C
a2.x; z=jzj/

jzjnC2s�1
	B1.z/C J.x; z/;
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and where a1 is even in the second variable, a2 is odd in the second variable, and J
has a singularity of order nC 2s � 1� � near the origin. Moreover, a1, a2, and J are
C � in the x-variable.

To prove that QL..xn/sC; x/ is a C � function, we have to take advantage of an
important cancelation arising from the fact that a2 is odd in the second variable.

This article has the following organization. In Section 2, we give some important
results on L� and L0. In Section 3, we construct some subsolutions and supersolu-
tions that will be used later. In Section 4, we prove Proposition 1.1. In Sections 5 and
6, we show the Liouville Theorem 1.4. Then we prove Theorem 1.2 in Section 7, and
in Section 8 we prove Theorem 1.3. Finally, in Section 9 we prove Proposition 9.1.

2. Properties of L� and L0

This section has two main purposes: to show that the class L� �L0 is the appropriate
one to obtain fine boundary regularity results, and to give some important results on
L� and L0.

2.1. The class L�
For s 2 .0; 1/, we define the ellipticity class L� DL�.s/ as the set of all linear oper-
ators L of the form (1.3)–(1.4). Throughout the current article, the extremal operators
(as defined in [14]) for the class L� are denoted by MC and M�; that is,

MCu.x/DMC
L�
u.x/D sup

L2L�

Lu.x/

and

M�u.x/DM�L�u.x/D inf
L2L�

Lu.x/: (2.1)

The following useful formula writes an operator L 2L� as a weighted integral
of 1-dimensional fractional Laplacians in all directions:

LuD .1� s/

Z
Sn�1

d�
1

2

Z 1
�1

dr
�u.xC r�/C u.x � r�/

2
� u.x/

� �.�/

jr jnC2s
rn�1

D�
1� s

2c1;s

Z
Sn�1

d��.�/.�@�� /
su.x/; (2.2)

where

�.�@�� /
su.x/D c1;s

Z 1
�1

�u.xC � r/C u.x � � r/
2

� u.x/
� dr

jr j1C2s

is the 1-dimensional fractional Laplacian in the direction � , whose Fourier symbol is
�j� 	 �j2s . The following is an immediate consequence of the formula (2.2).
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LEMMA 2.1
Let u be a function depending only on variable xn (i.e., u.x/ D w.xn/, where w W
R!R). Then,

Lu.x/D�
1� s

2c1;s

�Z
Sn�1
j�nj

2s�.�/d�
�
.��/s

R
w.xn/;

where .��/s
R

denotes the fractional Laplacian in dimension 1.

Proof
Using (2.2), we have

Lu.x/D
1� s

2c1;s

Z
Sn�1
�.��/s

R

�
w.xnC �n	/

�
�.�/d�

D
1� s

2c1;s

Z
Sn�1
�j�nj

2s.��/s
R

�
w.xnC 	/

�
�.�/d�;

as desired.

Another consequence of (2.2) is that MC and M� admit the following closed
formulae:

MCu.x/D
1� s

2c1;s

Z
Sn�1

®
ƒ
�
�.�@�� /

sw.x/
�C
� �

�
�.�@�� /

sw.x/
��¯

d�

and

M�u.x/D
1� s

2c1;s

Z
Sn�1

®
�
�
�.�@�� /

sw.x/
�C
�ƒ

�
�.�@�� /

sw.x/
��¯

d�:

Throughout this paper, given that � 2 Sn�1 and ˇ 2 .0; 2s/, we denote by 'ˇ W
R!R and 'ˇ� WRn!R the functions

'ˇ .x/ WD .xC/
ˇ and 'ˇ� .x/ WD .x 	 �/

ˇ
C: (2.3)

A very important property of L� is the following.

LEMMA 2.2
For any unit vector � 2 Sn�1, the function 's� satisfies MC's� DM

�'s� D 0 in ¹x 	
� > 0º and 's� D 0 in ¹x 	 � < 0º.

Proof
We use Lemma 2.1 and the well-known fact that the function 's.x/D .xC/s satisfies
.��/s

R
's D 0 in ¹x > 0º (see, e.g., [42, Proposition 3.1]).
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Next we give a useful property of MC and M�.

LEMMA 2.3
Let ˇ 2 .0; 2s/, and let MC and M� be defined by (2.1). For any unit vector � 2
Sn�1, the function 'ˇ� satisfies MC'ˇ� .x/ D c.s;ˇ/.x 	 �/ˇ�2s and M�'ˇ� .x/ D
c.s;ˇ/.x 	�/ˇ�2s in ¹x 	� > 0º, and 'ˇ� D 0 in ¹x 	� < 0º. Here, c and c are constants
depending only on s, ˇ, n, and the ellipticity constants. Moreover, c and c satisfy
c � c, and they are continuous as functions of the variables .s;ˇ/ in ¹0 < s � 1; 0 <
ˇ < 2sº. In addition, we have

c.s;ˇ/ > c.s;ˇ/ > 0 for all ˇ 2 .s; 2s/ (2.4)

and

lim
ˇ%2s

c.s;ˇ/D

´
C1 for all s 2 .0; 1/;

C > 0 for s D 1:
(2.5)

Proof
Given L 2L�, by Lemma 2.1 we have

L'ˇ� .x/D�
1� s

2c1;s

�Z
Sn�1
j�nj

2s�.�/d�
�
.��/s

R
'ˇ .x 	 �/:

Hence, using the scaling properties of the fractional Laplacian and of the function 'ˇ ,
we obtain that, for x 	 � > 0,

MC'ˇ� .x/D C.x 	 �/
ˇ�2s max

®
�ƒ.��/s

R
'ˇ .1/;��.��/s

R
'ˇ .1/

¯
and

M�'ˇ� .x/D C.x 	 �/
ˇ�2s min

®
�ƒ.��/s

R
'ˇ .1/;��.��/s

R
'ˇ .1/

¯
;

where C D .1� s/=.2c1;s/ > 0.
Therefore, to prove that the two functions c and c are continuous in the variables

.s;ˇ/ in ¹0 < s � 1; 0 < ˇ < 2sº and that (2.4) and (2.5) hold, it is enough to prove
the same for

.s;ˇ/ 7�!�.��/s
R
'ˇ .1/:

We first prove continuity in ˇ. If ˇ and ˇ0 belong to .0; 2s/, then as ˇ0! ˇ, we
have 'ˇ

0

! 'ˇ in C 2.Œ1=2; 3=2
/ andZ
R

j'ˇ
0

� 'ˇ j.x/
�
1C jxj

��1�2s
dx! 0:
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As a consequence, .��/s
R
'ˇ
0

.1/! .��/s
R
'ˇ .1/. It is easy to see that if s and s0

belong to .0; 1
, and ˇ < 2s, then .��/s
0

R
'ˇ .1/! .��/s

R
'ˇ .1/ as s0! s. Moreover,

note that whenever ˇ > s, the function 'ˇ is touched from below by the function 's�
C at some point x0 > 0 for some constant C > 0. Hence, we have .��/s

R
'ˇ .x0/ >

.��/s
R
's.x0/D 0. This yields (2.4).

Finally, (2.5) follows from an easy computation using the definition of .��/s
R

,
and thus the proof is finished.

2.2. The class L0

As defined in [14], for s 2 .0; 1/ the ellipticity class L0 DL0.s/ consists of all oper-
ators L of the form

Lu.x/D .1� s/

Z
Rn

�u.xC y/C u.x � y/
2

� u.x/
� b.y/

jyjnC2s
dy

where

b 2L1.Rn/ satisfies b.y/D b.�y/ and �� b �ƒ:

It is clear that

L� � L0:

The extremal operators for the class L0 are denoted here by MC
L0

and M�
L0

. Since
L� �L0, we have

M�L0 �M
� �MC �MC

L0
:

Hence, all elliptic equations with respect to L� are elliptic with respect to L0 and all
the definitions and results in [14] apply to the elliptic equations considered in these
pages.

As in [14] and [16], we consider the weighted L1 spaces L1.Rn;!s/, where

!s.x/D .1� s/
�
1C jxj

��n�2s
: (2.6)

The utility of this weighted space is that, if L 2L0.s/, then Lu.x/ can be evaluated
classically and is continuous in B�=2, provided that u 2 C 2.B�/ \ L1.Rn;!s/. One
can then consider viscosity solutions to elliptic equations with respect to L0.s/ which
are not bounded but belong to L1.Rn;!s/. The weighted norm appears in stability
results (see [16]). As noted in the Introduction, the definitions of viscosity solutions
and viscosity inequalities that we follow are those from [14].

Next we state the interior Harnack inequality and the C ˛ estimate from [14].
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THEOREM 2.4 ([14, Theorem 11.1])
Let s0 2 .0; 1/ and let s 2 Œs0; 1
. Let u � 0 in Rn satisfy in the viscosity sense
M�

L0
u� C0 and MC

L0
u��C0 in BR. Then,

u.x/� C
�
u.0/CC0R

2s
�

for every x 2BR=2;

for some constant C depending only on n, s0, and the ellipticity constants.

THEOREM 2.5 ([14, Theorem 12.1])
Let s0 2 .0; 1/ and s 2 Œs0; 1
. Let u 2 C.B1/ \ L1.Rn;!s/ satisfy in the viscosity
sense M�

L0
u� C0 and MC

L0
u��C0 in B1. Then, u 2 C ˛.B1=2/ with the estimate

kukC˛.B1=2/ � C
�
C0CkukL1.B1/CkukL1.Rn;!s/

�
;

where ˛ and C depend only on n, s, and the ellipticity constants.

2.3. No fine boundary regularity for L0

The aim of this section is to show that the class L0 is too large for all solutions to
behave comparably near the boundary. Moreover, we give necessary conditions on a
subclass L � L0 in order to have comparability of all solutions near the boundary.
These necessary conditions lead us to the class L�.

In the next result we show that, for any scale-invariant class L�L0 that contains
the fractional Laplacian .��/s , and any unit vector �, there exist powers 0 � ˇ1 �
s � ˇ2 such that MC

L
'
ˇ1
� D 0 and M�

L
'
ˇ2
� D 0 in ¹x 	 � > 0º. Before stating this

result, we give the following definition.

Definition 2.6
We say that a class of operators L is scale-invariant of order 2s if, for each operator
L in L and for all R > 0, the rescaled operator LR defined by

.LRu/.R	/DR
�2sL

�
u.R	/

�
also belongs to L.

The proposition then is the following.

PROPOSITION 2.7
Assume that L�L0.s/ is scale-invariant of order 2s. Then the following hold.
(a) For every � 2 Sn�1 and ˇ 2 .0; 2s/, the function 'ˇ� defined in (2.3) satisfies

MC
L
'ˇ� .x/D C.ˇ; �/.x 	 �/

ˇ�2s in ¹x 	 � > 0º;

M�L'
ˇ
� .x/D C.ˇ; �/.x 	 �/

ˇ�2s in ¹x 	 � > 0º:
(2.7)
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Here, C and C are constants depending only on s, ˇ, �, n, and the ellipticity
constants.

(b) The functions C and C are continuous in ˇ and, for each unit vector �, there
are ˇ1 � ˇ2 in .0; 2s/ such that

C.ˇ1; �/D 0 and C.ˇ2; �/D 0: (2.8)

Moreover, for all ˇ 2 .0; 2s/,

C.ˇ; �/�C.ˇ1; �/ has the same sign as ˇ � ˇ1 (2.9)

and

C.ˇ; �/�C.ˇ2; �/ has the same sign as ˇ � ˇ2: (2.10)

(c) If in addition the fractional Laplacian �.��/s belongs to L, then we have
ˇ1 � s � ˇ2.

Proof
The scale invariance of L is equivalent to a scaling property of the extremal operators
MC

L
and M�

L
. Namely, for all R > 0, we have

M˙L
�
u.R	/

�
DR2s.M˙L u/.R	/:

(a) By this scaling property, it is immediate to prove that given ˇ 2 .0; 2s/ and
� 2 Sn�1, the function 'ˇ� satisfies (2.7), where

C.ˇ; �/ WDMC
L
'ˇ� .�/ and C.ˇ; �/ WDM�L'

ˇ
� .�/:

Of course, C and C depend also on s and the ellipticity constants, but these are fixed
constants in this proof.

(b) Note that, as ˇ0! ˇ 2 Œ0; 2s/, we have 'ˇ
0

� ! '
ˇ
� in C 2.B1=2.�// and in

L1.Rn;!s/. As a consequence, C and C are continuous in ˇ in the interval Œ0; 2s/.
Since 'ˇ� ! 	¹x��>0º as ˇ! 0, we have

C.�; 0/� C.�; 0/ < 0:

On the other hand, it is easy to see that

M�L0'
ˇ
� .�/�!C1 as ˇ% 2s:

Hence, using that M�
L0
�M�

L
, we obtain

0 < C.�;ˇ/� C.�;ˇ/ for ˇ close to 2s:
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Therefore, by continuity, there are ˇ1 and ˇ2 in .0; 2s/ such that

C.ˇ1; �/D 0 and C.ˇ2; �/D 0:

To prove (2.9), we observe that if ˇ > ˇ1, then the function 'ˇ� is touched from
below by 'ˇ1� �C at some x0 2 ¹x 	 � > 0º for some C > 0. It follows that

MC
L
'ˇ� .x0/�M

C
L
'ˇ1� .x0/�M

�
L0
.'ˇ� � '

ˇ1
� /.x0/ > 0:

Since the sign of MC
L
'
ˇ
� is constant in ¹x 	 � > 0º, it follows that C.�;ˇ/ > 0 when

ˇ > ˇ1. Similarly, one proves that C.�;ˇ/ < 0 when ˇ < ˇ1, and hence (2.10).
(c) This proof is an immediate consequence of the results of parts (a) and (b) and

the fact that �.��/s's� D 0 in ¹x 	 � > 0º.

Clearly, to hope for some good description of the boundary behavior of solutions
to all elliptic equations with respect to a scale-invariant class L, it must be ˇ1 D ˇ2
for every direction �. Typical classes L contain the fractional Laplacian �.��/s .
Thus, for them, we must have ˇ1 D ˇ2 D s for all � 2 Sn�1. If this happens, then

L's� D 0 in ¹x 	 � > 0º for all L 2L; and for all � 2 Sn�1; (2.11)

since M�
L
�L�MC

L
for all L 2L.

As a consequence, we have the following.

COROLLARY 2.8
Let ˇ1, ˇ2 be given by (2.8) in Proposition 2.7. Then, for the classes L0, L1, and L2

we have ˇ1 < s < ˇ2.

Proof
Let us show that for L D L0 the condition (2.11) is not satisfied. Indeed, we may
easily cook up L 2L0 so that L'sen.x

0; 1/¤ 0 for x0 2Rn�1. Namely, if we take

b.y/D
�
�C .ƒ� �/	B1=2.y/

�
;

then at points x D .x0; 1/ we have

0 > L'sen.x/D .1� s/

Z
Rn

�u.xC y/C u.x � y/
2

� u.x/
� b.y/

jyjnC2s
dy;

since 'sen is concave in B1=2.x0; 1/ and .��/s'sen D 0 in ¹xn > 0º. By taking an
smoothed version of b.y/, we see that both L1 and L2 fail to satisfy (2.11).

