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Abstract

The parabolic obstacle problem for the fractional Laplacian naturally arises in
American option models when the asset prices are driven by pure-jump Lévy
processes. In this paper we study the regularity of the free boundary. Our main
result establishes that, when s > %, the free boundary is a C 1'% graph in x and ¢
near any regular free boundary point (xg,#9) € d{u > ¢}. Furthermore, we
also prove that solutions u are C 175 in x and ¢ near such points, with a precise
expansion of the form

u(x, 1) — 9(x) = co((x — x0) - e + k(1 — 1)1
+0(|)C _xO|1+S+Ol + ‘[ _t0|1+s+a)’

withcg > 0, e € S"_l, and a > 0. © 2018 Wiley Periodicals, Inc.

1 Introduction
Obstacle problems of the form
(1.1) min{Lv, v —¢} =0 inR" x (0,7),
(1.2) v(T)=¢ inR",

arise in the study of optimal stopping problems for stochastic processes. When the
underlying stochastic process is a pure-jump Lévy process, then L is a (backward)
parabolic integro-differential operator of the form

Lu(x,7) = —0;v — /R (v(x +2z,7) —v(x,7) — Vu(x, 1) - 2xB, (2)) 1(d2),

where p is the Lévy measure (or jump measure).
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An important motivation for studying such problems comes from mathematical
finance [18]], where this type of obstacle problems is used to model rational prices
of American options. In that context, the obstacle ¢ is a payoff function, T is the
expiration date of the option, and the set {v = ¢} is called the exercise region; see
the book [9] for a description of the model.

Here we assume that the underlying Lévy process is stable (i.e., scale invariant)
and rotationally symmetric. Then, after the change of variable t = T — t, problem

(L.I)—(1.2) becomes
min{d;u + (—A)’u, u —@} =0 inR" x (0, 7],

(13) u(-,0) = ¢ inR",

where ¢ : R” — R is a smooth obstacle, and

d
(=AY’ w(x) = cpsp-v. /]R'l (w(x) —w(x + Z))W%’ s € (0,1).

Note that the scaling of the parabolic equation d;u + (—A)*u = 0 changes
completely depending on the value of s: while for s > % space scales slower than
time (as in the case of the classical heat equation s = 1), for s = % the scaling is
hyperbolic (i.e., time and space scale in the same way), and for s < % space scales
faster than time.

The regularity of solutions to this problem was studied by Caffarelli and the
second author in [4]]. Our goal here is to investigate the structure and regularity of
the free boundary d{u = ¢}. Note that in the American option model the strategy
changes discontinuously along the boundary of the exercise region {u = ¢}, and
thus it is important to understand the geometry and regularity of this set [|16].

Because the analysis of the regularity of the set d{u = ¢} is based on blow-
up arguments, the way space and time rescale with respect to each other plays a
crucial role in the analysis. As we shall explain in Section the most relevant
regime for applications to finance is s € (% 1); hence we shall focus on this case.
As explained in detail below, our main result establishes that the free boundary
0{u = ¢} is C1? in x and ¢ near regular points.

1.1 Known Results
In the elliptic case—which corresponds to the case T = oo in the optimal

stopping model—the regularity of solutions and free boundaries is quite well un-
derstood. Indeed, by the results of Caffarelli-Salsa-Silvestre 6], solutions u are
C!*S(R™), and at any free boundary point xo € d{u = ¢} we have the following
dichotomy:

(a) either 0 < ¢ r'** <supp () —¢) < Crits

(b) orsupp, (x,) (U —¢) < Cr?
Moreover, set of regular points (a) is an open subset of the free boundary, and it is
locally a C 1% graph.
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After the results of [6]], the set of singular points—those at which the contact set
has zero density—was studied by Garofalo and Petrosyan in the case s = % [[14]].
Then, still when s = % De Silva—Savin and Koch-Petrosyan-Shi proved that the
regular set is C°° [11l/15]]. Under a superharmonicity assumption on the obstacle ¢,
the authors established in [2] a complete characterization of free boundary points
analogous to the one of the classical Laplacian, obtained in the seminal paper by
Caffarelli [3]]. More recently the results of [6] have also been extended to more
general nonlocal operators in [5]. Finally, in a very recent preprint [13]], Focardi
and Spadaro established for the first time the rectifiability of the free boundary in
the thin obstacle problem with zero obstacle.

Despite all these developments for the elliptic problem, much less is known
in the parabolic setting (I.3). The only result is due to Caffarelli and the second
author: in [4], they showed the optimal C ; *$ spatial regularity of solutions, as well

as the Ct(l +s5—€)/2s

time regularity of solutions for all € > 0. However, nothing
was known about the regularity of the free boundary in the parabolic setting. The
main reason for this lack of results is due to the fact that the approaches used in the
stationary case completely fail in the evolutionary setting. Indeed, the main tool
for studying the free boundary is based on classifications of blowup profiles, and
the papers [2,/6,/14] all use monotonicity-type formulas that do not seem to exist
in the parabolic setting. Also, although the recent paper [5]] circumvents the use
of monotonicity formulas by combining Liouville and Harnack’s type techniques,
the methods there do not to apply in our context. Hence, completely new ideas and

techniques need to be introduced in the parabolic setting.

1.2 Main Result

Our main theorem extends the results of [6] to the parabolic setting (I.3)) when
s > % and establishes the C 1** regularity of the free boundary in x and ¢ near
regular points. The result is new even in dimension n = 1 and reads as follows
(here and throughout the paper, we denote by Q,(xo.to) = B(xg) x (to — r>°,

to + r?s ) the parabolic cylinder of size r around (xo, #p)):
THEOREM 1.1. Lets € (%, 1), let ¢ € C*(R"™) be an obstacle satisfying
(L4) ID*@llpoo@ny < 00 forl <k <4,

and let u be the solution of (1.3).
Then, for each free boundary point (xg,ty) € 0{u = ¢}, we have

(1) either

1+s 1+s
=< ,

0<cr sup (u—¢)<Cr
9 (x0,t0)
>i1) or
0< sup (u—¢)<C?* ¢ foralle>D0.
9/ (x0,t0)
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Moreover, the set of points (xg, to) satisfying (i) is an open subset of the free bound-
ary, and it is locally a C % graph in x and t for some small o > 0.

Furthermore, for any point (xo, to) satisfying (i) there is r > 0 such that u €
C ;js(Q r (X0, 0)), and we have the expansion

u(x, 1) — p(x) = co((x — x0) - € + kc(t — 1)) 1+

+ 0(|X _x0|1+S+Ot + |I _ t0|1+s+ot)
for some cy > 0, e € S™ 1 and k > 0.

It is important to notice that the assumption s > % is necessary for the previous

result to hold. Indeed, by the examples constructed in [4]], the structure of the free

boundary would be different when s < % More precisely, it was shown in [4]

remark 3.7] that if s = %, then there are global solutions that are homogeneous of
degree 1 + B for any % < B < 1. This means that when s = % there will be free
boundary points satisfying neither (i) nor (ii), and there is no “gap” between the
homogeneities 1 + s and 2 as in Theorem [[.T]

From the point of view of financial modeling, the assumption s > % is natural.
For example, it was shown in [17] that the scaling exponent of an economic index
(Standard & Poor’s 500) is around 2s = 1.4 (remarkably constant) over the six-
year period 1984-1989. Furthermore, in American option models the obstacle
(payoff) ¢ frequently has linear growth at infinity [9,/16], and in that case s > % is
needed for problem (I.3)) to be well-posed. Notice also that our assumption (I.4))
does allow the obstacle ¢ to have linear growth at infinity.

1.3 Related Problems

In the elliptic case, the obstacle problem for the fractional Laplacian is equiv-
alent to a thin obstacle problem in R”*1, also known as the Signorini problem
when s = % A parabolic version of the Signorini problem has recently been
studied in [1,/10].

