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ABSTRACT

The goal of this paper is to establish generic regularity of free boundaries for the obstacle problem in R". By
classical results of Caffarelli, the free boundary is C* outside a set of singular points. Explicit examples show that the
singular set could be in general (7 — 1)-dimensional—that is, as large as the regular set. Our main result establishes that,
generically, the singular set has zero H"~* measure (in particular, it has codimension 3 inside the free boundary). Thus, for
n < 4, the free boundary is generically a C* manifold. This solves a conjecture of Schaeffer (dating back to 1974) on the
generic regularity of free boundaries in dimensions n < 4.
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1. Introduction

Several fundamental problems in science (physics, biology, finance, geometry, etc.)
can be described by PDEs that exhibit a-priori unknown interfaces or boundaries. They
are called free boundary problems, and have been a major line of research in the PDE com-
munity in the last 60 years; see for instance [LLS67, L.S69, Kin73, BK74, KN77, Caf77,
CR77, Sak9l, Caf98, W99, CKS00, Mon03, SU03, ACS08, GP09, ALS13, FS19].

The obstacle problem

Au= X{u>0} m QCR
(1.1)
uz=0,
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is the most classical and among the most important elliptic free boundary problems, and
it arises in a variety of situations; see e.g. [DL76, Iri82, Rod87, PSU12, Ser15].

From the mathematical point of view, the most challenging question in this context
1s to understand the regularity of free boundaries. The modern development of the regularity
theory for free boundaries started in the late 1970’s with the seminal paper of Caffarelli
[Caf77], and since then it has been a very active area of research.

The main result in [Caf77] establishes that, for any solution of (1.1), the free bound-
ary d{u > 0} 1s C* outside a closed set of singular points. Singular points arise for exam-
ple when the free boundary creates cusps, and they may appear in any dimension n > 2.
By [CR76, Caf98, Mon03], these points are locally contained in a CG!' manifold of dimen-
sion n — 1. More recently, finer estimates at singular points were established in [CSV 18,
FS19].

1.1. Generic regularity for the obstacle problem. — A major question in the understand-
ing of singularities in PDE theory is the development of methods to prove generic regularity
results. In the context of the obstacle problem (1.1), the key question is to understand the
generic regularity of free boundaries. Explicit examples [Sch76] show that singular points
in the obstacle problem can form a set of dimension n — 1 (thus, as large as the whole free
boundary). Still, singular points are expected to be rare [Sch74]:

Conjecture (Schaeffer, 1974). — Generically, free boundaries in the obstacle problem have no
singular points.

The conjecture is only known to hold in the plane R?> [Mon03], and up to now
nothing was known in the physical space R® or in higher dimensions.

Notice that, in the obstacle problem, the question of generic regularity is particu-
larly relevant, since in such context the singular set can be as large as the regular set—
while in other problems the singular set has lower Hausdor{l' dimension [Giu84]. Also,
from the point of view of applications (see [Bai74, D176, Rod87, Ser13]), it is particularly
important to understand the problem in the physical space R

A main goal of this paper is to prove Schaeffer’s conjecture in R* and R*. To this
aim, we consider any monotone family of solutions {«'},c(_1.1) of (1.1) in B, satisfying the
following “uniform monotonicity” condition:

For every t € (—1, 1) and any compact set K, C 9B, N {&' > 0} there exists ¢k, > 0
such that

(1.2) Xieanl(u’/(x) —d () = e, (f —1), forall —1<t<f <]l

This condition rules out the existence of regions that remain stationary as we increase
the parameter ¢. In case that «' is continuously differentiable with respect to ¢, then such
condition is equivalent to saying that 9,4’ > 0 inside {«' > 0}.
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We shall also assume that (—1,1) 3 ¢+ «'|5, € L>(dB,) is continuous with re-
spect to . Note that, by the maximum principle, this implies that (—1,1) 3 ¢+ ' €
L*>(B,) 1s continuous. Under this assumption, we prove the following:

Theorem 1.1. — Let {u'}1c(—1.1) be a monotone and continuous famuly of solutions to (1.1) in
B, C R” satisfying (1.2), and let ' C 9{u’ > 0} N\ By be the set of singular points for u'. Then

H"HZ)=0 foraete(—=1,1).
In particular, Schaeffer’s conjecture holds for n < 4.

We remark that very few results are known in this direction for elliptic PDE, and
most of them deal only with simpler situations (for instance the obstacle problem in R?
[Mon03]), or when the singular set is known to be very small (as in the case of area-
minimizing hypersurfaces in R® [Sma93)).

As a particular family of solutions to which our Theorem 1.1 applies, one can
consider the solution #' to the obstacle with boundary data /|y, = g + ¢ (similarly to
what was done in [Mon03]), but many other choices are possible.

In particular, due to the general character of our assumption (1.2), we can apply
Theorem 1.1 (more precisely, some of the results behind its proof) to study the Hele-
Shaw flow. This is a well-known 2D model which describes a flow between two parallel
flat plates following Darcy law [HS1898, CJKO07]. After a transformation of the type
u(x, t) = fot p(x, T)dt—where p(x, ) 1s the pressure—the problem becomes

Au= xp-0 inK x(0,T)CR*xR
(1.3) u=1 inKx (0, T)CR*>xR
u>0,

where K C R? is a given compact set, and K* := R? \ K. Since the singular set is closed
inside the free boundary (see for instance Lemma 6.2(a)), as a consequence of our fine
analysis of singular points, we can also show the following:

Theorem 1.2. — Let K C R? be any compact set, and u(x, t) be any solution to the Hele-Shaw
Sflow (1.8). Let ' C K be the set of singular points of d{u( -, t) > 0}, and let S :={t € (0,T) :
X! £ O} be the set of singular times. Then S s relatively closed inside (0, 'T) and

1
dimy(S) < —.
imy(S) < Z
In particular, the free boundary 1s C*° for a.e. ime t € (0, T).

Prior to our result, it was an open question to decide whether singularities in such
model could persist in time or not. Theorem 1.2 answers this question, and provides for
the first time an estimate on the set of singular times.



184 ALESSIO FIGALLI, XAVIER ROS-OTON, JOAQUIM SERRA

1.2. Higher-order expansions at most singular points. — A key tool in the proof of The-
orem 1.1 is a very fine understanding of singular points, as explained next.

For the obstacle problem (1.1), a classical result of Caffarelli [Caf98] states that at
every singular point x, we have an expansion of the form

(1'4> u(x) :pru (X - xo) + 0(|X - x0|2)’

where py ., is a nonnegative, homogeneous, quadratic polynomial satistying Aps , = 1.

In dimension 7 = 2 this estimate was improved in [W99] by replacing o(|x — x,|?)
with O(|x — x,|*™*) for some « > 0, and in arbitrary dimensions it was shown in [CSV 18]
that o(|]x — x,|*) can be replaced by O(|x — x.|?|log|x — x.]| 7€), for some € > 0. More
recently, it was proved by the first and third authors [FS19] that, in every dimension 7,
one actually has

U(X) :p2,xo (X - xo) + O('X - xo|3)7

possibly outside a set of “anomalous” singular points whose Hausdorfl dimension is at
most n — 3.

Here, in order to prove our main result, we need to improve substantially the un-
derstanding of singular points, establishing a new higher order expansion at most singular
points for monotone families of solutions to the obstacle problem. Here and in the sequel,
dimy, will denote the Hausdorft dimension (see Section 7 for a definition).

Theorem 1.3. — Let {u'}1e(—1.1) be a family of solutions to (1.1) in By C R" which is contin-
uous and nondecreasing i t (in particular, they could be independent of t). Let £' C o{u’ > 0} N By be
the set of singular points of u', and 3 := Uecry 2 C By

Then there exists a set E C ﬁ?, with dimy (E) < n — 2, such that for every t, € (—1, 1) and
every x, € X \ E we have

(1.5) 1o (x) =Py, (x— x5) + O(|x — 207
Jorall ¢ > 0, where Py, ;. is a_fourth order polynomial satisfying APy ., = 1.

An important point here is that the dimension n — 2 of the “bad” set E is sharp.
Indeed, by well known examples in R? (see e.g. [Sak93]), one can construct solutions u
whose singular set contains a (n — 2)-dimensional subset E for which (1.5) does not hold
at any point in E.

As the reader will see from the proof, when py ., (x) = %(x -¢)* for some unit vector
¢ € R" then the expansion (1.5) can be written alternatively as

ul¥o +x) = %(6 o p)" O (18 7),

for a certain polynomial p of degree 3 with no linear or constant terms. Geometrically,
this expansion—together with a Lipschitz estimate that we will establish later—yields
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that, around most singular points, the contact set is contained inside a set of the form
{le- x+ p(x)| < C|x|*"¢}. Thus, if the free boundary has a cusp, then at most points this
cusp must be very thin. It is worth noticing that the expression of p (or equivalently, of
P, ., . )isrelated to the curvature of the free boundary near a singular point. In particular,
whenever the solution is even with respect to the hyperplane {¢ - x = 0}, then p =0 (and
thus Py, . (x) = %(e - x)%), since there are no curvature terms.

To establish Theorem 1.1 we need to introduce a variety of new ideas, combin-
ing Geometric Measure Theory tools, PDE estimates, several dimension reduction argu-
ments, and new monotonicity formulas. This is explained in more detail next.

1.3. On the proofs of the main results. — Let us give an overview of the main ideas
introduced in this paper.

1.3.1. From expansion to cleaning: a Sard-type approach. — The starting idea to prove
Theorem 1.1 is the following: denote by X’ C d{«’ > 0} N B, the set of singular points
of u'. Assume that, for some fixed £,, we have x, € £* and «* has an expansion of the
form

(1.6) u° (xo + x) = P(x) + O(|x|*)

for some A > 2 and some polynomial P such that AP = 1. Note that, since «* > 0, the
expansion above implies that P(x) > —O(|x|*). Hence, for any » > 0, P+ Cr" is a solution
to the obstacle problem in B, with an empty contact set, and u* (x, + -) is O(r*)-close to
it. This suggests that, thanks to the monotonicity assumption (1.2), by slightly increasing
the value of the parameter / the contact set of «' inside B,(x,) will disappear.

To make this argument quantitative we need to introduce a series of delicate bar-
rier constructions which actually depend on the fine structure of the singular point x,, see
Section 9. In this way we are able to prove that, for a increment of ¢ of size 8¢ ~ *~!, the

contact set of #'™" is B, disappears: more precisely we can show that, for some C > 0,

(1.7 e+ NB(x,) =0 for r > 0 sufficiently small.

As we will explain better below, we can prove an expansion as in (1.6) for A belonging a
discrete set A (see (1.9) for a definition of this set).

Hence, for 4, € (—1, 1) and x, € £* C 9{u" > 0}, we define A,_, to be the max-
imal A € A for which we can prove an expansion as in (1.6). Then, for each A € A and
t€ (=1, 1), we define ** as the set of x, € X, for which A, , = A. In other words, "* is
defined as the set of points at which we have a polynomial expansion up to order A € A
but not better. Then, a covering argument “a la Sard” yields

dimH(Ute(—l,l) LY
A—1

(1.8) dimy ({te (-1, 1) : =" #£0}) <
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(see Proposition 7.7(a) for a more refined statement). In particular, if the right hand side
is strictly less than 1, then £“* = for a.e. £. On the other hand, if the right hand side
is larger or equal to 1, then a coarea-type argument allows us to show that X" is very
small for a.e. ¢ (see Proposition 7.7(b)).

In view of the given description of our approach, our goals are the following:

(1) given a singular point, prove an expansion up to order O(|x|*) with A € A as
large as possible;

(2) given A € A, estimate the dimension of | J,._, , Z**, i.e., the set of points
where the expansion stops at A.

1.3.2. A hugher-order expansion at singular points: the case of a single solution. — To under-
stand these questions in a simplified situation, one can first look at the problem without
the parameter ¢. So, given a solution u to the obstacle problem and a singular point x,,
we want to obtain a Taylor expansion around x, at the highest possible order. This will
require several steps, described below.

(a) Second blow-up: a cubic expansion at most points. — This first part is essentially con-
tained in [F'S19]. Recall first that, as proven in [Caf98], for any singular point x, we have
(1.4), that is, po ,, 1s tangent up to second order to u(x, 4+ -) at 0. Equivalently

u(xo +7-)
OT — po., asr— 0,

and py ,, 1s called the “first blow-up” of u at .
One can then catalog singular points according to the dimension of the kernel of
Do, given me {0, ..., n— 1}, we say

X € X, <+— dim({ﬁz,xo = 0}) =m.
We then consider the “second blow-ups”, namely, the possible limits of the functions

- wo (7x)
W, (x) := 2—, where wy (= u(x, + -) — po.s,
lwa(r-) 128,

as r — 0. As shown in [F'S19], 7 = [|[VWy,|l12,) 1s monotonically increasing (equiva-
lently, the so-called Almgren frequency formula is monotone on wy). Thanks to this fact,
setting Ay :=lim,_,( || Vs, |l12(s,), one can characterize all the blow-ups (namely, the ac-
cumulation points of {wy,} as r — 0): they are Ay-homogeneous functions ¢

— either satisfying

Ag=0 mR", ifx,eX,withm=<n-—2,
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— or solving the Signorini problem

Aq S Oa qu = 09 AQ|R”\L == 0’ Q|L Z 0 )
if L:= {py,, =0} 1s a hyperplane (i.e., x, € X,_)).

In the first case (i.e., m < n — 2), since ¢ is harmonic in R" it must be Ay €
{2,3,4,...}. Also, following [FS19], one can show that Ay > 3 up to an “anomalous
set” of dimension m — 1 inside X,,. This implies that, for x, outside this anomalous set, we
have u = ps . (x — x,) + O(]x — x,|%). Note that applying this result to « = u* gives an ex-
pansion as in (1.6) for A = 3. As we will explain in Section 1.3.4(a) below, when m <n — 2
we are able to improve (1.7) so that this expansion suffices for proving our main theorem.

The real challenge is to understand the set 3,_,. In this case, since ¢ solves the
Signorini problem, thanks to a classification result for 2D solutions and a dimension re-
duction argument, we can show that
27272777

7 11 15
(1.9) AQEA:={2,3,4,...}U{ }

outside a set of singular points of dimension n — 3. Also it is easy to prove that, in this
case, Ay 7 2; thus, except for a small set, the lowest possible value for A9 is 3. The main
challenge is now to improve this cubic expansion to higher order.

(b) Third blow-up: a delicate dichotomy. — From now on, we focus on points of X,
where A9 = 3, 1.e,, ¢ is a 3rd-order homogeneous solution of Signorini (as one can see
from the coming argument, the other cases can be considered as a particular case of
this taking A9 = 3 and ps,, = 0 in the definition of ws below). Two possibilities arise,
depending whether some accumulation point ¢ of {w,,} as » — 0 is harmonic or not.
These two cases have to be analyzed separately.

— The third blow-up ts not harmonic: a new uniqueness result. By another dimension reduc-
tion argument, we can prove that the set where ¢ is not harmonic has dimension n — 2.
However this is not enough, and here comes one of the key arguments introduced in this
paper: as explained in Section 1.3.4(b), in order to obtain Schaeffer’s conjecture in R* we
need to prove that the limit ¢ of Wy, is unique, and that this set is (z — 2)-rectifiable. To
accomplish, in Section 5 we introduce new differential formulae, compactness and bar-
rier arguments, and a delicate ODE-type lemma, that allow us to obtain the uniqueness
of blow-ups (taking quotients of suitable qualities) even if we lack a monotonicity formula.

— The third blow-up s harmonic: a monotonicity argument at nondegenerate points. Assume
that there exists a harmonic accumulation point ¢. Then (thanks to a Monneau-type
monotonicity formula) we can show that the limit lim, o W, , exists (i.e., all accumulation
points coincide) and that u(x, + ) = po.., + p3., + 0(|x|*) for some 3-homogeneous har-
monic polynomial ps . (ps3.,, being a multiple of ¢). This suggests to iterate the previous



188 ALESSIO FIGALLI, XAVIER ROS-OTON, JOAQUIM SERRA

blow-up procedure by defining

i ws(r)
w3’,(x) = ———————, where ws:=u — D2k — D3>
lws(r-)lli2@m)
and try to mimicking the argument described above. Unfortunately, in this case it is not
true anymore that 7 = ||[VWs,, |12,y 1s monotonically increasing. Still, by a delicate boot-
strapping argument (cf. Lemma 4.3) we can prove that'

r= [V, |12, is almost increasing, provided
lws (7 ) lr2@s,) =7 ° for some & > 0.

Therefore, under this nondegeneracy assumption, we can consider accumulation points
of ws, and prove that they are As;-homogeneous solution of Signorini for some A5 €
[3,4). Then, by a dimension reduction argument (based again on the classification of 2D
solutions), we can prove that A5 € {3,7/2} = AN [3,4) in a set of dimension n — 2, and
the remaining points are of codimension 3. So, to summarize:

(i) for most points in X,_; where the limit of Wy, is harmonic, the assumption
lws(r+)llr2ms,) = ' fails for every &€ > 0, except perhaps in a set of dimension
n—2;

(i) if |Jws(r-)|lr2m,) = 7 holds, then the blow-up is A3-homogeneous for A; €
{3, 7/2}, except for a set of dimension at most n — 3.

In order to prove Schaeffer’s conjecture in R*, it is important for us to rule out the pos-
sibility that As = 3 in case (ii). This is highly nontrivial, and follows from the analysis
performed in Section 5 to understand points where Wy, converges to a non-harmonic
function.

(c) Fourth blow-up: monotonicity via a new ansatz and proof of (1.5). — To go further in
our analysis and prove our main theorem, we now need to investigate the set of points
where case (i) happens, namely |[ws(r-)|l128,) = 7 ¢ fails for every & > 0. In this case
Almgren’s monotonicity formula fails on ws,, and therefore a new approach needs to be
found.

The key idea here is to replace ws = u(xo 4+ -) — po.,, — ps3.., With a much more
refined Ansatz W3 := u(x, + -) — &?,, which takes into account both the curvature of
the free boundary and the non-negativity of the solution—this is done in Definition 4.5.
Doing so, and defining W3, in analogy to what done before, we can show (again after a
bootstrap argument) that

7= VW3, |l12s,) 1s almost increasing, provided

W5 (r) 128,y = 7°~° for some & > 0

! More precisely, Lemma 4.3 gives the monotonocity of a “truncated frequency function”, where the size of ws(r )
is corrected by adding a term #” with y € (3, 4). In order to relate the (almost) monotonicity of this truncated frequency
function to the one of |V, ||, 2 @)> One needs to know that the size of w3(r+) dominates r for some y € (3, 4).
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(see Lemma 4.9). Let us note that obtaining this almost monotonicity is much more in-
volved than in the previous case (when we had 4 — ¢ instead of 5 — ¢). The reason is
technical and rather delicate: we need to show that the size of W3, controls the one of
its gradient (see Lemma 4.7), and this follows from a semiconvexity estimate along some
rotational derivatives.

Once this almost monotonicity is proved, we can consider accumulation points of
Wg’, at all points where [[W3(r-)|l12¢38,) = ¢, and we prove that (up to a codimension
2 set) the only possible limit is a harmonic polynomial p, . of degree 4. This leads to an
expansion of the form

Wy = U + ) = Py — Prses wy(x) = o(x').

Hence, to finally obtain (1.5) with Py ,, = &2, + p4..., we only need to prove that wy(x) =
O(]x]°~%) for all £ > 0, up to a set of dimension n — 2. This is again nontrivial: indeed,
we can show that 7 = ||V, [|12,) 1s almost increasing provided that p, . vanishes on
{p2..., = 0} and ||wy(r-)|l12m,) 2 ¢ for some & > 0. Hence we need to ensure that these
assumptions are satisfied in a large enough set, and for this we exploit some recent results
on the size of the zero set of harmonic functions (see [NV17]) and another dimension
reduction argument. In this way, we conclude the validity of (1.5).

It is important to remark here that the expansion (1.5) up to order 5 — ¢ is exactly
what we need in order to prove Theorem 1.1. Even if one could improve such an expan-
sion to a higher order, the estimate on the singular set in Theorem 1.1 would not change.
Indeed, the bounds on the sizes of the sets where the expansions stop before 5 — ¢ would
not improve, and the conclusion in Theorem 1.1 would remain exactly the same (see also

Remark 9.6).

1.3.3. From one solution to a monotone 1-parameter family of solutions. — Note that the
analysis performed above holds only for one solution. If now we have an increasing family
of solutions {«'},c(_1.1), we need to understand for each ¢ the size of points where the
expansion stops at some fixed order A € A.

If one simply applies the previous analysis to each solution ' one would not be
able to conclude. Indeed, if for each solution the set £** has dimension bounded by
some s > 0, then a simple argument (using the structure of our problem) would show that
their union over ¢ € (—1, 1) has dimension bounded by s+ 1. Unfortunately, this estimate
would be absolutely too weak for our scope. Indeed, in order to prove our result, we need
to show the following: if the analysis performed on a single solution implies that a set
¥ * has dimension bounded by s, then also Usecin ¥ "* has dimension bounded by s.
In other words, the bound on the union should be exactly the same as the one obtained
for each single set!

To achieve this, we have to exploit the fact that we have an increasing family «' of
solutions to obtain very refined estimates on the possible blow-ups of a fixed solution at
a free boundary point. More precisely, the idea is the following: if a sequence of singular
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points x; € % converges to 0 € £°, and if both solutions #* and «” have a Taylor expan-
sion up to the same order A at these points, then this implies some extra information on
the possible Taylor expansion of # at 0 (more precisely, this implies some symmetry prop-
erties on its higher order term). This analysis is performed in Section 6 and it introduces a
complete series of new ideas and techniques with respect to [FFS19], where only one fixed
solution was considered. We want to emphasize that, with respect to the case of only one
solution (where one can still deduce symmetry properties of blow-ups as a consequence
of being an accumulation point of other singular points), in this case this analysis is made
particularly delicate by the fact that we do not have any equation in ¢ relating the solu-
tions: we only know that they are ordered and strictly increasing with respect to ¢. Still,
we are able to deduce some strong symmetry properties of blow-up at all points where
the Almgren’s frequency is continuous (see the results in Section 6), and from these prop-
erties we obtain a very precise description of the structure of singular points. This is then
combined with a series of covering and dimension reduction arguments (see Sections 7
and 8) to estimate the size of the singular points where blow-ups have few symmetries,
which allow us to show the desired dimensional bounds on | J,_, ) %*. To our knowl-
edge, this is the first dimension reduction argument for a I-parameter family of solutions
to elliptic PDEs, and we expect these ideas and techniques to be useful in many other
problems.

1.3.4. Extra comments. — The previous description syntheses well the main ideas
behind our strategy, and what explained until now suffices for proving the Schaeffer con-
jecture in R®. However, for the R* case, other extra ideas (that we only briefly mentioned
before) are required. In particular, we need a more refined analysis that depends on the
type of singular point, having to distinguish two cases:

(a) The case of the “lower dimensional strata”. — For singular points in (. _, |, Z,, with
m < n — 2, we know that the expansion (1.6) stops at A = 2 at “anomalous points”, and
these points have dimension bounded by m — 1. Hence, denoting this set of anomalous
points by U, %2 and the remaining m-dimensional set (where the expansion stops

at A =3)by U1y 53 applying (1.8) for n =4 and m = 2 we get the trivial bound

dimH(Uze(—l,l) EZA) .
r—1 N

dimH({tG =L1D: Efék 75@}) =
for =2, 3.

1,

To improve this estimate, we refine our barrier arguments and show that (1.7) can be
improved to =+ N B,(xy) = @ for any & > 0, for A = 2, 3. This increased speed at
which the contact set clears near singular points for “lower strata” is not difficult to prove,
but is fundamental to establish Schaeffer’s conjecture in R*.
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(b) The case of the “top stratum™. — A big difficulty arises from points in |_J le(o11) S
where the expansion stops at A = 3. More precisely, as mentioned in Section 1.3.2(b)
when discussing the case where the third blow-up is not harmonic, there may exist a set
Ueern %% of dimension n— 2 at which the expansion u°(x) = ..., (x — x,) + O(|x —
%,|?) is sharp—i.e., the third derivatives of «* do not exist at those points. Then, if we use
(1.8) for A = 3 and n = 4, we obtain the (trivial) estimate

dimy({te (-1,1) : =°, #0}) < ::? =1,

while to establish Schaeffer’s conjecture in R* we need to prove H!({t € (—1,1) : T3 #
@}) = 0. Since it is possible to construct examples where the set U[E(_M) Efz’f] is (n—2)-
dimensional, there is no hope to improve its dimensional bound. In addition, unlike in
the “lower strata”, one can see that (1.7) for A = 3 is sharp at these points. Consequently,
we need a completely different argument to conclude.

Here the idea consists in taking negative increments of #—which make the contact
set become thicker instead of thinner—and use barrier arguments to show that all free
boundary points in a neighborhood become regular at a slightly enhanced speed (see
Lemma 9.4). However, we can only take advantage of this improvement if we can prove
that the set . _, ), %% is (n — 2)-rectifiable (the information that its Hausdorff dimen-
sion 1s bounded by 7 — 2 is not sufficient). This rectifiability result is crucial, and its proof
relies on the existence of lim, |y Wy, in the non-harmonic case. As mentioned before, this
fact requires completely new ideas with respect to the classical tools known in this kind of
problems, and it is the focus of Section 5. It is worth observing that such arguments lead
to new interesting results even when applied to the Signorini problem, see Appendix B.

1.4. Organization of the paper. — The paper is organized as follows. In Section 2
we introduce a series useful functionals that will be used in the proof of some of our
monotonicity formulae. In Section 3 we present some preliminary results that will be
needed throughout the paper. Then, in Section 4 we develop our higher order analysis
of singular points. In Section 5 we study in detail singular points at which the blow up
of u(x, + -) — po., 1s 3-homogeneous (cf. Section 1.3.2). In Section 6 we consider a 1-
parameter family of solutions to the obstacle problem and study symmetry properties of
their blow-ups. In Section 7 we prove a series of lemmas of geometric measure theory-
type, and in Section 8 we establish several dimension reduction results. Finally, in Sec-
tion 9 we prove our main result, Theorem 1.1, as well as Theorem 1.2. In addition, at the
end of the paper we provide two appendices on the Signorini problem: one with some
basic results that are needed throughout the paper, and a second one with new results
(uniqueness and nondegeneracy of blow-ups at odd frequencies) that are a consequence
of our analysis in Section 5 and that we believe to be of independent interest.
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2. Useful functionals and formulae

In all this section 7 € (0, 1), and w : B — R denotes an arbitrary C!'! function
defined in a ball B C R” (specified in each statement). Throughout the paper we shall use
the following dimensionless quantities:

D(r, w) :=r2_”/|Vw|2:72/|Vw|2(r-),
B, B

H(r, w) :=rl—”/w2=/w2(r-).
9B, B,

We also introduce here a useful notation for rescaling and normalization. Given
w : B — Rand r > 0 we define w, and w, as

W, U)(T' )

(2.1) w,(x) :=w(x) and w,(x):= - = -
H(l,w,): H(r,w)?

We start by computing the derivatives of H and D.