By the results in Section 2.1, it holds that the class L� satisfies the necessary
condition (2.11). Although we do not have a rigorous mathematical proof, we believe
that L� is actually the largest scale-invariant subclass of L0 satisfying (2.11).
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3. Barriers
In this section, we construct supersolutions and subsolutions that are needed in our
analysis. From now on, all the results are for the class L� (and not for L0). First we
give two preliminary lemmas.

LEMMA 3.1
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Let

'.1/.x/D
�
dist.x;B1/

�s
and '.2/.x/D

�
dist.x;Rn nB1/

�s
:

Then,

0�M�'.1/.x/�MC'.1/.x/

� C
®
1C .1� s/

ˇ̌
log
�
jxj � 1

�ˇ̌¯
in B2 nB1 (3.1)

and

0�MC'.2/.x/�M�'.2/.x/

��C
®
1C .1� s/

ˇ̌
log
�
1� jxj

�ˇ̌¯
in B1 nB1=2: (3.2)

The constant C depends only on s0, n, and the ellipticity constants.

Note that the above bounds are much better than jjxj � 1j�s , which would be the
expected bound given by homogeneity. This is since '.1/ and '.2/ are in some sense
close to the 1-dimensional solution .xC/s .

Proof of Lemma 3.1
Let L 2L�. For points x 2 Rn, we use the notation x D .x0; xn/ with x0 2Rn�1. To
prove (3.1), let us estimate L'.1/.x�/, where x� D .0; 1C 
/ for 
 2 .0; 1/ and for a
generic L 2L�. To do it, we subtract the function  .x/D .xn � 1/sC, which satisfies
L .x�/D 0. Note that

.'.1/ � /.x�/D 0 for all 
 > 0

and that, for jyj< 1,ˇ̌
dist.x� C y;B1/� .1C 
C yn/C

ˇ̌
� C jy0j2:

This is because the level sets of the two previous functions are tangent on ¹y0 D 0º.
Thus,

0� .'
.1/
1 � /.x� C y/�

8̂̂
<
ˆ̂:
C
s�1jy0j2 for y D .y0; yn/ 2B�=2;

C jy0j2s for y D .y0; yn/ 2B1 nB�=2;

C jyjs for y 2Rn nB1:
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The bound in B�=2 follows from the inequality as � bs � .a� b/bs�1 for a > b > 0.
Therefore, we have

0�L'.1/.x�/

DL.'.1/ � /.x�/

D .1� s/

Z
.'
.1/
1 � /.x� C y/C .'

.1/
1 � /.x� � y/

2

�.y=jyj/

jyjnC2s
dy

� C.1� s/ƒ
�Z
B�=2


s�1jy0j2 dy

jyjnC2s
C

Z
B1nB�=2

jy0j2s dy

jyjnC2s
C

Z
RnnB1

jyjsdy

jyjnC2s

�

� C
�
1C .1� s/j log
j

�
:

This establishes (3.1). The proof of (3.2) is similar.

In the next result, instead, the bounds are those given by the homogeneity. In
addition, the constant in the bounds has the right sign to construct (together with
Lemma 3.1) appropriate barriers.

LEMMA 3.2
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Let

'.3/.x/D
�
dist.x;B1/

�3s=2
and '.4/.x/D

�
dist.x;Rn nB1/

�3s=2
:

Then,

M�'.3/.x/� c
�
jxj � 1

��s=2
for all x 2B2 nB1 (3.3)

and

M�'.4/.x/� c
�
1� jxj

��s=2
�C for all x 2B1 nB1=2: (3.4)

The constants c > 0 and C depend only on n, s0, and the ellipticity constants.

Proof
Let L 2L�. For points x 2 Rn, we use the notation x D .x0; xn/ with x0 2Rn�1. To
prove (3.4) let us estimate L'.4/.x�/, where x� D .0; 1C 
/ for 
 2 .0; 1/ and for a
generic L 2 L�. To do it, we subtract the function  .x/ D .1 � xn/

3s=2
C , which by

Lemma 2.3 satisfies L .x�/D c
�s=2 for some c > 0. We note that

.'.4/ � /.x�/D 0

and, similarly as in the proof of Lemma 3.1,
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0� .'.4/ � /.x� C y/�

8̂̂
<
ˆ̂:
�C
3s=2�1jy0j2 for y D .y0; yn/ 2B�=2;

�C jy0j3s for y D .y0; yn/ 2B1 nB�=2;

�C jyj3s=2 for y 2Rn nB1:

Hence,

L'.4/.x�/� c

�s=2

DL.'.4/ � /.x�/

��C.1� s/ƒ
�Z
B�=2


3s=2�1jy0j2 dy

jyjnC2s
C

Z
B1nB�=2

jy0j3s dy

jyjnC2s
C

Z
RnnB1

jyjs=2 dy

jyjnC2s

�

��C:

This establishes (3.4). To prove (3.3), we now define  .x/D .xn � 1/
3s=2
C , and we

use Lemma 2.3 and the fact that '.3/ � is nonnegative in all of Rn and vanishes on
the positive xn axis.

We can now construct the subsolutions and supersolutions that will be used in the
next section.

LEMMA 3.3
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. There are positive constants � and C , and a radial,
bounded, continuous function '1 which is C 1;1 in B1C� nB1 and which satisfies8̂̂

ˆ̂<
ˆ̂̂̂:

MC'1.x/��1 in B1C� nB1;

'1.x/D 0 in B1;

'1.x/� C.jxj � 1/
s in Rn nB1;

'1.x/� 1 in Rn nB1C�:

The constants �, c, and C depend only on n, s0, and the ellipticity constants.

Proof
Let

 D

´
2'.1/ � '.3/ in B2;

1 in Rn nB2:

By Lemmas 3.1 and 3.2, for jxj> 1 it is

MC � C
®
1C .1� s/

ˇ̌
log
�
jxj � 1

�ˇ̌¯
� c

�
jxj � 1

��s=2
CC:
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Hence, we may take � > 0 small enough so that MC ��1 in B1C� nB1. We then
set '1 D C with C � 1 large enough so that '1 � 1 outside B1C� .

LEMMA 3.4
Let s0 2 .0; 1/ and s 2 Œs0; 1/. There is c > 0, and a radial, bounded, continuous
function '2 that satisfies8̂̂

ˆ̂<
ˆ̂̂̂:

M�'2.x/� c in B1 nB1=2;

'2.x/D 0 in Rn nB1;

'2.x/� c.1� jxj/
s in B1;

'2.x/� 1 in B1=2:

The constants �, c, and C depend only on n, s0, and the ellipticity constants.

Proof
We first construct a subsolution  in the annulus B1 n B1�� for some small � > 0.
Then, using it, we will construct the desired subsolution in B1 nB1=2. Let

 D '.2/C '.4/:

By Lemmas 3.1 and 3.2, for 1=2 < jxj< 1 we have

M� ��C
®
1C .1� s/

ˇ̌
log
�
1� jxj

�ˇ̌¯
C c

�
1� jxj

��s=2
�C:

Hence, we can take � > 0 small enough so that M� � 1 in B1 nB1�� .
Let us now construct a subsolution in B1 nB1=2 from  , which is a subsolution

only in B1 nB1�� . We consider

‰.x/D max
0�k�N

C k .2k=Nx/;

where N is a large integer and C > 1. Notice that, for C large enough, the set ¹x 2
B1 W‰.x/D .x/º is an annulus contained in B1 nB1�� .

Consider, for k � 0,

Ak D
®
x 2B1 W‰.x/D C

k .2k=Nx/
¯
:

Since A0 �B1 nB1�� , then ‰ satisfies M�‰ � 1 in A0.
Observe thatAk D 2�k=NA0, sinceC�1‰.21=nx/D‰.x/ in the annulus ¹1=2 <

jxj< 2�1=nº. Hence, for x 2Ak , we have 2k=Nx 2A0 �B1 nB1�� and

M�‰.x/ >M�
�
C k .2k=N 	/

�
.x/D C k22sk=NM� .2k=Nx/ > 1:

We then set '2 D c‰ with c > 0 small enough so that '2.x/� 1 in B1=2.
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Remark 3.5
Notice that the subsolution '2 constructed above is C 1;1 from below in B1 nB1=2, in
the sense that it can be touched from below by paraboloids. This is important when
considering nontranslation-invariant equations for which a comparison principle for
viscosity solutions is not available.

4. The Caffarelli–Krylov method
The goal of this section is to prove Proposition 1.1. Its proof combines the interior
Hölder regularity results of Caffarelli and Silvestre [14] and the next key lemma.

LEMMA 4.1
Let s0 2 .0; 1/, let s 2 Œs0; 1/, and let u 2 C.BC1 / be a viscosity solution of (1.6). Then
there exist ˛ 2 .0; 1/ and C depending only on n, s0, and the ellipticity constants such
that

sup
B
C
r

u=xsn � inf
B
C
r

u=xsn � Cr
˛
�
C0CkukL1.Rn/

�
(4.1)

for all r � 3=4.

To prove Lemma 4.1, we need two preliminary lemmas. We start with the first,
which is a nonlocal version of Lemma 4.31 in [26]. Throughout this section, we
denote

D�r WDB9r=10 \ ¹xn > 1=10º:

LEMMA 4.2
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Assume that u satisfies u� 0 in all of Rn and that

M�u� C0 in BCr ;

for some C0 > 0. Then,

inf
D�r

u=xsn � C
�

inf
B
C

r=2

u=xsnCC0r
s
�

(4.2)

for all r � 1, where C is a constant depending only on s0, the ellipticity constants,
and dimension.

Proof
The proof consists of two steps.
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Step 1. Assume that C0 D 0. Let us call

mD inf
D�r

u=xsn � 0:

We have

u�mxsn �m.r=10/
s in D�r : (4.3)

Let us scale and translate the subsolution '2 in Lemma 3.4 as follows to use it as a
lower barrier:

 r.x/ WD .r=10/
s'2

�10.x � x0/
2r

�
: (4.4)

We then have, for some c > 0,8̂̂
ˆ̂<
ˆ̂̂̂:

M� r � 0 in B2r=10.x0/ nBr=10.x0/;

 r D 0 in Rn nB2r=10.x0/;

 r � c.
2r
10
� jxj/s in B2=10.x0/;

 r � .r=10/
s in Br=10.x0/:

It is immediate to verify that BC
r=2

is covered by balls of radius 2r=10 such that the
concentric ball of radius r=10 is contained in D�r ; that is,

BC
r=2
�
[®

B2r=10.x0/ WBr=10.x0/�D
�
r

¯
:

Now, if we choose some ball Br=10.x0/ �D�r and define  r by (4.4), then by (4.3)
we have u � m r in Br=10.x0/. On the other hand, u � m r outside B2r=10.x0/,
since  r vanishes there and u � 0 in all of Rn by assumption. Finally, MC r � 0,
and since C0 D 0, then M�u� 0 in the annulus B2r=10.x0/ nBr=10.x0/. It therefore
follows from the comparison principle that u�m r in B2r=10.x0/. Since these balls
of radius 2r=10 cover BC

r=2
and  r � c.2r=10� jxj/s in B2=10.x0/, we obtain

u� cmxsn in BC
r=2
;

which yields (4.2).
Step 2. If C0 > 0, then we argue as follows. First, let

�.x/Dmin
®
1; 2.xn/

s
C � .xn/

3s=2
C

¯
:

By Lemma 2.3, we haveMC� ��c in ¹0 < xn < �º for some � > 0 and some c > 0.
By scaling � and reducing c, we may assume that �D 1. We then consider

Qu.x/D u.x/C
C0

c
r2s�.x=r/:
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The function Qu satisfies in ¹0 < xn < rº

M� Qu�M�u�MC
�C0
c
r2s�.x=r/

�
��C0;

and hence

M� Qu� 0:

Using the fact that u.x/� Qu.x/� u.x/CCC0rs.xn/sC and applying Step 1 to Qu, we
obtain (4.2).

The second lemma in the direction of Proposition 4.1 is a nonlocal version of
Lemma 4.35 in [26]. It is an immediate consequence of the Harnack inequality of
Caffarelli and Silvestre in [14].

LEMMA 4.3
Let s0 2 .0; 1/, let s 2 Œs0; 1/, let r � 1, and let u satisfy u� 0 in all of Rn and

MCu��C0 and M�u� C0 in BCr :

Then,

sup
D�r

u=xsn � C
�
inf
D�r

u=xsnCC0r
s
�
;

for some constant C depending only on n, s0, and the ellipticity constants.

Proof
The lemma is a consequence of Theorem 2.4. Indeed, covering the set D�r with balls
contained in BCr and with radii comparable to r (using the same (scaled) covering for
all r ), Theorem 2.4 yields

sup
D�r

u� C
�
inf
D�r

uCC0r
2s
�
:

Then, the lemma follows by noting that xsn is comparable to rs in D�r .

Next we prove Lemma 4.1.

Proof of Lemma 4.1
First, dividing u by a constant, we may assume that C0CkukL1.Rn/ � 1.

We will prove that there exist constants C1 > 0 and ˛ 2 .0; s/, depending only on
n, s0, and the ellipticity constants, and monotone sequences .mk/k�1 and .mk/k�1
satisfying the following. For all k � 1,
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mk �mk D 4
�˛k; �1�mk �mkC1 <mkC1 �mk � 1; (4.5)

and

mk � C
�1
1 u=xsn �mk in BCrk ; where rk D 4

�k : (4.6)

Note that since uD 0 in B�1 , we have that (4.6) is equivalent to the following inequal-
ity in Brk instead of BCrk :

mk.xn/
s
C � C

�1
1 u�mk.xn/

s
C in Brk ; (4.7)

where rk D 4�k . Clearly, if such sequences exist, then (4.1) holds for all r � 1=4 with
C D 4˛C1. Moreover, for 1=4 < r � 3=4, the result follows from (4.8) below. Hence,
we only need to construct ¹mkº and ¹mkº.

Next we construct these sequences by induction. Using the supersolution '1 in
Lemma 3.3, we find that

�
C1

2
.xn/

s
C � u�

C1

2
.xn/

s
C in BC

3=4
(4.8)

whenever C1 is large enough. Thus, we may takem1 D�1=2 andm1 D 1=2. Assume
now that we have sequences up tomk andmk . We want to prove that there existmkC1
and mkC1 which fulfill the requirements. Let

uk D C
�1
1 u�mk.xn/

s
C:

We will consider the positive part uC
k

of uk in order to have a nonnegative func-
tion in all of Rn to which we can apply Lemmas 4.2 and 4.3. Let uk D u

C
k
� u�

k
.