We emphasize that, although the time-independent version of the problem stud-
ied in [1,10] is equivalent to the obstacle problem for the half-Laplacian, the
parabolic problem is of a completely different nature from the one considered in
the present paper. In particular, notice that for the parabolic Signorini problem
in [[1,[10] one has Almgren-type and other monotonicity formulas (analogous to the
elliptic ones used in [6,14]]), while no such monotonicity formulas are known for

our problem (1.3).

1.4 Structure of the Paper

The paper is organized as follows. In Section [2] we prove the semiconvexity
of solutions in (x,¢). In Section |3| we classify all global convex solutions to the
obstacle problem with subquadratic growth at infinity. In Section 4] we show that,
at any regular point, a blowup of the solution u converges in the C! norm to a
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global convex solution with subquadratic growth. In Section [5| we prove that the
free boundary is Lipschitz in x and ¢ near regular points. In Section [6| we show
that the regular set is open and that it is C1*® in x. Finally, we prove in Section
that the free boundary is C LB in x and ¢ near regular points, and in Section (8| we
establish Theorem [L.1l

2 Preliminaries

In this section we provide some preliminary results. First, we establish the semi-
convexity of solutions in x and ¢. The proof is similar to those for [1, thm. 2.1]
and [4, lemma 3.1].

LEMMA 2.1 (Semiconvexity in (x,?)). Let ¢ be any obstacle satisfying (1.4)), and
u be the solution to (I3). Let £ = (ae,B) € R* x R, withe € S" ! and
a? + ,32 = 1. Then, we have

Ugg 1= aggu > —é,
where constant C depends only on ¢.

PROOF. We use a penalization method: it is well-known that the solution u can
be constructed as the limit of u¢ as ¢ — 0, where u® are smooth solutions of

duf + (=A)°u® = B.(u® —¢) inR" x(0,7),
u®(-,0) =@ + /¢ att =0,

with B¢(z) = e~%/¢; see 4l lemma 3.1].
Then, differentiating the equation twice and using that 8 > 0, we get

druge + (=A)'uge > B(u® — ) (uge —ggz) inR" x (0, 7).
In particular, since B, < 0 we have
1 (g + Co) + (~A (ufy + Co) = L6 — )(uf +Co) iR x (0.7,
where
Co = luZe (- 0) oo )
< @?[|9ee® (-, 0) || Loory + 2019911 (-, 0) | Loo mr)
+ B219:01° (-, 0)[| Loo ()
< |D?¢llLoo@m + IV(=A) @llLoo@n) + I(=2)** ¢l Loomr)
< C(IV@llLoo@n) + |1 D?¢llLoo®ny + 1D ¢llLoc@ny + 1D* @l Lo )

< 00,

thanks to (1.4). Here we used that d,u®(-,0) = e~ 1/Ve _ (ZA)¢ and that

1
dreu® 4+ (=AY 0u’ = .3;(“8 —)ou® = —gﬂs(u‘g — @) u’.
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Letting ¢ — 0, this yields
1
Bieu®(-,0) = (—A)¢ — —e Vo VE— (—a)g),
€

and when ¢ — 0 the last term goes to 0.

Using again that g < 0, it follows that B} (u® — go)(ugg + Cp) > 0 whenever
“gg 4+ Co < 0. Thanks to this fact, it follows that the function w := min{0,
”Zg + Cp} satisfies

drw + (—A)*'w >0 inR" x (0,7).

Moreover, by the definition of Cyp, we have w = 0 at¢ = 0. Thus, by the minimum
principle we get w > 0, or, equivalently, ug gt Co > 0. Letting ¢ — 0, we get the
desired result. Il

Throughout Sections 3] [4] [5] and [6] we will use the extension problem for the
fractional Laplacian. Namely, we will use that, for each fixed ¢, the function u(x, t)
can be extended to a function u(x, y, t) satisfying

u(x,0,t) = u(x,r) inR”",
Lou(x,y,t) =0 inR’iH,
where RT‘l =R"*1N{y > 0}and
Lau = divy y(y?Vy yu), a=1-2s.

As shown in [7,/19], with this definition the fractional Laplacian can be computed
as a (weighted) normal derivative of such extension u(x, y, t), namely,

—Cna })ii% yoyu(x,y,t) = (=A)*u(x,t) inR".
Therefore, our solution u(x, y, t) to (1.3) satisfies
Lau=0 1in{y >0} x(0,T],
min{atu—cn,aiii%yaayu, u—@}=0 on{y=0}x(0T]
u(-,0,t) =¢ att=0.

Furthermore, given a free boundary point (xg, #9) € d{u = ¢}, we denote

1
@.1) v(x, y, 1) = u(x, p,1) — p(x) + Ap(x0) y*.
4(1 — )
With this definition it follows that v = u — ¢ on {y = 0} and that
Lqv = y?g(x) in Rf’ﬁl x [0, T]\ {v(x,0,¢) = 0},
>0 =0
PO L on {y =0},

Cn,alimy, o y90yv = d;v  on{v(x,0,7) > 0},
v(x,0,0) =0,
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where g(x) := A@(xo) — Ap(xp). Also, using the regularity of the obstacle (here
we only need ¢ € C?:1), it follows that
2.3) lg(x)] < Clx —x0| and |Vg(x)| <c.

Finally, throughout the paper, given r € (0,00], Q, will denote the following
(parabolic) cylinders in RTFI,

O, (x0.10) 1= Br(x0) X (to —r**,tog +r**) and Q, := Q,(0,0),
while O, will denote cylinders in R”,
0, (x0.10) := Br(x0) X (to —r*5,t9 +r>*) and Q, := 0,(0,0).
Here, B, and B, denote balls in ]R’:LH and R”, respectively, i.e.,
Br(xo) :={(x,y) € R i |x —x0|* + y* <72}, By = B.(0),
By (x0) :={x € R" : |x — xo| < r}, B, = B,(0).

3 Classification of Global Convex Solutions

Because solutions to our problem are semiconvex in space-time (see Lemma
[2.1), the blowup profiles that we shall consider will be convex in space-time.
Hence, it is natural to classify global convex solutions.

The main result of this section is the next theorem, which classifies all global
convex solutions to the obstacle problem under a growth assumption on u. Recall
that Qo = {(x, y,1) € R'j_‘“ x (—00,00)} and thata = 1 — 2s.

THEOREM 3.1. Let s > %, and let u € C(Qeo) satisfy

Lau=0 in Qo N{y > 0},
G.1) min{d;u — cpq limy, o y90yu, uf =0 on Qoo N{y = 0},

D}, u>0 on Qco,

u>0, 0,u>0 on Qs N{y = 0}.

Assume in addition that u(0,0,0) = 0 and that u satisfies the growth control
(3.2) |ullLoo(op) < R*¢ forall R > 1.
Then, either u = 0 or
u(x,y,r) = Kuo(x-e,y)
forsomee € S""Land K > 0, where ug is the unique global solution to the elliptic

problem for n = 1 that is convex in the first variable and satisfies |[ug| o (0,) = 1.
Namely, ug is given by

_ 2 24,2 : 2.4 2 2
uo(z,y) = l_s(\/z +y +Z) (z—s\/z +y) V(z,y) € RY

and satisfies uy(z,0) = (Z+)1+s on{y = 0}.
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To prove this theorem, we need some lemmas. First, we show the following
technical lemma.
LEMMA 3.2. Assume w € C(Qwo) satisfies, for some |1 > 0,
|wlzeoory < R¥ forall R > 1.
Then, there is a sequence Ry — oo for which the rescaled functions

w(Rix, Ry, R7*1)

w(x, y,t) :=
[wllzee(or,)

satisfy
|wi l|lLoo(op) < 2R*  forall R > 1.
PROOF. Set

(o) := sup R™*|w]|Loo(0p)-
R>p

Note that, thanks to our assumption, 6 is bounded by 1 on [1, c0).
Since by construction 6 is nonincreasing, for every k € N there is Ry > k such
that

_ 1 1
(3.3) (R @ llzoo(or) = 5600) = 56(R).
With this choice we see that, for any R > 1, we have
olim©nn _ 6RRYRRI b
lwllzeo(or,) 3 0(Ri) (R )*

where, in the last inequality, we used the monotonicity of 6. O

lwillLeo(or) =

We also need the following Liouville-type result.