Lemma 2.1. — Let w € C1(By). Then

d
(2.2) - H(r, w):2/wwv=2/wAw—|—2/|Vw|2.
r=1
B

'
0B B

Progf: — This 1s a standard computation, that can be found for instance in

[FS19]. O

Lemma 2.2. — Let w € CV1(By). Then

(2.3) di' D(r, w)zQ/zuf—Q/Aw(x-Vw).
r r=1
Gl By

By

Progf- — For convenience, we set D(7) := D(», w). It holds

D'(1) = Z/meng—i— 9D(1)

1y B

= Z / QLUZ'X]'U)J‘\)Z' — Z/Q(wlx])zw] + QD(I)

W B, W B,
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Q/wf—Q/Aw(x-Vw)—2/|Vw|2+2D(1)
dB B B

Q/wf—Q/Aw(x-Vw). O
dB B

Let us introduce the functions

D(r, w) _ D@, w) +yr

H(?’, U))’ ¢y (7’, U)) = —H(r, w) T .

(2.4) o(r,w) =

The quantity ¢ is often known as the Almgren frequency function. Instead, ¢ is a new
truncated frequency function, that to our knowledge has never been introduced before.
It will be used throughout the paper and will be extremely useful in our arguments, as it
will allow us to deal with the cases when H may be too small.” The choice of the constant
y in front of 7% in the numerator is important to make the following lemma work.

Lemma 2.3. — Let w € CV'(B)). Then for r € (0, 1) we have

i¢(7, w) > 2 ™ fBr wAw)’ + E(, w)
dr 7

(H(r, w))?

and

d 9 (" fB,- wAw)? +E (r, w)

2 T e
where
(2.5) E(r, w) = (ﬁ‘”/wAw)D(n w) — <72_”/(x-Vw)Aw>H(r, w)

B, B,

and
(2.6) EY(r,w) := (rg" / wAw) (D(r, w) + yrQV)

T

_ <7Q_n/(x-Vw)Aw) (H(r, w) + 7).
B,

2 In the past, other kind of truncations have been introduced (see in particular [G:SS08]), but they do not work in
our case due to the fact that D is not equal to (a multiple of) the derivative of H, as it is instead the case for the Signorini
problem.
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Proof: — We first observe that, for r € (0, 1), the formula for ¢ can be deduced
from the one for ¢” letting y 1 +00.
By scaling it is enough to compute, for a > 0,

D(r, w) + y (ar)™
H(r, w) + (an)?

d
= log”"(r,w), for@¢”“(r,w):=
,

r=1

Using Lemmas 2.1 and 2.2 we obtain

=i O w) +y@)) ) fon, w5~ Jo, O VW) Aw + ya

D(1, w) + ya¥ faBl ww, _fBl wAw + ya¥

and

% —(H, w) + ar™) B fasl ww, + ya*

H(l, w) + a? fasl w? + a®

Therefore,

4 ogdr (1, w) = 4o D w) +y@)?) A i w) + o)

dr D(, w) + ya¥ H(l, w) + ¥

_9 X? + rest
D, w) + ya®)(H(, w) 4 a*)’

where

2
X? = (/wf-l—yQaQV)(/wQ—i-aQ”)—(/wwv—i—yag}’) >0
oB

1 B, dB;
(the non-negativity of X? follows by Hélder inequality), and
rest := (/wAw) (/ wwv—l—yaQ”) — (/(x-Vw)Aw) (/ w2—|—a2").
By 0By By 9B,

Using again Lemma 2.1 we have

2
rest = (/wAw) + </wAw) (D(l, w) + yaQV)

B B

— (/(x Vw)Aw) (H(l, w) + aQV).
By
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By scaling (applying the previous formulas with w replaced by w, = w(r-) and a replaced
by r) we obtain

(> fBr wAw)? +EY (r, w)
7 (D@, w) + yr2)(H(r, w) + 7))

d
- 10g¢y (77 w) =
dr

where E” is defined in (2.6). Since %log(ﬁy(r, w) = ¢ (1, w)_liqﬁ”(r, w), the lemma
follows immediately by recalling the definition of ¢” in (2.4). 0

3. Preliminaries: first and second blow-up analysis

In this section we collect some known results and basic tools that will be used
throughout the paper. Let u: B; — R be a solution to the obstacle problem

3.1) Au= Xy=0p and u>0 1nB,.

By the classical theory of Caffarelli on the obstacle problem [Caf77, Caf98], any solution
u of (3.1) with 0 € d{u > 0} satisfies

‘ 1
3.2) lullcri@,) <G and  supu> o’ Vre <0, 5),

B,(0)

where C, ¢ > 0 are positive dimensional constants. Moreover, points of the free boundary
d{u > 0} can be split into two classes:

o Regular points: x, € 0{u > 0} is a regular point if
. —9 _ 2
}E)Iér u(x, +1x) = E(max{o, e- x})

for some e € "'
o Singular points: x, € d{u > 0} is a singular point if

P (3) 1= lim~ux, + 70)
exists and py ,, 1s a quadratic polynomial belonging to the set
P := {convex 2-homogeneous polynomials p with Ap = 1}.

It is well known that the free boundary is analytic in a neighborhood of regular
points. So, the main goal is to understand the structure of singular points.

When x, = 0 is a singular point, we will simplify the notation py ,, to po. A well
known result due to Caffarelli is the following estimate at singular points.
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Lemma 3.1. — There exists a modulus of continuity w : Rt — R, depending only on the
dimension n, such that if u is a solution of the obstacle problem (3.1) and O 1s a singular free boundary
pont, then

2
lu—polliem) <o), Vre(0,1).
Progf: — 'This result, with an abstract (dimensional) modulus of continuity w, is
contained in [Caf98, Theorem 8]. A stronger quantitative version of the estimate (with in-

dependent proofs) giving an explicit C|log7|~® modulus of continuity is given in [CSV 18,
FS19]. 0J

Remark 3.2. — Let p € P. Since Au= Ap =1 1in {u > 0}, we have

(3.3) (u—p)A(u—p) = pXu=0y = 0.
Similarly,
(3.4) x-V(u—p) Au—p) =x- Vpxi=o = 2pXu=0) = 0.

We recall Weiss’ monotonicity formula (proved in [W99] for A = 2, and in [IFS19]
in the general case) and a useful consequence of it.

Lemma 3.3 (Weiss’ formula). — Let u: By — [0, 00) be a solution of (3.1), and let O be a
singular point. Given p € P, set w :=u — p. Also, for A > O set

W, (r, w) :=7r"*(D(r, w) — AH(r, w)).
Then:
(a) Forall x> 2

d o1 2
7 Wi (r, w) > 2r (x-Vw —Aw)” > 0.
,
3B,

(b) W, (0", w) =0 and
(3.5) D@, w) — 2H(r, w) >0, Vre (0, 1).

Progf: — (a) By scaling it is enough to compute %W,\ (r,w) at r = 1. Using Lem-
mas 2.1-2.2, we obtain
W, (1, w) = (D'(1, w) — AH'(1, w)) — 2AD(1, w) + 2A°H(1, w)

=2/w§—2/Aw(x-Vw)
B,

0B
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— QA/wwv — 2AD(1, w) + 2A%H(1, w)

dB;

=2/wf+2/(kw—x-Vw)Aw—4k/wa+2k2/w2
By

dBy aB; dB;

22/(wv—Aw)2+2/(kw—x-Vw)Aw
dB; By

:2/(wv —Aw)? +2 / (Ap—x- V).
dB; {u(r-)=0}NB;

One concludes noticing that, for A > 2, it holds (Ap —x- Vp) = (A —2)p > 0.
(b) Since 0 is a singular point then w,(x) = (« — p)(1x) = (po — p) (1x) + 0(+*), thus

W, (07, w) = 13£W(1, rw,) = Wa(l, po — p) =0.
As a consequence, (3.5) follows integrating (a) for A = 2 between 0 and 7. O

We recall from [FFS19] that the frequency function ¢ applied to the function w =
u — p, with p € P, is monotone increasing in 7. More precisely we have the following:

Proposition 3.4 (Frequency formula). — Let u : By — [0, 00) be a solution of (3.1), and let
0 be a singular point. Given p € P, set w 1= u— p. Then
9 (r*™" [, wAw)?

d
o (r,w) > = >0, Vre(0,]l1).
dr(p(r w) = r H(r, w)? - re@D

Progf: — By Lemma 2.3 we just need to show that

E(r, w) := (72_"/wAw>D(r, w) — (72_”/(x~ Vw)Aw)H(r, w) > 0.
B B

T r

Using Remark 3.2 for w = u — p we have

(72_”/(x-Vw)Aw> :2(72_”/wAw>,
B, B

v

thus

E(r, w) = (rQ_”/wAw) (D(r, w) — 2H(r, w)),

T

which by (3.5) and Remark 3.2 is nonnegative. UJ
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The following observation, also contained in [F'S19], follows immediately from

(3.5).

Lemma 3.5. — Let u: By — [0, 00) be a solution of (3.1), and let O be a singular pont.
Guven p € P, set w:=u— p. Then (0%, w) > 2.

A new important estimate that we will use throughout the paper is the following:

Lemma 3.6. — Let u: By — [0,00) be a solution of (3.1), and let O be a singular
point. Given p € P, set w = u — p. Suppose that for 0 <r <R < 1 we have L < ¢ (r, w) <
@ (R, w) < A. Then, for any given § > 0 we have

(R)” H(R, w) (R)“”
—) =—Z<q(=) .
r H(r, w) r

where Cs depends only on n, A, §.

Progf. — Define

P fB, wAw

YO = —Ho

By Proposition 3.4 we have

(3.6) —¢Uu0> @a»

On the other hand, thanks to Lemma 2.1,

THG,wy 277" [ wAw+77 [ [Vw]* 2 9
3.7 dr ’ = — B7 BT = — —F .
37 Hrw) 7 H(r. w) ;o rw)+7FC)

Integrating (3.6) and using Cauchy-Schwartz inequality, since A < ¢(p, w) < A for all
p € (r,R) we get

(n — 1" (log(R/n) "

(o) ([4)°

R

(o) ([2) imaze
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Hence, integrating (3.7), we obtain

HR, w)

1
S Hw) -

R
/ (x+F(p))dp <log((R/N*) + C(log(R/r))

<log((R/r)**) +C,

where C depends only on 7, A, and 6.
For the lower bound we recall that, since wAw > 0, we have F(p) > 0. Therefore,
integrating (3.7) over [r, R],

HR, w)

1
S Hw)

> 2\ / — =log(R/r)*. O

We will also need the following result, which allows us to control the L norm of
the difference of two solutions with the L> norm.

Lemma 3.7. — Let u: B; — [0,00) and v : By — [0, 00) be solutions of the obstacle
problem (3.1). Then

lu— Vlle®, ) < CE)llu—v2m)-

Progf: — On the one hand, from
Alu—v)=1—Av>0 m{u>0} and vu—v=—v<0 in{u=0}

we obtain that (z — v); = max(u — v, 0) is subharmonic in B;. Exchanging the role of
u and v, the same argument shows that (v — ), = (¥ — v)_ 1s subharmonic. Thus also
lu —v| = (u —v)4 + («— v)_ is subhamonic in B,, and using the mean value property
we obtain, for x € By 9,

lu—v|(x) < ][ lu—vl =COllu—vine) <COlu—vlzg). U

B2 (x)

We now start investigating the structure of possible second blow-ups. The next few
results are a small modification of those in [FFS19].

The following Lipschitz estimate for the rescaled difference u — p, with p € P, will
be useful in the sequel. We recall that w, and w, have been defined in (2.1).

Lemma 3.8. — Let u: B; — [0, 00) be a solution of (3.1) with u % po, and let O be a
singular point. Given p € P, set w :=u— p. Let R > 1, and r € (0, ==). Then

> 10R

<3'8> aeelbr = —C m BR, Ve € Sn_1 N {p = O}
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where C depends only on n, R, and ¢ (1/2, u — p). In addition, if dim({p = 0}) =n — 1, then
3.9 [V, <C  inBgs,

where C depends only on n, R, and ¢(%, u—p).

Progf: — 'This proof is essentially contained in Step 3 from the Proof of Proposi-
tion 2.10 in [FS19]. However, since some small changes are needed in our setting, we
reproduce the main steps for the convenience of the reader.

Given a function / : R" — R, a vector e € S"!, and £ > 0, let

J( +he)+f(- —he) —2f
82, = =

denote a second order incremental quotient. For e € {p = 0} N $"~' we have §; ,p = 0.
Thus, since Au=1 outside of {u =0} and Au <1 in B;, we have

( Au(- + he) + Au(- — he) — 2A
A(52,w) = 2 FhO F };‘( 728 i B\ fu=0).

On the other hand, since « > 0 we have
8z,hw = 63’hu(-) >0 in {u=0}.

As a consequence, the negative part of the second order incremental quotient (8, ,w,)—
is subharmonic, and so is its limit (82w,)_ (recall that u is semiconvex, and thus
62w, — (02W,)_ a.e. as h — 0). Therefore, by weak Harnack inequality (see for

eh

instance [CC95, Theorem 4.8(2)]) there exists € = €(n) € (0, 1) such that

/¢ 1/e
H(afewr)_umwscm)(][(aeew) sc(n)<][ |aeeuvr|8) .
Br

Bor

Also, by standard interpolation inequalities, the L® norm (here we use ¢ < 1) can be
controlled by the weak L' norm, namely

1/e
(/ |aeewr|€) <C(n,R) sup 0[{18..,] > 6} N Bg].
0>0

Bor

Furthermore, by Calderén-Zygmund theory, the right hand side above is controlled by

AW, [l By + WL Bag) -
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Thus, since Aw, <0 in Bsg, [|AW,||11g) is controlled by the L' norm of , inside Bug:
indeed, if x 1s a smooth nonnegative cut-off function that is equal to 1 in Bsg and vanishes
outside Byg, then

3.10) ||Aw,,||L1<BSR>s—/xmb,=—/Ax i, < C(n.R) / 1,

Bsr Bir B4r\Bsr

Also, for 87R < 1, as a consequence of Lemma 3.6 we have

H(4R, i,) < CR¥C=PHH(], ) = QR (zu-P]

. 1
N, 1 ) < C(ﬂ, R, (15(5’ u _l’>>~

In conclusion, we obtain

and thus

| Beet®)— ey < C RN 1) < C(n R, ¢( p))

Finally note that, when {p = 0} is (z — 1)-dimensional, as a consequence of (3.8) the
tangential Laplacian of w, (in the directions of { = 0}) is uniformly bounded from below.
Thus, since Aw, < 0, we have

de0in, <C inBg, fore €{p=0}"with|e|=1,

where, as before, C = C(n, R, ¢ (%, u — p)). Thanks to these semiconvexity and semicon-
cavity estimates, we deduce the Lipschitz bound (3.9). U

The next result corresponds to [FF'S19, Proposition 2.10]. However the statement
there has a small mistake (that anyhow does not affect any of the arguments in [FS19])
and for convenience we correct it here.

Proposition 3.9. — Let u: By — [0, 00) be a solution of (3.1) with u 5 po, let O be a
singular point, and set w := u— py. Denote m := dim({p, = 0}) € {0, 1, 2, ... n— 1}, and 1*"* :=
o (01, w).

Then, for every sequence 1 , O there is a subsequence 1, such that w,, — q as £ — 00 in
WL2(RY), where g % 0 is a A" -homogeneous function satisfying the following:

loc

(@) If0 <m < n—2 then q is a harmonic polynomial, and in particular \*" € {2, 3,4, ...}.
In addition, if \*"! = 2, then in some appropriate coordinates we have

(3.11) po(x) = Z ,ux and q(x) =v Z X; —Z Vix:

1=m+1 1=m+1
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where [1;, v > 0, and they satisfy Y. ;i =1, (n —m)v = Z}"zl v, and |v;| < v

Joranyj =1,
b) Ifm=n—1 ﬂzen we /zave w,, — qin C) (R") and we have \*"' > 2 + a,, where
o, > 015 a dimensional constant. In addition, q is a global solution of the Signorini problem:

Ag<0 and qAq=0 mR"
(3.12) Ag=0 m R\ {p, =0}
¢=0 on {p» = 0}.

Progf: — 'The statement here is almost identical to that of [['S19, Proposition 2.10].
The only differences are the following:

(1) In [FS19] it is incorrectly stated that v; > 0. Instead, [F'S19, Lemma 2.12]
proves that v 1s the largest eigenvalue of D?g, hence the correct conclusion is that [v;| < v
for each j =1,

(2) In the above statement we said that w; — ¢ weakly in WIIOC2 (R"), while [FS19,
Proposition 2.10] states the convergence only in W"?(B;). The reason why we may
replace By by any larger ball is Lemma 3.6, as it allows us to control H(R, w,) by
C(n, ¢ (1, w), R)H(1, w,) for any r < 1/R. Hence, using a diagonal argument, the proof
of [F'S19, Proposition 2.10] yields the desired result. U

We now recall another important estimate from [FS19]:

Proposition 3.10. — Let u: By — [0, 00) be a solution of (3.1) with u % py, let O be a
singular point, and set w = u — po, A*" := (0", w). Let A € (0, A*"]. Then

—0}NB, ,
Hu=0)N B/ |B}| | Vre (0,1/2).

Moreover, if dim({po = 0}) =n — 1 then
{fu=0}NB, C {x : dist(x, {po= O}) < Crk_l}.
The constant C. depends only on n and .

Progf: — 'The first part is exactly [IF'S19, Proposition 2.13]. The second part on
>,—1 follows by the argument in [F'S19, Remark 2.14], as a consequence of the Lipschitz
estimate in Lemma 3.8. UJ

Following the notation introduced in [F'S19], we denote
(3.13) X, = {xo singular points with dim({l)gﬂxo = 0}) = m} , 0<m<n-—1
and, form <n— 2,

(3.14) T = {x, € £, such that ¢(0%, u(xo + -) — p2..) =2}, 0<m=<n—2.
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Moreover, for m = n — 1 we introduce some further notation: we define

(3.15) =7 = {x € ,_; such that ¢ (0, u(x, + ) — po...) < 3},
and
(3.16) > =%,,\25.

Finally, we will need the following:

Definition 3.11. — Let u: By — [0, 00) solve (3.1). For 1| <m < n— 1 we denote by X"
the set of points x, € 2, such that, for w 1= u(xo + +) — po.,, the following two conditions hold:

(i) (07, w) > 3;

(11) there exusts some sequence 1 |, O along which 1, Sw(r+) converges, weakly in Wllof R"),
to some 3-homogeneous harmonic polynomial vanishing on {ps. ., = 0}—possibly the poly-
nomual zero.

Notice that, by Proposition 3.9(a), for m < n — 2 we have £, \ ¢ = £ = %23,
On the other hand, this is not true for m =n — 1, and later on in the paper we will need
to understand the set =7\ X3 .

We conclude this section by recalling that if 0 € > then the limit

(3.17) hmr Su—po)(r-)

exists. Indeed, as shown in [F'S19], this is a consequence of the following Monneau-type
monotonicity formula.

Lemma 3.12. — Let u: By — [0, 00) satisfy (3.1), and let 0 € =3 for some 0 < m <
n—1. Lt w:=u— py — P, where P 15 any 3-homogeneous harmonic polynomial vanishing on

{po = 0}. Then

(3.18) D(r,w) > 3H(r,w) Vre(0,1)
and

d, s 2
3.19 —(r"H(r,w)) > —Csup —
( ) a'f( ) BBIl) 2

where C 1s some dimensional constant.
Progf: — 'The proofis contained in [F'S19, Lemma 4.1]. U

The next result provides the existence of a unique limit in (3.17) for all points in
%3 which follows immediately from Lemma 3.12 (see [FF'S19, Proposition 4.5]):

m 2
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Lemma 3.13. — Let u: By — [0, 00) solve (3.1). Then, for all x, in sz, with 0 <m <
n—1, the imit

1
D35 = lrlﬁ)l —(U(Xo +r ) — Dax, (7 : ))

r3

exists, and ps. ., is a 3-homogeneous harmonic polynomial vanishing on {ps ., = 0}.

When x, = 0 we simplify the notation ps  to ps.

4. Higher order blow-ups on the maximal stratum

As explained in Section 1.2, in order to prove the main result of this paper (Theo-
rem 1.1) we need to obtain—among other things—an expansion up to order O(|x|>~%) at
“most points” of £ . This requires a very detailed analysis of such set, which is the goal
of this section. From now on, we will only study the points of X,_; (hence, m=n—1).

In order to study the higher regularity properties of the set > | we need a new
frequency function for u — py — ps. The following lemma 1s a more flexible version of
Lemma 3.6. It will be useful later in order to prove the almost monotonicity of ¢” (r, w)
for a suitable y, where w will be the difference between « and its polynomial expansions

at singular points.

Lemma 4.1. — Let R € (0, 1), and let w : Bg — [0, 00) be a C"' function. Assume that
Jor some k € (0, 1) we have
9 (PP fB, wAw)?
7 (H(r, w) +127)?

d
d—¢y(r, w) > — 71 V¥re(0,R).
.

T hen the following holds:

(@) Suppose that 0 < A < @Y (r, w) < Xﬁ)r all r € (0,R). Then, for any given 5 > 0 we
have

r T

1 /R\%? HER,w)+RY R\ 2+
Cs SHe o+ -\ Jorallr € (0, R),
1) )

where Cs depends only onn, y, k, A, 8.
(b) Assume in addition that

P [, wAw
H(r, w) + 7%
Then, for Ay := ¢? (0T, w), we have

4 (R\* HR,w)+R¥”
¢ | — =< .
~ H@,w)+r

>—" Vre(0,R).

r
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Proof: — (a) Define

ren fB,- wAw

T B w

so that, by assumption, we have

N

d
4.1) Zo7row) + 77 = 2(F0)
dr r
It follows by Lemma 2.1 that
4.2 SHr,w)+r7) 27 nfB,,wAw+727nfB,.|Vw|2+)/72y
*.2) Hrw)+7) H(r, w) + 127
2

dJy(r w) + F(T)-

Integrating (4.1) and using Cauchy-Schwarz inequality, since 0 < ¢” (r, w) < A for all

7€ (0,R), we get
1 2 , B dp 1/2
— F(p) —
p p

2, 1/2
( (G )a) (/%)
dr 0

r

=

4.3 ‘ / F(p)dp

IA

1/2 .
<X+ SR - f)) (log(R/n))""*
< C(log(R/r))l/2

Hence_, integrating (4.2) between 7 and R (recall 0 < » < R < 1) and using
@"(p, w) < A and (4.3) we obtain

H(R, w) + R¥
& H(r, w) + r¥
R
< / %(X +F(p)) dp < 2x1log(R/r) + C(log(R/7))

r

< (21 + 8) log(R/7) + Cs.

1/2
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Similarly (now using ¢ (o, w) > A) we obtain

HR, w) + R>
8 H(r, w) + r%

= (24 = 8)log(R/1r) — Cis.

(b) In this case we have F(r) > —7* for all » € (0, R). Hence, integrating (4.2) be-
tween 0 and p € (0, R) we obtain

1
P (p, w) — Ay > —;p“-

Thus,
HR, w) + R¥ r 2
, W) +
> [ —(¢” (p, F d
% Ho )+ _/p(qb (0, w) +F(p))dp
R p ) R
ZQ)»*/—p—(——I-l)/p"ldp
p K
! O
> 2A,log(R/7) — P
Remark 4.2. — An interesting consequence of Lemma 4.1(a) is the following. If

w is as in of Lemma 4.1(a) then ¢? (0%, w) < y. Indeed, otherwise we would have
@V(r,w) > A:=y 4+ 6>y for all r > 0 small, and Lemma 4.1(a) would imply that
H(r, w) + 7 < Cr227% = Cr™* for r < 1, impossible.

The following lemma gives the (approximate) monotonicity of ¢” when applied
to w :=u — py — P, where P is any 3-homogeneous harmonic polynomial vanishing on

{p. =0}.

Lemma 4.3. — Let u: B, — [0, 00) be a solution of (3.1), with 0 € £°,. Let w :=
u — py — P, where P is a 3-homogeneous harmonic polynomial vanishing on {py = 0}. Then, given
y € (3,4), forall r € (0, 1/2) we have

9 (7" [, wAw)?

d
—@" (r,w) > -G and
dr r (H(r, w) + r27)?2
2—n
7 fB,» wAwW o
H@r, w) + 7% — ’

where C. depends only on n, y, ||Pllr2,)-

In particular, assuming 0 € T, the previous inequalities hold for w = u — py — ps.
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Proof. — The proof will rely on a iteration argument where one enlarge the value
of y, starting from 3 and increasing it up to the desired y € (3, 4). We split the proof in
two steps.

o Step 1. We first show that

d 9 (" [, wAw)? {

Y - r O3V AHY Y
(4.4) dr¢ (r,w) > 0. w) 177 ) Cr™7¢” (r, w)g" (r)
and

P wAw
4.5 > G (),
(4.3) H(@, w) +r — rrem
where

lw,|lr2s \B1)
Yy — 2\D1
$O = i w) + )7

and C depends only on z and ||P|12())-
Indeed, by Lemma 2.3 we have

9 (PP fBT wAw)?

d =
—¢7 ) > - E ) s
&0 O 2 TG wy 1y TR W)
where
_ 2727 [ (Aw —x- Vw)Aw
E (r,w):== b, : and
r H(r, w) + 7%
D, 2
A= w) = YT
H(r, w) + r¥

Note that Aw = A(u — po —ﬁ5) = X{u>0} — 1-0= — X{u=0}- AISO, since A, > 3 by (318),
using the inequality py + P > —;})—22, since I:—z is homogeneous of degree 4 we have

Y.
(b =2 V) (P2 +P) = (G, — 2po + (A, — 3P = (, — 3)(p2 + P)
. 2
N _u,Q 3) (sup P’ )W.

By P2

Therefore we obtain

4.6) B 0wy 2 b G =2 V2 4 P
. , r H(r, w) + >

P?) #~"B, N {u= 0}]

>—(\, =377 sup— —.
z =0 =3) (BB? 12 ) (H(r, w) + r27) 172
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Also, since Aw = — =0y < 0, choosing x € C>*(By) a nonnegative cut-off satisfying
x = | in By, integrating by parts we obtain

ﬂ‘"l{uzomB,l=/—Aw75/‘AW

B By

=—/erX <G / lw,| < Cllw, |l 2@,\8,)-

By Bo\B,
Thus, since A, = ¢ (r, w) and recalling (4.6), we have shown that
E (r,w) = —Cr' 777 (r, w)g” (),

and (4.4) follows. Note that, since by assumption P? is divisible by py, we have that
SUPyp, ;—j is bounded by a constant depending only on 7 and ||P||;2(s,), and thus the con-

stant G above depends only on 7 and ||P||12(,)-
Similarly, using again py + P > —;—Z, we obtain

9—n 2—n —n
P wAw P g G AP 2= 010 B

HG,w)+r  H@rw)+rY (H(r, w) + r2)1/2’

which gives (4.5).
o Step 2. Next we show that (4.4) implies that, for all y < 4,

(4.7) ¢’ (r,w)<C, and g"'()=<C,,

with C,, depending only on 7, y, and ||P[l12,).

We prove (4.7) for all y € [3,4) by iteratively increasing the value of y at each
iteration, starting from y = 3, in order to always have (along the iteration) a uniform
bound on ¢” (r, w) and g” (7).

First, we observe that since 0 € Ef}l we have ¢ (0%, u — py) > 3, hence |u — po| <
C|x|*. Therefore |u — py — P| < C|x|*, which immediately implies that g*(r) < C3, and
then it follows by (4.4) that log(¢”(-, w)) is almost monotonically increasing, so in partic-
ular it is uniformly bounded.