Observe that, by induction hypothesis,

uC
k
D uk and u�k D 0 in Brk :

Moreover, C�11 u�mj .xn/
s
C in Brj for each j � k. Therefore, we have

uk � .mj �mk/.xn/
s
C � .mj �mj Cmk �mk/.xn/

s
C

D .�4� j̨ C 4�˛k/.xn/
s
C in Brj :

But clearly 0� .xn/sC � r
s
j in Brj , and therefore by using rj D 4�j , we have

uk ��r
s
j .r

˛
j � r

˛
k / in Brj for each j � k:

Thus, since for every x 2B1 nBrk there is j < k such that

jxj< rj D 4
�j � 4jxj;
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we find

uk.x/��r
˛Cs
k

ˇ̌̌4x
rk

ˇ̌̌s�ˇ̌̌4x
rk

ˇ̌̌˛
� 1

�
outside Brk : (4.9)

Now let L 2L�. Using (4.9) and the fact that u�
k
� 0 in Brk , for all x 2 Brk=2 we

have

0�Lu�k .x/

D .1� s/

Z
xCy…Brk

u�k .xC y/
�.y=jyj/

jyjnC2s
dy

� .1� s/

Z
jyj�rk=2

r˛Cs
k

ˇ̌̌8y
rk

ˇ̌̌s�ˇ̌̌8y
rk

ˇ̌̌˛
� 1

� ƒ

jyjnC2s
dy

D .1� s/ƒr˛�sk

Z
jzj�1=2

j8zjs.j8zj˛ � 1/

jzjnC2s
dz

� "0r
˛�s
k ;

where "0 D "0.˛/ # 0 as ˛ # 0 since j8zj˛ ! 1. Since this can be done for all
L 2 L�, then u�

k
vanishes in Brk and satisfies pointwise 0 �M�u�

k
�MCu�m �

"0r
˛�s
k

in BC
rk=2

. Therefore, recalling that

uC
k
D C�11 u�mk.xn/

s
CC u

�
k ;

and using the fact that MC.xn/sC DM
�.xn/

s
C D 0 in ¹xn > 0º, we obtain

M�uC
k
� C�11 M�uCMC.u�k /

� C�11 C "0r
˛�s
k in BC

rk=2
:

Also clearly,

MCuC
k
�MCuk ��C

�1
1 in BC

rk=2
:

Now we can apply Lemmas 4.2 and 4.3 with u in its statements replaced by uC
k

.
Recalling that

uC
k
D uk D C

�1
1 u�mkx

s
n in BCrk ;

we obtain

sup
D�
rk=2

.C�11 u=xsn �mk/� C
�

inf
D�
rk=2

.C�11 u=xsn �mk/CC
�1
1 rsk C "0r

˛
k

�

� C
�

inf
B
C

rk=4

.C�11 u=xsn �mk/CC
�1
1 rsk C "0r

˛
k

�
: (4.10)
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On the other hand, we can repeat the same reasoning “upside down”—that is,
considering the functions uk D mk.xn/sC � u instead of uk . In this way we obtain,
instead of (4.10), the following:

sup
D�
rk=2

.mk �C
�1
1 u=xsn/� C

�
inf
B
C

rk=4

.mk �C�11 u=xsn/CC
�1
1 rsk C "0r

˛
k

�
: (4.11)

Adding (4.10) and (4.11), we obtain

mk �mk � C
�

inf
B
C

rk=4

.C�11 u=xsn �mk/C inf
B
C

rk=4

.mk �C
�1
1 u=xsn/CC

�1
1 rsk C "0r

˛
k

�

D C
�

inf
B
C
rkC1

C�11 u=xsn � sup
B
C
rkC1

C�11 u=xsnCmk �mk CC
�1
1 rsk C "0r

˛
k

�
:

Thus, using mk �mk D 4�˛k , ˛ < s, and rk D 4�k � 1, we obtain

sup
B
C
rkC1

C�11 u=xsn � inf
B
C
rkC1

C�11 u=xsn �
�C � 1

C
CC�11 C "0

�
4�˛k :

Now we choose ˛ small and C1 large enough so that

C � 1

C
CC�11 C "0.˛/� 4

�˛:

This is possible since "0.˛/ # 0 as ˛ # 0 and the constant C depends only on n, s0,
and the ellipticity constants. Then we find

sup
B
C
rkC1

C�11 u=xsn � inf
B
C
rkC1

C�11 u=xsn � 4
�˛.kC1/;

and thus we are able to choose mkC1 and mkC1 satisfying (4.5) and (4.6).

To end this section, we give the following proof.

Proof of Proposition 1.1
Let x 2BC

1=2
, and let x0 be its nearest point on ¹xn D 0º. Let

d D dist.x; x0/D xn D dist.x;B�1 /:

By Theorem 2.5 (rescaled), we have

kukC˛.Bd=2.x// � Cd
�˛
�
kukL1.Rn/CC0

�
:

Hence, since k.xn/�skC˛.Bd=2.x// � Cd
�s , then for r � d=2
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oscBr .x/ u=x
s
n � Cr

˛d�s�˛
�
kukL1.Rn/CC0

�
: (4.12)

On the other hand, by Lemma 4.1, for all r � d=2, we have

osc
Br .x/\B

C

3=4

u=xsn � Cr
˛
�
kukL1.Rn/CC0

�
: (4.13)

In both previous estimates, ˛ 2 .0; 1/ depends only on n, s0, and the ellipticity con-
stants. Let us call

M D
�
kukL1.Rn/CC0

�
:

Then, given � > 1, we have the following alternatives.
(i) If r � d �=2, then by (4.12),

oscBr .x/ u=x
s
n � Cr

˛d�s�˛M � Cr˛�.sC˛/=�M:

(ii) If d �=2 < r � d=2, then by (4.13),

oscBr .x/ u=x
s
n � oscBd=2.x/ u=x

s
n � Cd

˛M � Cr˛=�M:

(iii) If d=2 < r , then by (4.13),

osc
Br .x/\B

C

3=4

u=xsn � Cr
˛M:

Choosing � > .sC ˛/=˛ (so that the exponent in (i) is positive), we obtain

osc
Br .x/\B

C

3=4

u=xsn � Cr
˛0M whenever x 2BC

1=2
and r > 0; (4.14)

for some ˛0 2 .0; ˛/. This means that ku=xsnkC˛0 .BC
1=2

/
� CM , as desired.

5. Liouville theorems in RnC
The goal of this section is to prove Theorem 1.4.

First, as a consequence of Proposition 1.1, we show the following Liouville-type
result involving the extremal operators. Note that the growth condition CRˇ in this
lemma holds for ˇ < sC N̨ (with N̨ small), in contrast with the Liouville Theorem 1.4.

PROPOSITION 5.1
Let s0 2 .0; 1/ and let s 2 Œs0; 1/. Let N̨ > 0 be the exponent given by Proposition 1.1.
Assume that u 2 C.Rn/ is a viscosity solution of

MCu� 0 and M�u� 0 in ¹xn > 0º;

uD 0 in ¹xn < 0º:
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Assume that, for some positive ˇ < sC N̨ , u satisfies the growth control at infinity

kukL1.BR/ � CR
ˇ for all R � 1: (5.1)

Then,

u.x/DK.xn/
s
C

for some constant K 2R.

Proof
Given 
 � 1, let v�.x/D 
�ˇu.
x/. Note that for all 
 � 1, the function v� satisfies
the same growth control (5.1) as u. Indeed,

kv�kL1.BR/ D 

�ˇkukL1.B�R/ � 


�ˇC.
R/ˇ D CRˇ :

In particular kv�kL1.B1/ � C and kv�kL1.Rn;!s/ � C , with C independent of 
.
Hence, the function Qv� D v�	B1 satisfies MC Qv� � �C and M� Qv� � C in B1=2 \
¹xn > 0º, and Qv� D 0 in ¹xn < 0º. Also, k Qv�kL1.B1=2/ � C . Therefore, by Proposi-
tion 1.1, we obtain

kv�=x
s
nkC˛.BC

1=4
/
D kQv�=x

s
nkC˛.BC

1=4
/
� C:

Scaling this estimate back to u, we obtain

Œu=xsn
C˛.BC
�=4

/
D 
�˛

�
u.
x/=.
xn/

s
�
C˛.B

C

1=4
/

D 
ˇ�s�˛
�
v�=.xn/

s
�
C˛.B

C

1=4
/
� C
ˇ�s�˛:

Using the fact that ˇ < sC ˛ and letting 
!1, we obtain

Œu=xsn
C˛.Rn\¹xn>0º/ D 0;

which means that uDK.xn/sC.

Proposition 5.1 will be applied to tangential derivatives of a solution to u in the
situation of Theorem 1.4. It will give that u is in fact a function of xn alone. To
proceed, we will need the following crucial lemmas. These are Liouville-type results
for the fractional Laplacian in dimension 1, and they will be proved in Section 6.

In the first one, the growth of the solution u still allows us to compute .��/su.

LEMMA 5.2
Let u 2 C.R/ be a function satisfying .��/suD 0 in RC, u� 0 in R�, and ju.x/j �
C.1C jxjˇ / for some ˇ < 2s. Then, u.x/DK.xC/s .
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The second one is for functions that grow too much at infinity, so that one cannot
compute .��/su—as in Theorem 1.4.

LEMMA 5.3
Let � WR�!R be defined by

�a;b.x/D a.xC/
s C b.xC/

1Cs:

Then we have the following.
(a) For any a and b, the function �a;b satisfies

.��/s
®
�a;b.	 C h/� �a;b

¯
D 0 in .0;1/:

(b) Let u 2 C.R/ be any function such that u� 0 in R� and satisfying

.��/s
®
u.	 C h/� u

¯
D 0 in RC

for any h > 0. Assume in addition that, for some � 2 .0; 1/ and ˇ 2 .0; 2s/,�
u=.xC/

s
�
C� .Œ0;R	/

� CRˇ for all R � 1:

Then,

u.x/D �a;b.x/

for some a and b.

We will also need the following observation.

LEMMA 5.4
Assume that u is a function in Rn depending only of one variable (i.e., u.x/D �.xn//.
Then, we have

MCu.x/D�c1.��/
s
R
�.xn/

and

M�u.x/D�c2.��/
s
R
�.xn/

in the viscosity sense, where c1 and c2 are positive constants.

Proof
The proof follows immediately from Lemma 2.1.
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Furthermore, we will also use the following lemma.

LEMMA 5.5
Let a 2Rn and let b 2R, and define

�.x/D .xn/
s
C.a 	 xC b/:

Then, for all h 2Rn with hn � 0, we have

MC
®
�.	 C h/� �

¯
DM�

®
�.	 C h/� �

¯
D 0 in ¹xn > 0º:

Proof
The proof follows immediately from Lemmas 5.4 and 5.3(a).

We can now give the following proof.

Proof of Theorem 1.4
First take h 2 Sn�1 such that hn D 0, and define

v.x/D u.xC h/� u.x/:

Then, v satisfies ´
MCv � 0 and M�v � 0 in ¹xn > 0º;

vD 0 in ¹xn < 0º:

Moreover, by (1.15) it also satisfies the growth control��v=.xn/sC��L1.BR/ � CR˛ for all R � 1;

and hence

kvkL1.BR/ � CR
˛Cs for all R � 1:

Thus, it follows from Proposition 5.1 that

v.x/DK.xn/
s
C:

Therefore, we have

u.xC h/� u.x/DK.xn/
s
C

whenever hn D 0, and this implies that

u.x/D .xn/
s
C.a 	 xC b/C .xn/

for some 1-dimensional function  WR�!R.
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Now, by Lemmas 5.5 and 5.4, we have, for all h 2RnC and all x 2RnC,

MC
®
u.	 C h/� u

¯
.x/D�c1.��/

s
®
 .	 C hn/� 

¯
.xn/;

and the same holds with M�. Thus, for any h > 0, this 1-dimensional function  
satisfies ´

.��/s¹ .	 C h/� º D 0 in .0;C1/;

 D 0 in .�1; 0/:

Moreover, note that by the assumptions of the theorem, the function  satisfies�
 =.xC/

s
�
Cˇ.Œ0;R	/

� CR˛ for all R � 1:

Hence, by Lemma 5.3, we find that  .xn/DK1.xn/
1Cs
C CK2.xn/

s
C, and

u.x/D .xn/
s
C. Qa 	 xC

Qb/;

as desired.

6. Liouville theorems in dimension 1
The aim of this section is to prove Lemmas 5.2 and 5.3.

To prove them, we need the following result. It classifies all homogeneous solu-
tions (with no growth condition) that vanish in a half line of the extension problem of
Caffarelli and Silvestre [13] in dimension 1C 1.

LEMMA 6.1
Let s 2 .0; 1/. Let .x; y/ denote a point in R2, and let r > 0, � 2 .��;�/ be polar
coordinates defined by the relations x D r cos� , y D r sin� . Assume that � >�s and
that q� D rsC�‚�.�/ is even with respect y (or equivalently with respect to � ) and
solves 8̂̂

<
ˆ̂:

div.jyj1�2srq�/D 0 in ¹y ¤ 0º;

limy!0 jyj
1�2s@yq� D 0 on ¹y D 0º \ ¹x > 0º;

q� D 0 on ¹y D 0º \ ¹x < 0º:

(6.1)

Then we have the following.
(a) � belongs to N[ ¹0;�1º and

‚�.�/DKj sin� jsP s� .cos�/;

where P
� is the associated Legendre function of the first kind. Equivalently,
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‚�.�/D C
ˇ̌̌
cos
��
2

�ˇ̌̌2s
2F1

�
��; �C 1I1� sI

1� cos�

2

�
;

where 2F1 is the hypergeometric function.
(b) The functions ¹‚�º�2N[¹0º are a complete orthogonal system in the subspace

of even functions of the weighted space L2..��;�/; j sin� j1�2s/.

Proof
We defer the proof to the Appendix.

Using the previous computation, we can now prove Lemma 5.2.

Proof of Lemma 5.2
Let

Ps.x; y/D
p1;s

y

1

.1C .x=y/2/.1C2s/=2

be the Poisson kernel for the extension problem of Caffarelli and Silvestre (see [8],
[13]). Given the growth control ju.x/j � C jxjˇ at infinity with ˇ < 2s and given
ju.x/j � C jxjı�1 near the origin with ı > 0, the convolution

v.	; y/D u 
Ps.	; y/

is well defined and is a solution of the extension problem´
div.y1�2srv/D 0 in ¹y > 0º;

v.x; 0/D u.x/ for x 2R:

Since .��/suD 0 in ¹x > 0º and uD 0 in ¹x < 0º, the function v satisfies

lim
y&0

y1�2s@yv.x;y/D 0 for x > 0 and v.x; 0/D 0 for x < 0:

Hence, v solves (6.1). Let‚� , � 2N[¹0º, be as in Lemma 6.1. Recall that rsC�‚�.�/
also solves (6.1). By standard separation of variables, in every ball BCR .0/ of R2 the
function v can be written as a series

v.x;y/D v.r cos�; r sin�/D
1X
�D0

a�r
sC�‚�.�/: (6.2)

To obtain this expansion, we use the fact that, by Lemma 6.1(b), the functions
¹‚�º�2N[¹0;�1º are a complete orthogonal system in the subspace of even func-
tions in the weighted space L2..��;�/; j sin� j1�2s/, and hence they are complete
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in L2..0;�/; .sin�/1�2s/. Moreover, by uniqueness, the coefficients a� are indepen-
dent of R and hence the series (6.2) provides a representation formula for v.x;y/ in
the whole ¹y > 0º.