LEMMA 3.3. Letu € C (R’j_ﬂ) be a function satisfying

Lau =0 in R1+1,

Diu >0 in R’_’F'H,

u(x, p)l < C(L+|x| + [y)>~¢  inRYF,
(3.4) u=>0 on{y = 0},

limy 4o y43yu = 0 on {y = 0},

u(0,0) =0,

limy, o y4dyu(0,y) = 0.

Thenu = 0.

PROOF. We begin by noting that combining the equation L,u = 0 with the
convexity of u in Xx, it follows that

(3.5) dy(¥?dyu) = —y*Ayu <0 inR%FL
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Thanks to this fact, fixed R > 0, for any x € R” and y € [0, R] we have

2R 2R
d d
2opux.2) o < y“ayu(x,y)/ =
Z y <

(2R)1—a _ yl—a
l—a '

u(x,2R) —u(x,y) = /

y

= y?dyu(x,y)

Hence, if we set v(x, y) := y“0,u(x, y), combining the above estimate with the
third and fifth property in (3.4) we deduce that

v>0 on{y=0} v>—C, R'T%¢ ond(Bg x[0,R])) N{y > 0},

where C,; > 0 is independent of R. Also, since L,u = 0, it follows by a direct
computation that L_,v = 0.
Consider now the barrier

R U x> — 22 52
1—a” Ri-a

br(x,y) = —
We note that L_,br = 0 and
br =0 on{y =0}, br < —R'"* ond(Bg x[0,R]) N{y > 0}.

Hence, given § > 0, it follows by the maximum principle that, for all R > R
sufficiently large,

v >38bgr in Br x [0, R].
By letting R — oo, this implies that
n+1

v 3—8 yl—i-a iHle_—i_l,
s0, by letting § — 0, we deduce that v > 0 in R’f’l. On the other hand, it follows
by (3.5) and the last property in (3.4) that v(0,y) = y?d,u(0,y) < 0 for all
y > 0; thus v(0, y) = 0 for all y > 0.
This proves that v is a nonnegative solution of L_,v = 0 in Ri“ that vanishes
at some interior point; hence it is identically 0 by the strong maximum principle.
Since v = 0 we deduce that d,u = 0. Hence, by the fourth and sixth property in
(3.4), it follows that v > 0 in R’_’F‘H and u(0, y) = Oforall y > 0. Since Lau =0
in R’rrl, applying again the strong maximum principle we obtain that u = 0, as
desired. 0

We can now prove the main result of this section.

PROOF OF THEOREM [3.1l If u = 0 then there is nothing to prove. Hence, we
assume that u is not identically 0.
The key step in the proof is the following:

Claim. The contact set {u = 0} N {y = 0} contains a line of the form {(x,7) : x =
xo for some x¢ € R"}.
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PROOF. Let us prove the claim by contradiction. Assume the claim is not true,

and let
A:={u=0N{y =0}

Then, since u is convex in space-time, also the set A is convex in the (x, ¢)-space.
Hence, there exist p € R” and some k € R suchthat A C {t < x-p + «}.

We now perform a blowdown of our solution using a parabolic scaling (recall
s > %), and we show that we get a solution to the same problem but with contact
set contained in {t < 0}. Indeed, let us consider the rescaled functions

u(Rix, Ry, RE1)
[l

with Ry — oo given by Lemma [3.2] Then the functions Uy > 0 are convex in x
and 7, and satisfy (recall thata = 1 — 2s)

Ur(x,y,t) =

’

LU, =0 in Qo N{y > 0},

0:Ux =cnoa limy, o Y40yUr  on (Qoo N{y = 0}) \ Ag,
3.6)

U,=0 on Ay,

0:Up =0 on Qs N{y =0},

Uk(0,0,0) =0, [|Uk||Loo(0,) = 1, and
Uk llLoo (o) < 2R*™€ forall R > 1.

Moreover, we have
3.7) Ap C{RPt < Rgx-p+«} ={t < Rix-p+ R *«}.
By the C 1% regularity estimates of [4], a subsequence of the functions Uy con-
verge in Ckl)C to a nontrivial solution Uy, to the equation satisfying Uy (0, 0,0) = 0
and ||Usol|.00(0,) = 1. Also, because Uy, are obtained as blowdowns of the convex
function u, it follows from (3.7)) that Ao C {f < 0} (recall thata = 1 —2s < 0z).

To see that this is not possible, we define w(x, y) := Ux(x, y,0) and claim
that w satisfies all the assumptions in (3.4). Indeed, all the properties except the

fifth and the last one follow easily from the construction of Us. To check the other
two properties, we notice that since Uy satisfies (3.6) and A C {t < 0},

Cn,a lii%yaayUoo(x,y,t) = 0;Uso(x,y,1) >0 V¢t >0.
y

Also, since Uy > 0 and Ux(0,0,0) = 0, we deduce that 9;Us(0,0,0) = 0.
Hence, it follows by the C 1% regularity estimates of [4] that

Cne limy?9,w(x, y) =1imd;Us(x, y, 1) = 0
40 t}0

and

Cn,a hi%yaayw(o» y) = 8tUOO(O’ O’O) = O’
y

as desired.
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This allows us to apply Lemma [3.3|to w and deduce that w = 0. This proves
that U = 0 at ¢t = 0. Hence, since Uy solves the “extension version” of the
fractional heat equation, by uniqueness of solutions we deduce that Uy, = 0 for
all £ > 0. On the other hand, since 0;Ux > 0 and Uso > 0, we get Uy = 0
for all t+ < 0. This proves that Uy, = 0 in Q, a contradiction to the fact that

[UsollLoe(gy) = 1
Thus, the claim is proved. O

Using the claim, we notice that u is a convex function in x and ¢ that vanishes
on a line of the form {x = xp}. This implies that u is independent of ¢, thus
u(x,y,t) = u(x,y) (see, e.g., [5, lemma 4.3]). By the (elliptic) classification
result in [[6| sec. 5], we complete the proof of Theorem [3.1]|. O

4 Regular Points and Blowups

The aim of this section is to prove that whenever Theorem [I.1{ii) does not
hold, then a blowup of u(x,?) at (xo, %) converges in the C! norm to the one-
dimensional solution (x - e)f's for some e € S"71.

Recall that we denote

Qr(xo.10) = Br(xo) x (to — r**. 19 +r**) and Q, = Q,(0,0).
According to Theorem (1.1} we next define regular free boundary points.

DEFINITION 4.1. We say that a free boundary point (xg, f9) € d{u = @} is regular
if

lu — (P”LOO(Q;-(XOJO)) -

4.1) lim sup e

rd0

for some € > 0. Notice that if a free boundary point (x¢, f9) is not regular, then
lu — @l Lo, (xo.t0)) = O(r?=¢) for all € > 0, so (ii) in Theoremholds.

The definition of a regular free boundary point is qualitative. We will also need
the following quantitative version.

DEFINITION 4.2. Let v : (0, 00) — (0, 00) be a nonincreasing function with
limv(p) = oo.
pL0
Given € > 0, we say that a free boundary point (xg, fp) € d{u = @} is regular with
exponent € > 0 and modulus v if

v — @l Loo (0, (x0.10))

“4.2) sup e

r>p

> v(p).