We show next that if (4.7) holds for some y > 3 then (4.7) holds also with y replaced
by y 4+ B for any B > 0 such that 38 <4 — y.

Indeed, we can bound

2y+28 2y y
&P (rw) = D@, w)+(y + B)r _2Dw)+yr ¢V 0, w)
H(r, w) +2+26 — 426 H(r,w)+rr — o2

<QC"

— rQﬁv
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and similarly

lw,llr2@\81) < l lw,llv2,\81) _ 4 G)
(H(r, w) + 2 +28)12 = o8 (H(r, w) +2)1 2~
Then (4.4)—with y replaced by y + B—yields
9 (r* fB,wAw)2

d
4.8 — " P (r,w) > = Q2138
2 o E T HGw py O

C
Y+B () — 14
g = b

=

Noticing that r*~7~'=% is integrable over r € (0, 1) provided 38 < 4 — y, (4.8) implies
that ¢”*#(r, w) is almost monotonically increasing, In particular ¢**#(r, w) < C’ for
r € (0,1/2), where € is a constant depending only on 7 and y + .

In addition, (4.8) and Lemma 4.1(a) imply that

H(R, w) + R¥ 2 O VR
H(r, w) + r2r+28 = VR e (20,

thus

2
(¢ () = el m) HR, w)dR
& H@r, w) + r2y+28 — H(r, w) + r2r+28 —

r

cc,

and therefore (4.7) holds for y replaced by y + B.

Having proven that if (4.7) holds for some y > 3 then (4.7) holds also with y re-
placed by y + B for any > 0 such that 38 < 4 — y, iterating finitely many times we
conclude that (4.7) holds for any y < 4, as claimed.

Combining this information with (4.4) we obtain

d " [, wAw)?
4 gy = 2L
dr r (H(r, w) + r?)?

—CC2r7 Vre(0,1/2).

2 wAw
Also, it follows by (4.5) and (4.7) that UESINS —CC, "7 Finally, when 0 € ¥, we

HG,w)+r2Y  —

can take P = ps (since, by definition of £ , p5 vanishes on {p, = 0}). UJ

n—1

We have proved that in £, we have almost monotonicity of the new truncated
frequency function ¢ (r, u — py — p3) for any y € (3, 4). This means that ¢” (0%, u — py —
ps3) exists, and satisfies 3 < ¢ (01, u — py — p3) < y (see Remark 4.2).

Hence, we can now introduce the following:

Definition 4.4. — Let u: By — [0, 00) solve (3.1). We denote by X3, the set of points
X, € Zfidl such that, for w := u(x,+ +) — po.x, — P3.x.» we have ¥ (01, w) > 3 forany y € (3, 4).

Moreover, we will need the following:
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Definition 4.5. — Let u: By — [0, 00) solve (3.1), and assume that 0 € T>,. Choose a
coordinate system such that

n—1

1.
(4.9) ) = 5%, and p =% St g

a=1

I

6

5
Xy e

(Here we used that ps is harmonic and vanishes on {x, = 0}.) We define the fourth order polynomial
Ansatz at 0, and we denote it by 2, as’

(4.10) P(x) = §xn +p3+ 2 5 (/73> +x,Q = ;( _|_/73 + Q) + O(|x|5).

Here Q) is a 3-homogeneous polynomial which depends only on py and ps, and is defined as follows

n—1 3 9
(4.11) Q) := Z(“ B aa?)an) (% _ xoéxn).

a=1

When u is a solution of (3.1) and x, € X, we define 2., o be the fourth oder polynomial Ansatz at

nlJ

0 of u(xo + - ) (note that &, depends only on ps . and ps... ). In addition, fora € {1,2, ..., n— 1}
we define the osculating rotation vector fields at 0 as

(4.12) X, =1 +aux,)e, — agxqe,, wheree;=0,...,0, T, 0,...,0),

where ay are as in (4.9).

We will use the following notation throughout the section. Given f € C'(R"), we
denote by X,/ the derivative of / in the direction of X, namely X,/ = (1 + a,x,)0of —

Ay X 0,f -

Lemma 4.6. — Given py and ps as in (4.9), define Q as (4.11). Then, & given by (4.10)
satisfies

AZ =1 ad XX, Z=0(x) Vaefl,2,....n—1}.

Proof. — Let po, p3, &, and Xy, be as in (4.9), (4.10), (4.11), (4.12). We compute

9
X, X, <x§") = —aux, + ai (xé — xﬁ),

x; _ aaanxi +O(|X|%),

XX, p3 = aox, + 24, (X2 — ) — 5

® The formula for the ansatz can found by inspection, by trying to find the coefficients that guarantee the validity
of Lemma 4.6.
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1(ps ? - dolp o | Qoly o 9 o 3
xx(3(5) ) =X 5 s o)

a=1

XX, (5,Q) = —(af, - %)ﬁ +O("),
and thus adding them we obtain

X, X, 2 =O(xf’).

Similarly, using that ZZ;II ay = —a, (as a consequence of the fact that ps is harmonic),
a direct (but tedious) computation shows that

1 2
A(_ (p_3> +an’> :O’
2\ x,
therefore AX = 1. O

We will need the following semiconvexity estimate in the spirit of Lemma 3.8.

Lemma 4.7. — Assume that u: By — [0, 00) is a solution of (3.1) and that 0 € T>,. Let
w:=u— P — P, where P is a 4-homogeneous harmonic polynomial vanishing on {po = 0}. Then

i]Iglf?’QXaXaw > —CP) (lw llz@p) +7°)
and

sup 7| Vaw| < C(P) (1w, ey +7°)

B0

Jorallr e (0,1/5).

Proof. — Let po, p3, &, and X, be as in (4.9), (4.10), (4.11), (4.12), and fix o €
{1,2,...,n—1}.
e Step 1. For r > 0 small, we consider the rescaled vector field X, = X, (7-), and denote
w, =w(r-) and v :=X X w,. We consider

U(x) ;= minfv(x), —C(P)»’}
for some constant C(P) > 0 depending on P, to be chosen. We claim that
Av <0 in B;.

Since w, is C!! (for fixed » > 0) but not C?, to prove that ¥ is subharmonic we need
to proceed similarly to the proof of Lemma 3.8, now taking second order “rotational”
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incremental quotients. More precisely, let ¢%, denote the integral flow of the vector field
X/ at time £, and define

y —h
i w, o ?lii; + w, o ¢x; — 2w,
v'i=
2

On the one hand, since ¢% is a rotation (and thus it commutes with A), noticing that
Aw = Xy=0y — 1 <01in B; and Aw =0 in { > 0} we obtain

(4.13) AV <0 in {u(r-) >0} NBy,.
On the other hand, we claim that
(4.14) "> —C(P)7 in {u(r-):O}ﬂB5.

Indeed, recalling that X, X, % = O(|x|?) (by Lemma 4.6) and since X, X,P = 9, P +
O(Jx|®), we obtain

XaXa(_y - P) = _aOtDtP+ O(|X|%)

In addition, since P is 4-homogeneous and vanishes on {x, = 0}, we wave 04, P = x,£(x")
where £ 1s some linear function, thus

00a Pl < G(P) |x]|x,].

Therefore, combining all these estimates, we get

(4.15) XX (P +P)| = C@) (4 7lx,]) inBs,.

In addition, thanks to Proposition 3.10 (recall that A?"* > 3, since by assumption 0 € £>)
we have

(4.16) {u=0} N By C {Ixl < C|¥[*},

thus

<5r, |x,| < Cr?

<Cr* Vhe(0,2).

(x’, x,,) e{fu=0}NB;, = ‘x’

¢ () - e,

=

As a consequence, combining this bound with (4.15) we obtain
(P +P)ogi +(P +Plody — 2P +DP)|
(rh)?
m{u=0}NB; Vke(0,1).

<C(P)’
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Rescaling this estimate one gets (4.14), that combined with (4.13) implies that
—h . . I 5 . .
V= mln{ v'(x), —C(P)r } is superharmonic.

Therefore, since v = limy, v" a.e. then the function v is superharmonic too, as claimed.
e Step 2. Note that if we consider V := 0,,w, instead of rotational derivatives (as we did
in the proof of Lemma 3.8), then the same argument as the one above gives

00 (P +P)| <C@P)r* inB;,

(cf. (4.15)), from which one deduces that the function V := min{V, —C(P)r*} is super-
harmonic (notice the difference in the power of 7 in the definitions of ¥ and V).

o Step 3. Now, as in the proof of Lemma 3.8, by weak Harnack inequality, interpolation,
and the Calderon-Zygmund theory, we have

1/e
[Vll1oeB)) < C(n)(][ |17|‘9> < C(llw,|

B30

= C(”wr”Ll(Bg\BQ) + [Aw [, + 73)'

’)
72,1 r
W weak (B2) +

On the other hand, since Aw, <0 (because Aw = Au— A(X —P) = Au—1<0),
reasoning as in the proof of Lemma 3.8 (cf. (3.10)) we obtain

| Aw,[l11B;) < C@)[|w, |1 B,0\B8s)-
Hence ”5”L°°(B1) < Cllw,||L1(B,1\BB), which ylelds

(4.17) X, Xow, = =G (llw, o) +7°),

and the first part of the lemma (semiconvexity) follows easily by scaling.
In order to prove the Lipschitz bound, we note that if we repeat the same reasoning
with V instead of v, we find instead the semiconvexity estimates

i}glfaaawr = _C(l|wr”Ll(B4\Bg) + 74), forl <a<n-—1.
1

Although this estimate is less precise (it has an error of size r* instead of 7°) it is still useful.
Indeed, using that Aw, < 0, it implies the semiconcavity estimate

4
sup 9,,w, < C(||wr||L1(B4\BS) +r )
B

Combined together, these semiconvexity and semiconcavity estimates imply a bound on
the Lipschitz constant of w, in terms of its L™ norm in B, \ Bs and its semiconvex-
ity/semiconcavity constants, that is

(4.18) W, llLips) < C(”wr|lL°°(B4\B3) + 74)-
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Although this is not the desired bound, this will be useful in the next step to obtain the
sharp bound.
e Step 4. 'To conclude the proof, we need to improve (4.18) and get Lipschitz bound for w,
in B, 5 with an error O(). For this, we note that for eacha =1, ..., n— | the unit vector
field E, =X, /|1X,| satisfies |E, — e,| < Cr in By, and thus we can complete {E, }Z_:l] to
obtain a orthonormal moving frame by adding a vectorfield E, satisfying |E, —e,| < Cr
n B1 .

Note that, since Vx; X, = O(7) and Vg E, = O(r), we can choose E, satisfying
Vi, E, = O(r). Hence, using these bounds and Aw, <0, we obtain

n—1
EE,w, = Crlw, i, < D'wi (B, E) < = ) Dw,(Eq. Eo)
a=1
n—1
E o ZX;X;wV + Crllwr”Lip(Bg/Jr) il’l B3/4,

a=1

Thus, recalling (4.17) and (4.18), we get
(4.19) supE, E,w, < C(||wr||L1(B4\B3) + rllw, [[Le@\Bs) + 75)

Bs/s
It follows by (4.17) (resp. (4.19)) that the restriction of w, to the integral curves of X,
(resp. E,) 1s semiconvex (resp. semiconcave), and hence Lipschitz along these curves. Since
the directions of these curves span R, this yields

n—1

sup |V, | < csup(z IV, - Xa| + |wa-Eﬂ|) < C(Ilw e +7°)-

By B2 \ g

Finally, to conclude the proof, it suffices to show that the L>(B, \ Bs)-norm above can be
replaced by [|w, |l12s5\8y) + C(P)7. Indeed, recalling that Aw = — x{,—0,, the function w
is superharmonic everywhere, and harmonic outside {# = 0}. In particular, this gives the
desired control on the L>® norm of w_. In addition, since & > O(|x|°) and P is a 4-th
order polynomial vanishing on {x, = 0}, it follows from (4.16) that

w=u—P—P<P<C(P) inside {u=0}NB,

hence the function max{w,, C(P)r’} is subharmonic. Thus, the mean value inequalities
allow us to control the L® norm of (w,)+ with the L! (or L?) norm of |w,| + Cr* in a

slightly larger domain, concluding the proof. U
Remark 4.8. — We note that Lemma 2.3 can be rewritten as
d 9 (P [y wAw)* 9 . R .
—¢" (r,w) > — i + - /(k,,wr(” —x- V) ADY,
dr r (H@, w) +72v)2 7

By
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where

w(r-)

oy N .
)\.r — ¢ (77 w) and wr T (H(f, w) + 727/)1/2 )

Also, we observe that Lemma 4.7 yields ||Vﬁ)fy)||Loo <Cforall y <5 when w:=u—
& — P. This will be crucial in the proof of Lemma 4.9 below.

Lemma 4.9. — Let u: By — [0, 00) be a solution of (3.1), and assume that 0 € T . Set
w:i=u— P — P, where P is defined in (4.10), and P is a 4-homogeneous harmonic polynomial
vanishing on {py = 0}. Then, given y € (4,5), for all r € (0, 1/2) we have

d 2 (P [, wAw)?
—¢7 (r,w) > = I — —
dr r (H(r, w) + r27)?

P2 fB, wAw

H@, w) + 72 —

Y and

—Cpr7

where G 1s a constant depending only on n, y , and ||P||12s,).

Proof. — With no loss of generality, we assume that {po = 0} = {x, = 0}. By Re-
mark 4.8 we have
9 (P [, wAw)® 9
T HGw R

d
(4.20 AADE / (LB — x- VHO)ADY.
A

B,

o Step 1. We show that for some C = C(n, P) we have

d 2 (P [, wAw)? -
(4.21) G Wz e 5;) e Cr 7 g7 (r, w) (¢ () + 1),
where
||w7||‘]2_‘2(B*\B )
Y — 5 1 .
g H(r, w) + 7%

Indeed, recall that by Lemma 4.7 we have
rVw| < C(”wr|lL?(B5\B1) + 75) in B,.

Now, notice that (recall that p; and P are divisible by x,)

1
5 Gt hs/x+Q+ P/x)* =P +P+O(|x),
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we obtain
(%, 4 p3/%,+ Q4 P/x,) (1 + O(Ixl))
= (%, + p3/% + Q4 P/x,)0,(x, + p3/x, + Q-+ P/x,)
3,(Z +P)| 4+ O(lxl").

Therefore, since Q is 3-homogenous and also divisible by x, and |x,| < C|x|? in
{u= 0} (cf. (4.16)) we obtain

1

Thus, since w :=u — & — P, inside B, N {u = 0} (for r small) we have

(4.22) rém + ps/%+ /) <1[0,(2 + P)| + O(r°) = rd,w| + O(r)
< C(llwlli2@as,) +7°)
Therefore
(4.23) lw| =|—(Z +P)| = |x, + ps/x, + P/x|* + O()

< 2%|x, + p3 /%, + P/x,| + O(r)
< C(rllw, lliz@opy +7°)  inB, N {u=0}
and, fora =1,2,...,n— 1,
(4.24) M3 w| = 7| =82 (F + P)| =r[8a(ps/x,)
< Cr’|x, + p3/x, + P/x,| + O(r)
< C(7||w7||L2(B5\B1) + 75) in B, N {u=0},

%, + p3/%, + P/, + O(r)

from which it follows that

C(+ 1) (rllw, 2@ my +7°)
(H(r, w) 4 r27)1/2

<C(l+ x,,)(rgy ("2 + 75_y)
<CA+2)" 7 (¢ +1)  inB N {u,=0}.

(4.25) A DY —x- V| <

Also, since A =1 and AP = 0 we have Aw = —)(,—0) < 0. Hence, arguing as in (3.10),

A A (y) ||wr||L2(B5\B) 12
(4.26) 0= /Aer = _CH wry HLI(Bs\Bl) > -C (H(r, w) + 72;)1/2 >—Cg"(n'"".

By
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Combining this information with (4.25) we obtain

‘/(x,w;” —x- V) ADP| < C(1+1,)777 (¢ () + 1),

By

that together with (4.20) yields (4.21).
o Step 2. Next we show that (4.21) implies that, for all y < 5, we have

(4.27) ¢’ (r,w)<C, and g'(r)<C,,

where C,, depends only on #, ¥, and [|P||12,)-

We prove (4.27) for all y € [3,5) by iteratively increasing the value of y at each
iteration, starting from y = 3, in order to always have (along the iteration) a uniform
bound on ¢” (r, w) and g” (7).

First, we observe that since 0 € £, we have ¢ (0", u — py) > 3, hence |u — & —
P| < G/’ in B,, with a bound depending only on 7 and P. This immediately implies that
2°(r) < Cs, and then it follows by (4.21) that ¢*(-, w) is almost monotonically increasing,
so in particular it is uniformly bounded.

Then, by the very same argument as the one used in Step 2 in the proof of
Lemma 4.3 (using (4.21) in place of (4.4)) we deduce that if (4.27) holds for some y > 3,
then (4.27) holds also with y replaced by y + B for any B > 0 such that 48 <5 — y.
Thanks to this fact, with finitely many iterations we conclude that (4.27) holds for any
y <5, as claimed.

Combining (4.27) with (4.21), we obtain

9 (" fBr wAw)?
r (H(r, w) +177)?

d
—@" (r,w) > —CC3 "7 Vre(o, ).
dr y

Moreover, recalling (4.23) and (4.26), we conclude that

P2 fo wAw

H(r, w) + 77

BiN{u,=0}

Thanks to Lemma 4.9 we know that the truncated frequency function ¢” is almost
monotone for y < 5, and we can use this to study finer properties for points in > . In
particular, we introduce the following:

Definition 4.10. — Let u: By — [0, 00) solve (3.1). We denote by T, the set of points
Xy € 3 such that the following holds:

Set w =u(x, + ) — P, where P, is defined as in (4.10) starting from ps. ., and ps.., .
Then there exists some sequence ;. |, O along which r; *w (r, ) converges, weakly in W,,>(R"), to some

4-homogeneous harmonic polynomial vanishing on {py ., = 0}—possibly the polynomial zero.
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We can now prove the existence of a unique 4-th order limit at points of .

Lemma 411, — Let u: By — [0, 00) solve (3.1), and let 0 € X", (see Definition 4.13
below). Set w :=u — & — P, where & s defined in (4.10), and P is a 4-homogeneous harmonic
polynomial vanishing on {py = 0}. Then, for any y € (4, 5) we have

(4.28) dilog(r_g(H(r, w) + 727/)) > —Crt7,
r

where C s a constant depending only on n, y, and ||P|l12s,)-
As a consequence, for all x, € L™, the limit

ﬁ4 Xo - hm (U(Xo +7r- ) - yxo(r ))
exists, and it is a 4-homogeneous harmonic polynomial vanishing on {ps ., = 0}.

Progf: — For every 4-homogeneous harmonic polynomial P vanishing on {py = 0},
we have

P fB wAw

d _
glog( Y(H(r, w)+77)) = (¢V(7 w) —4)+ m2—074 v,

where we used Lemma 4.9. This proves (4.28).
Now, if 0 € Z:‘_’ll then we have that, for some 7, | 0 and some P which is 4-
homogeneous harmonic and vanishes on {p, = 0},

log(r,*(H(r, w) +77)) = —o0.
Thus, thanks to (4.28) we have

. -8 2\

l}iloqlog(r (H(r, w)+r V)) = —00,

which implies that 7~ *(u — ) (rx) —> P =: py. U

When x, = 0 we will simplify the notation py o to ps.
We can now prove an enhanced version of Proposition 3.9 for higher-order blow-
ups in Efﬁ’l and E;‘i}ll.

Proposition 4.12. — Let u: By — [0, 00) solve (3.1), and let & be as in Definition 4.5.

(a) LetO € Efidl \ E;”f’l and set w 1= u— . Then the imit \* = lim, o @ (7, w) exists
and satisfies \* € [3, 4]. Moreover, for every sequence r; i, 0 there 1s a subsequence 1y, such
that W, — g as £ — 00 in Cy (R") and weakly in W2 (R, where ¢ % 0 is a global
13 _homogeneous solution of the Szgnorzm problem (3.12). In addition, if A*™ < 4 then q is
even with respect to {po = 0}.
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(b) Let 0 € = and set w :=u— P — py. Then:

(b1) either H(r, w)'* < Cr~* forall ¢ € (0, 1), for some C depending on ¢ ;

(b2) or the limit XM :=1lim, o ¢ (r, w) exists and satisfies \*" € [4, 5). More-
over, for every sequence 1, |, O there is a subsequence 1y, such that w, — q
as £ — 0o in G} (R") and weakly in W2 (R”), where ¢ # 0 is a A*-
homogeneous solutzon of (3.12), even with respect to {py = 0}.

Proof — (@) Let 0 € T \ M ‘andw:=u— L. Lety :=5—¢ € (4,5).
We note that ¢” (0", w) < 4. Indeed, if by contradiction ¢? (0", w) > 4 then by

Lemma 4.1 (which can be applied thanks to Lemma 4.9) we would have
H(r, w) + 77 < GO (H(1, w) + 1) <7 asr 0,

and hence we would have r~*w, — 0 and in particular 0 € £*" (with p, = 0), contra-
dicting our assumption.
Note now that since y > 4 we have

. .. DG, w) + yr¥
(.29 @707 w) = it H(r, w) + 7%

<4<y.
Also, using Lemma 4.1,
2y

429 = Foos

10 = A=¢7(0", w) =¢(0%, w).

Thus, the limit ¢ (0T, w) exists and equals again A** < 4. In addition, by Lemmas 4.1
and 4.9 we have

W, lwr2@g < CR) Vr>0

for each R > 1, which gives weak compactness in W,>(R") of i, as 7 |, 0.
We now show that any “accumulation point”

q:= linw

satisfies

7}\57{1

(4.30) H(r,¢)'* <H(1,9)'*=1 Vre(0,1)

and, for all § > 0,

4.31 R PHR, 2 <H(1, )2 =1 VR e(l,00),
q q

where ¢, ¢; are positive constants.
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Indeed, since ¢ (0%, w) = A%, Lemma 4.1 gives (for 0 <7 < R <« 1)

HR, w) +RY  HR/n, i) + 5o

R 2)\%711 =
c(R/7) = H(r,w) + 2 H(r/n, w,,) +

H(r, w)

In particular, replacing R by 7, and » by ner (with r < 1) we obtain

2y

crfzxi’"” H(, w,) + H(nw) < H, @) + H(fk,u» s H(, ¢)
T H(W,) + 22 T HEwy) H(r, ¢)

proving (4.30).
Similarly, by the other inequality in Lemma 4.1 we have (for 0 <7 <R <« 1)

~ RZV
(R o HOR w) 4 R AR/ )+ iy
o w2~ Hojm ) +

H(m w)

In particular, replacing R by 7R and » by 7, (With R > 1) we obtain

SR > H(R, ) +RY gr—s . HR, w,,) L HR, g
- 7)? )2 ’
H(1, w,) + 2= H(,w,) + g H(. 9

which proves (4.31).
We now note that Aw = — (-0 implies that Aw; and Ag¢ are nonpositive mea-
sures. Also, the Lipschitz estimate in Lemma 4.7 (with P = 0) implies that

lw, lLipey < CR), andthus |lglrp@y < CR),

for all R > 1. As a consequence, the convergence of w,, to ¢ is uniform on compact sets.
Furthermore, by (4.10) we have w = u — & > =% > —O(|x|’) on {x, = p3/x,}, so by

uniform convergence we obtain
¢>0 on {x,=0}.
In addition, by Lemma 4.9 we have
/ i, At 10,
Br

and since w, — ¢ in C® and 0 > Aw; —* Aq (up to extracting a further subsequence)
we obtain

/qu:O Vr>1.

Br
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But since Aw, is supported in {u, = 0} C {|x,| < o(1)} asr | 0, the support the nonpositive
measure Agq is contained on {x, = 0} where ¢ > 0. We have thus shown that ¢ : R” — R
is a solution of the Signorini problem (3.12).

Finally, recalling (4.30) and (4.31) we have that ¢ (0™, ¢) > A% while ¢ (+00, q) <
A% 4§ for all § > 0. This implies that ¢ (r, ¢) = A* for all r > 0, and thus ¢ must be
23-homogeneous (see Lemma A.3).

Note also that, by Lemma 4.1, we have H(w, r) > P for every § > 0. Thus,
since by definition of Z;’ﬁjl we have ¢ (07, u — py) > 3, this implies |u — po| < C|x|* and
thus |u — P| < C|x|. Therefore it must be A% > 3.

To conclude part (a), we need to show that if A¥? < 4 then ¢ is even. For this, notice
that if one writes ¢ as the sum of its even and odd part, then the odd part is harmonic.
Thus, if > € (3, 4) then any A*“-homogeneous solution of the Signorini problem is even
(since the homogeneity of a harmonic function is always an integer), so we only need to
understand the case 1% = 3.

Assume A*? = 3, and let us show that ¢ is even. We have (see Lemma 4.1) that
H(w, 7) > r** forall § > 0 as r | 0 therefore

lim @ lim (u— po — p3) ()
g:=mn, = H(r, u— py — p3)'/2°

Moreover, using (3.19) from Lemma 3.12 we obtain (note that w in this proof and in
Lemma 3.12 are different)

P
(4.32) /((HPQ—SPB)' + P) + C(P)r > hm/(M + P) > /P2
r
dB 0B,
for all P harmonic 3-homogeneous vanishing on {py = 0}, therefore

2
—C(P)rS/K(”_pQ—;MJrP) —PQ}.
T
0

1

As a consequence, expanding the square and dividing by
L 2\ 1/2
e = (/((u [92% P3)7> ) = o(1),
r
9B
since 7 < &, as 7 |, 0 we obtain

_ T (u—p2 —p3), ? (u— po — p3),
“® & : /|:87‘<H(Tk» uU—po —Pz)l/Q) * QH(rk, u— po —pg)l/QP]’

0B
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and in the limit as 7 |, 0 we get

Of?/gP

dBy

for every odd harmonic 3-homogeneous polynomial P. Since if P is an odd harmonic
3-homogeneous polynomial then so is —P, we deduce that ¢ must be orthogonal to all
odd harmonic polynomials, hence ¢ is even.

(b) We assume that (b1) fails and we prove (b2). If (b1) fails then there exist ¢ € (0, 1)
and a sequence 7, — 0 such that H(r, w)"/? > Cgr,?_g. In particular, there exists some
y € (4, 5) such that

D(r, Y
(4.33) ¢/ (07, w) = lim D EY7T
o H(r, w) + 2%
Thus, as in the proof of (a),

2y
H(r, w)
vy € (A", 5).

(4.33) =

10 = A"i=¢(0", w)=9¢"(0",w),

In addition, combining Lemmas 4.1 and 4.9 we obtain that
I, lwre@g < CR) Vr>0

for each R > 1, which gives compactness of sequences w,, as 7, | 0—they converge
weakly in W'?(Bg) for every R up to extracting a subsequence. Also, as in (a), it fol-
lows by Lemma 4.1 that any “accumulation point”

q:= likm w,,
satisfies (4.30) and (4.31) with A% replaced by A*. Also, exactly as in (a) we have that
Aw; and Ag are nonpositive measures, and

W, ILiper) < CR) and thus  [lgllLipey) < CR)

for all R > 1. As a consequence, the convergence is uniform on compact sets. Further-
more (4.10) yields w = u— P —py > — P — py > —O(|x|°) on {x, = p3/x,}, so by uniform
convergence of W, to ¢ we obtain

¢>0 on {x,=0}.