Now, we claim that the growth control kukL1.�R;R/ � CRˇ with ˇ 2 .0; 2s/ is
transferred to v (perhaps with a bigger constant C ); that is,

kvk
L1.B

C

R
/
� CRˇ :

To see this, consider the rescaled function uR.x/D R�ˇu.Rx/, which satisfies the
same growth control of u. Then,

vR DR
�ˇv.R	/D uR 
Ps:

Since the growth control for uR is independent ofR, we find a bound for kvRkL1.BC
1
/

that is independent of R, and this means that v is controlled by CRˇ in BCR , as
claimed. Next, since we may assume that

R �
0
j‚�.�/j

2j sin� ja d� D 1 for all � � 0,
Parseval’s identity yields

Z
@CBR

ˇ̌
v.x;y/

ˇ̌2
ya d� D

1X
�D0

ja� j
2R2sC2�C1Ca; (6.3)

where @CBR D @BR \ ¹y > 0º. But by the growth control, we haveZ
@CBR

ˇ̌
v.x;y/

ˇ̌2
ya d� � CR2ˇ

Z
@CBR

ya d� D CR2ˇC1Ca: (6.4)

Finally, since 2ˇ < 4s < 2s C 2, this implies that a� D 0 for all � � 1, and hence
u.x/DK.xC/

s , as desired.

To establish Lemma 5.3, we will need the following extension of Lemma 5.2.

LEMMA 6.2
Let u satisfy .��/suD 0 in RC and let uD 0 in R�. Assume that, for some ı > 0
and ˇ 2 .0; 2s/, u satisfies the growth conditions
� ju.x/j � C jxjı�1 for all x 2 .0; 1/,
� ju.x/j � C jxjˇ for all x � 1.
Then u.x/D a.xC/s C b.xC/s�1.

Proof
The proof is a slight modification of the proof of Lemma 5.2. Indeed, we may con-
sider the extension v.x;y/ of u.x/, which solves (6.1). Then we consider Qv.x;y/DR x
�1

v.x;y/dx, which also satisfies (6.1) as well as satisfying the growth condition
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kvk
L1.B

C

R
/
� CRˇC1;

with ˇ C 1 < 1C 2s. Finally, writing Qv as in (6.2) and using (6.3) and (6.4) and the
fact that 2.ˇ C 1/ < 2C 4s, we find that a� D 0 for all � � 2. This yields Qv.x; 0/D
.xC/

s.axC b/, and hence u.x/D a.xC/s C b.xC/s�1.

We finally give the following proof.

Proof of Lemma 5.3
(a) The proof follows easily by using the extension of Caffarelli–Silvestre from [13].

(b) First, notice that u 2 C ı.Œ0; 1
/, with ıDmin¹�; sº. Hence, for each h > 0, the
function v.x/D u.xCh/�u.x/ satisfies v� 0 in .�1;�h/, jvj � C jhjı in Œ�h; 0
,
and .��/sv D 0 in .0;1/, and jv.x/j � C jhj� .1 C jxjˇCs/ in .0;1/. Thus, by
standard interior regularity (see for example [42]), we get Œv
C0;1.Œh;2h	/ � C jhj

ı�1.
In particular,ˇ̌

u0.xC h/� u0.x/
ˇ̌
D
ˇ̌
v0.x/

ˇ̌
� C jhjı�1 for all x 2 Œh; 2h
; h 2 .0; 1/:

And this implies (summing a geometric series) thatˇ̌
u0.x/

ˇ̌
� C jxjı�1 for x 2 .0; 1/:

On the other hand, since jv.x/j � C jhj� jxjˇCs for x > 1, we haveˇ̌
v0.R/

ˇ̌
� Œv
C0;1.ŒR;2R	/ �

C

R
kvkL1.ŒR=2;3R	/ � C jhj

�RˇCs�1 for R � 1:

Therefore, it follows that, for all x > 1,ˇ̌
u0.x/

ˇ̌
�
ˇ̌
u0.1/� u0.2/

ˇ̌
C 	 	 	 C

ˇ̌
u0.x � 1/� u0.x/

ˇ̌
� C.1ˇCs�1C 2ˇCs�1C 	 	 	 C xˇCs�1/

� C jxjˇCs :

Thus, the function u0 satisfies
� .��/s.u0/D 0 in .0;1/,
� ju0.x/j � C jxjı�1 for x 2 .0; 1/,
� ju0.x/j � C jxjsCˇC��1 for x > 1,
and then it follows from Lemma 6.1 that

u0.x/D a.xC/
s C b.xC/

s�1:

Hence, since u.0/D 0, we have

u.x/D a.xC/
sC1C b.xC/

s;

as desired.
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7. Boundary regularity: Flat boundary
In this section we prove Theorem 1.2. The main step in the direction of this result
will be Proposition 7.1. Note that throughout this section the operator I will not
be translation-invariant but of the form (7.1), with Lab translation-invariant. Hence,
I.u; x/ belongs to a restricted class of nontranslation-invariant operators. Within this
class we can truncate solutions. Thanks to this, we may assume, for example, that in
u=.xn/

s we find C ˇ in all of RnC and not only in BC
3=4

(recall that we want to show
(1.13)).

In the following, given ˇ 2 Œ0; 1
 and A�Rn, we denote

Œu
ˇ;A WD sup
x;y2A;x¤y

ju.x/� u.y/j

jx � yjˇ
:

That is, for ˇ D 0, this gives the oscillation, and for ˇ 2 .0; 1/, this gives the C ˇ

seminorm. We also denote

kukˇ;A WD kukL1.A/C Œu
ˇ IA:

This notation is appropriate in order to treat at the same time the cases ˇ D 0 and
ˇ 2 .0; 1/.

PROPOSITION 7.1
Let s0 2 .0; 1/, and let N̨ > 0 be the constant given by Proposition 1.1. Let s 2 .s0; 1/,
let ˛ 2 .0; N̨ /, let � 2 Œ0; 1/, and let ˇ 2 Œ0; 1
 such that ˛ C ˇ � � C s. Assume in
addition that ˛C ˇ ¤ 1. Let u be a solution of I.u; x/D 0 in BC1 and uD 0 in Rn�,
where I is any fully nonlinear operator elliptic with respect to L�.s/ of the form

I.u; x/D inf
b2B

sup
a2A

�
Labu.x/C cab.x/

�
: (7.1)

Assume that ��u=.xn/s��ˇ I¹xn�0º � 1 and kcabk� IBC
1

� 1

for all a 2A and b 2B. Then, for all r > 0,

r�˛
�
u=.xn/

s �Pr.	/
�
ˇ IB
C
r
� C;

for some constant C that depends only on n, s0, the ellipticity constants, ˛, and ˇ,
where Pr .x/ is defined as the polynomial of degree at most b˛ C ˇc (0 or 1) which
best fits the function u=.xn/s in BCr . That is,

Pr WD arg min
P2P

Z
B
C
r

�
u.x/=.xn/

s �P.x/
�2
dx;

where P is the space of polynomials with real coefficients and degree at most b˛Cˇc.
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We will need the following preliminary results.

LEMMA 7.2
Let s0 2 .0; 1/, let sm 2 Œs0; 1
 be a converging sequence with sm! s, and let MCsm
andM�sm denote the extremal Pucci-type operators for the class L�.sm/ of order 2sm.
Then, MCsm !MCs and M�sm !M�s weakly with respect to the weight !s0.y/ D
.1C jyj/�n�2s0 .

Proof
The proof follows in a straightforward manner from the definition of weak conver-
gence of nonlocal elliptic operators in [16].

The second needed lemma is the following.

LEMMA 7.3
Let s0 2 .0; 1/ and let s 2 .s0; 1/. There exists ı > 0 such that the following statement
holds. If MCw � �C0 and M�w � C0 in BC1 , w D 0 in B�1 , and kwkL1.Rn;!s/ �
C0, then

kwk
C ı.B

C

3=4
/
� CC0;

where C and ı depend only on n, s0, and the ellipticity constants.

Proof
First, using the barrier given by Lemma 3.3, we find that jw.x/j � CC0.xn/sC in
BC
7=8

. Then, the result follows by using the interior estimates in [14] (see also [16,
Section 3]).

We next give the following proof.

Proof of Proposition 7.1
The proof is by contradiction. If the conclusion of the proposition is false, then there
are sequences uk , Ik , sk , and �k satisfying
� Ik.uk; x/D 0 in BC1 and uk D 0 in B�1 ,
� Ik.uk; x/D infb2Bk supa2Ak .Labuk.x/C cab.x//,
� ¹Lab W a 2Ak; b 2Bkº �L.sk/ with sk 2 Œs0; 1
,
� ku=.xn/

skkˇ I¹xn>0º � 1 and kcabk�k IBC1
� 1 for all a 2Ak and b 2Bk ,

� �k �min¹0;˛C ˇ � skº
for which
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sup
k

sup
r>0

r�˛
�
uk=.xn/

sk �Pk;r
�
ˇ IB
C
r
DC1; (7.2)

where

Pk;r WD arg min
P2P

Z
B
C
r

�
uk.x/=.xn/

sk �P
�
dx

(recall that P denotes the real polynomials of degree at most b˛C ˇc).
To prove that this is impossible, let us start by defining

�.r/ WD sup
k

sup
r 0>r

.r 0/�˛
�
uk=.xn/

sk �Pk;r
�
ˇ IB
C

r0
:

The function � is monotone nonincreasing and we have �.r/ <C1 for r > 0 since
we are assuming that ��uk=.xn/sk��ˇ I¹xn>0º � 1: (7.3)

In addition, by (7.2) we have �.r/%C1 as r& 0. For every positive integer m, by
definition of �.1=m/ there are r 0m � 1=m and km for which

.r 0m/
�˛
�
uk=.xn/

s �Pkm;r 0m

�
ˇ IB

r0m

�
1

2
�.1=m/�

1

2
�.r 0m/: (7.4)

Here we have used that � is nonincreasing. Note that we will have r 0m & 0 since
�.1=m/%C1 and (7.3) holds.

From now on in this proof we will use the notation

um D ukm ; Pm D Pkm;r 0m ; sm D skm ; and �m D �km :

Let us consider the blow-up sequence

vm.x/D
um.r

0
mx/=.r

0
mxn/

s �Pm.r
0
mx/

.r 0m/
˛Cˇ�.r 0m/

: (7.5)

For all m� 1, we haveZ
B
C

1

vm.x/P.x/dx D 0 for all P 2P ; (7.6)

since this is the optimality condition in the least squares minimization. Note also that
(7.4) implies the following inequality for all m� 1:

Œvm
ˇ IBC
1

� 1=2: (7.7)

Let us now show that
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Œvm
ˇ IBC
R

� CR˛ (7.8)

for all R � 1.
We will do the proof of (7.8) in the most difficult case ˛ C ˇ > 1 (the case

˛ C ˇ 2 .0; 1/ is very similar). To prove (7.8), we need to estimate the difference
in the coefficients of Pkm;Rr 0m �Pkm;r 0m . Let us denote

Pk;r.x/D pk;r 	 xC bk;r where pk;r 2R
n and bk;r 2R:

Note that since we are doing the case ˛Cˇ > 1, we will have b˛Cˇc D 1 and hence
P contains all affine functions. Let RD 2k , and let us show that

jpkm;Rr 0m � pmj D jpkm;2kr 0m � pkm;r 0m j � C�.r
0
m/.Rr

0
m/
˛Cˇ�1: (7.9)

Indeed, by definition of �.2r/ and �.r/, we have

jpk;2r � pk;r jr
1�ˇ

r˛�.r/
�
Œ.pk;2r � pk;r/ 	 x
ˇ IBCr

r˛�.r/

D
ŒPk;2r �Pk;r 
ˇ IBCr

r˛�.r/

�
2˛�.2r/

�.r/

Œuk=.xn/
sk �Pk;2r 
ˇ IBC

2r

.2r/˛�.2r/

C
Œuk=.xn/

sk �Pk;r 
ˇ IBCr
r˛�.r/

� 2˛ C 1� 3;

where we have used the definition of � and its monotonicity. Thus,

jpkm;2kr 0m � pkm;r 0m j � 3

k�1X
jD0

�.2j r 0m/.2
j r 0m/

˛Cˇ�1 � C�.r 0m/.2
kr 0m/

˛Cˇ�1:

Note that it is here where we use the fact that ˛C ˇ � 1 > 0.
Therefore, we can estimate as follows:

Œvm
ˇ IBC
R

D
1

�.r 0m/.r
0
m/
˛

�
um=.xn/

sm �Pm
�
ˇ IB
C

Rr0m

D
R˛

�.r 0m/.Rr
0
m/
˛

��
ukm=.xn/

sm �Pkm;Rr 0m

�
ˇ IB
C

Rr0m

C ŒPkm;Rr 0m �Pm
ˇ IBC
Rr0m

�
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�R˛
�.Rr 0m/

�.r 0m/
C 2jpkm;Rr 0m � pmj.Rr

0
m/
1�ˇ

�R˛ CCR˛;

where we have used (7.9). This proves (7.8) in the case ˛ C ˇ > 1. As noted above,
the proof of (7.8) in the case ˛ C ˇ 2 .0; 1/ is easier since in this case ŒPkm;Rr 0m �
Pm
ˇ IBC

Rr0m

D 0 and we do not need to estimate the difference of the coefficients.

When R D 1, (7.8) implies that kvm � bkL1.B1/ � C for some b 2 R. Thus,
(7.6) implies that

kvmkL1.BC
1
/
� C: (7.10)

Then, using (7.8) and (7.10), we easily obtain that

kvmkL1.BC
R
/
� CR˛Cˇ : (7.11)

Note that in the case ˇ D 0, the difference between (7.8) and (7.11) is that we pass
from a oscillation bound to an L1 bound. Next we prove the following.

CLAIM

Let wm.x/D vm.x/.xn/sC. Then, up to subsequences we have sm! s 2 Œs0; 1
 and
wm ! w locally uniformly in ¹xn � 0º, where w 2 C.Rn/. Moreover, the limiting
function w satisfies the assumptions of the Liouville-type Theorem 1.4.

In the case ˇ > 0, it follows from (7.8), (7.11), and the Arzelà–Ascoli theorem
that a subsequence of vm converges locally uniformly in RnC to some v 2 C.¹xn �
0º/. The convergence of wm to w D v.xn/sC is then immediate. In the case ˇ D 0,
the functions wm satisfy MCwm � C.K/ and M�wm � �C.K/ in every half-ball
BCK and also satisfy kwmkL1.BR/ � CR

smC˛ for every R � 1. Thus kwmkC ı.BK / �
C.K/ by Lemma 7.3. Therefore, the functions wm converge to some w uniformly
in compact sets. Moreover, by passing to the limit (7.8), we find that the assumption
(1.15) of Theorem 1.4 is satisfied by w.