The main result of this section is the following. It states that at any regular free
boundary point (xg, Zo) there is a blowup sequence that converges to (e - x)rrs for
some e € S"1,
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PROPOSITION 4.3. Let ¢ € C*(R"™) be any obstacle satisfying (1.4), and v be the
function given in 2.1) with s € (% 1).

Assume that (xo, to) is a regular free boundary point with exponent € > 0 and
modulus v. Then, given § > 0 and ro > 0, there is

r= r(8’€’v’r09nasy(p) S (0,7’0)

such that |[u — @|| oo (0, (x0,10)) = %rz_f, and the rescaled function
v(xXo +rx,ry, to +r>°1)
vr(x, y,t) =
1l Zo (2, (xo.10)
satisfies
4.3) |vr(x, y,t) —uo(x-e,y)| + |Vvr — Vug| + |0sv,| <6 in Q

for some e € S"~1. Here, ug = uo(x - e, y) is the unique global solution given by
the classification Theorem (3.1

For this, we will need the following result, whose proof is essentially the same
as that for Lemma

LEMMA 4.4. Assume that w € L°°(Qy) satisfies ||w||p(g,) = 1 and, for some
u >0,
[wllLee(o,
D (Qr)

>v(p) >0 asp—0.
ri

p=sr=1

Then, there is a sequence ri | 0 for which ”U)”Loo(grk) > %r,’: and for which the
rescaled functions
W(rEX, rey, r]fst)

lwllzoe(o,, )

wi (x) =

satisfy

1
lwillLee(op) < 2R*  foralll <R < —.

Moreover, 1/ k < rp < (V(l/k))_lm-
PROOF. Defining

0(p) := sup r *|wlre(g,)-

p=<r=<l1

we note that 6 is nonincreasing and that, by our assumption,

0(p) = v(p) > 00 asp 0.

Hence, for every k € N it suffices to choose r; > % such that

_ 1 1
() Iwlizeeie,,) = 50(1/k) = S60%),

and one concludes as in the proof of Lemma[3.2] O
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To prove Proposition f.3] we will also need the following result, which follows
by compactness from Theorem [3.1]
LEMMA 4.5. Given § > 0, there is
n=n,e,n,s)>0

such that the following statement holds:
Letv : Q/y — Rsatisfy v(0,0) = 0, Vv(0,0) =0,

|[Lqav| <1 in Qi/y N{y >0},

4.4) min{atv —Cnalimy o y17259,0, v} =0 onQy;,;N{y =0}
Veg > —1) on{y = 0},
v>0, d;v=>0 on{y = 0},

with

(4.5) lvlleo(or) < RZ™¢ forall 1 <R <1/n,

and

(4.6) [vllLeo(gy) = 1.

Then,

|[v(x, y,t) —uog(x -e,y)| + |[Vv— Vug| + [0;v| <8 in Q1
for some e € S 1.

PROOF. The proof is by compactness and contradiction. Assume that for some
8 > 0 we have sequences 1 | 0 and vy satisfying v (0,0) = 0, Vv (0,0) = 0,

#@.4), @.3), and (4.6), but
47 fvr(x,y. 1) —uo(x - e, y)| + |Vvg — Vuo| + |9,vg| = 6
in Qp foralle € S* 1.
By the regularity estimates in [4]], we have
”vkllc;;f‘(QR) <C(R) foral R > 1,

with C(R) depending on R but independent of k. Thus, up to taking a subsequence,
the functions v; converge in C}. to a function veo that solves (3.1), (32), [&-.6).
Voo (0,0) = 0, and Vv (0,0) = 0.

Since [|voollz00(0,) = 1. it follows by the classification result in Theorem
that

Voo(x, y,1) = ug(x -e,y) forsomee € S" 1.

This proves that vy — ug(x - e, y) in the C|}, norm, which contradicts for k
large enough. U

We can now prove Proposition §.3]
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PROOF OF PROPOSITION .3 We may assume that || — ¢ || oo(0, (xo.t0)) = 1>
and let v be given by (2.1).
Let n = n(8,€,n,s) > 0 be the constant given by Lemma let r; be the
sequence given by Lemmad.4 with u = 2 — ¢, and set
v(xo + reXx, ey, to + r,%st)
Wl (ot
Then, recalling (2.2) and (2.3)), the functions vy satisfy

Ve (x, y,t) =

Lav, = gx in{y > 0},
4.8) min{d; vg — Cp,q limy, o Y7259, 0, vkt =0 on{y =0},
vk =0, 9vg =0 on{y = 0},

with
(021 Ap(xo + rix) — Ap(xo) _ Ca)* _

< < C(rp)",
IvllZoo oy, (xo.0)) (ri)?=¢

gk (X)] =
with C depending only on ¢.
Moreover, by Lemma for any e € S"~1
(rk)zaeev(rkx» TRy, r]?St)
||U||L°°(Qrk (x0,20))

deeVi (X, y,1) = > —C ()"

and
(ri)* s v(rex. rey, ’”;?Sl)

> —C(r)*¥Te2 > —C(rp)".
||v||L°°(Qrk (x0,20))

e v (x, y,1) =

on {y = 0}. Similarly, for any § = ae + B¢, with |a|? + |B|?> = 1, we get
degvg > —C(rp)€ on{y = 0}.

Furthermore, we have

4.9) vk llLoo(ggy < R*€ foralll <R <1/rg
and
(4.10) lvellzoo(@y = 1. vx(0,0) =0, Vug(0,0) = 0.

Therefore, taking k large enough, by Lemma[4.5| we obtain
|Uk(x, y’t) - uo(x e, J’)l + |V'Uk - Vu0| + |atvk| = § in Ql

for some e € S"1. Notice that, thanks to Lemma it suffices to take k large
enough so that

()€ < w(1/k) 79 <y,
where 7 is given by Lemma[4.5] In particular, the scaling parameter r can be taken
depending only on 6, n, s, ro, @, €, and the modulus v. O
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5 Lipschitz Regularity of the Free Boundary in x and ¢

The aim of this section is to prove the Lipschitz regularity in x of the free bound-
ary in a neighborhood (in x and ¢) of any regular free boundary point (x¢, f9). In
fact, the result also gives the C! regularity of the free boundary at the point (xo, fo).

Let be (xo, o) a regular point of the free boundary. Throughout this section,
v will denote the function defined in (2.1). Recall that v satisfies (2.2)).

The main result of this section is the following.

PROPOSITION 5.1. Assume that (xg, to) is a regular free boundary point with ex-
ponent € > 0 and modulus v, and let v be the function defined in (2.1). Then, there
is e € S"1 such that for any € € (0, 1) there exists r > 0 such that

(5.1 derv >0 in Qr(xo.10) foralle’ € " withe' -e >

¢
Vi+e2

Moreover, we have

N -

1
(5.2) derv > g|vxv| in Qr(xg.10) foralle’ € S" ! withe' -e >

Furthermore, given n > 0 and k > 0, the radius r > 0 can be taken such that the
rescaled function

v(xo + rx,ry, to + r25t)

(5.3) vr(x, 1) =

il Zoe (@ (xo.10)
satisfies
5.4) 0 < y0evr <0V <Kk devr in Qg
and
(5.5) deVr > ¢1 >0 in Q1 N{(x —Xxp) e >,
(5.6) devr = 2y in Q1.

Here, the constant r > 0 depends only on £, k, 1, v, n, and s; the constant ¢ > 0
depends only on £, n, v, n, and s; the constant ¢, > 0 depends only on £, v, n, and
s; and the constant y > 0 depends on u and the free boundary point (xg, to).

As a direct consequence of Proposition we obtain the following.

COROLLARY 5.2. Let ¢ € C*(R"™) be any obstacle satisfying (T.4), and u be the
solution to (1.3), with s € (%, 1). Assume that (xo, to) is a regular free boundary
point with exponent € > 0 and modulus v.