Also, by Lemma 4.9 we obtain fBR w, Aw,, | 0 from which we deduce that fBR qAq=0
for all R > 1. As a consequence, ¢ is a solution of the Signorini problem (3.12). Finally,
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recalling (4.30) and (4.31) we have that ¢ (0™, ¢) > A* while ¢ (+00, ¢) <A™ + § for all
8 > 0. This implies that ¢ (r, g) = A" for all » > 0, and thus ¢ must be A**-homogeneous.

Note also that by Lemma 4.1 we have H(w, r) > 7"+ for every 8 > 0. Thus,
since by definition of £ we have |u — &| < C|x|*, it must be A" > 4.

Finally, we prove that ¢ must be even. As in (a), we only need to understand the
case A" = 4. When A*" = 4 then we have (see Lemma 4.9) H(w, r) > r** for all § > 0
as 7 | 0. On the other hand, by definition of p; it follows that H(r;, u — & — py)'/? = rz‘sk,
where r,‘f <K g, =o(1). Then, using Lemma 4.11 we obtain

T *H(,u— P —P)> —-C(P)* + 113)1 S H(r,u— &2 — P)
=—C(P)r’ +H(l,p — P),

for all P quartic vanishing on {x, = 0}. Therefore, similarly to (a), we deduce that ¢ is
orthogonal to every odd harmonic 4-homogeneous polynomial. Since ¢ is a solution of
Signorini this implies that its odd part (which is harmonic) must vanish, concluding the
proof. 0J

We can now introduce the following:

Definition 4.13. — Let u : By — [0, 00) solve (3.1), and recall the definition of &, in
(4.10).

We denote by X, the set of points x, € % I such that, for w = u(x, + -) — P,,, we have
@7 (0T, w) > 4 for every y € (4,5).

We denote by 3% the set of points x, € ™, such that, for w = u(x, + -) — P, — pa..,
we have ¢¥ (0%, w) > 4 for every y € (4, 5).

Furthermore, for fixed £ € (0, 1) we denote by Z,,zjf £ the set of points x, € XM such that, for
W=, + ) — P, — pu, we have 7 (01, w) > 5 — £ forany y € (5 — ¢, 5).

Our last goal of this section is to show that 25_41 = Efl‘t_}‘l. For this, we need a new
monotonicity formula.

Lemma4.14. — Letu: B, — [0, 00) solve (3.1), and let 0 € =M. Let w := u— P — ps,
where P is defined in (4.10), and let P be any 4-homogeneous harmonic polynomial such that P > 0
on {py = 0}. Then

d( _,
—\r w,P ) <(C,
dr

3B,

where C 15 a constant depending only on n and ||P||12(s,)-
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- _ 1.2
Progf. — Alfter a rotation, we may assume p = 5x,. We have

d X 1 | .
— [ wP=/| --Vu,P=- [ d,w,P=- [ div(Vw,P)
dr r r r

3B, 3B,

9B, B
1
:—(/VmVP—i—/Aw,P)
,
B B
1
:—(/ w,.a,,P—/w,AP—l—/Aw,,P)
,
9B, B

1 By
1
:—(4/w,P—|—/Aw,,P>,
r
dB; B

1

where we used that 3,P = 4P on 9B, and that AP = 0. Now, since Aw, = —1* x{, o), We

deduce that
d{ _, / | /
— wP)=—— P.
dr r3

9B BiN{u,=0}

4th
n—1°

{u,=0}NB, C {|xn+rpg/xn| < CrQ} and thus }{u, = 0} ﬂB1‘ <Cr’

Finally notice that (4.22) rescaled implies, using ||w, ||12@;\p,) < Cr* since 0 € ¥

Moreover, since P > 0 on {x, = 0}, we have P > —Cl|x,| in B,. Hence we obtain

— / P<Crl{u,=0}NB,| <Cr,
B N{u,=0}

and the lemma follows. 0]

We can now show the following:
Proposition 4.15. — Let u: By — [0, 00) solve (3.1). Then T =>4 .

Progf: — Assume by contradiction that 0 € T \ X>*. Then, by Proposi-
tion 4.12(b), there is a sequence 7, — 0 along which w, — ¢ locally uniformly in R”,
where ¢ is a 4-homogeneous even solution of the Signorini problem (3.12). Then, by
[GPO9, Lemma 1.3.4], ¢ is a harmonic polynomial.

Let w:=u— £ — p,. Since r*w, — 0 (by definition of p,), it follows by
Lemma 4.14 that

/r_4w,P <Cr

9B,

for any 4-homogeneous harmonic polynomial P vanishing on {p, = 0}.



GENERIC REGULARITY OF FREE BOUNDARIES FOR THE OBSTACLE PROBLEM 225

Set now W, = w,/H(1, w,)"/? and ¢, := r*H(1, w,)!/?, and notice that, since 0 ¢
>4 for any § > 0 we have &, > * for r > 0 small enough. Hence,

n—1>
Crz/r_4w7P:/erzb,P.

dB; dB;
Dividing by ¢,, and letting » = 7. — 0, we deduce that
0> / qP.
9B,

Taking P = ¢, this provides the desired contradiction. U

5. Uniqueness and nondegeneracy of non-harmonic cubic blow-ups

The goal of this section is to study the set £>° \ £

n—1°

lar points where blow-ups are 3-homogeneous and non-harmonic.* As explained in the

namely the set of singu-

introduction, this study is crucial for our proof of Theorem 1.1.

We will prove that fol \ £ is contained in a countable union of (n — 2)-
dimensional Lipschitz manifolds, and that £*? \ £>% = . For this, we will need to
establish the uniqueness and nondegeneracy of blow-ups at these points.

We start by classifying all A-homogeneous solutions of the Signorini problem in R”,
with A odd.

Lemma 3.1. — Let g : R" — R be a A-homaogenous solution of the Signorin problem

Ag<0 and gAg=0 mR"
5.1) Ag=0 m R"\ {x, =0}
qg>0 on {x, = 0},

with homogeneity A = 2m + 1, m € N. Then ¢ =0 on {x, = 0}.

Progf: — Using complex variables (so ¢ denotes the imaginary unit), for o €
{1,2,...,n— 1} define

I'Re[(x, +1x)*] %, >0

= —i'"*Re[ (¥, + 1x)*] %, < 0.

* More precisely, £77 \ %4 is the set in which any second blow-up (for u — p) is 3-homogeneous and non-
harmonic, while £ \ £>3 is the set in which the third blow-up (for « — py — p3) is 3-homogeneous and non-harmonic.
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Note that
w(x’, xn) = w(x', —xn) and ¥ (x)=0 on {x,=0}.

In addition, on {x, = 0} we have 9,¥ (¥, 07) = A|x,|*~" (recall that A — 1 is even), there-
fore

AY = QA x| TH ! |m=0}.

On the other hand, since both ¥ and ¢ are A-homogeneous we have (x - V@) = ¢g(x -
Vi) = Agy. Thus fa& (¢u¥ — q¥,) =0, and an integration by parts gives

Since Ag is concentrated on {x, = 0} where ¥ vanishes, combining all together we get

0:/qAW=2A / EM

By B N{x,=0}
Since ¢ > 0 on {x, = 0} and the previous equality holds for all & € {1,2,...,n— 1}, we
conclude that ¢ must vanish on {x, = 0}. ]

Lemma 5.2. — Assume that ¢ : R" — R is a 3-homogenous even solution of the Signorini
problem (5.1). Then, after a suitable rotation that leaves the hyperplane {x, = O} invariant, we have

n—1
g(9) = blx,|” — 3], (Z bax;i),
a=1

where b, by, > 0 and b = ZZ_:]I by
Proof. — By Lemma 5.1 ¢ must vanish everywhere on {x, = 0}. Thus, ¢ is a 3-

homogenous harmonic function in {x, > 0} vanishing on {x, = 0}, so its odd extension is
a 3-homogeneous harmonic polynomial. This implies, after a rotation, that

n—1
q(x) = bx;:’ — 3x, (Z baxf[) for x, > 0,
a=1

where b,b, € R and b = Zz;ll by. Finally, since ¢ is an even solution of Signorini, it
follows that d,¢ < 0 on {x, = 0}. This implies that b, > 0 (and thus 4 > 0), concluding the
proof. U

In order to continue our analysis, we introduce a new monotonicity formula:
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Lemma 5.3. — Letu: B, — [0, 00) solve (3.1), and let 0 € £\ 7% Set w := u— po

n—1-
and w, == w(r-). Then, for fixed 0 € (0, 1) and for any 3-homogeneous solution q of the Signorini
problem (3.12), we have

d 3
_/w',q:—/qu_g/w,Aq+O(73).
dr r 7

3B, )

By B

d (1
i fma)=-c

B

In particular

Proof: — We have

d
dr 7 r r

9B, 3B, 9B, B,
4%
=—</Vw,Vq+/Aw,q>
7
B, By,
%
:—(/wravq—/erq—i-/Aqu).
r
9B, B, B,

Now, since ¢ is 3-homogeneous, we find that ¢ |, o8, w,0,g =3 faBg w,q. To complete the
proof of the Lemma we only need to show that fBg Aw,qg=O@*).

With no loss of generality, assume that py = %xf Then it follows by Proposition 3.10
that {u(r-) =0} N B, C {|x,] < Cr}, and |¢| < Clx,| in B, (by Lemma 5.2). Thus, since
Aw, = =1 Y140 )=0), WE get fBQ Aw,qg=O@*).

Finally, taking 0 = 1 and using that —w,A¢ > 0 in R" (since w, = u(r-) > 0 on
{x, = 0}), we obtain

d (1 1 1
E(ﬁ/wfc]) :rj(—/erq—i—/Aw,q) Z;/Aquz—c,

dBy dB; B By

as desired. O

As a consequence of the previous lemma, we deduce the uniqueness of blow-ups

in 77\ 3 . Notice that this is quite surprising, since even in the (simpler) case of

the Signorini problem it was not known if cubic blow-ups are unique at every point (see
Appendix B).
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Proposition 5.4. — Let u: B, — [0, 00) solve (3.1), and let 0 € £

n—1

\ =3 . Then the

limat
=)
=0 73

exists, and it is a 3-homogeneous (non-harmonic) solution of Signorinz.

Progf. — Let w:=u — py, and w, = w(r-). Assume that
4 1

@ = lim —

1 X240 (r,El))3

(UNOR =1, 2,
i

are two accumulation points along different sequences r,Ei). Then, give a 3-homogeneous
sol}ltion'of'Signorini ¢, we can apply'L‘emrr.la 5.3 to deduce that r — r% faBl w,q has a
unique limit as » — 0. In particular this implies that

(5.2) /f@=/f%
0B 0B

Choosing ¢ = ¢V — ¢® we obtain

(oo

9B

hence ¢! = ¢®, as desired. O

The next step consists in showing that if 0 € £*? then ¢ (0, u— py — p3) > 3. This
is a kind of nondegeneracy property, which implies that £ \ X>? is empty. This highly
non-trivial fact is essential in order to establish Schaeffer conjecture in R*, and it is the
core of this section. Its proof require a barrier and ODE-type arguments obtained below.

Lemma 5.5. — Let u: By — [0, 00) solve (3.1), and let 0 € =7, Set w 1= u— py — p3,
and let w, and W, be defined as in (2.1). Assume that {p, = 0} = {x, = 0}, and gwen x =
(1, x) €ER et ¥ = (xy, ..., %) e R"7L.

For any n > O there exists § = 8(n, ) such that if

W, = glliemy <8
— 42V AY a-DxG=D A5 g
Jor ¢ = |x,| 3’% x-Ax ], AeR , A>0, a=trace(A)

then

u(r-) = O(r4) on {x,=0}N(B; \Byp) N {x’ CAY > 77}.
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Proof: — Let z=(,0) € (B, \ By») satisfy 2 - A7 > n, and given ¢ > 0, denote

b..(x) 1= (po 4+ p) oz 4+ 1) — P — D> +7°|¥] + .

Note that, since ¢ is uniformly close to w,, the constant @ and the matrix A appearing in
the definition of ¢ are universally bounded. Hence, there exists ¢ > 0 small, depending
only on 7 and 7, such that

—nlx,|” = |x| (%xﬁ —(Z+7)-A(Z+ 9/)) for |x| < o.

Thus, denoting 4, := H(r, w)/? = 0(+*), we have

(9.3) oo = (ho+ ) 02+ 1) — (= Dl + 73] + ¢

> (po + p3)(rz 4 1x) + hqg(rz + 1x) + rz(lxnl2 + |x’|2)
> (u(rz + ) — 3}1,) +7°x]®  for |x| < o.

We now compare the two functions #.(x) := u(rz 4 %) and ¢, in B, (0). Two cases arise:

(1) either ¢, > u, for each ¢ > 0, which implies that 0 < u(rz) = u.(0) < ¢,0(0) =
0 (since py and p3 vanish on {x, = 0});

(2) or there exists ¢, > 0 such that ¢, touches from above #, at some point y =
O, € B_p. Note that A¢.,, = in B,, and Au, = rQX{;@o} in B,. Also, since £, :=
H(r, w)!? = 0(+*), for r small enough we have ¢., > #.(x) on 0B, (by (5.3)). Thus, it
follows by the maximum principle that the point y must belong to {#, = 0} N B, C {|x,| <
Cr} N B,, therefore

0=L0) = o0 0) = (b2 +p) (17 + 10 ) = (= D+ 2|+,
> —Cr' +o,.
Thus ¢, < Cr*, and as a consequence
0 =< u(V»Z) - th(O) =< ¢z,5* (0) = < 074-

This proves that in both cases 0 < u(rz) < Cr*, and since z € {x, =0} N (B; \ By N{x -
Ax" > n} is arbitrary, the result follows. 0

Another key tool is the following ODE-type formula.

Lemma5.6. — Letu: By — [0, 00) satisfy (3.1), and 0 € > . Set w := u— po — p3, let

n—1°*

w, and W, be defined as in (2.1), and set h(r) := H(r, w)"/2. Assume that {p, = 0} = {x, = 0}, and



230 ALESSIO FIGALLI, XAVIER ROS-OTON, JOAQUIM SERRA

gwen a symmetric (n — 1) X (n — 1) matrix A > 0, we define its “associated solution of the Signorini
problem™

trace(A) , , , =
5.4) ga(x) :=|x,] 3 ¥ —x-Ax ), x= (x , xn) eR"” xR,
and we introduce the quantity
(5.5) Y A) = /ID,qA -2 / W, gA-
dB; 9By 9
Then

d Lo ;
SV =00V A) - / B, Ags + O /1),

Bi\Bi/2

where

o) 3 /
0(r) 1= (h(:) 4 ;) = (log(k(r) /")) .

Proof. — As in the proof of Lemma 5.3, we obtain

d 3
—/w,-qA=—/w,qA— g/erQA‘i‘O(?’S)-
dr r 7

9B, )

BQ BQ
Now, since w, = w,/h(r) we deduce that

d [ . " 3 - - :
7 ] i (‘ ot ?) [5a=% [ 580400 0)
9B,

3B, B,

and the lemma follows by combining the identities for o = 1 and o = 1/2. O

We shall also need the following formula:

Lemma 5.7. — Given A, A > 0 be two symmetric (n — 1) X (n— 1) matrices, let qa and qx
as defined in (5.4).
Then

/ +"10B| {t (A-A) + lt (A) t (A)}
Ay == ——————— race . —1lrace race .
A= i+ ) (n+ 4) 3

9B,
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Progof: — Let A = (aaﬁ)aﬂ 15 A= (Zzaﬂ)g},lzl, a = trace(A) = ) dya, a4 =
trace(A) = Y Zyq. Denote for brevity ¢ = ga, 7= ga. Then

- K
/ qq9 = Z / ( - — aaﬁanﬂ> (dg - dy(ngX5>.
o, B,y,6= l

Up to a rotation in the {x, = 0} plane, we may assume that g, is diagonal. Noting that
faB xtx,xs = fBB x2x2x,x5 =0 for y # 8, we have

/qq _ /(ad . { (g"w + gaaa)x:xi + awc'zwxﬁxi}

+ Zaaaawx >

aFy

We observe that

9B, 9B, B; By 9By
3
——[9By].
n(n+2)
Similarly,
1 5 15
[=1[at=5[+= /4 S —T
6 n+ 4 n(n+2)(n+4)
9B, B; By 9By
/X2x2: 1 /A(xQxQ) L joB,
v 4 v 4(n+2) n(n—i—Q) ’
9B, By
1
[ee= [l =t / (12 + 2x)
JdB B B,
3
=——— 9By,
nn+2)(n+4)
and

1 3 !
RN DNAX 2= ———— [3B].
/"Z’W 6/ (5% 6t ) Y T i ey

0B By 0B
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Thus, calling ¢, := % and using that ) a4y = aand ), aye = @, we obtain
aa aa
—_ 5 —_ —_
/ qq = Qn+ (5 15¢, — §6cﬂ + Zaaaaaa?mn + Z away,,cn)
9B, o aFy

Finally, since Y, > duayy = (Q_, @aa) (X, @) = aa and recalling that a,p is diagonal,
we get

_ _ . - 2 _
/ 7=20""0Y  taalan = 26,0"" (2 trace((aug) - (@y5)) + gaa),

3By «

as claimed. O

We can now finally prove the following fundamental result, which implies that
TN\ T =0

n—1

Proposition 5.8. — Let 0 € T3, and set w := u — po — ps. Then (07, w) > 3.

n—12

Progf: — Without loss of generality, we can assume that {p, = 0} = {x, = 0}.

Suppose by contradiction that ¢ (0", w) = 3. Then we know that the accumulation
points of w, as r | 0 must be 3-homogeneous even solutions of the Signorini problem, that
is, of the form ¢, for some symmetric matrix A > 0 (see (5.4)). Note that, by construction,
lgallizas,) = 1 and thus the matrix A must have at least one positive eigenvalue.

Let us define the quantity

(5.6) W(r) = max{y (3 A) : llgallizos =1},

where ¥ is given by (5.5). Let A’ be the matrix for which the previous maximum is
attained. Then, as a consequence of Lemma 5.6, we have

d 1 5 ;
E\W) =0V (r) — - / W,Aqas + O(’/h(r)), forae. r>0.

Bi\Bi2

On the other hand, if we define ®(7) := ¥ (r, Id), then

d 1 -
5.7) ECD(r) =0(nNd() — . / w,Aqq + O(rg/}z(r)).
Bi\Bi/2
We now claim that
W (r)

Vi) =<d(r) < 0)

=<1 asrl0,
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where X <Y is a short notation for X < C(n)Y and Y < C(n)X. Indeed, the accumula-
tion points of W, (as 7 |, 0 and in the C{ _(R") topology) are of the form ¢, (and have unit

loc

norm) and thus for every r > 0 we have w, — g5, = 0(1) for some A,. Hence, by definition

of ¥,
() =y AJ:/@rqA,—? / zb,»qA,:/qi,—Q / ga, +o(1)
dB

dB; 9B1/0 By
_(1—9) / & +o(1) > c(n) > 0.
3B

Note that the above computation shows also that ¥ (r; A¥) = (1 —27"%) f op, I 9ar T o(1)
(as 7| 0). Thus since by definition of A* we have ¥ (r; A*) > ¥ (r; A,) it follows

/MMZ/&+M)

3B1 aBl
Since faB] q?\;‘ = faBl ¢x, = 1 is follows that gy» = ¢a, + 0(1) and hence
A=A +o() asrl0.

Similarly, using Lemma 5.7,

CD(T)Z/ﬁ)rCIId—Q / w;‘QId:/QA,QId_Q / qa,qia + o(1)

9B, 9By /2 9B, 9B1/9
(1 —27""14|9B,| 1
= t A,. —t Ar —1
T race(A,) + 3 race(A,)(n—1)

+0(1) = ¢(n) > 0.

Since W (7) and ®(7) are bounded by above, the claim follows.
Now notice that, using the expressions for %\Il and %CD, we find

d \IJ(;’) _ 1 _CD(r) fB]\B]/Q ibyAqu + \p(r) fBl\B]/Q erQAf
dr \ P (7) o d(r)?

+ O(7* /h(1)).

We claim that, given ¢ > 0, for r sufficiently small it holds

(5.8) ‘ / IZ)7AqA;k / &)rAqu

Bi\Bj 2 Bi\Bj 2

<é

+ Crt/h(r).
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Indeed, it follows by Lemma 5.5 that, for any n > 0, if r > 0 is sufficiently small so that
W, — gas Ity < 8(n, n) then (here we use the notation B) := B, N {x, = 0})

— / W, Agar =2 / u(ry', 0) (' - A*x) di’

Bi\Biy2 AN
<2n / u(rx/, 0) dx' + / Crtax
(B} \B} ;)N{¥'-AY <n) (B \B} ,)N{¥-A¥'>n)
<2n / u(rx’, 0) +Crt
BI\B )

(here we used that w, = u(r-) on {x, = 0}), while
— / W, Agq = ¢, / u(rx/, O) }x"gdx/ > ¢, / u(rx’, O) dx’,
B1\By2 B’I\B’l/2 B \B/l/2
where ¢, > 0. Dividing by /(r), we obtain
0<— / W, Agas < —4n / w, Aqiq + Cr/h(r),
Bi\Bi/2 Bi\Bi/o

and thus (5.8) follows.
Hence, thanks to (5.8), we have that

d (W(r)) 1 — () fBl\B1/2 w,Aqu+ W (r) fBl\Bl/Q W, Agxs

IOV ®(1)?
+ O(r’/h(1))
- _ﬁ:) W, Aqua + 0(73//2(7))’ a(r) < 1.
Bi\By 2

Choosing 7y so that C™' < a(r) < C over [0, 7], we can integrating the above ODE
over [7, 7] for any 7 > 0. Then, since the integrals of %(igg) and 7°/h(r) are both
uniformly bounded independently of 7, so must be the integral of the negative term
Kr") fBl\Bl/Q w,Aqiq. Hence, this proves that

10

1 -
/ - / W, Agig
r

0 Bi\Bj 2

dr < 00.
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Since ®(r) <1 and 8(r) = %log(h(r)/rg), it follows from (5.7) that

d d . 1
- log ®(r) = log(/l(r) /) +g(r), with g e L'([0, r]).

Integrating over [7, 7] and using again that <I>(r) =< 1, we deduce that log(k(7)/7°) is
uniformly bounded as 7 — 0, therefore A(r) < r* However since 0 € 25”{1 we know that
h(r) = 0(r*), contradiction. ]

6. Symmetry properties of blow-ups for 1-parameter family of solutions

As explained in the introduction, to establish generic regularity results, we shall
consider l-parameter monotone family of solutions. For this, we shall use the parameter
¢ (over which solutions are indexed) as a second variable for our solution # (one may think
of ¢ as a “time” variable, although there is no equation in ¢).

So, let u : B, x[—1, 1] = R, u> 0, be a monotone l-parameter family of solutions
of the obstacle problem, namely

6.1)  Au(,0) = x>0y and 0=<u(-,t)<u(-,f) inB;, for—1<t<¢ <1,

We will assume in addition that « € C°(B; x [—1, 1]) (this continuity property in ¢ follows
by the maximum principle whenever « € C°(dB; x [—1, 1])).

Note that by, the regularity results for the obstacle problem, u(-, ¢) is of class CG!!
inside B, for each ¢ € (=1, 1). Moreover, for each fixed ¢ € (=1, 1), we can apply the
results of the previous sections, and define the different blow-ups at singular points.

So, following the previous sections, we say that (x,, £,) 1s a singular point of « if x,
is a singular point of u( -, #,). Given a singular free boundary point (x,, %,), we denote

D200, () 1= hr% 2 u(x, + 1, 1,).
r—

Note that py ., , 1s a convex 2-homogeneous polynomials with Apy, , = 1. When
(%o, t,) = (0, 0), we simplify the notation to py.
From now on, using the notation introduced in the previous sections, we set:

Y= {(Xo, {,) singular points in B; x [—1, 1]},

T, ={(t, t) v €, foru(-, )}, 0<m=<n-—1,
0= {(, l) i % € B foru(-, )}, 0<m=<n-—2,
T = {0, ) i € 27 foru(-, )}

(6.2) 22 =, ) 10, € B2 foru(-, 1)},
2=, 1) 1 xo € B for u( -, 1)},
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0 = { (e, ) 1, € 87 foru(-, 1)},
T = { (e o) 1 a0, € T for u(-, 1)},

Z>4 =1 (%, I) :x062>f for u( -, t)},
>3 .

={(t, ) 10, € 22 foru(-, 1)}, ¢ €(0,1).
Recall that 3, qu, E,f_?’l, and =% were defined in (3.13)-(3.16), while X% £>3 =4

m 2 n—1>

%> and anj_{ were defined in Definitions 3.11, 4.4, 4.10, 4.13, respectively.
Remark 6.1. — Note that, as a consequence of Proposition 5.8, £ = ¥>3 .
For (x,, t,) € Efn’d we define

(6.3) D300, (6) 1= lim 7 (U 4 1%, L) = oot (7))

and for (x,, ¢,) € Ziﬂl we define &, , as the fourth order Ansatz of u(x, + -, 4,) at 0 (cf.
(4.10)), and

(6.4) Dy, () 1= liné rH(u(xo + v, 6) — P 1 ().
We begin with a simple lemma.

Lemma 6.2. — Letue C°(B; x [—1, 1]) solve (6.1). Then:

(@) The singular set is closed—more precisely £ N B, x [—1, 1] is closed for any 0 < 1.
Moreover,

Z N EQ X [_19 1] > (xkv tk) — (xooa too) = pQ,xk,lk - pQ,xoc,loo'
(b) The frequency function
E > (xo’ to) = ¢(0+9 U(Xo + ) to) _pQ,xo,to)

IS upper semi-continuous.
(€) If (xo, 1) and (x,, by) belong both to X and t, < ty, then there exists r > O such that
u(x, t) us independent of t for all (x,t) € B,(x,) X [4, bo].

Proof.: — (a) We first show that if (x;, 4) are singular points and (x;, #) = (Xso» loo)
then the limit point is also singular. Indeed, by Lemma 3.1 we have

Hu(xk—k-,t) ])ZX,C,AHLOO(B) Po(r) VYr>0.

Hence, since u(x; + -+, #) = u(xe0 + -, ls) in C° as k£ — 00 and (after taking a subse-
quence) ps ., — P for some convex 2-homogeneous polynomials with AP = 1, we obtain

(6.5) luCios + -, <rw() Vr>0.

) =Pl =
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Thus (¥, leo) € X and py .., = P. A posteriori, we deduce that for any other subse-
quence it must be po ., —> P2, since there is only one P for which (6.5) holds, namely,
p?,xoo loo*

(b) The upper semicontinuity follows from the fact that the map » +— ¢ (7, u(x, +
-, &) — pa.r.i,) 18 Increasing, and that for » > 0 fixed the map (x,, &) = @ (r, u(xo + -, 4,) —
P2.x.1,) 1 continuous on X—using (a) and the fact that u(x, + -, #,) satisfies uniform C!-!
estimates.

(c) Asin (a), we have, fori =1, 2,

Hu(xO + ) = pos ”LOO(B,) <o) VYr>0.

Since u(x, + -, t) < u(x, + -, &) then it must be py . ;, = po....., =: P. Also, after a change
of coordinates, we can assume that {P =0} C {x, = 0}.
Take r > 0 small enough, and set v :=u(x, + 7+, &) —u(xo +7-,4) > 0. Then

Av=0 in{u(x,+7r-,4)>0}.