Now, each uk satisfies

Ik.uk ; x/ WD inf
b2Bk

sup
a2Ak

�
Labuk.x/C cab.x/

�
D 0 in BC1 :

Thus, for every Nh 2BC
1=2

, we have

inf
b2Bkm

sup
a2Akm

�
Labum. NxC Nh/C cab. NxC Nh/

�
D 0 for Nx 2BC

1=2
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in the viscosity sense. Using the fact that Œcab
C�m � 1 (for all a 2 Akm and b 2
Bkm ), it follows that

inf
b2Bkm

sup
a2Akm

�
Labum. NxC Nh/C cab.0/

�
��j NxC Nhj�m for Nx 2BC

1=2

and

inf
b2Bkm

sup
a2Akm

�
Labum. Nx/C cab.0/

�
� j Nxj�m for Nx 2BC

1=2

in the viscosity sense.
Therefore, using Lemma 5.8 in [14], we obtain

MCsm

�
um.	 C Nh/� um

�
��j Nxj�m � j NxC Nhj�m in BC

1=2
(7.12)

in the viscosity sense. Next, by Lemma 5.5, for every affine or constant function
P 2P , the function '.x/D P.xn/sC satisfies

MC
�
�.	 C Nh/� �

�
DM�

�
�.	 C Nh/� �

�
D 0 in RnC

pointwise in the classical sense for every Nh with Nhn � 0. Using this property, the
value of the operator does not change when adding to test functions multiples of
�.	 C Nh/� �. Hence, recalling that

wm.x/D vm.x/.xn/
sm
C D

vm.x/.r
0
mxn/

sm
C

.r 0m/
sm

D
um.r

0
mx/�Pm.r

0
mxn/

sm
C

.r 0m/
˛CˇCsm�.r 0m/

and the definition of vm from (7.5), we can translate (7.12) from um to wm. Indeed,
setting NhD r 0mh and Nx D r 0mx, we obtain

�.r 0m/
�m3K�m �

�.r 0m/.r
0
m/
˛CˇCsm

.r 0m/
2sm

MC
�
wm.	 C h/�wm

�
in BCK

whenever hn � 0, jhj<K , and r 0m < 1=2K . Therefore

�3K�m
.r 0m/

smC�m

�.r 0m/.r
0
m/
˛Cˇ
�MC

�
wm.	 C h/�wm

�
in BCK (7.13)

in the viscosity sense for all h 2 BK whenever r 0m < 1=2K . Since wm! w locally
uniformly in ¹xn � 0º (up to subsequences), we then have�

wm.	 C h/�wm
�
!
�
w.	 C h/�w

�
locally uniformly in Rn: (7.14)

Let us check that, for some � > 0 small enough, we have, for every h 2 Rn with
hn � 0,
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wm.	 C h/�wm

�
!
�
w.	 C h/�w

�
in L1.Rn;!s��/: (7.15)

Recall that throughout the present article we denote !s.y/D .1� s/.1C jyj/�n�2s .
To show (7.15), observe that

wm.xC h/�wm.x/

D
�
vm.xC h/� vm.x/

�
.xnC hn/

sm
C C vm.x/

�
.xnC hn/

sm
C � .xn/

sm
C

�
and hence, using (7.8) and (7.11),ˇ̌

wm.xC h/�wm.x/
ˇ̌

�

8̂̂
ˆ̂<
ˆ̂̂̂:

C jhjˇ .1C jxj/˛.xnC hn/
sm

CC.1C jxj/˛Cˇhn.xn/
sm�1 if xn > 0;

C.1C jxj/˛Cˇ .hn/
sm if �hn < xn < 0;

0 if xn <�hn:

Therefore, we haveˇ̌
wm.xC h/�wm.x/

ˇ̌
� g.x/

WD C
�
1C

�
jxj˛.xn/

sm C jxj˛.xn/
sm�1

�
	.0;C1/.xn/

C jxj˛Cˇ	.�C;0/.xn/
�
;

where C (and g) depend on h. Since sm! s, we will have sm � s � � for m large
enough, and using the facts that ˇ � 1 and N̨ < s0, we readily show that g 2 L1.Rn;
!s��/. Therefore, (7.15) follows from (7.14) using the dominated convergence theo-
rem.

Finally, using (7.15) and (7.14), it follows from Lemma 7.2 and Lemma 5 in [16]
we can pass to the limit in (7.13) in every ball BCK to obtain

0�MC
®
w.	 C h/�w

¯
in BCK :

Thus, since this can be done for any K > 0, we have

0�MC
®
w.	 C h/�w

¯
in RnC:

Analogously, we will have

0�M�
®
w.	 C h/�w

¯
in RnC;

and this finishes the proof the claim.
We have thus proved that w satisfies all the assumptions of Theorem 1.4 and

hence we conclude that vDw=.xn/s is an affine function. On the other hand, passing
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(7.6) to the limit, we obtain that v is orthogonal to every affine function and hence
it must be v � 0. But then passing (7.7) to the limit, we obtain that v cannot be
constantly zero in B1, which is a contradiction.

To prove Theorem 1.2, we will need the following lemma, which matches Propo-
sition 7.1.

LEMMA 7.4
Let ˛ 2 .0; 1
 and let ˇ 2 Œ0; 1
 with ˛C ˇ¤ 1, and let v satisfy, for all r > 0,

sup
r>0

r�˛Œv �Pr 
ˇ IBCr
� C0;

where Pr is some polynomial of degree at most b˛C ˇc (0 or 1) depending on r . In
the case ˛ C ˇ > 1, assume in addition that P1.x/ D p1 	 x C b1, with jp1j � C0.
Then, the limit P D limr&0Pr exists, and for all r > 0 we have

kv �P k
L1.B

C
r /
� CC0r

ˇC˛ and jpj � CC0;

where P.x/D p 	 x C b and p D 0 if ˛C ˇ < 1. The constant C depends only on ˛
and ˇ.

Proof
We will show the most difficult case, ˛C ˇ > 1.

Let Pr .x/D pr 	 xC br . We have, for all r > 0,

Œv � pr 	 x
ˇ IBCr
� C0r

˛:

Thus,

jpr � pr=2j.r=2/
1�ˇ �

�
.pr � pr=2/ 	 x

�
ˇ IB
C

r=2

� Œv � pr 	 x
ˇ IBC
r=2

C Œv � pr 	 x
Cˇ IBC
r=2

� C0r
˛ CC0.r=2/

˛

and hence

jpr � pr=2j � CC0r
˛Cˇ�1:

It follows (developing the expressions as telescopic sums and summing the geometric
series) that pD limr&0pr exists and that

jpr � pj � CC0r
˛Cˇ�1:
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In particular,

jpj � jp1j C jp1 � pj � C0CCC0:

Then we obtain

osc
B
C
r
Œv � p 	 x
� osc

B
C
r
Œv � pr 	 x
C osc

B
C
r

�
.pr � p/ 	 x

�
� Œv � pr 	 x
ˇ IBCr

rˇ C jpr � pjr

� CC0r
ˇC˛

and the lemma now follows.

We give now a second step toward Theorem 1.2. This result follows from the
interior estimates.

LEMMA 7.5
Let s0 2 .0; 1/, and let N̨ > 0 be the constant given by Proposition 1.1. Let s 2 .s0; 1/,
let ˛ 2 .0; N̨ /, let � 2 .0; 1/, and let ˇ 2 Œ0; 1/ such that ˛ C ˇ � � C s. Assume in
addition that ˛C ˇ¤ 1. Let en D .0; : : : ; 0; 1/ and let w be a solution of I.w;x/D 0
in B1.en/, where I is any fully nonlinear operator elliptic with respect to L�.s/ of the
form

I.w;x/D inf
b2B

sup
a2A

�
Labw.x/C cab.x/

�
;

with Lab given by (1.3) and (1.4),

kcabk� IB1.en/ � 1 and k�abkC� .Sn�1/ �ƒ:

Assume that

kwkL1.Rn/ <1; kwkL1.Br .0// � C0r
˛CˇCs; kwkˇ IBr .2ren/ � C0r

˛Cs

for all r > 0. Then,

Œw
C˛Cˇ.Br=2.2ren// � C0r
s;

for all r 2 .0; 1/, for some constant C that depends only on n, s0, the ellipticity con-
stants, ˛, and ˇ.

Proof
We defer the proof to the Appendix.
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We next show the following result. It follows from Proposition 7.1 and Lemma 7.4
by truncating the solution u. We will also use the interior estimates from Lemma 7.5.

PROPOSITION 7.6
Let s0 2 .0; 1/, and let N̨ > 0 be the constant given by Proposition 1.1. Let s 2 .s0; 1/,
let ˛ 2 .0; N̨ /, let � 2 .0; 1/, and let ˇ 2 Œ0; 1
 such that ˛ C ˇ � � C s. Assume in
addition that ˛ C ˇ ¤ 1. Let u 2 L1.Rn/ be a solution of I.u; x/ D 0 in BC1 and
uD 0 in B�1 , where I is any fully nonlinear operator elliptic with respect to L�.s/ of
the form

I.u; x/D inf
b2B

sup
a2A

�
Labu.x/C cab.x/

�
;

with k�abkC� .Sn�1/ � 1. Assume that��u=.xn/s��ˇ IBC
3=4

� 1; kcabk� IBC
1

� 1 and kukL1.Rn/ � 1:

Then, ��u=.xn/s��CˇC˛.BC
1=4

/
� C;

for some constant C that depends only on n, s0, the ellipticity constants, ˛, and ˇ.

Proof
Let us consider NuD u�, where � 2 C1c .B3=4/ satisfies �� 1 inB5=8. Then, using that
the kernels of the operators are C � outside the origin, we find that Lab NuD LabuC
Ncab.x/ in BC

1=2
, where Ncab satisfies

k Ncabk� IBC
1=2

� C0:

Hence, we have

NI. Nu;x/D inf
b2B

sup
a2A

�
Lab Nu.x/� Ncab.x/C cab.x/

�
D 0 in BC

1=2
:

Moreover, we have �� Nu=.xn/s��ˇ I¹xn�0º � C0:
Hence, by Proposition 7.1 and Lemma 7.4, we find the following. For each z 2B1=4\
¹xn D 0º there exist p.z/ 2Rn and b.z/ 2R such that��u=.xn/s � p.z/ 	 x � b.z/��L1.BCr / � CC0rˇC˛ for all r < 1=4; (7.16)
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and ��u=.xn/s � p.z/ 	 x � b.z/��ˇ IBCr � CC0r˛ for all r < 1=4; (7.17)

with ˇ̌
p.z/

ˇ̌
� CC0;

ˇ̌
b.z/

ˇ̌
� CC0:

We have used the fact that NuD u in B1=2.
Let us see next that (7.16) and (7.17) imply��u=.xn/s��C˛Cˇ.BC

1=4
/
� CC0:

For this, we define

Qz.x/ WD
�
p.z/ 	 xC b.z/

�
.xn/

s
C	B2.x/;

and we observe that (7.16) and (7.17) give

ku�QzkL1.BR.0// � CR
sC˛Cˇ

and

ku�Qzkˇ IBR.x0/ � CR
sC˛

for every ball BR.x0/ such that 2RD dist.x0; ¹xn D 0º/ and B2R.x0/�B
C
1=4

, where
z is the projection of x0 on ¹xn D 0º. Using the previous two inequalities, Lemma 7.5
yields

ku�QzkCˇC˛.BR.x0// � CR
s (7.18)

in every such ball BR.x0/. Finally, using k.xn/�skL1.BR.x0// � CR�s and
k.xn/

�skC˛Cˇ.BR.x0// � CR
�s�˛�ˇ , we find��u=.xn/s��C˛Cˇ.BR.x0// � C:

Since this can be done for all balls BR.x0/ with 2R D dist.x0; ¹xn D 0º/ and
B2R.x0/ � B

C
1=4

, we have ku=.xn/skC˛Cˇ.BC
1=4

/
� C , and thus the proposition is

proved.

Finally, we give the following proof.

Proof of Theorem 1.2
We will show the result by applying inductively Proposition 7.6. First, using the super-
solution in Lemma 3.3, we find that
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3=4

/
� CC0:

Hence, using Proposition 7.6 with ˇD 0, we find that��u=.xn/s��C˛.BC
1=4

/
� CC0:

Since this can be done for any solution u, then by a standard covering argument, we
will have the estimate ��u=.xn/s��C˛.BC

3=4
/
� CC0:

Using this and Proposition 7.6, we find that��u=.xn/s��C2�˛.BC
1=4

/
� CC0:

Iterating this procedure, we find that u=.xn/s 2 C k�˛.B1=4/ whenever k 	 ˛ � s C � .
More precisely, after a finite number of steps, we find that, for any solution u, we
have the estimate ��u=.xn/s��C sC� .BC

1=4
/
� CC0:

Thus, the theorem is proved.

8. Boundary regularity: Curved boundary
In this section, we prove Theorem 1.3 by following the same steps as in the preceding
section.

The main ingredient in the direction of Theorem 1.3 will be Proposition 8.2.
Before stating it, we need the following.

Definition 8.1
We say that � is a global C 2;� surface given by a graph of C 2;� norm smaller than 1,
splitting Rn into �C and ��, if the following steps happen.
� The surface � � Rn is the graph of a global C 2;� and bounded function,

whose C 2;� norm is smaller than 1.
� The two disjoint domains �C and �� partition Rn (i.e., Rn D N�C [ N��).
� We have � D @�C D @��, and 0 2 � .
� The origin 0 belongs to � and the normal vector to � at 0 is �.0/D en.
Moreover, we let d.x/ be any C 2;� . N�C/ function that coincides with dist.x;��/ in
a neighborhood of � \B4 and d � 0 outside B5.

We then have the following proposition.
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PROPOSITION 8.2
Let s0 2 .0; 1/, and let N̨ > 0 be the constant given by Proposition 1.1. Let s 2 .s0; 1/,
let ˛ 2 .0; N̨ /, let � 2 .0; s
, and let ˇ 2 Œ0; 1/ such that ˛ C ˇ � � C s. Assume in
addition that ˛ C ˇ ¤ 1. Assume that � is a global C 2;� surface given by a graph
of C 2;� norm smaller than 1, splitting Rn into �C and �� (see Definition 8.1). Let
u 2 Cc.B2/ be a solution of I.u; x/D 0 in B1 \�C and uD 0 in all of ��, where I
is any fully nonlinear operator elliptic with respect to L�.s/ of the form

I.u; x/D inf
b2B

sup
a2A

�
Labu.x/C cab.x/

�
:

Assume that

ku=d skˇ I�C � 1 and kcabk� IB1\�C � 1 for all a 2A and b 2B;

and that k�abkC� .Sn�1/ �ƒ. Then,

r�˛
�
u=d s �Pr .	/

�
ˇ IBr\�C

� C

for some constant C that depends only on n, s0, the ellipticity constants, ˛, and ˇ,
where Pr .x/ is defined as the polynomial of degree at most b˛ C ˇc which best fits
the function u=.xn/s in Br \�C. That is,

Pr WD arg min
P2P

Z
Br\�C

�
u.x/=d s �P.x/

�2
dx;

where P is the space of polynomials with real coefficients and degree at most b˛Cˇc.

An important ingredient of this proof is the following.