Then there is r > 0 such that the free boundary is Lipschitz in x and t in
0Or(x0, t0). More precisely, after a rotation in the x-variables, we have

Hu(x, 1) = p(x)} N Qr(x0.20) = {xn = G(x", 1)} N Or(x0.10),
where x = (x',x,) € R* I xR and G : R"™! x R — R is Lipschitz.
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Furthermore, the free boundary is C in x at the point (xg, to) in the sense that
for any £ > O there existsr = r({,¢e,v,n,s) > 0 such that

[GlLip, (0, (xo.t0)) = £

PROOF. The result follows from Proposition[5.1] Indeed, (5.I) implies that the
level sets of the function u — ¢ are £-Lipschitz in x, while (5.4) implies that the
level sets of the function u — ¢ are uniformly Lipschitz in 7. U

To prove Proposition [5.1] we will need the following parabolic version of [6]
lemma 7.2].

LEMMA 5.3. LetT' C O; C R” x [0, T, set

, {1 [s(1 + a) (ﬁ)l/S}
Cn.g .= MmNy —/ ———, | — s
’ 8 n 8

and let h : Q1 — R be a continuous function satisfying the following properties
for some positive constants y, cg, and 9:

(H1) [Lgh| <y y®in Q1 N{y > O}

(H2) cp,qlimy, g y?0yh = 0thin Q1 \ T.

(H3) h=0o0nT.

H4) h>—-0o0n Q1 N{0<y <cnal

HS5) h>coon Q1 N{y > cnal

If y <coand 0 < %2, then

(5.7) h>coy* in Q.

PROOF. We prove (5.7) by contradiction. We suppose there exists (xo, Yo, o) €
Q1/2 such that h(xo, yo.f0) < coygs. Notice that, thanks to (HS), yo < ¢nq.
Hence, we define

1 1
Q.= (x,y,t):|x—x0|<z, ZO_Z<t<t0a0<y<Cn,a ,

we consider the a-harmonic polynomial P given by
n
P(x,y,1) i= |x = xo|* + 25(to — 1) = —— > = y**,
a+1

and we set

4 2
20+
where y > Oisasin (Hl) and t < ¢g. Then, thanks to (H1)—(H3), sincea = 1—2s
and d; P = ¢y qlim, o y9d, P, we have that

w(x,y,t):=h(x,y,t)+tP(x,y,t)—

Low=Lsh—yy* <0 in Q,
(5.8) w>tP >0 onI,
' Cnyalimy, g y90yw = 0w in(Q@N{y=0)\T,

w(x0. Yo.10) < h(xo. yo.t0) — Ty§* < 0.
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Since (x9, yo,%o) € Q, it follows by the maximum principle that w must have a
negative minimum at some point (x1, y1, ¢1) that belongs to the parabolic boundary
dp Q of Q. Moreover, by the second and third equations in (5.8), we deduce that
w(x, 0, ¢) can attain its minimum only on the parabolic boundary of @ N {y = 0}.
Therefore, we deduce that (x1, y1,71) € dpO N {y > 0}.
We now study the sign of the function w in each part of dp @ N {y > 0} to get
a contradiction. Notice that, with our choice of ¢ 4,
no o, s _ S s s
(5.9) my +y7 = o1 + a1 vy €0, cn.a
o If y = cp g, it follows by (H5) and (5.9) that
sCo sy

5.10 > co— <0 _ 0
(5.10) W0 T s

provided y < cp.
o If [x — xo| = % and y € [0, ¢, 4], then it follows by (H4) and (5.9) that

1 N sy
5.11 > —0 — — — ] - 0
>.11) w= +CO(16 32) 1280
provided y < co and § < .
o Ift =19 — %, using again (HS) we obtain that
s S sy
vl ) o
w37 3) T g

provided y < ¢g and 0 <
Hence, if y < ¢g and 6 < 56%?, this shows the desired contradiction

provided y < cg and 0 < %, thus concluding the proof. O

SCo
% -

We now prove Proposition[5.1]

PROOF OF PROPOSITION[3 ]l Givenn > 0 and k > 0, fix § € (0, n°).
Consider the rescaled function v, defined in (5.3) where r > 0 is given by
Proposition [4.3|and v is defined in (2-T). Thus, it follows that for some e € S"~!

[Vur(x,y,t) — Vug(x, y)| + |9:v-(x, y,8)| <6 in Q;.

Let us fix £ > 0 small and ¢’ € S"~! such that

e -e> b > {
V422
Then,
(5.12) 0e'Vy = 0oy — 8, K 0p'Vy — 04Uy > K 0prtig — 6 in Q.

In particular, we get that
devr = ((x —x0) €)% =8 =n" =8 in Q1 N{(x—x0) e =n}
thus (5.5) is satisfied with ¢y := n* —§ > 0.
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Denoting C; := ||v]|Loo(Q, (xo.10))» it follows by Proposition [4.3]that

1
(5.13) C, > 5r2—f

where € > 0. Moreover,
2—a

Lavy = (Lav)(xo + rx,ry,to + r*51).

j
Also, recalling (2.2)) and that 1 — a = 2s, we see that on the set {v,(x,0,7) > 0}
it holds that

,
Cn.alim y?0,v, = —cpq im(y*(0,0)(xo + rx,ry, ¢ 28¢
n,ayu)y yUr C, n,ayu)(y (0yv)(xo + y,lo+r1 ))

rl—a
= d;v(xo 4+ rx,ry, to + r2t)
Cr

= dsvr(x, y,1).

Hence, we have proved that

Lav, = E—zryag(xo +rx) in R’IH x [0, T]\ {vr(x,0,7) = O},

(5.14) vy >0, on {y = 0},
' Cnalimy o y49yv, = d;v,  on {v,(x,0,7) > 0},
v(x,0,0) = 0.

Reducing the size of 7 if needed and taking § sufficiently small, we can take the

partial derivative dos (resp., k der — ;) in (5.14), and using (2.3), (5.12), (5.13), and
Lemma[5.3] we deduce that

(5.15) dervr > c2y** (tesp., k dervr — 0:vr > €2¥%°)  in Qy )2,

provided § is sufficiently small. In particular, this proves (5.6) and the last inequal-
ity in (5.4). Moreover, using that v, is a rescaling of v, (5.15]) implies that

derv >0 in Qr/Z(XOaIO)v

so (5.1) follows (up to replacing r by r/2).
We next prove (5.2). For that, let § € S"~!. Since by Proposition

[200v, — dguy — 20U — dgug| < 36,
applying as before Lemma[5.3|to 20, v, — dgv,, we conclude that
20,V > dgv, for any direction 6 € sr—1.
therefore
(5.16) 2000y > [Vxvy| in Q.
On the other hand, since we also have
|[40¢/ vy — 0pvy — 40erutg — dettg| < 56,
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we can also apply Lemma to 40,V — d.v, for any vector e/ € S"~! with
e-e> % to get

(5.17) 4ae/vr 2 831};« iIl Ql/z.

Hence, it follows by and (5.17) that
1 1
Dervy > §|va,| forany e’ -e > 3

which yields (5.2)) with r/2 in place of r.

Finally, we prove the first inequality in (5.4). For this we simply notice that,
since d;v, > 0 in {v, > 0} (by the strong maximum principle), there exists ¢ > 0
such that

0ivp, >c>0 InQ1N{x-e>cnqgl.
where ¢y, 4 is defined in Lemma@ Thus
00y — Y 0eVr >¢/2 InQ1N{x-e>cual,
provided that y > 0 is small enough, and we conclude that d;v, > ydev, in Qy /5

as before. O

To finish this section, we prove higher regularity in time for the solution u at any
regular point.

PROPOSITION 5.4. Let ¢ be an obstacle satisfying (1.4), let u be the solution
of (1.3) with s € (%, 1), and let (xo,to0) be a regular free boundary point with
exponent € > 0 and modulus v. Then

10:ullcs 0, xooy + IVUlles (0, xo.t0)) = C-

where C and r > 0 depend only on n, s, €, and v.