Also, as a consequence of Lemma 3.1, given ¢ > 0, for » > 0 small enough we have

C. .= {y : dist(ﬁ, {x, =O}> > 8} C {u(xo +r,t) > O}.
Consider now the first eigenfunction of
~Ag-W=k¥ in §7'NCx,  W=0 inS"'NICs.

Then, setting ¥ (x) := |x|* W (x/|x|) with k, = (n — 2 4+ A.)A,, we have that ¥ is a positive
Ae-homogeneous harmonic function in Cy. which vanishes on the boundary. Note that
as & | 0 we have $"7' N 3Cy, | {x, =0} and Ao = 1 (this corresponds to the solution
|x,]). Thus, by continuity, for € > 0 small enough, the function &(x) =[x 2W (x/|]) is
subharmonic and vanishes on dCy.. Hence using Y as lower barrier and the standard
Harnack inequality on v, we obtain that if v > 0 somewhere then v > m/} (x) in B, for
some ¢ > 0. This implies

u(xo + 7, 1) = i (x),
which is impossible since u(x, + -, %) = P + o(]x|?) = O(|x|?), while I/Af 1s positive in

some cone and 3/2-homogeneous. This proves that u(-, ;) = u(-, &) inside B,(x,), which
implies the result. U

We now prove some relations between py and singular points close to (0, 0).
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Lemma 6.3. — Let u e C°(B, x [—1, 1]) solve (6.1), let (x, ) € X, (0,0) € X, and
assume that x, — 0. Set po  := po.y.y,- Then po . — po and we have
< Ca)(2|xk|) and

Xk
bok—po\ — + -
|x/f| L>®(B})

lIpo.r — polliesy) < Cor(2x:]).

In addition,

dist(ﬂ, {po= O}) -0 ask— 0.

EA

Proof- — We observe first that py ,, , — po. Indeed, if # — f» then (up to a subse-
quence) by Lemma 6.2 we have po ,, ,, = po.0..., and po 0., = po, as desired.
Now, set 7, := |x;|. By Lemma 3.1 we have

Hr/;Qu(xk + 71X, ) — po.r(x) HLOC(BZ) <4w(2r) and
72, 0) = po (D) || ey, < 40 (210
Thus, defining y; := x;/|x;|, for all x € By we have the following: if # < 0 then
—4@ (21) + po.e(x) < 1 7wl + 1ex, 1) < 17 u(x 4 1, 0)
<40 (2n) + p2Oi + %),
while if # > 0 then
40 (21) + po.r(x) = 1 ul + nex, ) > 1 ulxg + i, 0)
> —4w(2n) + pa Ok + x).

In both cases, since py ; and py are nonnegative 2-homogeneous polynomials vanishing at
0 and with Laplacian 1, then py ; — po(y; 4 -) 1s @ harmonic quadratic polynomial which
vanishes at some point of the segment joining 0 and y;, where y; := x;/|x;|. Moreover,
|po.i — p2(y + - )| is bounded from above by 8w (27;) in By. Using the mean value formula
and the fact that all norms are comparable on polynomials, we obtain

Hp“ — O+ ’)HLOO(BI) = CHPH’ —pOx+ ')HL?(BBl) = Co(21).

By orthogonality of spherical harmonics with different homogeneities (or by a direct com-
putation) we then obtain

2 2
”p?,k _p2”12}(331) + Hl’? _pQ()’k + - ) “]12(331) = lek _pQ(.yk + - ) ”1,2(831)
< Ca)(Qrk)Q.
In particular |[po — po(yr + ) llr268,) = 0, and therefore dist(y;, {p» = 0}) — 0. O
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We prove next two key lemmas that will allow us to perform some dimension re-
duction arguments needed to control the spatial projection (i.e., 7 : (x, £) > x) of some
“bad” subsets of & C B, x [—1, 1]. Note that the spatial version of these first two lemmas
(i.e., when considering u(-, t,) with ¢, fixed) was proven in [IF'S19]. Here we need stronger
results valid for a one-parameter monotone family of solutions to the obstacle problem.
To our best knowledge, this is the first dimension reduction argument applicable to a
one-parameter family of solutions to an elliptic equation, and it will involve several new
and non-standard techniques.

We recall that, given w : R" — R, the rescaled functions w, and w, have been
defined in (2.1).

The first lemma concerns the intermediate strata of the singular set X,, with 0 <
m<n—2.

Lemma 6.4. — Letu e CO(B, x [—1, 1]) solve (6.1),let (0,0) € X,, withO <m <n—2,
and assume that u( -, 0) £ po. Let (xy, i) € X, satusfy |xp| < . with v, | O, and suppose that

~ . 1,2 n Xk
(6.6) W, —~q mW (R forw:=u—py and y === ye.

loc e
Then yoo € {py = 0} and q(y~) = 0.
Proof: — Let us define
wy = uly 41, ) — po( ) = wi” +w +wf,
where
w'” = u(x 41, 1) — ulxg + 7+, 0),
w,(f) =ulxy+ 1+, 0) — polp + 13- ),

W = po(x 75+ ) — polri-).

We divide the proof into three steps.
e Step 1. We prove that
D= —t L Q in WE2(RY)

= 1
lwelli2@s)) o

for some harmonic function Q with polynomial growth.
Indeed, since u € C°(B; x [—1, 1]), by the monotonicity of ¢ there exist 7, > 0 and
k., € N such that, for M := ¢ (0", u(-,0) — po) + 1, we have

(6'7> ¢(7,U(Xk+ 'atk)_pQ) SM V?’E (0’ 7’0)’ szkoa
or equivalently

(6.8) ¢(r,w) =M Vre(0,r/n), k= k.
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Then, applying Lemma 3.6 to w;, we obtain the following polynomial growth control for
u~)k:

(6.9) H(R, ;) < CR™MH(1, W) = CR™M! VR e [1,7,/n), Vk> k.
Note that (6.8) is equivalent to ¢ (r;, w;) <M, which combined with (6.9) implies that
(6.10) I llwr2mg < CR).
This gives compactness of the sequence w; and hence (up to a subsequence)

W= Q  in Wy, (Rn)

for some Q) : R" — R. Let us prove next that () is harmonic.
Indeed, on the one hand we have

<6.11) Awk = _TZX{M(XA-H‘/(',ZA):O} < 0 in BL .

b7

On the other hand, Lemmas 3.1 and 6.3 imply that, for R > 1,
x€Br N {uly 4+ nx, ) =0} = poy (0 R0 Rry)
= () = CR%[Rn);
thus, since py grows quadratically away from its zero set,
(6.12) Br N {u( + 7, ) =0} C {p « dist(y, {p» =0}) < CRVw(Rn)}.
Note that, for any fixed R > 1, we have CR\/w(R7) | 0 as £ — 00. We have thus shown
sup{dist(x, {po= O}) :x€BrN {u(xk +re, )= O}} 40 ask— oo.

Therefore, the weak limit of the sequence of nonpositive measures Aw, will be supported
on {p, = 0}. But then, recalling (6.10), we have shown that Q is a locally W"? function
whose Laplacian is supported in linear space of dimension m = dim({py =0}) <n — 2
and thus of zero harmonic capacity. It follows® that Q must be harmonic.

Moreover, since x; is a singular point, Lemma 3.6 yields

H(pawk) §p4H(lawk) for 311,06(0, 1)»
and thus in the limit we find

(6.13) H(p, Q)2 < p* forall p € (0, ).

% The proof of this implication is standard. We want to prove that [ VQ - V& =0 for all £ € C!(R"). But since

{p2 = 0} has zero harmonic capacity, any given & can be approximated in W"? norm by functions &, which vanish on
{po =0}, and thus for which [ VQ - V& = — [ AQ§&, = 0. The desired conclusion follows by taking the limit as k — oo.
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o Step 2. We now want to prove that

2)
w 00 + ° .
> k N 90 ) in W2 (R")
lw, ™ l12¢0m,) lg(oo + llr2m))
(with ¢ defined in (6.6)), and

(3)
w
(6.15) —5—— = Ve in Wi (R')
w1208y

(6.14)

for some (nonzero) e € {p = 0}*+.
Note that, since yo, € {po = 0} (by Lemma 6.3),

|| 'J),k ”L2(3B1)
” ﬂ)m ()’k + - ) ”L?(BBI)

Thus, noticing that [|w,, [|12@s,) —> lglliz@s,) and [[w,, (Or+-)l12@e) = 1900+ ) 268>
since ¢ is a nonzero quadratic harmonic polynomial (see Proposition 3.9) both limits are
nonzero and universally bounded. Thus (6.14) follows.

To prove (6.15), we set & := [|pa(yr + ) — polli2@os,) — 0. Then, if »} denotes the
projection of y, onto {ps = 0}, we have po(y; + -) = py and )] — y = ¥5, — Yoo = 0. Thus,
up to taking a further subsequence, we obtain

2
wl(f : _ w?‘k ())k + : )
”w/EQ)”L?(aBl) lw,, Or + ) lli2@8))

= a)rk(yk+ )

©)

Wy . bkt ) =P k=it ) =
m —a——— = lim = lim
o llwg M2 om0 k &k k &
:CVPQ hmu :va .e
k- Dk =l

for some nonzero e € {p, = 0}*. Note that the limit in £ exists (up to subsequence) and is

nonzero, since T is a sequence of linear functions with unit L? norm.
kI12@B))

o Step 3. We finally prove that ¢(y) = 0.
Let us consider

P

=1,2,3

o Wy
}L‘Z(GB ) and Wy = ——.
1 8/{

By Step | we have
(6.16) Wy — QO =aQ for some a € [0, 1].
Moreover, by Step 2,
Q? .= lim w? /8 =bg0se + ), QY= lim w8, =cVp - e,

for some constant b, ¢ > 0. (Above, the convergences are weak in Wllof R"))
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Then, it is well defined

QW .= lim w'V /g, = lim w, /&, — lim w? /&, — lim w? /&,

and we observe that Q" is either nonpositive or nonnegative (since wél) =ulx,+r -, ) —
u(x; + 7+, 0) is so, depending on the sign of #). Moreover, since Q, Q®, and Q® are
harmonic, so is Q" and thus it must be constant by Liouville Theorem. Hence, we have

Q=C+bg(ysc+ )+ Vs -e.

Note now that, by definition of &, we have ) ._, 93 1O l1238,) = 1. Moreover, since

the homogeneity of ¢ at the origin is at least two, the three functions Q(i) are linearly
independent and hence their sum Q cannot be zero (equivalently, in (6.16) it must be
a > 0). Note also that it must be 4 > 0 since (6.13) implies that Qis at least quadratic and
hence it can not be equal to the constant Qfl) plus the linear function, QfB). Finally, (6.13)
implies VQ(0) = 0.

But then, since 5 € {po = 0}, and ¢ 1s a homogeneous polynomial of degree

¢ (g, 1),

0 =100 - VQ(0) =30 - VOV (0) + byos - V(o) + s - V(V s - €)(0)
=0+ b (g, 1) ¢(r) 10,

which proves that ¢(ys) = 0. UJ

The next lemma concerns the maximal stratum X,_;. This case is more involved,
since blow-ups are not necessarily harmonic functions as in the previous lemma. In par-
ticular, in this situation we will need to assume that the frequency is continuous along the
sequence that we consider.

Lemma 6.5. — Let u e C°(B; x [—1, 1]) solve (6.1), let (0,0) € X,_,, and assume that
u(-,0) % py. Let (xp, 4t) € Xy salisfy x| < 1 with v | O, assume that (6.6) holds, and that
A7 — A2 where

W= @07 ulu+ 1) = pos) and A= ¢(0F, u— py).

Then yoo € {po = 0} and ¢ is translation invariant in the direction yoo. (Here g™ denotes the even
symmetrisation of q with respect to the hyperplane {p, = 0}.)

Progf: — Let us define

. (€8] (2) 3)
Wi = u(Xe + 7%, ) — pogp () =wy +w w7,
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where
w = uC -, ) — uC + -, 0),
wi = uCg + 1, 0) — pog + 1),
wi = poa+ 1) = o ).

We divide the proof into three steps.
e Step 1. Exactly as in Lemma 6.4,

- Wy .
wpi=———0Q in Wlloc2 (R”)
||wk||L2(aB1)

for some Q € WL?(R") with polynomial growth. We claim that Q is a A?"*-homogeneous
solution of the Signorini problem (3.12).
Indeed, by the upper-semicontinuity property in Lemma 6.2(b) and the assumption

)L/%”d — A given § > 0 there exist 75 > 0 and £;s such that

(6.17) G (r, uC+ -, 1) — poy) € (A = 8,27 +8) Vre(0,15), Yk > ks,
or equivalently

(6.18) ¢ (r,wy) € (A" =8, +8) Vre (0,n5/r), VE= ks.

Then, applying Lemma 3.6 to w; we obtain the following polynomial growth control for
ﬁ)k:

(6.19) H(R, @) < CsR»"3 VR e [1,15/n), Yk > k.,
and the decay estimate
(6.20) H(o, ) < Co®*™~® Vo e (0,1], Vk> k..
In addition, the Lipschitz estimate in Lemma 3.8 gives
lWellipee < CR).

Hence w; — Q in C] _(R") (up to a further subsequence).

Note that, using (6.11) and (6.12) in our context, one deduces that AQ) is a nonposi-
tive measure supported on {p, = 0}. Moreover, since w;(y;+ ) = u(xe+ 7+ ) — o (1),
it follows that w;(y;, + -) > 0 on {p9 .., = 0} and thus, by uniform convergence, Q) > 0 on
{p. =0}

On the other hand (6.11) and the fact that w;(y; + -) < 0 on {u(x; + 7 -, ) = 0}
imply that W; AW, > 0, and since Aw; = AQ weakly as measures and w; — Q in C°,
we obtain QAQ > 0 in R". But since AQ) < is nonpositive and supported on {p, = 0}
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where Q) > 0, it must be QAQ < 0. This implies that Q) is a solution of the Signorini
problem (3.12).
Finally, taking the limit in (6.19) and (6.20) we obtain that, for any given § > 0,

(6.21) H(R, Q) < C;R¥"+% VR e[1, 00)
and
(6.22) H(o, Q) < Co**=Y Vo e (0, 1].

Since 6 > 0 1s arbitrary and Q) 1s a global solution of Signorini, it follows by Lemma A.3
that

)"Qnd < ¢(0+’ Q) < ¢(+OO, Q) < )\‘Qnd.

Hence ¢ (r, Q) = A for all r > 0, from which (using Lemma A.3 again) it follows that
Q is a A*-homogeneous.
o Step 2. We now want to prove that

w?  q0et )

(6.23) in WE2(R”
”w/(fQ)”H(aB]) lg0oo + )lr2m)) 1 ( )
and
w(3)
(6.24) lim ——f—— — (e x) + (e’ . x) (e-x)#£0 1in WIIO’E(R”),

k ||w/§||L2(aBl)

for some e € {p = 0}* and €’ € {p, = 0}.

Indeed, the proof of (6.23) is identical to the one of (6.14) in the proof of
Lemma 6.4.

To show (6.24), denote &;. := ||po(yr+ ) — po.s,... [l = 0. Recall that (by Lemma 6.3)
we have yo € {po = 0} and hence, if »] denotes the projection of y; onto {py = 0}, then
b} + -) = po and Y} — yr —> Vi — Yoo = 0. Thus, up to taking a further subsequence, if
{p=0}={e-x=0}and {po,,, =0} = {e, - x =0} with e, e, € S"', then

3
} w;i) . Ot ) —poss .. POr—or+ ) —po
lim —GH = lim =lim
o llwy ™ [lr2m)) k €k k €k
+ llm pQ _pQ,Xk,lk
£ &
. = . (e )" — (& x)
= ¢ Vpy - lim — o lim —
ke — il k 2|e — e

=(e-x)+ (€ -x)(e- ),
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where e € {p, = 0}* and €' € {p, = 0}. Note that the previous limit in & must exist (up
‘ - 3 1103 : -

to subsequence) and will be nonzero, since w,” /||w,” [l128,) 1s a sequence of quadratic

polynomials with unit L.> norm.

e Step 3. We finally prove that ¢ is translation invariant in the direction y.,. Consider

ék = Z legi)

=1,2,3

A Wy
and Wy = .

Ex

}LQ(BBl)

By Step 1 we have
Wy — Q: aQ  for some a € [0, 1].
Moreover, by Step 2
Q? .= lim w? /8 =bg(yeo + -)
and, after choosing some appropriate coordinate frame (so that, in particular, {#, =0} =
{x, = 0}),
@3) = likm wf)/ék = (1%, + XXy

for some b, ¢ > 0. (Above, the convergences are weak in W, >(R").)
Then, it is well defined

QW= lim w8, = lim wy/&, — lim w'? /8, — lim w'” /8y,
and we observe that Q! is either nonpositive or nonnegative (since the functions wA(,l)
are so). Hence, we have

Q= Q,(]) + bq(yoo + ) + C1 Xy + CoXpXp—1-

Note now that, by definition of &, we have Zi=1,2,3 ||Q(i) lr2a8,) = 1. Moreover, since the
homogeneity of ¢ at the origin is at least 2 + «, (see Proposition 3.9), the three functions
in) are linearly independent® and thus their sum Qcannot be zero.

Let us show next that 4 > 0 and that QE bg. Indeed, since both ¢ and Q are
1*-homogeneous with A% > 2 + o, if Q" > 0 (resp. <) then

s QRY
Q= R
- QUR)+b0x+RHI+QVR)
= ngl;lo R)\QWI 2 bq (I“CSp. S),

% Note again that Q" has a sign, Q® is (the translation of) a A***-homogeneous solution of Signorini with A2" > 2,

and Q(S) is a odd quadratic harmonic polynomial, and thus they are linearly independent.
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where we used that Q® is 2-homogeneous. Hence, Qand bq are two ordered solutions
of Signorini with homogeneities greater than 1 at the origin and thus they must be equal
by Lemma A.4.

Therefore, we have shown that

(6.25) Q=0 + b9y + ) + %,(1%,-1 + ) = bg.

In particular, since Qhas unit L.2(8B;) norm this implies that b > 0.
Now, taking the even parts, if Q" > 0 (resp. if Q" < 0) we obtain

(6.26) bg" " (Yoo + +) < bg™™  (resp. >).

Hence it follows by homogeneity that, for all s > 0,

7}\2nd

bs™ " (900 + x) < bsikwq””"'”(x) (resp. >).

Therefore, since b > 0,

9(900 + %) = q(x)  (resp. =),
and thus

Joo - V" <0 (resp. >).

In summary we obtain that ¥ 1=y, - V¢ has constant sign. But then v restricted to
the sphere $"~! must be a multiple of the first even eigenfunction (since all other eigen-
functions change sign) of

—Ag1y=ky inS"'\Z
Y =0 onS$"'NZ,

where Z := {x, =0} N {g =0} and £ := (n — 2 + A*)A*"_ Note Z C {x, = 0}, and the
two extremal cases Z = ) and Z = {x, = 0} correspond respectively to the eigenfunctions
|1 and |x,| (restricted to the sphere), which have homogeneity 0 and | respectively. As a
consequence of the monotonicity property of the eigenvalues with respect to the domain,
for every Z we will have (n — 2+ 0)0 < k= (n— 2+ A*)A*" < (n— 2+ 1)1. This leads
to A2 < 2; a contradiction. Therefore, the only possibility is that ¥ = y,, - V¢” = 0. In

U is translation invariant in the direction y. O

other words ¢

The next result will imply that the projection (X" \ 23 ) (recall that
m(x, 1) = x) 1s contained in a countable union of (n — 2)-dimensional Lipschitz mani-
folds, 1.e., it is (n — 2)-rectifiable. This will be crucial in our proof of Theorem 1.1.
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Lemma 6.6. — Letu e C°(By x [—1, 1]) solve (6.1), and let (0, 0) € Ef] \ Egidl. Then

n

there exists a (n — 2)-dimensional linear subspace L. such that the following holds: for any € > O there
exists 0 > O such that

7'[1(223

n—1

)NB,CL+B,, foralre(0,0.),
where L+ B,, :={z= (x+) : x € L, y € B,,} denotes the sum of sets.

Proof. — Let w := u(-,0) — po, and recall that w,(x) = w(x) and w, =
w,/llw, |28, Recall also that, by Proposition 5.4, the following limit exists

7:=limr  w(r-
g:=hmr w(r-),

and (after choosing suitable coordinate system) the even part of g is of the form

n—1

(6.27) 7" () = blx,)” — 3| (Z bax;i)
a=l1

where 6> 0, b, > 0, and b = Zn_l by see Lemma 5.2. Relabelling if necessary the in-

a=1
dices, we may assume that b, < by <--- < b,_,. In particular we must have 4,_; > 0.

Define L to be the (n — 2)-dimensional subspace {x, = x,_; = 0} in this system of
coordinates. We claim that, for any sequence (x;, %) € X-°, such that x; — 0, we have

. X
dlst(—, L) — 0.
£

Note that the lemma follows immediately from this claim. To prove the claim we observe
that

A= (0F ul+ o 1) —poy) =3 and A= ¢ (0%, u—py) =3.

Thus, since the frequency is upper-semicontinuous, A;" — A*¢ = 3. This allows us to

apply Lemma 6.5 with 7, := [x| and deduce that, if y, is an accumulation point of

{x;/|x:]}, then the even part of ¢ = W is translation invariant in the direction y..
12(3B))

Thus ¢ has the same nvariance. But then, recalling (6.27) and 4,—; > 0, we find that

Yoo € {4y =x,1 =0} =L. O

We next need the following Lipschitz estimate.

Lemma 6.7. — Let u: By — [0,00) solve (3.1), and let 0 € T3 \ =", Set w :=
u— py — P, where P s a 3-homogeneous harmonic polynomial vanishing on {py = 0}, and let w, and
w, be as in (2.1). Assume that, for somer, > 0, y € (3,4), §, > 0, and h, > 0, we have

(6.28) ' (r,u—po—P)<y -6, Vre(0,7,) and H(@,,u—ps—P)>h..
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Then there exist positive constants 0o, Mo, and C., depending only on n, v, 8o, 7o, ho, and ||P|l12(s,),

such that for any given R > 1 and for all r € (0, 3% we have

(6.29) ”ﬁ)rnLip(BR) < CR3 and l]),-A'lI)r > —CVUOR4AII), n BR.

Progf: — With no loss of generality we can assume that {po = 0} = {x, = 0}.

Since P is some 3-homogeneous harmonic polynomial vanishing on {p, = 0}, for
any unit vector e tangential to {p, = 0} we have |9,.P| < C|x,| < Cr* in B, N {u = 0} (cf.
(4.16)). Thus, arguing as in the proof of Lemma 4.7 (see Step 3), we get

(6.30) i]rgl,fﬂaeew = —C(P)(Hw(”)HH(B;—)) +r)-

Also, since 0 € % \ =7, we can apply Lemmas 4.1 and 4.9 to deduce that
@ (0", u— ) exists and is less that 4 (cf. proof of Proposition 4.12(a)).
We now note that, as a consequence of (6.28), Lemmas 4.3 and 4.1 yield that, for

any 8 > 0, 7> 0, and o € (r, 1],
H(o, 2 :
Ho, w) + p™ < Qs (0/r)2 7=+,
H(r, w) + %

In particular, for § =4 — y and ¢ =, we obtain

H(r, o
(6.31) H(l, w,) = H(r, w) = %(7 Jr)20DEE 2y s o 2=
8

provided that r € (0, ), where ¢, > 0 and n, € (0, r,) is sufficiently small. Also, for » €
(0,7) and o = Rr <7, we get

H(Rr, w) < C;RY 7 (H(r, w) + %) < CRPH(r, w),

where C = C;(1 4+ 1/¢)) depends only on n, y, §, and %, Thus, scaling (6.30), for » €
(0, 15z) we obtain

(2R)* inf 9w, = —C(P)([|w(3R7)
2R

+ (2R7)4)

L2(B5)
> —CR*(H(r, w)'/* ++*) = —CH(1, w))'*,

where C depends only on n, R, y, § and £,.

Hence, given R > 1, for all » € (0, %) we have 9., w, > —CR? in Byg. Therefore,
as in the proof of Lemma 3.8, we obtain |V,| < CR® in Bg, where C depends only on
n, v, 8, and A,. This proves the first part of (6.29).

For the second part, notice that [u— p — P| = [§(x,)* +P| < C|x|* inside {x = 0}—
here we used that |x,| < C|x|? in {« = 0} and that P is a cubic polynomial divisible by x,.
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Combining this bound with (6.31) and the fact that Aw, = 0 inside {z, > 0}, we find
(choosing for instance n, :=4 — y)

Clrx|* . COR)*
A, = -
H(l, w,)'/? crt=me
which proves (6.29). U

w,AW, > — AW, = —Cr*R*A®, inB,

The following result will be needed in order to bound the Hausdorff dimension of
the projection (X% \ £=*). Although the argument is very similar to the one used
in the proof of Lemma 6.5, we repeat the proof in detail since there are differences that
require a detailed analysis. Recall that p3 = ps,,¢ 13 defined in (6.3).

Lemma 6.8. — Let uc C'B, x [—1,1]) solve (6.1), let (0,0) and (xx, ) belong to
E>31 \ >t and suppose that | x| < r, | 0. Assume in addition that

n— n—1>

ot - 1,2 (ppn X
(6.32) w,,{—\qu (R) ﬁrw::u—pQ—pg and Dk = — = Yoos

loc "
and that Ai’d — A3 where

)LM = ¢(0+, u(xe + -, &) — o —[73,%4) and

W= (0 u— py = p3).

Then v € {po = 0}, and q is translation invariant in the direction Y.

Progf: — 'The fact that Do € {p, = 0} follows from Lemma 6.3.
Slnce (0 0) e Z>31 \ En 1, as in the proof of Lemma 6.7 the limit lim, (¢ (7,
u(-,0) — po — p3) exists and belongs to (3, 4), that is

A= (07, u(-,0) — po — p3) € (3, 4).
Similarly, the limits defining A?" exist, and by assumption, we have
(6.33) A= (0F ulo + -4 4) = poy — D) = A7
We define

pi=pot+ps and Ppi=po .y +Psgu
and consider

wy = ul 470, 4) — Pl = w’ + w +w”,

w,(fl) =ulx + 10, 8) —ulx +17.-,0),
(6.34)

wi = uCg 470, 0) —plg+70),

(3) =pCg+re) — prlr-).
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Recall that y; := x; /7 and define

~ Wy

(6.35) Wy = ——.
lwilli2@s))

e Step 1. Throughout the proof we fix y € (A%, 4). Thanks to Lemma 4.3, for any given

6 > 0 we have

(6.36) |97 (7wl + . 6) = poesy — Prvs) — A7 | <8 Vre (0,15), Yk > ks.
Hence, we may fix positive constants 8, and 7, such that, for £ > £, large enough, we have
(6.37) @7 (r,uCo+ -, 4) —pr) v — 38, Vre(0,r),

and Lemma 6.7—applied to the function u(x; + -, #) and with » = r—yields

(6.38) Wl iper) < C(R)  in By

and W, Aw; > —C(R)r/° Ay, where n, > 0 and C(R) are independent of . Then, sim-
ilarly to the proof of Lemma 6.5, the (locally uniformly bounded) nonpositive measures
AW, converge weakly to AQ < 0, and since 7;° Aw; — 0 and w; — Q locally uniformly,
we have w,Aw, — QAQ > 0. Furthermore, since w; = u(x,+7-, &) > 0 on {py ,,., = 0}
and pg .., — po, we obtain that Q) > 0 on {py = 0}. Therefore, we proved that Q) is a so-
lution of the Signorini problem (3.12). Finally, arguing as in the proof of Lemma 6.5, it
follows by (6.36) that the function Q is A*“-homogenecous.