LEMMA 8.3
Let s0 2 .0; 1/, let s 2 .s0; 1/, and let � 2 .0; s
. Let � and d be as in Definition 8.1.
Let L be any operator of the form (1.3) with k�abkC1;� .Sn�1/ � 1. Then, for any
function � 2 C 2;� .Rn/, we have��L.d s�/��

C� .B1\�C/
� Ck�kC2;� ;

where C is a constant that depends only on n and s0.

Proof
The proof follows easily from Proposition 9.2.

Remark 8.4
The hypothesis � � s of Proposition 8.2 and of Theorem 1.3 is only needed to show
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Lemma 8.3. In particular, if one can show this result for all � 2 .0; 1/, then the hypoth-
esis � � s in Theorem 1.3 can be removed.

Let us now proceed with the proof of Proposition 8.2. We will skip some details
of this proof, since it is very similar to the one of Proposition 7.1.

Proof of Proposition 8.2
We argue by contradiction. If the conclusion of the proposition is false, then there are
sequences uk , Ik , �k , �k , and sk satisfying
� �k is a global C 2;�k surface given by a graph of C 2;�k norm smaller than 1,

splitting Rn into �C
k

and ��
k

(see Definition 8.1),
� Ik.uk; x/D 0 in B1 \�

C
k

and uk D 0 in ��
k

,
� Ik.uk; x/D infb2Bk supa2Ak .Labuk.x/C cab.x//,
� ¹Lab W a 2Ak; b 2Bkº �L.sk/ with sk 2 Œs0; 1
,
� ku=d

sk
k
k
ˇ I�
C

k

� 1 and kcabk�k IB1\�Ck
� 1 for all a 2Ak and b 2Bk ,

� �k C sk � ˛C ˇ

for which

sup
k

sup
r>0

r�˛Œuk=d
sk
k
�Pk;r 
ˇ IBr\�Ck

DC1; (8.1)

where

Pk;r WD arg min
P2P

Z
Br\�

C

k

�
uk.x/=d

sk
k
�P

�
dx:

To prove that this is impossible, we proceed as in the Proof of Proposition 7.1.
We define

�.r/ WD sup
k

sup
r 0>r

.r 0/�˛Œuk=d
sk
k
�Pk;r 
ˇ IBr0\�

C

k

:

The function � is monotone nonincreasing, and �.r/ <C1 for r > 0 since

kuk=d
sk
k
k
ˇ I�
C

k

� 1: (8.2)

In addition, by (8.1) we have �.r/%C1 as r& 0, and there are sequences r 0m& 0

and km for which

.r 0m/
�˛Œuk=d

sk
k
�Pkm;r 0m 
ˇ IB

r0m
\�
C

km

�
1

2
�.r 0m/: (8.3)

For the rest of this article, we will use the notation

um D ukm ; Pm D Pkm;r 0m ; sm D skm ; and �m D �km ;
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and

N�m D
1

r 0m
�km ;

N�Cm D
1

r 0m
�C
km
; Ndm.x/D dist.x;Rn n N�Cm/D

dkm.r
0
m	/

r 0m
:

(Note that N�m is a rescaled version of �km , so that, dkm does not coincide with Ndm.)
Since rm! 0, then N�m will converge to ¹xn D 0º asm!1. Also, N�Cm will converge
to RnC as m!1. We consider the blow-up sequence

vm.x/D
um.r

0
mx/=Œd

sm
km
.r 0mx/
�Pm.r

0
mx/

.r 0m/
˛Cˇ�.r 0m/

D
um.r

0
mx/=Œ.r

0
m/
sm Nd

sm
m .x/
�Pm.r

0
mx/

.r 0m/
˛Cˇ�.r 0m/

: (8.4)

As in the proof of Proposition 7.1, for all m� 1 we haveZ
B1\ N�

C
m

vm.x/P.x/dx D 0 for all P 2P ; (8.5)

Œvm
ˇ IB1\ N�
C
m
� 1=2 (8.6)

and

Œvm
ˇ IBR\ N�
C
m
� CR˛ (8.7)

for all R � 1. Furthermore, we also have

kvmkL1.BR\ N�
C
m/
� CR˛Cˇ : (8.8)

Next we prove the following.

CLAIM

Let wm.x/ D vm.x/ Nd sm. Then, up to subsequences we have sm ! s 2 Œs0; 1
 and
wm ! w locally uniformly in Rn, where w 2 C.Rn/. Moreover, the limiting func-
tion w satisfies the assumptions of the Liouville-type Theorem 1.4.

First recall that, by definition of N�m and Ndm, we have that Nd sm converges locally
uniformly to .xn/sC.

In the case ˇ > 0, it follows from (8.7), (8.8), and the Arzelà–Ascoli theorem that
a subsequence of vm converges locally uniformly in RnC to some v 2 C.¹xn > 0º/.
The convergence of wm to wD v.xn/sC is then immediate.

In the case ˇ D 0, the functions wm satisfy MCwm � C.K/ and M�wm �
�C.K/ in BK \ N�

C
m for any K > 0, and they satisfy wm D 0 in N��m and
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kwmkL1.BR/ � CR
smC˛ for every R � 1. Hence, we will have kwmkC ı.BK / �

C.K/ for some ı > 0. Thus, the functions wm converge to some w uniformly in
compact sets.

Passing to the limit (8.7), we find that the assumption (i) of Theorem 1.4 is satis-
fied by w. Let L

�m
� .sm/ be the class consisting of all the operators in L� whose spec-

tral measures have C 1;�m.Sn�1/ norm smaller or equal thanƒ, and letMC
L
�m
� .sm/

and
M�

L
�m
� .sm/

denote the extremal Pucci operators for this class. Note that ML
�m
� .sm/

�

MC. Let us prove that, similarly as in Proposition 7.1, there is a function ı.r/ with
limr&0 ı.r/D 0 such that, for all h 2BK and r 0m < 1=2K , we have

�C.K/ı.r 0m/�M
C

L
�m
� .sm/

�
wm.	 C h/�wm

�
in N�Cm \ . N�

C
m � h/\BK : (8.9)

To prove (8.9) we use the fact that, by definition of � ,

Œuk=d
sk
k
�Pk;r 
ˇ;Br\�k � �.r/r

˛ for all k and r > 0:

Thus, recognizing that Pk;r is the best fitting polynomial in P for uk in Br , we obtain

kuk=d
sk
k
�Pk;rkL1.Br\�k/ � Cr

˛Cˇ�.r/;

where C depends only on the dimension. Hence, for all r > 0 and k, we have

kPk;2r �Pk;rkL1.Br\�k/ � kPk;2r � ukkL1.B2r\�k/Ckuk �Pk;rkL1.Br\�k/

� C�.r/r˛Cˇ : (8.10)

Let us now denote

Pk;r.x/D pk;r 	 xC bk;r ;

where pk;r 2 Rn is nonzero only if ˛ C ˇ > 1 and where bk;r 2 R. Using (8.2) and
observing that bk;r D

R
Br\�

C

k

uk dr , we obtain

jbk;r j � 1 for all k and r > 0: (8.11)

On the other hand, when ˛C ˇ > 1 using (8.10) we obtain

jpk;2r � pkr j � C�.r/r
˛Cˇ�1:

Therefore, for r D 2�i , we have

jpk;r � pk;1j

�.r/
� C

iX
jD0

�.2�j /

�.r/
.1=2/j.˛Cˇ�1/: (8.12)
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But again using (8.2), we obtain jpk;1j � C , and thus from (8.12) and (8.11) we have,
for r 2 Œ2�i ; 2�iC1
,

jpk;r j C jbk;r j

�.r/
� C

iX
jD0

�.2�j /

�.r/
.1=2/j.˛Cˇ�1/ DW .r/: (8.13)

Note that  .r/ � C for all r � 1 and that, moreover,  .r/! 0 as r & 0 since
�.2�j /
�.r/

! 0 for every fixed j . Hence, using Lemma 8.3 and the assumption that �k is

a global C 2;�k surface given by a graph of C 2;�k norm smaller than 1, we obtain

h
L
�d sm

km
Pm

�.r 0m/

�i
C�m .B1\�

C

km
/
� C .r 0m/ for all L 2L�m

� .sm/; (8.14)

which via rescaling is

.r 0m/
��m

h
.r 0m/

�2smL
�d sm

km
.r 0m	/Pm.r

0
m	/

�.r 0m/

�i
C�m ..r 0m/

�1.B1\�
C

km
//
� C .r 0m/:

Equivalently, since N�m D 1
r 0m
�C
km

and Nd smm D .r 0m/
�smd

sm
km
.r 0m	/, we obtain

h
L
� Nd smm Pm.r

0
m	/

�.r 0m/.r
0
m/
˛Cˇ

�i
C�m .B

1=r0m
\ N�
C
m/

�
C .r 0m/.r

0
m/
smC�m

.r 0m/
˛Cˇ

for all L 2L�m
� .sm/: (8.15)

Now, recall that �mC sm � ˛C ˇ (for all m) and that

wm.x/D vm.x/ Nd
sm
m .x/D

um.r
0
mx/

.r 0m/
˛CˇCsm�.r 0m/

�
Pm.r

0
mx/ 	

Nd
sm
m .x/

.r 0m/
˛Cˇ�.r 0m/

:

Therefore, using (8.15) and the same argument as in the proof of Proposition 7.1, we
find

MC
L
�m
� .sm/

�
wm.	 C h/�wm

�
��

3K
�
m

�.r 0m/
�CK�m .r 0m/ in N�Cm \ . N�

C
m � h/\BK

for all h 2BK . Since �.r 0m/!1 and  .r 0m/! 0 as r 0m! 0, (8.9) follows.
On the other hand, since wm!w locally uniformly in Rn (up to subsequences),

then we have�
wm.	 C h/�wm

�
!
�
w.	 C h/�w

�
locally uniformly in Rn: (8.16)

Also, similarly as in Proposition 7.1, we have, for every h 2Rn with hn � 0,
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wm.	 C h/�wm

�
!
�
w.	 C h/�w

�
in L1.Rn;!s��/ (8.17)

for some � > 0. Thus, using (8.17) and (8.16) we can pass to the limit in (8.9) to
obtain that, for every K � 1 and for every h 2BCK ,

0�MC
L
�
�.s/

®
w.	 C h/�w

¯
in BCK :

This yields

0�MC
L
�
�.s/

®
w.	 C h/�w

¯
in RnC

whenever hn � 0. Analogously, we have

0�M�
L
�
�.s/

®
w.	 C h/�w

¯
in RnC:

Since MC
L
�
�.s/
�MC and M�

L
�
�.s/
�M�, this finishes the proof the claim.

Hence, w satisfies all the assumptions of Theorem 1.4, and thus v Dw=.xn/s is
an affine function. On the other hand, passing (8.5) to the limit we obtain that v is
orthogonal to every affine function and hence it must be v� 0. But then passing (8.6)
to the limit, we obtain that v cannot be constantly zero in B1, which is a contradiction.

Proof of Theorem 1.3
Using Proposition 8.2 instead of Proposition 7.1, the proof follows exactly the same
steps as those of Theorem 1.2.

9. Flattening the boundary: Proof of Proposition 9.1
The aim of this section is to prove Propositions 9.1 and 9.2. Throughout this section,
d.x/ is any C 2;� . N�/ function that coincides with dist.x;Rn n�/ in a neighborhood
of @�.

PROPOSITION 9.1
Let s0 2 .0; 1/, let s 2 .s0; 1/, and let � 2 .0; s
. Let � be any C 2;� bounded domain,
and let L be any operator of the form (1.3), with � 2 C 1;� .Sn�1/. Then, the function
d s satisfies ��L.d s/��

C� . N�/
� C;

where C is a constant that depends only on n, s0, �, and k�kC1;� .Sn�1/.

In fact, we will also need the following.
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PROPOSITION 9.2
Let s0 2 .0; 1/ and s 2 .s0; 1/, and let � 2 .0; s
. Let � be any C 2;� bounded domain,
and let L be any operator of the form (1.3), with � 2 C 1;� .Sn�1/. Then, for any
function � 2 C 2;� .Rn/, we have��L.d s�/��

C� . N�/
� Ck�kC2;� ;

where C is a constant that depends only on n, s0, �, and k�kC1;� .Sn�1/.

Remark 9.3
The dependence on � of the constant C in Propositions 9.1 and 9.2 is through the
C 2;� norm of the diffeomorphism that flattens the boundary @�. In particular, this
constant C is uniform among all domains with a uniform bound on this C 2;� norm.

To prove these two propositions, we will need to flatten the boundary of�. In the
following result we show how these operators change when we flatten the boundary.

PROPOSITION 9.4
Let NL be any operator of the form (1.3), with � 2 C 1;� .Sn�1/. Let � be any bounded
C 2;� domain, and let Nu be any function satisfying

NL NuD Nf in �; NuD 0 in Rn n�:

Let � W Rn! Rn be a C 2;� diffeomorphism that flattens the boundary @� and such
that .�n/sC D d

s . In particular, �.BC1 /D�\ ¹d < 1º. Then, the function uD Nu ı �
satisfies the equation

L.u;x/D f .x/ in BC1 ; uD 0 in B�1 ;

where f D Nf ı � and

L.u;x/ WD NL.u ı ��1/
�
�.x/

�
:

Moreover, L.u;x/ can be written as

L.u;x/D

Z
Rn

�
u.x/� u.xC z/

�
K.x; z/

dz

jzjnC2s
;

and

K.x; z/D a1

�
x;

z

jzj

�
C jzja2

�
x;

z

jzj

�
C jzj1C�J.x; z/ for jzj � 2:

The functions a1 and a2 belong to C 1;� .Sn�1/ and C � .Sn�1/ respectively, and J is
C � with respect to x. Furthermore,
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a1.x;��/D a1.x; �/ for all � 2 Sn�1;

and

a2.x;��/D�a2.x; �/ for all � 2 Sn�1:

TheC � norms of a1, a2, and J , depend only on n, s, the k�kC2;� , and k�kC1;� .Sn�1/.