PROOF. Let v = u — ¢. By the results of [4], we know that

IVullcgo, (xou) = C-

Notice that, since ¢ is independent of ¢, it is enough to prove the desired regularity
of v. For that purpose, note that by Corollary [5.2] the free boundary is Lipschitz
in x and 7. Hence, by (5.4) and the optimal C.!*S regularity of solutions in space
established in [4]], we get that

(5.18) 0<dw<Coev<Cdi< Cdlf in O, (x9.1),

where dy (x,1) := dist(x, {v(-,t) = 0}) denotes the euclidean distance in R” x {¢}
to the free boundary, and d,, the parabolic one in R” x R.

Let (X, 7) be any point in {v > 0} N Q,(x¢, %), set R := dp(X,7)/2 > 0, and
define

w(x,1) 1= d;v(xo + R(x — x0), o + R*(t — 10)).
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Fix e € S""!. By (5.18) and interior regularity estimates for the fractional heat
equation (see, for example, |12 thm. 1.3] or [21} thm. 2.2]), it follows that

sufl) [Wici(s,,,) = CR® and sull) [w]cs(B,,,) < CR'.
te[—3,0] te[—5,0]

Therefore the previous inequalities imply that

sup IV vllLoo(Bg > (x0)) < Cdp(X.T)°71,
te(to—R25/2,t0]
sup ”atU”C;'(BR/Z(xO)) =< C.

te(to—R25/2,t0]

Since this can be done for any (X,7) € {v > 0} N Q,(xg, 1), and we can use
again that (thanks to the Lipschitz regularity of the free boundary) d, and d), are
comparable, we deduce that

(5.19) Vi <Cidi™" in Qr(x0.70) and [9:vllcs(o, (xor0) < C-
Now, by (5.18) and (5.19) we have that, for any e € S"~!,
|(8ev)' ™ (81ev)°| < C.
The previous inequality implies that
1
9:(dev)+ | = C,
that is, (9,v)/5 € Lip,, which yields in particular that
(5.20) ”VUHC;J(Qr(xo,to)) <C.

Recalling that d;v and Vv vanish on the contact set, the previous inequality com-
bined with (5.4)) implies that

(5.21) |0;v(x1,8 + 1) — 9rv(x1, 11)] < Colt)®
for all points (x1,71) in {v = 0} N Q,/2(x0.%) and any T € (0,7/2).
We now prove that (5.21) yields d,v € C/(Q,/s(x0.%0)). First, recall that

0zv > -C by Lemma Hence, if ¥ € CZ°(Q2r(x0,10)) is a nonnegative
function with ¢ = 1 in Q,(xo, tp), we have

/ (v + C)dx di < / (v + C)y dx di
QO (x0,t0) Or(x0,t0)

=/ (v + Cy)dx dt < C.
027 (x0,t0)

In particular, this implies that the function
8[U(X,[ + T) — 8;U(X, t)
-L—S

belongs to L1(Q, /2(x0.10)) with a bound independent of = € (0,r/2).

w(x,t) =
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Since w solves the fractional heat equation in the set {v > 0}, and it is bounded
by Co on {v = 0} N Q,/2(x0. o) by (5.21), the function w := max(w, Co) is a
subsolution in Q,/5(xo., 7o) that belongs to L'(Q,(x0.10)). Considering a cutoff
function ¥ € CZ°(B,(xo)) with ¥ = 1in B3, /g(x,), We see that & := Wy solves

0w+ (-A)’'w = —(=A)’[(1 —y)w] in Qr/4(x0, l0).

Since (—A)*[(1 — ¥)w] is universally bounded inside Q,/4(x0, o), we can apply
(8} cor. 6.2] to deduce that w € L*°(Q,/g(xo,?o)). This proves that
div(x,t + 1) — dsv(x,t)
-L—S
which implies that d;v € C;(Q,/g(x0.%0)), as desired. 0

<C inQ,/3(x0.%) VT € (0,7/2),

6 C1* Regularity of the Free Boundary in x

We prove now that the free boundary is C 1% in x near regular points. For this,
we need some steps: first, we show that the set of regular points is open; then, by
the results of the previous section, we deduce that the regular set is C )}; finally, by
using the results in [20]], we conclude the C ,i ** regularity of the free boundary.

We will need the following result (see [20, lemma 4.1]), which states the exis-
tence of a positive subsolution of homogeneity s + y vanishing outside of a convex
cone that is very close to a half-space.

LEMMA 6.1. Lets € (0,1) and e € S"L. Forevery y € (0,s) there is n > 0 such

that the function
s+
d(x) := (e - X — g|x|(l — (e|).cT2)2)) ’
+
satisfies
(—A)Y’'DP < —c, d7"° <0 inCy,
=0 inR"\ Cy,
where

a2
Cy = {x €R":e. |i—| > Z|x|(1 . (e|x|xz) )} d(x) := dist(x, R" \ Cp).

Here the constants ¢, and n depend only on y and s.

Using the previous lemma, we now show that if (xg, 7o) is a regular free bound-
ary point, then all free boundary points in a neighborhood of (xg, o) are also reg-
ular.

PROPOSITION 6.2. Assume that (xg, to) is a regular free boundary point with ex-
ponent € > 0 and modulus v. Set ys := min{2s — 1,1 —s}. Forany y € (0, ys)
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there are r > 0 and ¢ > 0 such that, for every free boundary point (x1,t1) €
dH{u = ¢} N Or(x0,t0), we have

6.1) u(xy + de,r)) =AY Gu(xy + e, ty) = eASTY.

In particular, every point on 0{u = @} N Q,(xo,t0) is regular with exponent

HT_’/ > 0 and modulus of continuity ¥(p) := cp$+r—1/2,

PROOF. Fix 0 < y < y;, and let n > 0 and Cy be given by Lemma [6.1] (note
that ys < s).

Let v be given by (2.1), and v, be defined as in (5.3). Also, let k > 0 be a
small number to be fixed later. By Proposition [5.1]and Corollary [5.2] there exists
e € S" ! and r > 0 small enough such that (5.4) holds and

(6.2) (x1+Cpsa) N Ba(x1) C {vp(-,1) > 0}
Vxy € {vp(-.1) > 0} N By, Vi € (=1,1).
By noticing that the function v, solves
Lavy = y?g(x) in Q1 N{y > 0},
Cn,q limy o y17259,v, = d;v, on Q1 N{y =0} N {v, > 0},
with

2A —r2(A
2(x) :=r @(xo) —r°( <P)(X0+rx)’ |Vg|§C1r1+€,

101l Zo0 (0, (xo.0))
as in (5.19), it follows by (5.4)) combined with interior estimates that

Vo vp| < Crdi™?

for some C independent of «.
Now, fix t € (—1, 1) and define

w(x,y) := devr(x,y,1).
Thanks to the previous considerations, choosing r small enough we have
|Lqw| < ky? in By N {y > 0}
llimy o 7259y w| < CkdS™! onBoN{y =0} N {w > 0}.
Moreover, by (5.5)) and (5.6) we have

(6.3) w>c; >0 intheset B, N{x-e > n/16}
and
(6.4) w > c1y**  in Bs.

We want to use the function ® in Lemmal6.1]as a subsolution at any free boundary
point of w near 0. To this aim we note that, as a consequence of (6.3), if x; is a
free boundary point close to 0, then

(6.5) x1-e < n/leé.
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Denote by ®(x, y) the extension of ®(x) in ]R{’rrl, which satisfies

L, =0 in{y > 0},
1imy¢0y1_258ycbzcyd}/_s on{y =0} NCy,
d=0 on{y =0} \Cy.
We recall that @ can be written via the Poisson formula as
d(z,0
66)  ®(x,y) = Cosy® (z.0) dz ¥y >0.