Note that, by the same reasoning, also ¢ is a A*“-homogeneous of the Signorini
problem (3.12).
o Step 2. Recall that y, € {py = 0}. In addition by Proposition 4.12(a) we have

(2)
Wy N oo+ *)
2
||w,£ )||L2(3B1) ”q(_yoo + ')||L2(3B1)

in W2 (R"),

loc

and, by construction, wf) is a cubic harmonic polynomial.

We claim that, for each £, there exists a point y, in the segment 0 y; such that

(6.39) wi” ()| < Crf.

Indeed, note that py 4 p3 > —;;—i and thus we have p(r;-) > —Cr,‘f and p;(r-) > —Crﬁ
in B;. Hence, since p(0) = p,(0) =0,

wi”(0) = p(0) — pi(—rpy) = —Cr{ and
wi”0) = p(r) — pu(0) < Cir,
so (6.39) follows.
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e Step 3. Let us consider

- % ot

=1,2,3

d & Wy
}LQ(aB) an wk.—é—k.

Recalling that ¢” (0T, u(-,0) — p) = A** < y < 4, it follows by Lemma 4.1 that, for any
given § > 0,

H wAZ) HLz(aBl) = H (u—p2—ps) (7k(yl»+ )) HLZ(aB ) > 72 w as k — oo,
Thus, by Step 1, we have
W, — Q=4aQ for some a € [0, 1].
Moreover, by Step 2,

Q¥ i=lmw” /& = bg0e + -) and

Ov(g) = hm w ¥ /8, = [degree 3 harmonic polynomial]

for some b > 0. (Above, the convergences are weak in W *(R").) Thus, it is well defined

loc
QY :=limw." /&, =limw,/& — limw” /&, — limw'” /&,

k k k k
(€8]

and we observe that Q" is either nonpositive or nonnegative (since so is w, ). Hence,
we have

Q=Q" + b0+ ) + QY.

Moreover, it follows by (6.39) that the polynomial Q(?) vanishes at some point » in the
segment 0 y,,. Hence, since Q(%) is harmonic, we see that it cannot have constant sign
(unless it 1s identically zero).

Note now that, by definition of &, we have ) . ||C;)fi) lr2o8,) = 1. Hence, since ¢ is a
A%?-homogeneous solution of Signorini with A¥¢ > 3, Qfl) has constant sign, and Qfg) 18
a cubic harmonic polynomial that does not have constant sign, we deduce that the three
functions Q(l) are linearly independent and their sum Qcannot be zero.

We show next that 4 > 0 and that Q_ bg. Indeed, since both ¢ and Qare PRLS
homogeneous, if Qfl) > 0 (resp. <) then

QR-)
Q= fim

i QURY) + b0+ R+ QIR )

R 00 R}L 3rd

> bg (resp. <).
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But then Q and bgq are two solution ordered solutions of Signorini with homogeneities
> 1 at the origin, and thus they must be equal by Lemma A.4.
Therefore, we have shown

b(q - q(yoo + )) = (Al(l) + («1(3)'
Now, using homogeneity, we obtain that for all s > 0

@1) (s_lx) + bs_’\wq(syoo +x) + Q(B) (s_lx) = bs‘kwq(x).
If QM > 0 (resp. if QY < 0), we obtain

bq(‘gyoo + X) - CI(X) < S)Lf‘??!/,l @3) (silx)
s

(6.40)

(resp. >).

Note that, since ¢ is a solution of (3.12) (and so it is Lipschitz continuous, see for instance

[ACS08]), the absolute value of the left hand side of (6.40) is bounded as s |, 0. Hence,

since A% € (3,4), the cubic coefficients of @3) (recall that @3) 1s a cubic harmonic

polynomial) must vanish as otherwise the right hand side would be unbounded. Thus,

the cubic coeflicients of @3) vanish and therefore right hand side converges to zero.
Thus, since b > 0, we have shown that

Yo - Vg =<0 (resp. >0).

Hence, reasoning as in Step 3 of the proof of Lemma 6.5, we obtain that ¥ :=y., - Vgq
restricted to $"~! must be a multiple of the first eigenfunction of a certain elliptic problem,
and this easily leads to a contradiction because the homogeneity of ¢ is greater than 2. [J

Our next goal is to prove a variant of Lemma 6.8 for points in X%\ T2 For
that, we need the following Lipschitz estimate.

Lemma 6.9. — Let u: By — [0, 00) solve (3.1), and let 0 € X7\ T2 Set w =
u— P — P, where P is some 4-homogeneous harmonic polynomial vanishing on {py = 0}. Assume
that, for somer, >0,y € (4,5),8 >0, and h, > 0,

(6.41) "ryu— P —-P)<y—-8, Vre(O,r,) and H(@,,u— L —P)>h,.

Then there exist positive constants 0o, 1o, and C, depending only on n, y, 8., 1., and h,, such that for
any given R > 1 and for all r € (0, %) we have

> 10

(6.42) 1@, lpmo < CRY and  ,A, > —Cr*R*Aw,  in By.

Progf: — 'The proof is analogous to the one of Lemma 6.7, using Lemma 4.7 in-
stead of (6.30) and Lemma 4.9 instead of Lemma 4.3. 0J
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Recalling that py = p4 00 1s defined in (6.4), we now prove the following:

Lemma 6.10. — Let u € CoB; x [—1,1]) solve (6.1), let (0,0) and (xy, &) belong to
E;fl \ Zﬂsz{ Jor some ¢ € (0, 1), and suppose that |x;| <1, | 0. Assume in addition that

1,2
loc

R forw=u—P—p, ad ykzzﬁ—w)oo,
Tk

w, —~qmnW
and that 1" — MM, where

)\.;gl'th = ¢(0+, ulxp + - 4) — P, —[74,94,;,() and

W= (0% u— P —py).

Then v € {po = 0}, and q is translation invariant in the direction Y.

Progf: — The proof is very similar to that of Lemma 6.8, with some appropriate
modifications. As before, the fact that y,, € {po = 0} follows from Lemma 6.3.
Also, since (0,0) € 7' \ 2%, as in the proof of Lemma 6.7 the limit

lim, o ¢ (r, u(-,0) — & — py) exists and belongs to (4,5 — ¢), that is
A =07, u(-,0) — P —py) € (4,5 = 0).
Similarly, the limits defining A}" exist, and by assumption we have
AT =@(0F, uCo + -, 4) — Py — b)) = A
We define
p:=P+p and pri=Py g+ pras

and consider wy; = u(xy + 7.+, &) — pi(rp-) = w/?) + w,(f) + w,gg) as in (6.34). Recall that
9 i= x;/1, and define w; as in (6.35).

e Step 1. Here we argue as in Step 1 in the proof of Lemma 6.8. More precisely, using
Lemma 4.3 in place of Lemma 6.7, by the very same argument we deduce that w; con-
verges locally uniformly to Q, and that both ¢ and Q are A**-homogeneous solutions of
(3.12).

e Step 2. By Proposition 4.12(a), we have

w?  q0et )

. 1,2 n
) nW (R )
lw, hzesy 1900 + ) ll2es)

loc

and, by construction, w,ﬁg) is a quartic harmonic polynomial. In addition, arguing as in

Step 2 of the proof of Lemma 6.8 we obtain that, for each £, there exists a point y; in the
segment 0 y; such that

(6.43) lw” o] < Cr.
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e Step 3. Considering

Z ” w(l)

=1,2,3

d 4 Wi
L2(9B)) an Wy = é—k s

as in Step 3 of the proof of Lemma 6.8 we have
W — Q=aQ, Q.= lim w? /& = bg(yoo + -).

Q® = liin w'” /&, = [degree 4 harmonic pol.],

where a € [0, 1], > 0, and all the convergences hold weakly in W,.>(R"). Hence

Q=0+ b0 + ) +Q9,

where Q“) = limy w,ﬁl) /& has constant sign. Since ¢ is a A**-homogenecous solution of
Signorini with A* > 4, Qfl) has constant sign, and Qfg) is a forth order harmonic poly-
nomial that does not have constant sign (as a consequence of (6.43)), we deduce that the
three functions Ql) are linearly independent and their sum Qcannot be zero.

Also, exactly as in Step 3 of the proof of Lemma 6.8, 4 > 0 and Q_ bq, therefore

b(g— g0+ ) =Q" + QY.
Now, using homogeneity, if Q" > 0 (resp. if QY < 0) we obtain

7($Vs0 +x) — q(x, t)
S

P le%)(s x) (resp. >),

for all s > 0. As in Step 3 of the proof of Lemma 6.8, this is possible only if the quartic
coefficients of Q® vanishes, and letting s — 0 we get

Yoo Vg =<0 (resp. >0).

Reasoning now as in Step 3 of the proof of Lemma 6.5 (see also Step 3 of the proof of
Lemma 6.8), we obtain that ¥ := y, - Vg restricted to $"~! must be a multiple of the first
eigenfunction of a certain elliptic problem, and this easily leads to a contradiction. ~ [J

Before proving the last result of this section, we introduce a definition:

Definition 6.11. — We denote by P the set of 4-homogeneous harmonic polynomials p =
Pp(x1, ..., Xy), Such that, for some e € S, we have:

o 15 even with respect to {e - x = 0}, that s, p(x) = p(x — 2(e - x)e);
e p>0on{e -x=0};
o |Ipllrzes) =1
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Given p € P2, we denote S(p, &) C R" the set
S(p.e):={le-x|<e}n{p<e}NB,.

We now show the following result, which will be used later to bound the Hausdorff
dimension of 77, (>, \ T,

Lemma 6.12. — Let u: B, — [0, 00) solve (3.1), and let 0 € T, \ X Let Pre and

S(p, &) be as in Definition 6.11. Then, given € > 0, there exists 0. > 0 such that, for all r € (0, 0,),

(6.44) {u=0yNB, CrSp,. &) forsomep, € P2

Proof. — Consider the set of “accumulation points” Q defined as
Q:= {q A 0str fu— P)oy-) — q}.
Note that, for all n > 0, there exists g, > 0 such that for any € (0, 0,,) we have
(6.45) lu— P — qlli~@, <nr* forsome g, € Q.

Thanks to Proposition 4.12(a) and [GP09, Lemma 1.3.4], Q is a closed set of 4-
homogeneous harmonic polynomials. Also, using Lemma 4.11 with P=0 and y € (4, 5)
fixed, we see that [|¢[l128,) < C for all ¢ € Q. This implies that set Q is compact.

Now, since by assumption 0 € £=" \ £ | then ¢*" # 0 for all ¢ € Q (recall Defi-

n—1°
nition 4.10). Thus, by compactness of Q, we deduce that

even

0<elq

12(0B)) = lqllizes,) <C Vqge Q.

Now, for r > 0 and ¢, as in (6.45), we define

even

. q,
- ’
lg {1208,

2

and note that p, € P;'2. We claim that (6.44) holds true provided that r € (0, p¢), with
P > 0 small. -

Indeed, assume with no loss of generality that {p, = 0} = {x, = 0}. Then (since ¢,
solves (3.12)) every p, is a 4-homogeneous harmonic polynomial, even in the variable x,,

nonnegative on {x, = 0}, and with unit L?(9B;) norm.
We recall that

(6.46) P(x) > (%, + ps/x% + Q)* — Clx]°.
Now, by definition of S(p, ¢), it follows in particular that, fixed 6 > 0,

YEB\S(p,6) = either (p,() > & and |,| < 0¢) or (|n.| > O¢).
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We now observe that, if p,(y) > & and |y,| < 0¢, since ¢° vanishes on {x, = 0} we get

r

1
+ ¢ () > coe — Clp,| = (e, — COH)e > 50€ > 0

7)) =p,0)

even
7 lhzes)

Co

provided we choose 6 := & small enough. Thus, recalling (6.45) and (6.46), if r > 0 1s
sufficiently small (so that we can take n < ¢) we get

1 ,
u(ry) = P(ry) + q,(ry) —npr* > —Cr° + §coer4 —nrt > 0.

On the other hand, if |y,| > ¢, using again (6.46) we obtain, for » > 0 sufficiently small,
u(m) = P() + q,(p) —nr'* = (0er — CP)* = G — Cr* — ' > 0.
Therefore, we have proven that
YEB\S(p,e) = ulrm) >0,
which gives (6.44). O

7. Hausdorff measures and covering arguments

As already explained in the introduction, to prove our main results we will need
some auxiliary results from geometric measure theory. Before stating them, we recall
some classical definitions.

Given B > 0 and § € (0, oo], the Hausdorfl' premeasures 'Hf (E) of a set E are
defined as follows:’

(7.1) HI(E) = inf{ Z diam(E,)? : E C U E;, diam(E;) < 8 }

where the index ¢ goes through a finite or countable set. Then, one defines the B-
dimensional Hausdorff measure of E as H#(E) := lims_, o+ 'Hf (E).
The Hausdorff dimension can be defined in terms of Hfo as follows:

(7.2) dimy (E) :=inf{B > 0 : H: (E) =0}

(this follows from the fact that H% (E) = 0 if and only if H#(E) = 0, see for instance
[Sim83, Section 1.2]).
We now state (and prove, for completeness) a couple of standard results.

7 In many textbooks, the definition of H? includes a normalization constant chosen so that the Hausdorff measure
of dimension £ coincides with the standard A-dimensional volume on smooth sets. However such normalization constant
is irrelevant for our purposes, so we neglect it.
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Lemma 7.1, — Let E C R", and f : E — R. Define
F:= {er 3x = x, xp € By st f () —>f(x)}.

Then EN\ F is at most countable.

Proof. — Let G :={(x,f(x)) : x € E} C R" x R be the graph of /. We note that
x € E\ Fifaonlyif (x, f(x)) 1s a isolated point of G. In particular E \ F is the projection
of a discrete (and hence countable) set. O

From now on, by convention, whenever we say that a set E can be covered by a

number M > 0 of balls that it is not necessarily an integer, we mean that it can be covered
by [M] balls, where | M| denotes the integer part of M.

Lemma 7.2. — Let B,(x) C R" be an open ball, and T1 be a m-dimensional plane. Let
B1 > m. Then there exists € = &(m, B1) > 0 such that the following holds: Let . C R" satisfy

ECB,(x)N {_y s dist(y, IT) < 87’}, Sor some ) <& <&, xeR", r>0.

Then ¥, be covered with y =P balls of radius y r centered at points of B, where y := 5¢.

Proof- — Up to a scaling and a translation, it suffices to prove the result when
r =1 and B,(x) is the unit ball B, centered at the origin. Consider the m-dimensional set
B, NI, and given € > 0 small consider the covering of E C By N {y : dist(y, IT) < ¢} given
by the closed balls {B: (%)} ek By Vitali Covering Lemma, there exists a disjoint family
{m}id such that

UBsG) o (B DE.
i€l rek

Note that
B, (x) C No.(TT) := {x € B, : dist(, [T) < 2¢}.

Since H"(Na (IT)) < C(n)e"™™, denoting by w, the volume of the #-dimensional unit ball
we have

w,6"#T < Y H'(Be(x)) < H' (Moo (T)) = C(m)e" ",
€T
which proves that #Z < C(n)e ™. Set y := 5¢. Then, since ; > m, choosing ¢ sufficiently
small we have C(r)e™ = C(n)5"y ™ < y P, proving that E can be covered by y !
open balls of radius y centered at points of E, as desired. UJ
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The following Reifenberg-type result will be used later choosing as function f the
frequency function, and it will allow us to perform our dimension reduction arguments
only at continuity points of the frequency.

Proposition 71.3. — Let E. C R", and f : E — R. Assume that, for any € > 0 and x € E
there exists 0 = 0(x, €) > 0 such that, for all r € (0, 0), we have

ENB, ) Nf ([f() —o.f () +0]) C {p: dist, I1,,) <er},
Jfor some m-dimensional plane I1,, passing through x (possibly depending on ). Then dimy (E) < m.

Proof. — We need to prove that, given 8 > m, we have H? (E) = 0.
Let € > 0 be a small constant to be fixed later, and for any £ > | and ) € Z define

. . J J+1
E/w' = {X ek : Q(X, 8) > l/k,f(X) S [%, W)}
Since E = U/w' E;, it suffices to prove that HP (Exj) = 0 for each £,j. So, we fix £ > 1
and j € Z. Similarly, it suffices to prove that for all R > 1 we have H? (EEJ) = 0, where
E/E] = BR N Ek,_]
By assumption, for every x € EkRJ and r € (0, 1/£], there exists a m-dimensional
plane IT,, such that

E; N B,(x) C {y : dist(y, I1,,) <er}.

So, we consider the covering {B,;(x) }erE]u and since E}}J- C By we extract a finite subcov-
ering of closed balls B\”, ..., B{}". (Indeed, by Vitali’s lemma there is a covering {B (x;)}
such that the balls {B, ;s (x,)} are disjoint, and hence there is a finite number of them.)
Inside each ball Bl(»o) we have, by assumption,

ERNBY C {y: disty, o) < e/k}.

Choose B := m;ﬂ € (m, B). Applying Lemma 7.2 with & = &(m, ;) we deduce that, for

each fixed 7,7, £, R, the set EkRJ N Bl(-o) can be covered with y ' closed balls fi(ll), e, l%)(/l,)ﬁl

of radius y /£ centered at points of Efj N Bl(-o), where y = 5¢. Using our assumption again,

in each of these balls we have
Ef 0B C s distg, T < ey /),

where le) is the centre of 1?321) . We then apply again Lemma 7.2 so that, for each £ €
{1,...,y7 1}, we can cover the set EkRJ N B,(Zl) with y~#' closed balls of radius y%/k. This

gives a new covering of E}i/- N Bf-o) with ¥ =1 closed balls 1%&2), ces ]%;23% of radius y?/k
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centered at points of EkR] Iterating this construction, we conclude that EkRJ N B can be

covered by y NP1 closed balls {l%éN) } of radius yN/k for any N > 1, which implies that

Hgo (EkRJ N Bi) <Cun Zdiam(l?SéN))ﬂ < Cn)my—Nﬂl (yN/k)ﬂ < Cy NGB,
¢

Since B, € (m, B), letting N — 0o we conclude that
HE(ELNBY)=0 foralli,j, kR,

concluding the proof. U

In our study of 4-homogeneous blow-ups, we will need a variant of the previous re-

sults involving zero sets of 4-homogeneous harmonic polynomials instead of hyperplanes
(recall Definition 6.11).

Lemma 7.4. — Given By > n — 2, there exists € = £(n, B1) > 0 such that the following
holds: Let E. C R" satasfy

ECB NS, &), forsome0<e <& peP

Then . can be covered with y =P balls of radius 'y centered at points of K, for some y =y (n, B1) €
0, 1).

Proof. — Given ¢, ¢ > 0 small, consider the covering of E C By N{y : dist(y, S(p, €))
<t} given by {B,(x)},cr. By Vitali’s lemma, there exists a disjoint family {B,(x;)},cz such
that

UBsG) o B DE.

€T xeE

Note that, since x; € E,
B,(x) C Noy(S(p,€)) :={x € By : dist(x, S(p, £)) < 2t}.

We claim that there exists a dimensional constant C(n) such that, for any given ¢ € (0, 1),
there is &, > 0 such that

(7.3) H'(Nou(S(, £))) <CwE Ve e (0, ¢).

Indeed, if not, then for arbitrarily large M there would exist some #; € (0, 1) and se-
quences &; | 0 and p; € P{*Y" such that

(7.4) H"(Non, (S, €0))) = Mty, k> 1.
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Now, given p € P2 which is even with respect to the hyperplane {e - x = 0} and nonneg-
ative on it, let us define

2(p) i={p="0}N{e-x=0}.
Notice that, by definition of S(p, €), for all p € P{"Z we have
(7.5) S(p.e) z(p) ase 0.

In addition, for all x € z(p), we have that e - Vp(x) = 0 (since p is even with respect
{e - x = 0}). Furthermore, the tangential gradient vanishes at x € z(p) (since p > 0 on
{e - x =0} and p(x) = 0). Hence, this proves that

(7.6) 2(p) C {p=1Vpl =0}.

Let p; be even with respect to e; € 8", and assume without loss of generality that p, —
P € P2 and that e, — e Then it follows by (7.5) that, for all § > 0, there exists £;
such that

Now, (S, e)) C {xeBy : dist(x, 2(px)) <201+ 8}, V= ks.
Recalling (7.4), this implies that
H'({xeBy : dist(x, 2(hx)) < 20}) = My

On the other hand, [NV17, Theorem 1.1] implies the existence of a dimensional constant
C(n) such that

H'({xe By : dist(x, {u=|Vu|=0}) <2t}) <C¢# Vie(0,1)

for every nonzero harmonic function # in B,. Recalling (7.6), we obtain a contradiction
by choosing M > Ci(n).

Now, denoting by w, the volume of the n-dimensional unit ball, given ¢ € (0, 1),
thanks to (7.3) we have

0, HT <Y H'(Bi(v)) < H'(Nou(S(p. ) = C)i* Ve € (0, &),
i€
which proves that #Z < C(n)£*™". Set y := 5¢. Since B; > n — 2, choosing ¢ sufficiently

small we have C(n)*™" = C(n)5" >y*™ < y~P, proving that E can be covered by y
open balls of radius y centered at points of E whenever € < & :=¢,. UJ

Proposition 7.5. — Let E. C R" be a measurable set, and T : E. — R a lower-semicontinuous
JSunction. Assume that, for any € > 0 and x € E, there exists 0 = o(x, &) > 0 such that, for all
r € (0, 9), we have

ENB.) Nt ' ([r(x), +o0)) C{x+m :r€S.,. 8)}
Jor some py, € P2 Then dimgy(E) < n— 2.
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Proof. — Given B > n— 2, we need to prove that H?(E) = 0. Let ¢ > 0 be a small
constant to be fixed later, and for any £ > 1 define

Ep:={xeE: p() = 1/k}.

Since E = |, E4, it suffices to prove that HP(E,) = 0 for each k. So, we fix £ > 1. Thanks
to [Fed69, Corollary 2.10.23], it suffices to prove that H”(K) = 0 for any compact set K
contained inside E;.

We now claim the following: For each closed ball B,(x) centered at a point x € E
and of radius 7 < 1/£, there exist x € KN B,(x) and p5 o, € ij’g” such that

KNB,(x) Cx+rS(ps,, €).

To prove this claim it suffices to observe that it is trivially true if K N B,(x) is empty.
Otherwise, the lower semicontinuous function 7 attains its minimum at some point x €
K N B,(x). Then, by the assumption of the lemma,

KNB,(x) =KNB,x Nt~ ([t(x),00)) CENBy, (@) N7~ ' ([7(%), 00))
Cx+ 78, &),

which proves the claim.
Now, consider the covering {B /;(x)}.ex, and extract a finite subcovering of closed
balls B”, ..., B{. Inside each ball BEO) we can apply the claim to deduce that

KNBY %+ r8ps.. ).

Applying now Lemma 7.4 we deduce that, for each fixed i, the set KNB” can be covered
with ¥ 7' closed balls BEI), ey B;lzﬁl of radius y/k centered at points of E. In each of
these balls we now reapply the claim to deduce that

KN ]ASEI) C 56,(51) + %S(ﬁgzl)’%, g).

Thus we can apply again Lemma 7.4 (rescaled) to cover, for each £, the set KN l%le)
with 7' closed balls. In this way we obtain a new covering of K N BEO) by y 21 closed
balls B(IQ), e, sz?ﬂ] of radius y?/k centered at points of E. Iterating this construction,

we conclude that KN BEO) can be covered by y N1 closed balls {EEN)} of radius y~/k for
any N > 1, which implies that

N\ B
HEKNB) <G, Y diam(BY) <€, 0~ (%) < Gy,
l
Since B € (n— 2, B), letting N — 00 we conclude that

HE(KNBY)=0 foralli=1,2,...,M.



262 ALESSIO FIGALLI, XAVIER ROS-OTON, JOAQUIM SERRA
This proves that H2 (K) = 0 and therefore H (K) = 0 (see [Sim83, Section 1]), conclud-
ing the proof. O

We will also use the following basic result about Hausdorfl measures. We refer to
[Fed69, 2.10.19(2)] and [F'S19, Lemma 3.5] for a proof of such result; see also [Whi97,
Lemma 2.4].

Lemma 7.6. — Let E. C R" be a set satisfying HE (E) > 0_for some B € (0, n]. Then:

(a) For HP -almost every point x, € E, there is a sequence r,, |, O such that

B
(7.7) lim oo (80 By (xc))

B Z Cﬂ,ﬂ > O,
k— 00 7

where ¢, g 15 a constant depending only on n and B. We call these points “density points™.
(b) Assume that O s a “density point™, let 1. |, O be a sequence along which (7.7) holds, and
define the “accumulation set” for E. at O along 1. as

A=A = {z €By 32 es1, ke)es) st 20 € r,;lE N By and zp — 2 }
Then HE (A) > 0.

The last main result of this section is the following covering-type result that will play
a crucial role in the understanding of the generic size of the singular set, and in particular
in the proof of Theorem 1.1. Notice that, when £ =1, B is an integer, and 7, (E) is -
rectifiable, then the result follows from the coarea formula; see also Eilenberg’s inequality

[BZ80, 13.3].

Proposition 7.7. — Let E C R" x [—1, 1], let (x, t) denote a point in R" x [—1, 1], and
let Ty 2 (x, t) > x and 7o : (x, t) > t be the standard projections. Assume that for some B € (0, n]
and s > 0 we have:

o HP(m(E)) < +o00;
o Forany (x,, t,) € E there exists a modulus of continualy w,, ,, : R — RT such that

[,y eR x[-1,1] : t—ty >, (I — %) Iy — %'} NE=0.

Then:
(@) If B < s, we have HP/*(y(E)) = 0.
(b) If B > s, for H'-a.e. t € R we have HP(EN n{l({t})) =0.

Progf. — Fix & > 0 be arbitrarily small. We decompose E = J ., E; as

>1

E :={(x.,t) €E : o, , (1) <e},
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E:={(.t) €L 0, (27")<e<0w,.,(277)}, forix=2.
Fix ¢ > | and note that, if (xy, #) and (xy, &) belong to E;, then
(7.8) {0 €Byiviyy x (=1, 1) t t—4>elx—x['}NE=0, j=1,2.
Hence, by triangle inequality,
(7.9) #,x% €Ep [n—x| <270 = |n— bl <elx —xl.

In particular, since the sets {E;} give a partition of E, it follows from (7.9) that the projec-
tion 1) : E — R" is injective, and thus the sets 77, (E;) are disjoint.

Now, by definition of H” (1 (E;)), there is countable collection of balls {B,} such
that 7, (E;) C Ué B,, with

(7.10) diam(B,) <27 and ) diam(B,)’ < H*(mi(E)) + 27"
4

Then, thanks to (7.9), we see that E; can be covered by the family of cylinders
,E = {Cg = Bg X (tg — & diam(Bg)X, th+ ¢ dlam(Bg)J)}

for some suitable #, € (—1, 1).
Let us show (a). Since {my(C;)} 1s a covering of 7y (E;) made of intervals of length
2ediam(B,)*, we have

HEL (o) = 2607 ) diam(B)” < (26)"" (H (i (E) +27).
14

Summing over : > 1 we obtain
HEP (mo(E)) < (26)7 (HF (71 (B)) + 1),

and (a) follows from the arbitrariness of .
To show (b), following the same notation as above, we define the function

Ni(t.j) =#{C e F; : diam(B,) € (277, 27),
t € (t, — ediam(B,)’, ¢ + ediam(B,)’) }.