Proof
By definition,

L.u;x/D

Z
B2

®
u.x/� u

�
��1

�
�.x/C y

��¯�.y=jyj/
jyjnC2s

dy:

Thus, making the change of variables

y D �.xC z/� �.x/;

(i.e., z D ��1.�.x/C y/� x), we have

y DA.x/zC ztB.x/zC jzj2C� .x; z/;

where

A.x/DD�.x/; B.x/DD2�.x/;

and where  .x;y/ is bounded and C � in the x-variable. We have used the fact that �
is C 2;� . Moreover, notice also that A.x/ is C 1C� and that B.x/ is C � . Writing now
z D r� , with r D jzj and � 2 Sn�1, one finds

y D rA.x/� C r2� tB.x/� C r2C� .x; r; �/:

Therefore, this yields

jyj D r
ˇ̌
A.x/�

ˇ̌
C r2

h A.x/�
jA.x/� j

	
�
� tB.x/�

�i
C r2C� 1.x; r; �/

and also

1

jyj
D

1

r jA.x/� j

°
1�

r

jA.x/� j2

��
A.x/�

�
	
�
� tB.x/�

��
C r1C� 2.x; r; �/

±
:

Thus,

y

jyj
D

A.x/�

jA.x/� j
C r

°� tB.x/�
jA.x/� j

�
A.x/�

jA.x/� j3

��
A.x/�

�
	
�
� tB.x/�

��±
C r1C� 3.x; r; �/: (9.1)

Moreover, the functions  1,  2, and  3 are bounded and C � in the x-variable.
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Now, recognizing that � 2 C 1;� .Sn�1/ and (9.1), we have

�
�
y=jyj

�
D a1.x; �/C ra2.x; �/C r

1C� 4.x; r; �/;

where

a1.x; �/D a
� A.x/�
jA.x/� j

�
;

and

a2.x; �/DrSn�1a
� A.x/�
jA.x/� j

�
	
°� tB.x/�
jA.x/� j

�
A.x/�

jA.x/� j3

��
A.x/�

�
	
�
� tB.x/�

��±
:

Moreover, the function  4 is bounded and it is C � in the x-variable.
Finally notice that, since �.y=jyj/ D �.�y=jyj/, it immediately follows from

the expressions of a1 and a2 that a1.x; �/ D a1.x;��/ and that a2.x;��/ D
�a2.x; �/.

We will also need the following lemmas.

LEMMA 9.5
Let s0 2 .0; 1/, let s 2 .s0; 1/, and let � 2 .0; s
. Let a1.x; �/ be a function inL1.Rn�
Sn�1/ which is C � in x and which satisfies

a1.x;��/D a1.x; �/ for all � 2 Sn�1:

Define

I1.x/ WD

Z
B2

�
.xn/

s
C�.x/� .xnC yn/

s
C�.xC y/

�a1.x; y=jyj/
jyjnC2s

dy:

Then, we have I1 2 C � .B
C
1 /, and

kI1kC� .BC
1
/
�

C

1� s
;

where C depends only on n, s0, the C 2;� norm of �, and the C � norm of a1.

Proof
Case 1: Assume that �� 1. Then, since a1 is even, we haveZ

Rn

�
.xn/

s
C � .xnC yn/

s
C

�a1.x; y=jyj/
jyjnC2s

dy D c.x/.��/s.xC/
s D 0: (9.2)
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Therefore,

I1.x/D

Z
RnnB2

�
.xn/

s
C � .xnC yn/

s
C

�a1.x; y=jyj/
jyjnC2s

dy:

Now, using that .xn/sC is C � , we haveˇ̌
.x.1/n /sC � .x

.1/
n C yn/

s
C � .x

.2/
n /sCC .x

.2/
n C yn/

s
C

ˇ̌
� C jx1 � x2j

� jyjs��

for any x1 and x2 in BC1 . Thus, recognizing also that a1 is C � with respect to x, we
find

ˇ̌
I1.x1/� I1.x2/

ˇ̌
�

Z
RnnB2

C jx1 � x2j
� jyjs��

C

jyjnC2s
dy

C

Z
RnnB2

C jyjs
C jx1 � x2j

�

jyjnC2s
dy

� C jx1 � x2j
� :

Case 2: Assume that � is a linear function, �.x/D b 	 xC c. Then,

I1.x/D PV
Z
B2

.xnC yn/
s
C.b 	 y/

a1.x; y=jyj/

jyjnC2s
dy

C .b 	 xC c/

Z
RnnB2

�
.xn/

s
C � .xnC yn/

s
C

�a1.x; y=jyj/
jyjnC2s

dy;

where we have used (9.2). The second term is C � , as we already proved that in Case
1. Hence, it remains to see that the first term is C � also. Since a1 is C � in x, it suffices
to prove thatˇ̌̌

PV
Z
B2

�
.xnC yn/

s
C � .xnC hC yn/

s
C

�
.b 	 y/

a1.x; y=jyj/

jyjnC2s
dy
ˇ̌̌
�

C

1� s
jhj:

To prove this, we show next that the function

I1;2.x/ WD PV
Z
B2

.xnC yn/
s�1
C .b 	 y/

a1.x; y=jyj/

jyjnC2s
dy

satisfies

ˇ̌
I1;2.x/

ˇ̌
�

C

1� s
:

Here, we denoted .t/s�1C D .jt js�2t /C. To bound I1;2.x/, we first notice that

PV
Z
Rn

.xnC yn/
s�1
C .b 	 y/

a1.x; y=jyj/

jyjnC2s
dy D 0:
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Indeed, this follows from

PV
Z
Rn

.xnC yn/
s�1
C .b 	 y/

a1.x; y=jyj/

jyjnC2s
dy

D PV
Z
Sn�1
j�nj

2sjb 	 � ja1.x; �/d�

Z C1
�1

.xnC r/
s�1
C

r dr

jr j1C2s

D c.x/.xn/
�s PV

Z C1
�1

.1C r/s�1C
r dr

jr j1C2s

and

PV
Z C1
�1

.1C r/s�1C
r dr

jr j1C2s

D PV
Z C1
0

t s�1
t � 1

jt � 1j1C2s
dr

D lim
�!0

°
�

Z 1��

0

t s�1
dt

.1� t /2s
C

Z 1
1C�

t s�1
dt

.t � 1/2s

±

D lim
�!0

°
�

Z 1��

0

t s�1
dt

.1� t /2s
C

Z 1
1C�

0

z1�s
z2s�2 dz

.1� z/2s

±

D lim
�!0

Z 1
1C�

1��

t s�1
dt

.1� t /2s

D 0: (9.3)

Thus,

I1;2.x/D�

Z
RnnB2

.xnC yn/
s�1
C .b 	 y/

a1.x; y=jyj/

jyjnC2s
dy;

and using the fact that x 2B1,

ˇ̌
I1;2.x/

ˇ̌
�

Z
RnnB2

jynj
s�1
C jyj

C

jyjnC2s
dy D

C

1� s
;

as desired.
Case 3: Now let us proceed to the general case � 2 C 2;� . We have

I1.x/D PV
Z
B2

.xnC yn/
s
C

�
�.x/� �.xC y/

�a1.x; y=jyj/
jyjnC2s

dy

C �.x/

Z
RnnB2

�
.xn/

s
C � .xnC yn/

s
C

�a1.x; y=jyj/
jyjnC2s

dy;
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where we have used (9.2). The second term is C � , as we already proved that in Case 1.
Hence, it remains to see that the first term is C � also. Let us denote I1;3.x/ this first
term; that is,

I1;3.x/D PV
Z
B2

�.x;y/
a1.x; y=jyj/

jyjnC2s
dy;

with

�.x;y/D .xnC yn/
s
C

�
�.x/� �.xC y/

�
:

Using that a1 is C � with respect to x, and thatˇ̌
�.x;y/C �.x;�y/

ˇ̌
� .xnC yn/

s
C

ˇ̌
2�.x/� �.xC y/� �.x � y/

ˇ̌
C
ˇ̌
.xnC yn/

s
C � .xn � yn/

s
C

ˇ̌
	
ˇ̌
�.x/� �.x � y/

ˇ̌
� C jyj1Cs; (9.4)

we have

ˇ̌
I1;3.x/� I1;3.xC hei /

ˇ̌
�
ˇ̌̌
PV

Z
B2

�
�.x;y/� �.xC hei ; y/

�a1.x; y=jyj/
jyjnC2s

dy
ˇ̌̌

C

Z
B2

C jyj1Cs
C jhj�

jyjnC2s
dy:

We now claim, for any i D 1; : : : ; n, that

ˇ̌̌
PV

Z
B2

�
�.x;y/� �.xC hei ; y/

�a1.x; y=jyj/
jyjnC2s

dy
ˇ̌̌
�

C

1� s
jhj� : (9.5)

Indeed, since � is C 2;� , we have��2�.	/� �.	 C y/� �.	 � y/��
C�
� C jyj2;

and hence a similar computation as in (9.4) yields

ˇ̌
�.x;y/C �.x;�y/� �.xC hei ; y/� �.xC hei ;�y/

ˇ̌
� C jyj1Csjhj� ;

and therefore (9.5) follows. Hence, we have showed that

ˇ̌
I1;3.x/� I1;3.xC hei /

ˇ̌
�

C

1� s
jhj� ;

and thus the lemma is proved.
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LEMMA 9.6
Let s0 2 .0; 1/, let s 2 .s0; 1/, and let � 2 .0; s
. Let a2.x; �/ be a function inL1.Rn�
Sn�1/ which is C � in x and which satisfies

a2.x;��/D�a2.x; �/ for all � 2 Sn�1:

Let � 2 C 2;�c .Rn/, and define

I2.x/ WD

Z
B2

�
.xn/

s
C�.x/� .xnC yn/

s
C�.xC y/

�a2.x; y=jyj/
jyjnC2s�1

dy:

Then, we have I2 2 C � .B
C
1 /, and

kI2kC� .BC
1
/
�

C

1� s
;

where C depends only on n, s0, the C 2;� norm of �, and the C � norm of a2.

Proof
Case 1: Assume that � � 1. Since the function .xn/sC does not depend on the first
n� 1 variables and a2 is C � with respect to x, then it is clear that

ˇ̌
I2.x/� I2.xC hei /

ˇ̌
�

Z
B2

jyjs
C jhj�

jyjnC2s�1
dy �

C

1� s
jhj�

for i D 1; 2; : : : ; n� 1. Moreover, we also have

I2.x/� I2.xC hen/

D

Z
B2

�
.xnC h/

s
C � .xnC hC yn/

s
C

�a2.x; y=jyj/� a2.xC hen; y=jyj/
jyjnC2s�1

dy

C

Z
B2

®
.xn/

s
C � .xnC yn/

s
C � .xnC h/

s
CC .xnC hC yn/

s
C

¯a2.x; y=jyj/
jyjnC2s�1

dy:

As before, the first term is bounded by

ˇ̌̌Z
B2

�
.xnC h/

s
C � .xnC hC yn/

s
C

�a2.x; y=jyj/� a2.xC hen; y=jyj/
jyjnC2s�1

dy
ˇ̌̌

�
C

1� s
jhj� :

Thus, it only remains to see that the second term is also bounded by C jhj� .
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We will show that, in fact, we haveˇ̌̌Z
B2

®
.xn/

s
C � .xnC yn/

s
C � .xnC h/

s
CC .xnC hC yn/

s
C

¯a2.x; y=jyj/
jyjnC2s�1

dy
ˇ̌̌

�
C

1� s
jhj: (9.6)

Indeed, it is clear that (9.6) is equivalent to

ˇ̌̌Z
B2

®
.xn/

s�1
C � .xnC yn/

s�1
C

¯a2.x; y=jyj/
jyjnC2s�1

dy
ˇ̌̌
�

C

1� s
; (9.7)

where we denoted (abusing a little bit the notation) .xn/s�1C D .jxnj
s�2xn/C. Let us

define

QI2.x/ WD

Z
B2

®
.xn/

s�1
C � .xnC yn/

s�1
C

¯a2.x; y=jyj/
jyjnC2s�1

dy:

Notice that, since a2 is odd, then

QI2 D�PV
Z
B2

.xnC yn/
s�1
C

a2.x; y=jyj/

jyjnC2s�1
dy:

We now claim that

OI2.x/ WD PV
Z
Rn

.xnC yn/
s�1
C

a2.x; y=jyj/

jyjnC2s�1
dy D 0:

Indeed, we have

OI2.x/D PV
Z C1
�1

Z
Sn�1

.xnC r�n/
s�1
C a2.x; �/

r

jr j1C2s
d� dr

D PV
Z C1
�1

Z
Sn�1

.xnC r/
s�1
C j�nj

2s�1�na2.x; �/
r

jr j1C2s
d� dr

D c.x/PV
Z C1
�1

.xnC r/
s�1
C

r

jr j1C2s
dr

D c.x/.xn/
�s PV

Z C1
�1

.1C r/s�1C
r

jr j1C2s
dr;

and hence the claim follows from (9.3). Therefore, we have

QI2.x/D

Z
RnnB2

.xnC yn/
s�1
C

a2.x; y=jyj/

jyjnC2s�1
dy;

and then, using the fact that x 2B1,
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ˇ̌
QI2.x/

ˇ̌
D C

Z
RnnB2

.xnC yn/
s�1
C

dy

jyjnC2s�1

� C

Z
R
n
C
nB
C

2

.yn/
s�1
C

dy

jyjnC2s�1
�

C

1� s
:

Hence, (9.7) is proved, and the lemma follows.
Case 2: Assume now that � is any C 2;� function. Then, using the result in Case

1, it suffices to show that the function

I2;2.x/ WD

Z
B2

.xnC yn/
s
C

�
�.x/� �.xC y/

�a2.x; y=jyj/
jyjnC2s�1

dy

is C � .
For i D 1; : : : ; n� 1, we haveˇ̌
I2;2.x/� I2;2.xC hei /

ˇ̌
�

Z
B2

.xnC yn/
s
C

ˇ̌
�.xC h/� �.xC hC y/

ˇ̌

�
ja2.x; y=jyj/� a2.xC h;y=jyj/j

jyjnC2s�1
dy

C
ˇ̌̌Z
B2

.xnC yn/
s
C

�
�.x/� �.xC y/� �.xC h/C �.xC hC y/

�

�
a2.x; y=jyj/

jyjnC2s�1
dy
ˇ̌̌
:

Since a2 is C � , thenZ
B2

.xnC yn/
s
C

ˇ̌
�.xC h/� �.xC hC y/

ˇ̌ ja2.x; y=jyj/� a2.xC h;y=jyj/j
jyjnC2s�1

dy

�

Z
B2

C jyj
C jhj�

jyjnC2s�1
dy �

C

1� s
jhj� :

On the other hand, we haveˇ̌̌Z
B2

.xnC yn/
s
C

�
�.x/� �.xC y/� �.xC h/C �.xC hC y/

�a2.x; y=jyj/
jyjnC2s�1

dy
ˇ̌̌

�
C

1� s
jhj:

Indeed, this is equivalent toˇ̌̌Z
B2

.xnC yn/
s
C

�
@xi�.x/� @xi�.xC y/

�a2.x; y=jyj/
jyjnC2s�1

dy
ˇ̌̌
�

C

1� s
;

and this follows immediately from the fact that � is C 2;� .
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For i D n, the reasoning is very similar, and we only have to bound the additional
term Z

B2

ˇ̌
.xnC ynC h/

s
C � .xnC yn/

s
C

ˇ̌
	
ˇ̌
�.x/� �.xC y/

ˇ̌ ja2.x; y=jyj/j
jyjnC2s�1

dy

�

Z
B2

jhjsjyj
dy

jyjnC2s�1
�

C

1� s
jhjs :

Thus, the lemma is proved.

LEMMA 9.7
Let s0 2 .0; 1/, let s 2 .s0; 1/, and let � 2 .0; s
. Let J.x;y/ be a function in L1.Rn�
Rn/ which is C � in x. Let � 2 C 2;�c .Rn/, and define

I3.x/ WD

Z
B2

�
.xn/

s
C�.x/� .xnC yn/

s
C�.xC y/

� J.x;y/

jyjnC2s�1��
dy:

Then, we have I3 2 C � .B
C
1 /, and

kI3kC� .BC
1
/
�

C

1� s
;

where C depends only on n, s0, the C 2;� norm of �, and the C � norm of J .