R (|x _ Z|2 + y2)(n+2s)/2
(see [7, sec. 2.4)).
Consider now x1 € d{w = 0} N By 4, and define the function
Kk 2
41-s)"

V(x,y) i =co®(x —x1,y) +

so that
(6.7) Loy =ky® > Law inBij(x1) N{0 <y <n}.
Recalling that (x1 + C,) N B1(x1) C {w > 0} (see (6.3)), we have

(6.8) ¢na ;ii%yl—”ayw = —(=A)°D > cpcyd)™*

> kdS™ > limy' ™2 9w on By(xy) N{y =0} N (x1 + Cy),

y10
provided that ¥ > 0 is small enough. Also,
(6.9) Y =0=<w on(Bi(x1) N{y =0} \ (x1+Cp),
and it follows by (6.4) that
(6.10) Yy =w onBi(xy) N{y =n}

provided ¢, and k are sufficiently small.
We now check what happens on d531(x1) N {0 < y < n}. First of all, we see
that, thanks to (6.3),

(6.11) Y <w ondBi(x;)N{x-e>n/l6}N{0 <y <n}

provided ¢, and « are sufficiently small. Finally, since @ vanishes on a uniform
neighborhood N C R” of 081 (x1) N{y = 0} N {x-e < n/16}, it follows by (6.6)
that ¢ < Cy?S on N x [0, n]. This implies that < C(c2 + k)y?* on N x [0, 5],
which, combined with (6.4)), proves that

(6.12) Y <w ondBi(x;)N{x-e <n/l6}N{0 <y <n}

if ¢ and « are sufficiently small. Hence, combining (6.7), (6.8), (6.9), (6.10),
(6.11), and (6.12), it follows by the maximum principle that w > ¥ in By (x1). In
particular, we deduce that

w(x,0) > Y(x,0) =c2®(x —x1) in By N{y =0}
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Recalling that ® is homogeneous of degree s + y, we also find that
devr(x1 + Ae,0,1) = w(x; + Ae,0) > c3A5TY

for A € (0,1). Integrating in A, we get v, (x1+Ae, 0,1) > c4 A1 ™57 for A € (0, 1).
Since 1 + s+ y < 2, this means that (x1, ¢) is a regular free boundary point for v,
with € = %(1 —s—vy)and v(p) = C4,0%(s+7’_1). Since (x1,t) was arbitrary in
B1/4 x (=1, 1) and vy is a rescaled version of u — ¢, the proposition follows. [

Using the previous result, we find the following.

COROLLARY 6.3. Assume (xo, to) is a regular point. Then there is an r > 0 such
that the free boundary is C )g in Qr(xo, to) with a uniform modulus of continuity.

PROOF. By Proposition all free boundary points in Q(x, 7o) are regular,
with a uniform exponent € > 0 and modulus v. Thus, by Corollary [5.2] the free
boundary is C ; at all such points, with a uniform modulus of continuity. O

Finally, using the results of [20]], we deduce that the set of regular free boundary
points is C 1% in x.

COROLLARY 6.4. Assume (xo,to) is a regular point. Then there is r > 0 such
that the free boundary is C ,3 *in Qr(xo.to) for some small @ > 0. Furthermore,
there exists ¢ > 0 such that, for every free boundary point (x1,t1) € Qr(x9,%9) N
d{u = @}, we have

(u—@)(x.11) = c(x1.0)d TS (x.11) + o(Jx — xp|1T5T%),
where ¢(x1,t1) > ¢ and dx(x,t) = dist(x, {u(-,1) = ¢}).

PROOF. Let (x1,71) € Qr(x0,%) N d{u = ¢} be any free boundary point, and

set
w(x) = ulx + x1,4) — @(x + x1).

Also, denote  := {w > 0} and recall that, by Corollary QisClina
neighborhood of the origin. After a rotation, we may assume that the normal
vector to d€2 at the origin is e,. Recall also that 0 is a regular free boundary
point with an exponent € > 0 and a modulus v that are independent of the point
(x1,11) € QOr(x0,%0) N d{u = ¢}. Throughout the proof, C and ¢ will denote
positive constants independent of x; and ;.

First, we rescale the function w as

w (rg x) (Vw) (rex)

wi (x) = o Vwg(x) = :
rellVwllzeos,, ) IVwllLeo(B,,)

along a sequence ry — 0 such that ||Vw||Loo(Brk) > c(rp)'™e, IVwi Lo (By) =
1, and

[Vwg(x)] < C(1 + [x|'79)
(compare with Lemma4.4). On the other hand, recalling that

(=A)Y'w =—(=A)'¢ — du,
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it follows by (1.4) and (5.19) that
(=AY 9wl <C(1+dY) inQnNB,
for all e € S”~!. This implies that the rescaled functions wy satisfy
(=AY dew| < k(1 +d57h inQN B,

for k large enough, with ¥ > 0 as small as desired.

Consider e € S""! with e - e, > 1. Then it follows by and that,
for k large enough, dewg > 0in By, and supp, dewg > ¢ > 0. This allows us to
apply [20l thm. 1.3] (see also remark 5.5 therein) and deduce that

for all such e € S"*~!. In particular, setting e = (e; +e,)/~/2,i =1,2,...,.n—1,
and using that wy is a rescaled version of w, choosing k large enough but fixed,
the previous inequality yields

dewg <C

C*(@nB))

aen Wi

De; W

<C
Co(QNB,)

(6.13)

O, W

for some r > 0 small.
Now, notice that the normal vector V(x) to the level set {w = A} for A > 0 can
be written as

v(x) =

;w (x) = (' (x), D2(x),.... D" (x)),
w|

Oe; W/ e, w
\/27=1(8ej W/ e, w)?
Hence, (6.13) implies that |[V(x) — V()| < C|x — y|* whenever x,z € {w =

A}N By, with C independent of A > 0. Letting A — 0, we find that d{w = 0} N B,
isCle,

D(x) =

Finally, once we know that Q is of class C 1%, we can apply theorem 1.2 in [20]
(see also remark 3.4 therein) to deduce that

||8ew/d;||ca(§nBr) <C
for some o > 0, which yields
u(x,t1) — o(x) = c(x1,t1)dr 5 (x, 1) + o(|x — xq " T519).

Finally, by (6.1) in Proposition[6.2] we deduce c(x1,#1) > ¢ > 0. O
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7 C1-8 Regularity of the Free Boundary in x and ¢
We finally prove that the free boundary is C LB both in x and 7.

PROPOSITION 7.1. Let ¢ € C*(R") be an obstacle satisfying (I.4), and u be the
solution to (1.3), with s € (% 1). Assume that (xo, to) is a regular free boundary
point with exponent € > 0 and modulus v, and let G R"™ 1 xR — R be as in
Corollary Then G is of class C LB inside Oy (xo, to) for some small > 0.

x’,t
PROOF. Letv = u — ¢.
For every free boundary point (x1,71) € Q,(x0,%) N d{u = ¢}, by Corollary
[6.4] we have the expansion

(7.1) lv(x.t1) —c(xr, 1)dy T (x.11)] < Clox = xy['HF* fort =1,

where ¢(x1,11) > ¢ > 0 and d (x,t) = dist(x, {u(-, 1) = ¢}).

If (x’,t) € S"7! is the normal vector (in x) to the free boundary at (x’,
G(x',1),1), then denoting by ¢(x’, ) := ¢(x’, G(x’, 1), t) and using that, by Corol-
lary the function x’ +— G(x’,1) is of class C % inside Q,(xo, o), it follows
by (7.1) that
(72) |v(x,0) — e, 0)(fx — (&', G, 1)} - D, 1)) <

Clx — (. G(x', 1)) T+,

Our objective is to prove that the function G(x’, 1) is of class C!*# in the
t-variable. For this, we first show that ¢(x’, 7) is C;” for some y > 0.