Let Z;; denote the set of indices £ such that C, € F; and diam(B,) € (277!, 27). Then
we can rewrite N;(¢,7) as

Ni(t,y) = Z X(tg—ediam (Be)*, tg +ediam(Bg)*) (£) -
(EI,‘\/'
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Hence, integrating over [—1, 1] we get

1

/Ni(t’j) dt < Z 2ediam(By)’ < 2¢(27)" #I,,,

e LeT;;

therefore, multiplying this estimate by (277)?~* and summing over j, we obtain (recall

(7.10)

1

(7.11) / Y @) TN d=2e Y (27) #T,; <2 Pe > diam(B,)’

L J CeeF;
< 9P (M (B) +27).

We now consider the functions f; . (¢) := Zj(Q_j)ﬁ_“Nl-(t,j) (note that the covering used
to define N;(¢,7) depends on €), and f;(¢) := Y _.f..(t). Then, summing (7.11) over 7, we
have

1
/ﬁ(t) dt <2 Pe(HP (m (B)) + 1),
-1

and it follows by Chebyshev inequality
HI(XS) S 21+ﬂ81/2(Hﬂ(7f1 (E)) + 1)’
where X° := {t e(—=11): £ > 81/2}.
Set X := N_ Xy, where Xy := J2, X2 . Then
H' (Xa) < Y 2" P07 H(HP (i (B)) + 1) < 2" P2 M (1P (i () + 1),

k=M

therefore H'(X) = 0.
Also, for any ¢t € [—1, 1]\ X, there exists M, such that t € [, 1]\ Xy C [—1, 1]\
X2 for any M > M,. Therefore, considering the covering associated to ¢ = 2™ we

get
M () 1 7 (0)

<Y M (m(E) Ny ({8)
<P TN =@ <2 VM= M,
i

This proves that Hfo_s(nl (E)yn 7[2_1 ({th)=0forall te[—1, 1]\ X, as wanted. ]
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As an immediate consequence of Proposition 7.7, we get:

Corollary 71.8. — Let E CR" x [—1, 1], let (x, t) denote a point in R" x [—1, 1], and let
7wy (%, 0) > x and 1wy @ (x, 1) > t be the standard projections. Assume that, for some B € (0, n] and
s> 0, we have:

o dimy (7 (E)) < B;
o Forall (x,,1t,) € E and & > 0, there exists 0 = 0., ., e > O such that

[, eBy(x) x[-1,1] : L=t > [x— x| *} NE=.
Then:

(@) If B < s, we have dimy (7w9(E)) < B/s.
b) If B > s, for H'-a.e. t € R we have dimy (E. N n;l({t})) <pB—s.

8. Dimension reduction results

This section is concerned with bounding the Hausdorfl' dimension of the differ-
ences of the subsets of X,_; defined in (6.2). Note that we have the chain of inclusions

8.1) O DX o2 =37 o2 oM =37 o B¢

n—1

where the two equalities in such chain of inclusions follow from Propositions 4.15 and 5.8.
For 0 <m < n— 2, we simply consider the sets

2, DX =% 0<m<n—2,

as this suffices for our purposes. Recall that, by Proposition 3.9(a), we have X, \ X% =
i L

Our goal is to show that dimy (7, (X \ Z>5 ) <n—2 for any ¢ € (0, 1), where
7, denotes the canonical projection 7, : (x, £) = x. For this, using the tools developed in
the previous sections, in the next lemmas we bound the size all the differences between
consecutive sets of the previous chain of inclusions.

Proposition 8.1. — Let u € C'(B; x [—1, 1) solve (6.1). Then:

(a) dimy (7 (X )) <m—1forl <m=<n—2 (m (X)) is discrete if m=1).
(b) dimy (m (X 1)) <n—3 (m((X; 1) is countable if n = 3).
(c) Forany o € (0, 1):

—ifm=<n—2thn m (X, \ X)) N Bp is covered by a C' m-dimensional

manyfold;
— m (fol) N B, us covered by a CMY (n — 1)-dimensional manifold.
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Progf: — (a) We need to prove that, for any B > m — 1, the set 7r;(X?) has zero H”
measure. Assume by contradiction that

HP (71 (Z2)) > 0.

Then, by Lemma 7.6, there exists a point (x,, ,,) € X! —which we assume for simplicity
to be (x,, £,) = (0, 0)—, a sequence 7 |, 0, and a set A C B; with H#(A) > 0, such that
for every point y € A there is a sequence (x;, #) in X such that x; /7, — ».

Let w=u(-,0) — po, w, = w(r-), w, = w,/H(1, w,)"”%. Then, thanks to Proposi-
tion 3.9, up to extracting a subsequence we have
(8.2) W, —~¢ in W (R"),

loc

where ¢ is A*"-homogeneous harmonic function. By definition of X£? we have A% = 2,
and thus ¢ 1s a quadratic harmonic polynomial satisfying (3.11).

Thanks to Lemma 6.4 we have A C {g = 0} N {po = 0}. Therefore, since
HP(A) > 0, the polynomial ¢ vanishes in a subset of dimension 8 > m — 1 of the m-
dimensional linear space {p, = 0}. The only possibility is that ¢ = 0 on {p, = 0}, and then
(3.11) implies ¢ = 0; a contradiction since H(1, ¢) = 1.

We note that in the case m = 1 the same proof gives that X{ cannot have accumu-
lation points, i.e., it must be a discrete set.

(b) We apply Proposition 7.3 to the set 77, (X)) with the function f : 7, (Z°)) —
[0, o0) defined by

f(xo) = ¢(O+a u( Sy T(xo)) _pQ,xo,t(xo))v
with 7(x,) :==min{t € [-1,1] : (x, ) € T}.
Note that, by Lemma 6.2(c), we have ¢(0", u(-, ) — po.....) =/ (x,) for every ¢ such that
(%0, t) € X. Also, by Proposition 3.9 (b) and the definition of Z';_gl, we have f(x,) € [2 +
o, 3).
To obtain the result, thanks to Proposition 7.3, it suffices to show the following
property: for all x, € 7, (% :_31) and for all & > 0 there exists 0 = @(x,, &) > 0 such that

B, (x) Ny (X,°) NS ([f () — 0./ (%) + 2])
Cly: distp, I,,,) <er} Vre(0,0),

where I1, , is a (n — 3)-dimensional plane passing through x,.

With no loss of generality we can assume that (x., &) = (0, 0), and we prove this
statement by contradiction. If such o > 0 did not exist for some & > 0, then we would
have sequences 7; |, 0 and xg) € m (E;_gl) NB,,1<j<n—2,such that

y/(;/) = x,(;/)/rk —>yg2 e B, dim(span(ygo),yfo), . ,yé’é‘”)) =n—2,

(") =@ o.
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Letw=u(-,0) — py, w, =w(r-), w, = w,/H(1, w,)"/% Tt follows by Proposition 3.9 that
(8.2) holds, where ¢ is a A2"*-homogeneous solution of the Signorini problem (3.12). Also,
since we are supposing that (0, 0) € E,f_zl, we have A7 € [2 + a., 3).

Applying then Lemma 6.5 to the sequences (x,(cj), ‘C(x,(;/))) we deduce that ¢ is trans-
lation invariant in the n — 2 independent directions

VoI o0l €y =0}

As a consequence ¢ is a two dimensional A*-homogeneous solution of Signorini, with
A2 e [2 + o, 3). However, it follows from Lemma A.2 that 2D homogeneous solutions
of Signorini have homogeneities {1,2,3,4,...} U {1l + %, 3+ %, 5+ %, 7, —|—%, ...}, im-
possible.

Note finally that, when n = 3, the same argument (but using Lemma 7.1 in place
of Proposition 7.3) implies that £~°| is at most countable.

(c) We prove the statement for the maximal stratum %> ; the proof for X, \ X =
¥>% is analogous.

Given x, € 1, (Z2°), set Py = po vy (- — %,). We claim that, for every pair
Xo, X € JTl(Eﬂzfl) N B_Q, we have

(8.3) ID'P,, (x) = D'P.(0)| < Clx — x,|*™" fork=0,1,2.
Indeed, note that for all ¥ € 7, (Z>°) N B, we have ¢ (0 u(x + -, T(})) — posc) > 3.
Thus, by Lemma 3.6,
A A 3 1— Q

[u(E+ -7 ®) = poieo | ey = CO @7 Vre{0,—= ),
therefore, applying this bound both to x = x, and x = x, we get

|u( -, T(x)) — Py,

|u( -, T(x)) = P,

Choosing r = 2|x — x,|, and assuming without loss of generality that 7 (x,) < 7(x), since
u(+, (%)) < u(-,7(x)) we obtain

<C¥ in B,(x,) and
<G inB,®).

P, —P < Cr + u( , T(xo)) — u( , r(x)) <Cr inB,(x)NB,(x).

Noticing that P,, — P, 1s a harmonic quadratic polynomial that vanishes at some point
& in the segment joining x, to x, as a consequence of the above upper bound we easily
deduce that

3
1Py, = Pillies,ay < Cr,

and since the L>°(B;) and the C*(B,) norm are equivalent on space of quadratic polyno-
mials, (8.3) holds.
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Then, applying Whitney’s extension theorem (see [Fef09] or [FF'S19, Lemma 3.10])
we obtain a C*! function F : B; — R satisfying

F(x) =P, (x) + O(Ixo - x|3)

for all x, € m(T>’) N B,. In particular 7,(X>°) C {VF = 0} and D’F(x,) =
D?py.. 10y (0) has rank one (recall that (x., T(x,)) € X,_). Hence, by the implicit func-
tion theorem, we find that {VF = 0} is a C"! (» — 1)-dimensional manifold in a neigh-
borhood of x,. O

As a consequence of the previous result, we get the following:

Corollary 8.2, — Let n =3, let u € C'B, x [—1,1]) solve (6.1), and assume that
u(x, U') > u(x, ) whenever t' > t and u(x, t) > 0. Then, for all but a countable set of singular points

(%, 1,), we have
< wre(o L2l
ey =7V T )

Hu(xo + ) to) _pQ,xo,to
where C depends only on n and 1 — |x,|.

Progf: — On the one hand, since n = 3, Proposition 8.1 implies that X, \ 223 is

a countable set for m =0, 1, 2.® On the other hand, for (x., %,) € 223, setting p = I_Tl“

and applying Lemma 3.6 to the function w = p~2u(x, + p -, f,) — pa....., (note that then
¢ (0%, w) > 3) we obtain

(g>6< H(w, p)
r /) = H(w,r)

Therefore, using Lemma 3.7, we obtain

H(w, p)'?

lwllie,) < Cr)H(w, 27)1/2 <C) PE r,

as desired. O

Proposition 8.3. — Let u € C'B, x [—1,1]) solve (6.1). Then nl():fjl Zi'_dl) is con-

tained 1 a countable union of (n — 2)-dimensional Lipschitz manfolds.

Progf: — Tor any (x,, {,) € ¥=3 Zi’fl we apply Lemma 6.6 to u(x, + -, 4%+ ) to

n—1
find a (n — 2)-dimensional linear subspace L, , and o,,, > 0 such that

m(Z2)NB,(x,) Cxe+ L, +B, forallre(0,0.,.,).

% Note that, as a consequence of [Caf98], points in X are always isolated and « is strictly positive in a neighborhood
of them.
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7

Write 27\ =2, = U; Ej, where
Ej = {(xo9 l,) € Ef_%l Zifl $Oxt, > 1/]}

Note that, for any (x,, t,) € E;, the set (Z ) N By/j(x,) is contained inside the cone

n—1

{XEBI/J(xO) dm(l Xl xo+on[o)_1},

which implies (by a classical geometric argument) that the set 7, (E;) VB o can be covered
by a 1-Lipschitz (n — 2)-dimensional manifold. The result follows by taking the union of
these manifolds over all y € N. U

Lemma 8.4. — Letue C°(B; x [—1, 1]) solve (6.1). Then:

(a) dlme(ﬂl(E>31 \ E ) <n—2 (countable if n =2).
(b) dimg (X7 \ 22 = 7)) < n—3 (countable if n=3).

Proof. — (a) The proof'is similar to the one of Proposition 8.1(b). Indeed, we apply
Proposition 7.3 to the set (Z>31 \Z 1) with the function f : m, (Z>31 \Z ) — [0, 00)
defined as

<8‘4> f(xo) = ¢(O+’ u( s f(Xo)) - gzxo,r(xo))a

where 7(x,) :=min{t € [-1, 1] : (x, ) € T}.
By Lemma 6.2 (c) we have ¢ (0", u(-, ) — &, ) =/ (x,) for every ¢ such that (x,, () € X.
Moreover, by definition of X7\ E" 1> we have f(x,) € (3 4). Then, thanks to Proposi-

tion 7.3, it is enough to show that for all x, € m, (2>%1 \ E —,) and for all € > 0 there exist
0 =0(x., &) > 0, and a (n — 2)-dimensional plane IT, passing through x,, such that

B, () N (B2 VT ) N7 ([ () — 0./ (o) +0])
Cly: distp, 11,) <er} Vre(0,0).
Assuming (%o, &,) = (0, 0) and arguing by contradiction, we find sequences 7. | 0 and
(J) em(Z7)\ »>')NB,, 1 <j<n—1,such that

%o

) ] D : n
y,(f) =x I —>ygg € By, dlm(span(y(l),ygj), e J/éo 1))) =n—1,

(") =] L o.

Setting w = u(-,0) — &, w, = w(r-), w, = w,/H(, w,)"”?, it follows by Proposi-
tion 4.12(a) that (8.2) holds, where ¢ is a A%?-homogeneous solution of the Signorini prob-
lem (3.12) with A% € (3, 4) (recall that (0,0) € £\ Ef_ﬁrl). Also, applying Lemma 6.8
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to the sequences (x(J) , T (x,(f) )), we deduce that ¢ is translation invariant in the n — 1 inde-

pendent directions
(2 (n—1) —
Voo Joor Do € (P2 =0}

Thus ¢ is a 1D A%’-homogeneous solution of Signorini, with 1*? € (3, 4), and this is
impossible by Lemma A.1.

Finally, when n = 2, the same argument (using Lemma 7.1 instead of Proposi-
tion 7.3) implies that X% \ X =" is at most countable.

(b) The proof is completely analogous to the one of part (a), using Lemmas 6.10
and A.2 instead of Lemmas 6.8 and A.1. UJ

Remark 8.5. — Notice that the difference between parts (a) and (b) in the pre-
vious Lemma comes from the fact that there exist 2D solutions to the Signorini prob-
lem with homogeneity 3 + % € (3,4), while there is no such solution with homo-

geneity in the interval (4,5). Hence, using the exact same proof as above, one can
show that dimy (7, (X7 \ 251{2)) < n — 3, where we define 25_712 as the set at which
¢, u—P)=>17/2.

With the aid of Lemmas 7.4 and 7.5, we can next prove the following:

Lemma 8.6. — Letue C°(By x [—1, 1]) solve (6.1). Then
dimy (, (224 \ ZM)) <n—2.
Proof: — Define 7 : 7, (X) — [—1, 1] as in (8.4) and note that, by Lemma 6.2, it 1s
lower semicontinuous.

Hence, thanks to Lemma 7.5, it suffices to prove that, for any given ¢ > 0 and
(%0, T(x)) € 25—41 Z;”_’ll, there exists 0 = 0(x,, €) > 0 such that

(8.5) TNB,(x) X [T(x), 1) C{xc+ 1 :9€8@..8)) Vre(0,0),

for some p., , € P;"2". This follows from Lemma 6.12 applied to u(x, + -, T(x) ), since by
monotonicity

TNy ([rx), 1]) € {u(x. + -, T(x)) =0}. O
We can finally prove the following:

Theorem 8.7. — Letu € CO(B, x [—1, 1]) solve (6.1). There existsaset X* C X, C X,
with dimy (71 (X \ %)) < n— 2, such that for any given & > 0 the following holds:

5—
HU(XO + ) ZLo) - <gzxg,zo _p4,xo,to L®(B,) S CT ¢

]
Vre (0, 5), V(%, %) € (Z*NByp) x (=1, 1),

where C depends only on n and €.
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Progf: — Recall the chain of inclusions (8.1). We have:

e Proposition 8.1 (a) and (¢) = dimy( m((X\X,_;) )<n-—
e Proposition 8.1 (b) =  dimy (7 (T, \ X)) <n— 3
e Proposition 8.3 = dimy( JTI(Z_ Zwl) ) <n—2,
e Remark 6.1 = T (X z>31) =
e Lemma 8.4(a) = dimy(m (X2 \ =2 ) <n—2,
e Lemma8.6 = dimy( 7 (X! l\):>41) )<n—2,
e Lemma 8.4(b) = dimy(m (T \ Z2°) <n—3.
Thus, if we define
m 2;51 6’
e>0
then dimy (7 (X \ £¥)) <n— 2. Fix ¢ > 0, and let (xo, L) € (X*NByp) x (=1,1). By
Lemmas 4.9 and 4.1 applied to w :=u(x, + -, &) — P, — Pa.r,.., WE Obtain

l

r

DN _H/2,w) +(1/2)07)
of -
~ H@,w) + 2079

therefore

‘ ) 1/2
H(r, w)l/Q = C(/ (u(xo + ) — P —ﬁ4,xo,zo)2 4 (1/2)2(36)) e

B2

<C(n,&)r=.

Combining this bound with the Lipschitz estimate in Lemma 4.7, we easily conclude that

luCiot 1 1) = Pt —Pao, = lwlliem) <Cr™ VO<r<1/2,

Lee(B,)

where C depends only on n and ¢. U

9. Cleaning lemmas and proof of the main results

Recall that, in all the previous sections, we only assumed that u(-, #) was nonde-
creasing in {. Now, in order to conclude the proof of Theorem 1.1, we will assume the
“uniform monotonicity” condition (1.2). Note that condition (1.2) rules out the existence
of connected components of the complement of the contact set that remain unchanged
for some interval of times.

The first bound involves a barrier argument that will play an important role.
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Lemma 9.1. — Let u: By x (—=1,1) — [0, 00) solve (6.1), with (0,0) € X and {p, =
0} C {x, = 0}. Let p be a polynomial satisfying Ap = 1. Assume that, for some B > 0, we have

‘u(.’o)—p|fc7ﬁ inB,VrG(O,Vo)y

and define
n—1
o 1 .
Y i==d =D+ g, YW =Y/,
i=1
r
D,:=0B,N{y" >0} =0B,N Ixn|>—}.
ol =m0 il >
Then, for all t > 0 we have

minp, [u(-, 1) —u(-,0)]

maxyg, ¥

u(-, 1) =>p+ v —CrP B, Vre(0,r).

Proof: — It follows by our assumption on « that
1
(9.1) u(-,0)—p>—Cr? Vre (0, 5).
Set
minp, [u(-, 1) —u(-,0)]

maxyg, ¥

vi=p+My —Crf,  withM:=

We claim that v < u(-, ¢) on dB,. Indeed, since ¢ > 0, it follows by (9.1) that
v=p—Cr’ <u(-,0)<u(-,0) ondB N{y <0}.

On the other hand, since maxyg, ¥ = maxp ¥’, we see that My/" < minp [u(-,7) —
u(-,0)] on 0B,. Hence

v=p+My —Cr’ <u(-,00+My’ <u(-,t) onD,=09B,N{y’ >0},

and the claim follows.

To conclude the proof it suffices to observe that, since ¥ is harmonic, we have
Av =12 X >0y = Au(-, t). Thus, combining the claim with the maximum principle,
we conclude that

v<u(-,f) inB,. ]

The second result gives us a bound on the speed at which « increases in ¢ at singular
points. Note that this speed 1s much better in the lower strata X, with m <n — 2 with
respect to X,_;. This is one of the reasons why, in the previous sections, we needed to
perform a very refined analysis at points in X,_.
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Lemma 9.2, — Let u: By x (—1, 1) — [0, 00) satisfy (6.1) and (1.2), with (0,0) € X
and {p, = 0} C {x, = 0}. Let D, be defined as in Lemma 9.1.

(@) If(0,0) € X, with m < n— 2, then for all € > O there exist ¢, pe > 0 such that

minfu(-, ) — (-, 0] = cr’t, Vre (0, po).

(b) 1If(0,0) € X,_,, there exists ¢, p > O such that

nIl)in[u( SO —u(-,0)]=ert, Vre(o,p).

Proof. — (a) Note that, by the uniform convergence of 7 %u(r -, 0) to py, given § > 0
there exists 75 > 0 such that

{u(-,O):O} NB, CCs:= {xER” : dist(ﬁ,{@:()}) 53}.
x

Denote by ég :=R"\ Cs the complementary cone, and let ¥s(x) := |x|"* Ws(x/|x]), where
W; > 0 is the first eigenfunction of the spherical Laplacian in Cs N'$"! with zero bound-
ary conditions and s is chosen so that the first eigenvalue is ps(n — 2 + ws)). In this way
Y¥s 1s a s-homogeneous harmonic function vanishing on the boundary of Cs.

Since dim({py = 0}) =m < n — 2, the set {p, = 0} has zero capacity and so ;
converges to a positive constant as § | 0. Thus s | 0, and we can choose § =d(¢) > 0
such that o < €.

We now observe that, for ¢ > 0, we have

{u(-, 1) >0} D {u(-,0) >0} DG NB, DCysNB,,

and v:=u(-, ) —u(-,0) is nonnegative and harmonic in {u(-, ¢) > 0}. Note also that,
by the maximum principle, every connected component of {u( -, t) > 0} must have a part
of its boundary on 9B, and thus (1.2) and the Harnack inequality (applied to a chain of
balls) imply that

V> cst il’léggmaBm, 63>0.

Hence we can use the function

’ Cs wQS
vV =

[Wos I,

as lower barrier, and applying the maximum principle we obtain v — v’ > 0 inside the
domain CQ(; NB,,. Since D,, C C 95 N B,,, this proves that

r%in[u( 0 —u(- O)] mlnv > r%lnv =c"?t> ot Vre (0,r).
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(b) After a rotation, we may assume that {po = 0} = {x, = 0}. By Propositions 3.9
and 3.10, we have that {u(-, 0) > 0} D {|x,| < C|¥'|'**} in a neighborhood of the origin,
where x = (¥, x,) and «, > 0. In particular, there exists a C* domain Q contained
mnside {u(-, 0) > 0} and satisfying 0 € 9€2. By monotonicity of « in ¢, the same domain 2
is contained in {u(-, {) > 0} for ¢ > 0.

Hence, the function v := u(-, ) — u(-, 0) is positive and harmonic in €2, and by
assumption (1.2) we have—as in the proof of (a)—that v > ¢;¢ > O in a small ball B CC €.
Using Hopf’s lemma in C'* domains, we deduce that 9, v(0) > ¢yt > 0, and the result
follows. O

We can now prove the following key result:

Lemma 9.3. — Letu:B; x (=1,1) — [0, 00) satisfy (6.1) and (1.2), let oty > O be given
by Proposition 3.9, and let X¥* C X, be given by Theorem 8.7.

(a) If(0,0) € X and m < n — 2, then for all &€ > O there exists 0 > 0 such that
{(, €B,x (0, 1) = t>[x**}N{u=0}=0.
s € 2, ,m=<n—2,then for all € > U there exists 0 > U sucn that

(b) 1f(0,0) e X, \ X¢ 2, then for all 0 th sts 0 > O such th
{(, €B,x (0, 1) : t>x"*}N{u=0}=0.

C R € 1, then there exist G, 0 > U sucn that

(c) 1 (0,0) ):7731/1 h st G, 0 > 0 such th
{(,) €B, x (0, 1) : t>Clal'""™™} N {u=0} =0.
R € |, lnen there exist 0, 0 > 0 such that

d) 1f(0,0) € 77, then there exist § 0 such th
{(,) €B, x (0, 1) = t>[x*}N{u=0}=0.

e ,U) € , then for all € > O there exists 0 > U sucn that

1 (0,0) € X*, th il 0 th sts 0 > O such th

{(, €B,x (0, 1) : t>[x"*}N{u=0}=0.

Progf: — After a rotation, we may assume {py = 0} C {x, = 0}. In all the following
cases we will apply Lemma 9.1 and use that " > i in B, 9.
(a) By Lemma 9.2(a) we have, for any € > 0,

. . _ . £/2
(9.2) rrlglrn[u( ) —u(-,0)] > et
Also, since u is C"!, |u(-,0)| < Cyr* in B, for all r € (0, 1/2). Thus, by Lemma 9.1
applied with p=0and g =2,
9.3) u(+, 1) = eominfu(-, ) —u(-, 0)[y" = Cor’  inB,, Vre (0,1/2).
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Since ¥’ > i in B, )9, thanks to (9.2) we deduce that
u(-,0)>0 1inB,y,fort> (r/2)"F,
therefore
fu=0yN {t> x>} =0.

(b) Using again Lemma 9.2(a), it follows that (9.2) holds. Also, since (0,0) € X, \
X it follows from Proposition 3.9(a) that A%’ > 3. Hence Lemmas 3.6 and 3.7 imply
that |u(-,0) — py| < Cor’ in B,, and therefore Lemma 9.1 applied with p = p, and 8 = 3
yields

u(-, 1) > py + ¢ nll)in[u(-,t) —u(-,0) ]y —Cor’ inB,, Vre(0,1/2).

Since py > 0, one concludes as in the proof of (a).
(c) By Lemma 9.2(b) we have

9.4) nIl)%n[u( ) —ul-, O)] > ort.

Since at the maximal stratum the frequency is at least 2 4+ o, (see Proposition 3.9(b)),
using Lemmas 3.6 and 3.7 we have [u( -, 0) — py| < Cor*** in B,. Therefore, it follows
from Lemma 9.1 applied with p = p» and B = 2 + «,, that

u(-, 1) > pa 40 rrrl)in[u(-, 1) — u(-,O)]lﬂ"—CorQ+o‘° in B,, Vre (0,1/2).

Thus, since ¢ > i in B, /9, thanks to (9.4) we obtain

u( Y, Z) >0 1n By/g for ¢ > Cg?’l—HXO.

(d) Again, (9.4) holds as a consequence of Lemma 9.2(b). Moreover, since (0, 0) €
¥ >3, thanks to Lemma 4.7 we deduce that |u( -, 0) — &| < Cor**? in B, for some § > 0
(note that 8 may depend on the point (0, 0)). Therefore, Lemma 9.1 applied with p = &
and B =3 4 26 yields

u(-, ) > P+q r]fll)in[u(-,L‘)—u(-,O)]lﬁr—CorHQ‘S in B,, Vr € (0, 1/2).

Recalling that &2 > —C|x]°, it follows from (9.4) that, for ¢ > (r/2)**® and r sufficiently

small,
u( ) t) Z @ + Cg?'t — Corg+8 > _(—]1’5 + Cg?’t _ Cor3+28 >0
in B> 0 {u(-, 0) =0}.