Proof
Case 1: Assume first that �� 1. Using (9.2) and recognizing that J is C � with respect
to x, we have

ˇ̌
I3.x1/� I3.x2/

ˇ̌
�

Z
B2

C jx1 � x2j
� jyjs��

C

jyjnC2s�1��
dy

C

Z
B2

C jyjs
C jx1 � x2j

�

jyjnC2s�1��
dy

�
C

1� s
jx1 � x2j

� CC jx1 � x2j
� ;

and the result follows.
Case 2: Assume now that � is any C 2;� function. Then, one only needs to use

that g.x/ WD .xn/sC�.x/ is a C s function. Indeed, we then haveˇ̌
g.x1/� g.x1C y/� g.x2/C g.x2C y/

ˇ̌
� C jx1 � x2j

s

and ˇ̌
g.x1/� g.x1C y/� g.x2/C g.x2C y/

ˇ̌
� C jyjs;
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and interpolating these two inequalities,ˇ̌
g.x1/� g.x1C y/� g.x2/C g.x2C y/

ˇ̌
� C jx1 � x2j

� jyjs�� :

Using this, the proof is the same as in Case 1.

Using the previous lemmas, we can now give the following.

Proofs of Propositions 9.1 and 9.2
The proofs follow immediately from Proposition 9.4 and Lemmas 9.5, 9.6, and 9.7.

Remark 9.8
In case both the domain � and the spectral measure � are C1, the result in Proposi-
tion 9.1 is well known and can be proved by Fourier transform methods (see [21]). In
this case, one has that L.d s/ is C1. N�/.

Appendices

A. Proof of Lemma 6.1
In this appendix we give the following.

Proof of Lemma 6.1
Let us show first the statement (a). Denote

aD 1� 2s:

We first note that the Caffarelli–Silvestre extension equation�uC a
y
@yuD 0 is writ-

ten in polar coordinates x D r cos� , y D r sin� , r > 0, � 2 .0;�/ as

urr C
1

r
ur C

1

r2
u�� C

a

r sin�

�
sin�ur C cos�

u�

r

�
D 0:

Note the homogeneity of the equation in the variable r . If we seek for (bounded at 0)
solutions of the form uD rsC�‚�.�/, then it must be � >�s and

‚00� C a cotg�‚0� C .sC �/.sC �C a/‚� D 0:

If we want u to satisfy the boundary conditions

u.x; 0/D 0 for x < 0 and jyja@yu.x;y/! 0 as y! 0;

then ‚� must satisfy´
‚�.�/D‚�.0/C o..sin�/2s/! 0 as �& 0;

‚�.�/D 0:
(A.1)
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We have used the fact that, for x > 0,

lim
y&0

ya@yu.x;y/D 0 ) u.x;y/D u.x; 0/C o.y2s/;

since aD 1� 2s.
To solve this ordinary differential equation (ODE), consider

‚�.�/D .sin�/sh.cos�/:

After some computations and the change of variable z D cos� , we obtain the follow-
ing ODE for h.z/:

.1� z2/h00.z/� 2zh0.z/C
�
�C �2 �

s2

1� z2

�
h.z/D 0:

This is the so-called associated Legendre differential equation. All solutions to this
second-order ODE solutions are given by

h.z/D C1P
s
� .z/CC2Q

s
�.z/;

where P s� and Qs
� are the associated Legendre functions of first and second kind,

respectively. Translating (A.1) to the function h and using the fact that sin� � .1 �
cos�/1=2 as �& 0 and sin� � .1C cos�/1=2 as �% � , we obtain´

.1� z/s=2h.z/D cC o..1� z/s/ as z% 1;

limz&�1.1C z/
s=2h.z/D 0:

(A.2)

Let us prove that P s� fulfills all these requirements only for � D 0; 1; 2; 3; : : : ,
whileQs

� has to be discarded. To have a good description of the singularities of P s� .z/
at z D˙1, we use its expression as an hypergeometric function

P s� .z/D
1

�.1� s/

.1C z/s=2

.1� z/s=2
2F1

�
��; �C 1I1� sI

1� z

2

�
:

Using this and the definition of 2F1 as a power series, we obtain

P s� .z/D
1

�.1� s/

2s=2

.1� z/s=2

°
1�

�.�C 1/

1� s

1� z

2
C o

�
.1� z/2

�±
as z% 1:

Hence, .1� z/s=2P s� .z/D cCO.1� z/D cC o..1� z/
s/, as desired.

For the analysis as z&�1, we need to use Euler’s transformation

2F1.a; bI cIx/D .1� x/
c�b�a

2F1.c � a; c � bI cIx/;

obtaining
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P s� .z/D
1

�.1� s/

.1C z/s=2

2s=2

�1C z
2

��s®
2F1.1� s � �;�s � �I1� sI1/C o.1/

¯
as z&�1. It follows that the zero-boundary condition is satisfied if and only if

2F1.1� s � �;�s � �I1� sI1/D
�.1� s/�.s/

�.��/�.1C �/
D 0:

This implies that � D 0; 1; 2; 3; : : : , so that �.��/D1. With a similar analysis one
easily finds that the functions Qs

�.x/ do not satisfy (A.2) for any � ��s.
The statement (b) of the lemma could be proved for example by using singular

Sturm–Liouville theory after observing that the ODE

‚00� C a cotg�‚0� � �‚� D 0

can be written as �
j sin� ja‚0�

�0
D �j sin� ja‚� :

However, it is not necessary to do it because we have already computed the eigen-
functions to this ODE, and they are given by

‚k.�/D .sin�/sP sk .cos�/;

where P s� are the associated Legendre functions of first kind. The functions
¹P s
k
.x/ºk�0 have been well studied, and they are known to be a complete orthogonal

system in L2..0; 1/; dx/ (see [30], [51]). Therefore, it immediately follows (after a
change of variables) that ¹‚k.�/ºk�0 are a complete orthogonal system in
L2..0;�/; .sin�/a d�/. Thus, the lemma is proved.

B. Interior regularity
We give here the proof of the interior estimate in Lemma 7.5. For it, we will need the
following.

LEMMA B.1
Let N̨ > 0 be the exponent given by Proposition 1.1. Assume that u 2 C.Rn/ satisfies
in the viscosity sense

MC
®
u.	 C h/� u

¯
� 0 and M�

®
u.	 C h/� u

¯
� 0 in Rn

for all h 2Rn. Assume that for some ˇ 2 .0; 1/ and ˛ 2 .0; N̨ /, u satisfies

Œu
Cˇ.BR/ � CR
˛ for all R � 1: (B.1)
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Then,

u.x/D p 	 xC b

for some p 2Rn and b 2R.

Proof
Given that 
 � 1, let v.x/D u.�xC�h/�u.�x/

�˛ j�hjˇ
. By assumption, we have

MCv � 0 and M�v � 0 in B1

and

kvkL1.BR/ � CR
˛

for all R � 1. Hence it follows from the interior estimate in [14] (recall that M�
L0
�

M� �MC �MC
L0

) that

kvkC N̨ .B1/ � C:

We use now the following well-known result: if all incremental quotients of order ˇ
of u are uniformly C ˛ , then u is C ˇC˛ (unless ˇ C ˛ is an integer) (see, e.g., [4,
Proposition 2.1] or [10, Lemma 5.6]). This yields

Œu
C N̨Cˇ.B�/ � C

˛� N̨ :

Letting 
!1, we conclude that Œu
C N̨Cˇ.Rn/ D 0, and the lemma follows.

We next show the following.

PROPOSITION B.2
Let s0 2 .0; 1/, and let N̨ 2 .0; s0/ be the constant given by Proposition 1.1. Let s 2
.s0; 1/, let ˛ 2 .0; N̨ /, let � 2 .0; 1/, and let ˇ 2 .0; 1/ such that ˛ C ˇ � � C 2s.
Assume in addition that ˛C ˇ ¤ 1. Let w 2 C ˇ .Rn/ be a solution of I.w;x/D 0 in
B1, where I is any fully nonlinear operator elliptic with respect to L�.s/ of the form

I.w;x/D inf
b2B

sup
a2A

�
Labw.x/C cab.x/

�
:

Suppose that Lab are given by (1.3) and (1.4) and thatˇ̌
inf cab.x/

ˇ̌
<1; Œcab
� IB1 � 1: (B.2)
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Then,

kwkCˇC˛.B1=2/ � CkwkCˇ.Rn/; (B.3)

for some constant C that depends only on n, s0, the ellipticity constants, ˛, and ˇ.

Proof
It suffices to prove the estimate

sup
r>0

r�˛Œw �Pr 
CˇIBr � Ckwkˇ IRn ; (B.4)

where

Pr WD arg min
P2P

Z
Br

.wk �P /
2 dx;

P begin the linear space of polynomials of degree at most b˛C ˇc with real coeffi-
cients. Using (B.4), (B.3) follows easily.

The proof of (B.4) is by contradiction. If it did not hold, then there would be
sequences wk , Ik , sk , and �k satisfying
� kwkkˇ IRn � 1,
� Ik.wk; x/D 0 in B1,
� Ik.wk; x/D infb2Bk supa2Ak .Labuk.x/C cab.x//,
� ¹Lab W a 2Ak; b 2Bkº �L.sk/ with sk 2 Œs0; 1
,
� j inf cab.x/j<1, Œcab
� IB1 � 1 for all a 2Ak and b 2Bk ,
� �k C 2sk � ˛C ˇ

for which

sup
k

sup
r>0

r�˛Œwk �Pk;r 
ˇ IBr DC1; (B.5)

where

Pk;r WD arg min
P2P

Z
Br

�
wk.x/�P

�
dx:

To prove that this is impossible, we proceed similarly as in the Proof of Proposi-
tion 7.1. We define

�.r/ WD sup
k

sup
r 0>r

.r 0/�˛Œwk �Pk;r 
ˇ IBr0 :

The function � is monotone-nonincreasing, and �.r/ < C1 for r > 0 since
kwkkˇ IRn � 1. In addition, by (B.5) we have �.r/%C1 as r & 0, and there are
sequences r 0m& 0 and km for which
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.r 0m/
�˛Œwk �Pkm;r 0m 
ˇ IBr0m

�
1

2
�.r 0m/: (B.6)

For the rest of this proof, we will use the notation

um D ukm ; Pm D Pkm;r 0m ; sm D skm ; �m D �km :

We consider the blow-up sequence

vm.x/D
wm.r

0
mx/�Pm.r

0
mx/

.r 0m/
˛Cˇ�.r 0m/

: (B.7)

As in the proof of Proposition 7.1, for all m� 1 we haveZ
B1

vm.x/P.x/dx D 0 for all P 2P ; (B.8)

Œvm
ˇ IB1 � 1=2 (B.9)

and

Œvm
ˇ IBR � CR
˛ (B.10)

for all R � 1. Furthermore, we also have

kvmkL1.BR/ � CR
˛Cˇ : (B.11)

Next we prove the following.

CLAIM

Up to subsequences, we have sm! s 2 Œs0; 1
 and vm! v locally uniformly in Rn,
where w 2 C.Rn/. Moreover, the limiting function v satisfies the assumptions of the
Liouville-type Lemma B.1.

Since ˇ > 0, it follows from (B.10), (B.11), and the Arzelà–Ascoli theorem that a
subsequence of vm converges locally uniformly in Rn to some v 2 C.¹Rnº/. Passing
to the limit (B.10) we find that the assumption (B.1) of Theorem B.1 is satisfied by v.
Similarly as in Proposition 7.1, using Œcab
�k IB1 � 1, we show that

0D inf
b2Bk

sup
a2Ak

�
Labuk. Nx/C cab. Nx/

�
� inf
b2Bk

sup
a2Ak

�
Labuk. Nx/C cab.0/

�
C j Nxj�k

and that
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0D inf
b2Bk

sup
a2Ak

�
Labuk. NxC Nh/C cab. NxC Nh/

�
� inf
b2Bk

sup
a2Ak

�
Labuk. NxC Nh/C cab.0/

�
C j NxC Nhj�k ;

and thus that

�j Nxj�m � j NxC Nhj�m �MC
L�.sm/

�
vm.	 C h/� vm

�
in B1=2:

Therefore, by rescaling we obtain

�
3K�m.r 0m/

2smC�m

�.r 0m/.r
0
m/
˛Cˇ

�MC
L�.sm/

�
vm.	 C h/� vm

�
in BK (B.12)

whenever jhj<K and r 0m < 1=2K .
On the other hand, since vm! v locally uniformly in Rn (up to subsequences),

we then have�
vm.	 C h/� vm

�
!
�
v.	 C h/� v

�
locally uniformly in Rn: (B.13)

Also, similarly as in Proposition 7.1, (B.10) and the dominated convergence theorem
imply that �

vm.	 C h/� vm
�
!
�
v.	 C h/� v

�
in L1.Rn;!s0/; (B.14)

since jvm.	 C h/ � vmj � C.1 C jxj/˛ � C.1 C jxj/s0 2 L1.Rn;!s0/. Thus, using
(B.14) and (B.13), we can pass to the limit in (B.12) (for each K � 1) to obtain

0�MC
L�.s/

®
v.	 C h/� v

¯
in Rn:

Analogously, we have

0�M�L�.s/
®
v.	 C h/� v

¯
in RnC:

Hence, w satisfies all the assumptions of Lemma B.1, and thus v is an affine
function. On the other hand, passing (B.8) to the limit we obtain that v is orthogonal
to every affine function and hence it must be v� 0. But then passing (B.9) to the limit
we obtain that v cannot be constantly zero in B1, which is a contradiction.

Finally, we give the following.

Proof of Lemma 7.5
The result follows by rescaling from Proposition B.2. Indeed, let

Nw.x/D r�˛�ˇ�sw.rx/:
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We have

k NwkL1.Rn/ <1 and k NwkL1.BR/ � C0R
˛CˇCs

for all R � 1. Since the spectral measures �ab satisfy k�abkC� .Sn�1/ �ƒ, we have

h�ab.y=jyj/
jyjnC2s

i
C� .B2RnBR/

�
Cƒ

RnC2sC�
:

Hence, if � 2 C1c .B1.en// is such that �� 1 on B5=6, it follows that

QI. Nw�; Nx/D inf
b2B

sup
a2A

�
Labw. Nx/C Qcab. Nx/

�
D 0 in B4=6;

where

Qcab. Nx/D r
2sr�˛�ˇ�scab.r Nx/CLab.1� �/ Nw:

It then easily follows that

Œ Qcab
C� .B4=6.en// � Cr
�Cs�˛�ˇ CCC0 � C.1CC0/:

Therefore, Proposition B.2 yields

k Nw�kC˛Cˇ.B1=2.en// � Ck Nw�kCˇ.B1.en//:

Rescaling back to w, we have

kwkC˛Cˇ.Br=2.ren// � Cr
�˛kwkˇ IBr .ren/ � Cr

�˛r˛Cs D Crs;

and thus the lemma is proved.
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