For that purpose, let us consider two free boundary points (x’, G(x’,t),7) and

(x",G(x',t+71),t+7)in Qr(x0,29) with T > 0 small. We fix a number i € (0, 1)
with 2 > t > 0 and then compare the expansions (7.2)) at the points

A=K G t)+ht), B:=x" G, t)+ht+1),

to show that ¢(x’, ¢) is C? in the ¢-variable.
On the one hand, by (7.2) at the point A we have

(7.3) [v(A) —c(x,1)((0,h) - D(x", 1)) ¥ < Chl st

On the other hand, at the point B gives

[v(B) —c(x'.t + 0)((0.h + G(x',t + 1) — G(x', 1)) - D(x', 1 + 1)) 7]
<Clh+GK t+1)— G 1) Tste,

Now, since G(x', 1) is Lipschitz in ¢ (by Corollary [5.2), and D(x’,7) is C* in x/,
we find

(7.5) D(x',1) —D(x',t + 1)| < CT¥/2.

(7.4)

Indeed, by C1T* regularity of G we have
IG(X',t) — G(x',1) — VuyG(x',1) - (X —x")| < C|x' — x|} T2,
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Combining this estimate with the same one at time ¢t 4+ t and using that
(7.6) IG(x',t + 1) —G(xX',1)| < Ct
(since G is Lipschitz in ¢), we find

X —x")- (Ve G(X' 1) = Ve G(X',t + 7)) < Ct + C|x' — x|} T2,

Choosing ¥’ such that | ¥’ — x| = /2 and X’ — x’ points in the same direction as
Vo G(x',t) — Vo G(x', t + 1), we deduce that

(1.7 |VeG(x', 1) = Ve G(xX', 1 + 1) < CTV/? + C1%/? < C1¥/2.

Thus, since D(x’, ) is the normal vector to the graph of G, (7.3) follows.
Using (7.5)) and (7.6), and recalling that & >> t, it follows from (7.4) that

[0(B) — c(x',1 4+ D)((0,h) - D(x', 1)) 75| < ChtHs+e/2 4 clts,
Combining the previous inequality with (7.3)), we find
[v(B) —v(A)| = (c(x',t + 1) —c(x',))((0. h) - D(x', 1))}
_ Ch1+S+a/2 _ CT1+S.

Now, if r is small enough, then by Corollary we know that D(x, 1) - e, > %;
therefore

(7.8) |v(B) —v(A)| > %|c(x',t + 1) — (X, )|h' TS — cpltsTe2 _ ol
By using that v is Lipschitz in ¢ yields
[v(4) —v(B)| = Cr,
so, by (Z.8).
le(x/, 4+ 1) —c(x, )| RIS < Cpitste/2 4 o,
Thus, choosing & = /7, we deduce
le(x', 1 + 1) —e(x', 1) < ChY? + Ch?>™'75 < Ch¥/? = C*/*

provided that @ € (0, 1 —s). Hence, this proves that ¢ (x’, 7) in (7.3) is C? in ¢ with

y =a/4
Using this, we now show that 3; G(x’, ) is C# in . We compare the expansions
(7.2) at the three points

A= ("G '\ 1)+ h,t),
B =" GX,t)+h,t+1),
C=K.Gx' t)+h,t —1),
with 4 > t. As before, by and we have
[(B) — c(x'.t + D{(0.h + G(x' .1 + 1) — G(x'.1) - B )} |
< Cpltsta/2.
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Now, using that ¢ (x’, ) is C/" /4 Oyields
[0(B) — c(x',0)(h + Gt + 1) = G(x', 1)) T (en - D, 1)) 1]
< Cpltsta/s
Analogously, we have
0(C) — (', ) (h+ G(x' .t — 1) = G, 1)) T (e - DO, 1)1+
< Chpltsta/4
Therefore, combining the previous two inequalities with (7.3]), we find
[v(B) + v(C) —2v(4)]
>, )[R+ )™ + 1+ ) —2)|(en - D 1)) TS

_ Cpltstal4

where

Gt +1) -G\ b e G(x',t —1)—G(x',1)

a:= p , = 7 :
Recalling that G is Lipschitz in ¢ (see Corollary|5.2)), since & > T we observe that

la] < 1 and |b| < 1. Also, since D(x',1) - e, > 5 and c(x’,1) > ¢ > 0,

|U(B) + U(C) —2v(A)| > c|h1+s((1 +a)1+s + (1 + b)l—‘,—s _2)|

(7.9) _ Cpltste/4

Hence, since
[(1+a)'™ + 1+ —2| > cla+b| fora,b small,
it follows from (7.9) that
[v(B) + v(C) —2v(A)| = ch®*|G(x",t + 1)+ G(x',t — 1) —2G(x', 1)]
_ Chltsta/4

Finally, using that u € C tH‘s (by Proposition , we get that
[v(B) +v(C) —2v(A)| < C'*s;
therefore
IG(x",t + 1)+ G(x' .t — 1) —2G(x',1)| < ChM /4 4 Cc H5h—s,
Setting h = rﬁ, this gives
IG(x",t + 1)+ G(xX',t — 1) —2G(x',1)| < Cc' A

with B = 477+ > 0. Now, it is a standard fact that this bound implies that
G e Ct1+ﬂ . In particular, this yields 9;G is CtB .

Note that, as a consequence of Corollary [6.4] and (7.7), we know that VG €

C f, ;- Although a priori we do not have information about the regularity of 3, G
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with respect to x’, we can still conclude that G € C;,’f (thus, in particular, 9;G €
clo-

Indeed, fix (x{,%o) and consider (',7) € R"~! x R small. Then, using that
;G € Ctﬂ and V4G € Cf/ ;» we have

G(xg+ ', 1o+ 1)
1
= G(xg,to + 1) + (/ Vo G(xg + sh' 1o + t)ds) n
0

= G(x{,10) + 3:G(x{, t0)T + O(|t|"P) + Vo G(x), t0) - I

+ (/01 Vi G(xy + sh',to + ) — Vi G(xy, to)ds) y4
= G(x}.10) + 0;G(x}.t0) T + O(|z|'T#)

+ VuG(xg, o) - b+ O((H|P + [x|P)IK))
= G(xg,to) + ;G (xg, t0)T + Vo G(xg, o) - I’

+ O(|I|' B 4 |7 ).

This proves G separates from its first-order Taylor expansion by at most | x| +8 4
1|18 thus G € C):,’e as desired. O

8 Proof of Theorem [1.1]

Let (xo,20) € 0{u = ¢} be aregular free boundary point—that is, a free bound-
ary point at which (ii) does not hold.

By Propositions and we have that u € C ;}"s (Qr(x0,1t0)), and the free

boundary is C;jﬂ in Q(xg, 1) for some B > 0 and r > 0. By Corollary for
any free boundary point (x1,¢1) € Q,(xo, o) we have the expansion

u(x, 1) —o(x) = c(x1,11)dy T + o(|x — x| T5F).
Also, by the C1# regularity of the free boundary in x and ¢, we have
Ayt = (e (x = x0) + Kkt — 10)) {7 + o(|x — xo T HF 4 |1 — 10" +5HF)

for some e € S”7! and k € R. Moreover, by monotonicity in  we have x > 0,
and in fact, by (5.4) in Proposition[5.1] we get & > 0.
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Combining the previous identities and using that (x1, 1) — c(x1, #1) is of class
C*/*in x and 1 (see the proof of Proposition , we deduce that

u(x, 1) — @(x) = c(xo, fo)(e - (x — xq) + & (t — )} *
+ 0(|x _xO|1+s+y 4+ |l . t0|l+s+y)

with y := min{a/4, B}, c(x0.t0) > 0, k > 0, and e € S""1. In particular,
this yields supg_(yo.0) (U — @) = c(x0.10)r' ™ 4 o(r'T5*7), and the theorem
follows. O
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