Since u( -, ¢) > u( -, 0), this proves the result.
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(e) Again, (9.4) holds as a consequence of Lemma 9.2(b). Moreover, by Theo-
rem 8.7, for every ¢ > 0 we have |u(-,0) — & — py| < Cor"~¥/? in B,. Then, applying
Lemma 9.1 withp=ZX +pand =5—¢/2,

u(- ) > P +pi+a Hll)i,n[u( ) —u(-, O)]w’ — G2
in B, Vre (0,1/2).
Also,
P+ p,>—Clx|° in {u(-,O) = 0} C {x,l < C|x’}2}.
Thus (9.4) yields, for ¢ > #*~¢ and r small,
u(-, 1) = P 4 py+ st — Cor” > > —Cr® + 31t — Cor” > > 0
in B,o N {u(-,0) =0}. O
The set £2°, \ ¥ is treated separately in the following lemma. Since in this case
the 3rd order blow-up is not harmonic, the proof is more involved. In particular, instead

of proving that there are no singular points in the “future” ¢ > 0, we show that they do
not exists in the past.

Lemma 9.4, — Let u:B; x (=1,1) — [0, 00) satisfy (6.1) and (1.2), wuth (0, 0) €
22N\ E¥ . Then

n—1 n—1°
[, €By x (=1,0) : t < —o(Ix])Ix*} N T =9,

Jfor some modulus a continuity w : [0, 00) — [0, 00).

Proof: — Let w = u(-0) — po, w, = w(r-). Also, with no loss of generality we as-

sume that po = éxfl By Proposition 5.4 we have that

- - ( b .
9:5) |7 w, =] g, S8 L O for g = || <§x2 —x -Ax’) +xn<§ j—x’-Bx’),
where x = (¥, x,), and A € R"' x R""! is symmetric, nonnegative definite, and has at
least one positive eigenvalue.

Fix > 0, and assume by contradiction that there exists 7 > 0 small and ¢ < —nr?
such that u(-, £) has a singular point in £>°, N B,. Under this assumption, we claim that

(9.6) {xn—l-gxi:x/.Bx/}ﬂBQrC{u(-’l‘/Q):O},

where b and B are given by (9.5).
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Before proving the claim, we show that it leads to a contradiction. Indeed, thanks
to Proposition 3.10, since we are assuming that u( -, £) has a singular point x, € £ with
|x,| < r, then for some ¢, € $"~! we have

9.7) {u(-,t)z()}ﬂBp C {xEBp : }e,-(x—xr)} SC,OQ}, forall p € [r, 1].

Note that the hypersurface {x,+ bxﬁ = x'-Bx'} N By, separates the ball By, in two connected
components B, and Bj,. Also, by monotonicity, (9.6) and (9.7) hold for u(-,#) for all
! €[t,t/2]. Hence, if we define

oo Jux,?) inBj, —n._ |0 in By,
” ("’t)'_{o nB,, " () =1 ue ) in B,

then both «* (-, #) and u (-, ¢') are solutions to the obstacle problem with a thick con-
tact set at 0. Combining this information with (9.7), it follows by [Cat77] that the free
boundaries of " (-, #) and «~ (-, ¢) are uniformly smooth hypersurface inside Bs, o, for
all 7 € [¢, t/2]. In addition, by strict monotonicity, these hypersurfaces are disjoint for any
' < t/2. Since the free boundary of u( -, ¢) is the union of these hypersurfaces, this proves
in particular that the free boundary of (-, ¢) has no singular points, a contradiction.

Thus, we are left with proving (9.6). First of all we note that, by Lemma 6.3, we
have

9.8) ¢ — e, and (flx,) -, —> 0 asrl 0,

where ¢, is the unit vector appearing in (9.7). Furthermore, by the classical barrier argu-
ment used in proof of Hopf’s Lemma (see for instance [Eval0, Chapter 6.4.2]), it follows
from (9.7) that

9.9) u(-,0) — u(-, 1) = el

- (X— X,) - C|X—X7|2)+.

Now, given 7 € B, C R""! and ¢ > 0, we define the function
1 b?’ 2 / / ? / 72
¢, () =——n xn+—xn—rx-Bx —i—(x—z) +c.
’ 2r 3
Note that ¢, > ¢> 0 and
1 1 .
Apy . =——2n+00)+2(n—1)<—, provided) <r< 1.
r r
Also, since A > 0 we have 7(x) < —x,(x" - Bx') + C|x,|*, therefore (recall (9.5))

1
ru(re, 0) — 2—x§ =71, (x) <) +8(1) < —x, (¥ -Bx) +Clx, > +8 ().
r
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Thus, combining the bound above with (9.9), we get

_3 c
ru(rx, t) — fol

< r_g(u(rx, 1) — u(rx, 0)) — X, (x’ . Bx’) +Clx, > +80)
< —7_361|t|( ¢ - (rx —x,)| — Clrx — x,|2)+— x,l(x/ . Bx/) + Clx, > +8(r)
< —clr}( e, - (x—1%,)| — Cr|x — 567|2)+ — xn(x/ . Bx/) + Clx,|> +8(n),

where we used that |¢| > 17> and we denoted %, =: " 'x, € B,.
Recalling (9.8), this implies that

-3 1 2 / / 3
v(x) ;=71 ulm, 1) < Q_x” — x,,(x -Bx) —canlx,| + Clx,|” + 6 (),
r

for some modulus of continuity 0(r). On the other hand, for any ¢ > 0 we have
o (x) = —x — = Clx P = x,(¢ - BY) + (¢ = 2)" + O0).

Let now z:= (¢, z,) satisfy z, + rézi =17 - BZ, and consider a point x € 0B,(z), where
0 <7 <K s < . Then, since |z,| = O(r), we have (¥ — 7)* = s* — x> + O(r), and therefore

b (x) > —x — (n+ Dxl = Clx,|* —x,(x -BY) +5*+O() on dB,(2).
Since, for r L s KL 1,

anlx) + s* > fo +Cly)* +0() for |x,| <s,
we deduce that

v(x) =71 u(rx, 1) < ¢ (x) on IB(2)

for all ¢ > 0.

Now, assume there exists ¢, > 0 be such that ¢, ., touches v from above at some
point x, € B,(2). Since v < ¢, on 0B (z), the contact point is inside B,(z). Also, since
Av=7r"in {u(r-, ) > 0} while A¢., <r!, it follows by the maximum principle that
Xo & {u(r-, t) > 0}. Thus,

0=1""u(ro, 1) = v(x;) = P, (%) = 0 > 0,
a contradiction. This proves that v < ¢, for all ¢ > 0, and letting ¢ — 0 we obtain
<7 u(rz, ) = v(2) < ¢2.0(2) = 0.

Since 7' € By is arbitrary, this proves (9.6), and the lemma follows. 0J
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We finally prove:

Theorem 9.5. — Let u: By x (—1, 1) — [0, 00) satisfy (6.1) and (1.2). Then:

(@) In dimension n =2 we have dimy(7w9(X)) < 1/4.
(b) In dimension n = 3 we have dimy (9 (X)) < 1/2.
(c) In dimensions n> 4, for H'-a.e. t € (—1, 1) we have

HHZnw, ' ({1) =0.

In particular, for n < 4, the singular set 1s emply for a.e. (.

Proof: — First of all, as in the proof of Theorem 8.7, we have the following:

dimy (7, (X2)) <n—3for0 <m <n—2;

dimy (m (X, \ X)) <n—2for0 <m<n—2;

dimy (1 (2,1 \ B2) <n—3;

) (Enz_g1 \ Eiﬂ) is contained in a countable union of (z — 2)-dimensional Lips-

chitz graphs;

o m(Z\XZ) =0

n—1

o dimy(m (T \T)) <n—2;
o dimy (7 (T*) <n—1.

Furthermore, thanks to Lemmas 9.3 and 9.4, we have:

In X9 for 0 <m <n— 2, we can use Corollary 7.8 with B =n— 3 and £ = 2;
In X, \ X we can use Corollary 7.8 with 8 =n — 2 and £ = 3;

InX, ;\ Ef_BI we can use Corollary 7.8 with B =n—3 and k=1 + «,;

In £2° \ ¥ (up to taking a countable union, and up to reversing time) we
can use Proposition 7.7 with B =n— 2 and £ = 2;

e In =77 \ T* we can use Proposition 7.7 with 8 =n — 2 and k = 2;
e In X we can use Corollary 7.8 with § =n— 1 and £k = 4.

Hence, combining these information, we deduce that:

dimy (B4 Ny ' ({¢})) <n—5 for H'-ae. t € R

dimy ((X,,\ Z2) N 712_1({1,‘})) <n—>5for H'-ae teR;
dimH(Zﬁ1 N ng_l({t})) <n—4—a, for H'-ae t€R;
HH(EZN\Z) Ny (1)) =0 for H'-ae. t € R;
HH (2P \ZH Ny ({1)) =0 for H'-ae. t €R;

dimy (B* N7y ' ({))) <n— 5 for H'-ae. t€R.

Thus, part (c) is proved. Parts (a) and (b) follow exactly in the same way, but using instead
Proposition 7.7(a) and Corollary 7.8(a). U
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Remark 9.6. — Thanks to Remark 8.5, one could actually slightly improve the es-
timate for the set 7%\ £* and show that dimy(2;°, \ Z) Ny ' ({1}) <n—4 — L.
However, all the other estimates are sharp (at least with respect to the techniques intro-
duced in this paper), and in particular we believe that it is very unlikely that one could
prove a stronger result with these techniques.

As a consequence of the previous estimates, we finally obtain our main results:

Proof of Theorems 1.1 and 1.2. — The results follow immediately from Theo-
rem 9.5. O
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Appendix A: Some results on the Signorini problem

For the convenience of the reader, in this appendix we gather some classical results on
the Signorini problem (5.1) that we use several times throughout the paper

Lemma A1, — The only 1D solutions to (5.1) that vanish at the origin are gien by q(x,) =
—c|x,| + bx,, for some ¢ > 0 and b € R.

Proof. — Since ¢ = ¢(x,), it follows from (5.1) that ¢ must be affine in R" \ {0},
hence ¢(x,) = a — ¢|x,| 4 bx, for some qa, b, ¢ € R. The condition Ag < 0 implies that
¢ > 0. Also, since ¢(0) = 0 we deduce that ¢ = 0, as desired. O

Lemma A2, — Let A > 0, and let v denote the imaginary unit. The only 2D X-homogeneous
solutions of (5.1) (i.e., ¢ = q(x,, x,—1) and q(rx) = r*q(x) for every r > 0) are given by
Q(Xn, xn—l) = Cil_kRe(lxnl + ix?l—l)A + bRC(Xn + Z.xn—l))hs
yre{l,3,5,...}
Q(xm xnfl) = CZ'AR€(XH + Z.xnfl))L + bIm(xn + Z‘xnfl))ha
fref2,4,6,...},
Q(Xm xn—l) = CRC(Xn + Z.xn—l)k»
- 3 7 11
zfXG{g,g,g,.--},

where ¢ > 0 and b € R. In particular the set of possible homogeneities s {1,2,3,4,5,...} U
3 7 11
5 }

9391 g S
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Proof. — A proof of this result can be found, for instance, in [F'S18, Proposi-
tion A.1]; see also [GP09, Remark 1.2.7]. U

The following result is proved in [ACS08, Lemma 1].

Lemma A.3. — Let g be a solution of (5.1) and assume that ¢(0) = 0. Let ¢ (-, q) be as in
(2.4). Then r = ¢ (r, q) 1s monotone nondecreasing. Moreover, if 1 > r+— ¢ (r, ¢) = X > 0 _for some
open interval 1 C R, then g is A-homogeneous.

We conclude this section with a uniqueness result.

Lemma A4, — Let q;, 1 = 1,2 be two solutions of (5.1) satispying q1 > ¢ in By and
¢:(0) = 0. Assume that ¢ (0%, qo) > 1, or that go = 0. Then g, = ¢5.

Proof. — We use coordinates (¥, x,) € R"™! x R. Assume by contradiction that
¢1 # ¢o. Then, applying Hopf’s Lemma at the origin, we deduce that 9,,(¢1 — ¢2) X
(0,0%) > 0. Also, our assumption on ¢y implies that V¢,(0, 0) = 0, thus 9, ¢,(0,0%) > 0.
On the other hand, the distributional Laplacian of ¢; on {x, = 0} is given by 20, ¢, (+/, 0%).
Since Ag; < 0, this gives the desired contradiction. U

Appendix B: Odd frequency points in the Signorini problem

The aim of this section is to show how the arguments developed in this paper (see in
particular Section 5) can be applied in the context of the Signorini problem to prove both
uniqueness and nondegeneracy of blow-ups at all points of odd frequency for solutions of
the Signorini problem

Au<0 and uAu=0 1inB,
(B.1) Au=0 in B, \ {x, =0}
u>0 on B; N{x, =0},

see Theorem B.7 below. Since this was an open problem in this topic which we expect to
be of interest to a wide audience, we prefer to give a complete and self-contained proof
(rather than referring to parts of this paper) so that this appendix can become of reference
for future results on the Signorini problem.

Note that this appendix extends the results of [GP09] (which were dealing only
with even frequencies) to the sets Iy, («), m € N (see [GP09] for an explanation of this
notation).

Since the odd part of a solution of (B.1) is harmonic and vanishes on {x, = 0},
to understand the structure of the solution and the free boundary it suffices to study
even solutions, that is, u(x', x,) = u(x’, —x,). For this reason, also when studying global
homogeneous solutions, we can restrict ourselves to even functions.
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We begin by recalling Lemma 5.1: If ¢ is a A-homogeneous even solution of (B.1)
and A = 2m + 1 is an odd integer, then ¢ = 0 on {x, = 0} (this result was not known
before). As a consequence of this fact and the Liouville Theorem for harmonic functions
vanishing on a hyperplane,” ¢ must be a harmonic polynomial on each side sides of
{x, =0}.

Then, since ¢|,—oy = 0, ¢ is even, and ¢ is harmonic in R" \ {x, = 0}, we deduce
that

g(¢ %) = —lul(p(¥) + (¥, %)),  (¥,x)eR™ xR,

where ¢y and ¢, are polynomials. Furthermore, since Ag < 0, the polynomial ¢(x') is
nonnegative.
In the sequel it will be useful to define the “trace operator” T as

(B.2) g+ Tlq] := qo.

Since ¢y = 0 implies that ¢ = 0 (as a consequence the harmonicity of ¢ outside of {x, = 0}),
one easily deduces that 1" is injective.
We will need a monotonicity formula that is the analogue of Lemma 5.3.

Lemma B.1. — Let u: By — R be an even solution of (B.1) with ¢ (0%, u) = A, where A
is an odd integer, and define u,(x) := u(rx). Also, let q be any A-homogeneous even solution of (B.1).
Then, for any o € (0, 1),

if = et
— [ ug=— | wg—— | uAg.
dr r r
9B, 3B, B,
d (1 / -0
dr “wy ) =>

0B

In particular

Progf: — We have

—/u,q—/ Vu,q-%/av /dlv(Vu,q)
:Q(/Vqu—i—/Aqu)
r
(/u, vq — /u,Aq—i—/Au, )

9B,

9 More precisely, if we consider the odd reflection of ul(,,~¢), then we obtain a global A-homogeneous harmonic
functions in the whole space. By Liouville Theorem, this functions mush be a A-homogeneous harmonic polynomial.
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Since ¢ is A-homogeneous, we find that o [, o8, u,0,q = A faBg u,q. Also, since ¢ vanishes
on {x, = 0} (by Lemma 5.1) and A« is a measure supported on {x, = 0}, we have
fBQ Au,q = 0. This proves the first statement.

Finally, taking 0 = 1 and using that —#,A¢ > 0 in R” (since A¢g < 0 is supported
on {x, = 0}, and «, > 0 there) we obtain

d (1 1
aB 0B,

As a consequence of the previous result, we deduce the following:

Proposition B.2. — Let u: By — R be an even solution of (B.1) with ¢ (0T, u) = A, where
A =2m 1 s an odd integer. Then the limit

exists and 1t is a A-homogeneous even solution of (B.1).

Proof: — Let

(0 =lim ——uo, i=1,2,
A0 (r)r

be two accumulation points along different sequences r,gi). Then, given a A-homogeneous
sol}ltion'of. Signorini ¢, we can apply. Lemrr}a B.1 to deduce that r }A faBl 4,q has a
unique limit as 7 — 0. In particular this implies that

/q(”q=/q(2)q»
aB; 0B

therefore, choosing ¢ = ¢ — ¢®, we deduce that ¢V = ¢®. ]

The next step consists in showing the following nondegeneracy property: if
¢ (0%, u) = A, then the limit ¢ obtained in Proposition B.2 cannot be identically zero.
This 1s the most delicate part of this appendix, and the proof of this fact requires a new
compactness lemma and an interesting ODE type formula obtained below.

Lemma B.3. — Let u: By — R be an even solution of (B.1) satisfying ¢ (07, u) = A with
A odd, set u,(x) = u(rx), and let u, *= u,/||u,||12¢38,). Given n > 0 there exists 8§ = §(n, A, 1) such
that, if for some r € (0, 1/2) and_for some A-homaogeneous even solution q of (B.1) we have

la, — glliomy <6,
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then

4, =0 on{x,=0}N(B; \Bip) N{Tlgl=n},
where T[q] is defined as in (B.2).

Proof. — TFix z = (Z,0) € (B; \ By/2) such that T[¢](¢) > 5, and given ¢ > 0 we
define

() = —(n— Dlx* + [¢| +e.

Let 0 > 0 be sufficiently small (depending only on 7 and 1) and take § = ¢*. Then, for
|x| = 0 we have

(B.3) w(z+x) < gz +x0+8
= —lnlg (<) + O(e”) +8 = —nlxl + O(e") +8
< —nlx,]* + |x)* < @.(x) Ve>0.

Since ¢, > ¢(z + -) inside B, for ¢ large, we can decrease ¢ until a contact point occur
inside B_Q. Since ¢y(0) = 0 < ¢(2) (since z € {x, = 0}), we see that such a contact point
must occur for some value ¢, > 0.

If ¢, = 0 then we have u,(z) < ¢y(0) = 0, as wanted. Hence, it suffices to show that
¢, > 0 1s impossible.

Assume by contradiction that there exists ¢, > 0 such that ¢, > ¢(z+ -) in B,, and
., (%) = (2 + x,) for some x, € B,. By (B.3) we see that ¢,, and #,(z + -) must touch at
an interior point, thatis x, ¢ 9B,. Also, since ¢,, is harmonic, it cannot touch »,(z + -) at
some point where it is harmonic too. Thus, x, must belong to {x, = 0} N {«,(z 4 -) = 0}.
This gives 0 = u,(z + %) = @, (%) = |%|* + ¢, > 0, a contradiction. ]

Another fundamental tool 1s the following ODE-type formula.

Lemma B.4. — Let u: By — R be an even solution of (B.1) satisfying ¢ (0F, u) = A, with
A odd. Set u,(x) := u(rx), h(r) := |l |l1208,), and u, := u,/h(r). Let q be an even A-homogeneous
solution of (B.1), and define

(B.4) Y(r; q) = /Zt,q— 2 / uyq.
3B

9B1/2

Then
d | »
U= 00— - / W AG,
r r

Bi\Bj 2
) A

o+ ) = (s

where 0(r) 1= (
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Proof. — As in the proof of Lemma B.1, we obtain

d A 0
— | wg=— [ wuq—— | u,Aq.
dr r r

3B, 3B, B,

Thus, since u, = u,/h(r), we deduce that

g (FH042) a2 [

— g=|— — - = A

dr “d < h(r) + 7) “d r g,
3B 9B, B,

(4

and the lemma follows combining the identities for o =1 and o = 1/2. ([

In the sequel, for A =2m + 1, m € N, we denote
Q; := {even A-homogeneous solutions of (B.1)}.

Also, given f € Il _(R"), we define the radial symmetrization in the first (n — 1) variables

loc
as

(B.5) F(¥, %) = ][ JS(MX,x)dM, x=(¥,x)eR"" xR,
SO(n—1)
where the previous average is with respect to the Haar measure of SO(n — 1).

Lemma B.5. — Given ). > 3 odd, there exists a unique Q € Q,, satisfying

(B.6) Q=Q ad Q)@= 1.

Moreover, for any other ¢ € Q;, we have

/qu%mwymn>0

9B,

where ¢, 5 s some positive constant depending only on n and A.

Progf: — We begin by noticing that Q) = Qbelongs to Q; if and only if

A—1 A—1

2

2
B.7 ) =) aq|¥ A7172k|xn|1+2k, ap <0, A ap|d P I2EAI2R) = 0.
( g

k=0 k=0
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Setting 7’ := |x’| and noticing that AQ = 9,,Q + ”:—,28,er+ 0., Q, we can rewrite (B.7)
as

>~

-3
(A —1—-2)(A—2—2/+n—2)
J=0
FaaBG+2)Q+2) () VR =0,
Therefore, (B.7) is satisfied if and only if
g —1=2DA—2—2%4+n—2)+a1(3+2)©2+2) =0
A—=3

forallj:(),l,...T.

This means that all the coefficients are uniquely determined (by induction over j) once
ap < 0 is fixed, and ¢y < 0 is uniquely determined imposing that ||Q]|;2s,) = 1. This
concludes the first part of the proof.

To prove the second part, note that if ¢ € Q; theng € Q, (see (B.5)). We now recall
that, to define the trace operator T, we used the expansion

q(x’, xn) = —|xn|(q0(x/) + g (x/, xn)), so that T[¢] = ¢o.
Since T[¢] = 0 implies ¢ = 0, it follows by compactness that

,\7‘

| TUg1 | 2om,) = nllgllizam,y  ¥g € Qs for some ¢, ; > 0.
Also

'q\(x/, xn) = —|xn|(%(x/) + xia(x/, xn)), thatis T[q] = '1{[;]

Thus, given ¢ € Q;, since § € Q, depends only on the variables 7 = || and x,, it follows
from the first part of the proposition that ¢ must by a positive multiple of Q, that is,
7=1Q, where t > ¢, |lqll1238,) > 0. Hence, since Q: Q) and using the invariance of the
Haar measure dM on SO(n — 1) under the transformation M > M™!, we get

/QQZ/QQZ/dx ][ ¢(¥', %) QMY x,) dM
o8, b, 0

B SO(n—1)
= /a’x ][ q(M_lx/, x,,) Q(x/, x,,) dM
9B, SO(—1)
= /dx ][ q(Mx', xn) Q(x’, xn) dM
9B, SO(—1)

= /'q\Q:t/QQ > eupllgllizon,)- ]
dB;

aB;
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In the following proposition we will use the notation X <Y for X < C(n, A)Y and
Y <C(n, MH)X.

Proposition B.6. — Let u: By — R be an even solution of (B.1) with ¢ (0T, u) = A, where
A ts an odd integer. Suppose that ||ully2m,) = 1, and set u,(x) := u(rx). Then

0< C?’A < ||u,||L2(3BI) < 7’)L Vr e (0, 1],

where ¢ depends only on n and A.

Progf. — The inequality ||u|128,) < r* follows from the fact that =2 H(r, ) is
monotone nondecreasing since ¢ (r, u) > A (see [ACS08, Lemma 2]). We need to show

the bound from below (the nondegeneracy).
Define

(B.8) W (r) :=max{y(r; ¢) : g€ Q; and llgllizen) =1},

where v is given by (B.4), and let ¢* be the function at which the above maximum is
attained (note @, is a closed convex subset of a finite dimensional vector space). Also,
let Q be as in Lemma B.5, and define ®(r) := ¥ (r, Q). Then, as a consequence of
Lemma B.4, we have

d 1
d—\ll(r) =0(NV¥Y () — - / u,Ag’ forae r>0,
r r

B1\By 2
and
d 1 -
(B.9) d—CID(T) =0(rnNd(r) — - / u,AQ Vr>0.
r r
Bi\Bi 2
We now claim that
W) =00 = 2D 21 a0
N=<d@() x o0 = asr 0.

Indeed, the accumulation points of %, (as r |, 0 and in the G} (R") topology) belong to

the unit ball of Q; (see [ACS08]) and therefore u, — ¢, = o(1) for some ¢, € Q. Hence, by
definition of W,

W) = Y q,‘)=/a,.q,—2 / Ztrqr=/qf—2 / 2 +o(1)

dB, 3B1/Q 0B aBl/Q

_ (1 _ 2—;1—1—%)/(13 +o(1) > é > 0.

dB;
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Note that the above computation shows also that ¥ (r, ¢) = (1 — 27" '7%) faBl q,q+ o(1),
from which it follows that ¢* = ¢, + o(1) as 7 |, O (recall that ¢* is a maximizer in (B.8)).
Similarly, using Lemma B.5,

dD(r):/Zt,Q—Q / Zt,Q:/q,-Q—Q / 7, Q + o(1)

0B, aBl/Z 3B1/2

Crz, A

> (1 =277 +0(1) > 5 >0
where ¢, ; 1s the constant from Lemma B.5. Finally, it is clear that W (r) and ®(r) are
bounded by above, so the claim is proved.

Using the expressions for %\IJ and %CD, we find

d(Pny) 1 W(n) fBl\Bl/z Ay — () fB,\Bl/Q w,AQ
%(%))_7 (1)’

We claim that, given ¢ > 0, for 7 sufficiently small,

(B.10) ‘ /@Ag;‘ /a,Aq.

Bi\Bi2 Bi\Bi2

<é¢

Indeed, introducing the notation B! := B, N {x, = 0} and using Lemma B.3, given n > 0
and choosing 7 > 0 is sufficiently small so that ||z, — ¢*|l1~®,) < 8(n, 1) (recall that ¢* =
¢, +o(1) as r |, 0), we have

0<-— / uAgF = / u(rv', 0)T[g7] dv’

Bi\Bj 2 13’1\13/1/2
=7 / ud¥' <n / u, dx'
(B{\B, ,)N(Tlg]<n) B/\B)
(recall that u, > 0 on {x, = 0}), while
A=l
— / u, AQ = 2|ay| / u(rx/,0)|x/| >, / u, dx,
Bi\By /2 BI\BY 1y BI\B

for some constant ¢, ; > 0. Hence, dividing by /(r), we obtain

0 S - / arAqr S Cn,)»n / Z‘rAQ

Bi\Bi/2 Bi\Bi/2

and (B.10) follows.
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Then, thanks to (B.10), we deduce that

d(¥m) 1Y0 S DG = @) [y T AQ
%(cb(r)>__; (I)(r)Q

1
= — / u, AQ
r

Bi\Bi 2

for r < ry small enough.

Integrating the above ODE over [7, ], since the integral of %(M

()
uniformly bounded as 7 — 0, we deduce that the negative term } fBl\Bl/Q u, AQ is inte-
grable over [0, 7]. Hence, since ®(r) < 1 and 8(r) = %log(/z(r) /), it follows from (B.9)
that

) over [7, rp] is

dilogq)(r) = dilog(/l(r)/rk) +g(r), withge L! ([O, 70]).
r r

Integrating over [7, 7] and using again that ®(r) < 1, we deduce that log(A(?)/7*) is
uniformly bounded as 7 — 0, therefore 4(r) < r*, as desired. 0

As a consequence of Propositions B.2 and B.6, we get the uniqueness and nonde-
generacy of blow-ups:

Theorem B.7. — Let u: By — R be an even solution of (B.1) with ¢ (0%, u) = A, where
A =2m 1 s an odd integer. Then the limit

exists, s non-zero, and it is a A-homogeneous even solution of (B.1).

Thanks to this result, by classical arguments (see Proposition 8.3 and Lemma 6.6)
one easily obtains the following rectifiability result, that was already proved with com-
pletely different methods in [FFS18]:

Corollary B.8. — Let u: By — R be an even solution of (B.1). Then, for any odd integer
A > 3, the set of free boundary points of frequency A is (n — 2)-rectifiable.
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