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1 Review of Basic Notions and Definitions in
Probability Theory

This chapter consists of a short survey of the basic tools in Probability theory
used throughout the course. Those readers wishing to have a deeper insight
on the notions and results quoted here are referred to [3], [9], [12]. We do
not present here any result on convergence of random variables. There are
squeezed in other chapters when they are needed.

1.1 Probability Spaces

The nature of random experiences is such that one cannot predict exactly
their result. The main futures of this type of phenomena are captured by a
mathematical object called probability space. 1t consists of a triple (€2, F, P)
where

(a) €2 is the set of possible outcomes of the experience. Is is termed the
sample space.

(b) F is a subset of P(2), the set of all subsets of 2, with o-field structure,
that is,

1. Qe F,
2. If A € F then also A° € F,

3. F is closed under countable union. That means, if (4,,n > 1) is
a sequence of sets in F, then U,>1 A4, € F.

F is called the set of events.
(c) P: ) — [0,1] satisfies the properties:
1. P(Q) =1,
2. for any sequence (A,,n > 1) C F of disjoint sets,
P(Up>14,) = > P(A,).

n>1
This property is called o-additivity.
The mapping P is called the probability. It tell us how likely each
event A does occur.

The triple (2, F, P) is a particular case of a finite measure space with total
mass equal to one.
The following properties of P follow from the above axioms.
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(1) P(0) =0,

(ii) additivity If (Ap,n € {1,---,m}) C F is a finite family of disjoint
events, then

PUI, A,) = S0 P(A,),

n=1
(iii) P(A°) =1— P(A),
(iv) monotony If A C B, then P(A) < P(B),

(v) subadditivity If (A,,n € {1,--- ,m}) C F is a finite family of events,
then

PU™ A, < i P(A,),

n=1
(vi) If (A,,n > 1) is an increasing sequence of events and A = U, >1A4,,

lim P(A,) = P(A),

n—oo

(vii) If (A,,n > 1) is a decreasing sequence of events and A = N,,>14,,

lim P(A,) = P(A),

n—oo

Example 1.1 Tossing two coins simultaneously once.

The sample space is
Q= {H1H27 HlTQa T1H27 T1T1}7

where H; (respectively, T;), denotes outcome head (respectively, tail) of coin
i. We consider as possible events any subset of €2, that is F = P(12).

We give probability ; to any outcome and then P(A) = fcard(A).

In this example, 2 is a finite set. Therefore P() is finite as well. It is easy
to check that for any finite subset of P(£2), the structure of o—field is given
equivalently by the properties

1. Qe F,
2. If A€ F then also A° € F,

3. F is closed under finite unions. That means, if (4,,n=1,...,m) is a
finite family of sets in F, then UI* | A, € F.

5



In this case, we say that F is a field. Moreover, the g-additivity is equivalent
to additivity.
For finite sample spaces, there is a standard way to define a probability, as
follows. Let

Q={wy,...,w}.
Consider positive real numbers pq,...,p, such that >./_, p, = 1. Then, for
any A C €2, define

P(A) = Z pi.

Lw;EA
Notice that P is well defined on every element of P(f2) and satisfies the
axioms of a probability (see (c) before). The particular choice p; = 1, for
any ¢ = 1,...,r, leads to the formula

card A
A= ——
(4) card Q'
which is the classical definition of probability given by Laplace about 200

years ago.
This model is the finite and uniform probability space. The previous Example
1.1 belongs to this class of models. Notice that, a similar idea for associating
uniform probability to an infinite sample path does not work.

1.2 Conditional Probability and Independence

Let B € F be an event of strictly positive probability. The conditional
probability given B is the mapping P(-/B) : F — [0, 1] defined by
P(ANB)

P(B)
It is easy to check that P(-/B) satisfies the axioms of a probability. Actually
(Q,F, P(-/B)) is the probability space obtained by modification of the initial

one, after having incorporated the new information provided by B.
The next statements provide useful formulas for computations.

(A) IfAl, 7An € F and 1fP(A1ﬂﬂAn_1) >0, then
P(AIN---NA,) = P(A)P(As/A) P(As/AiNA) - - P(A, /AN - N A1),

P(A/B) =

(B) If (A,,n > 1) C F is a countable partition of 2, and A € F, then
P(A)=> P(ANA,)=> P(A/A,)P(A,).

n>1 n>1



Definition 1.1 FEvents of a family (A;,i € I) are said to be independent if
for each finite subset (iq,...,1;) C I,

In particular, two events A, B are independent if P(AN B) = P(A)P(B).
Noice that if A, B are independent, then P(A/B) = P(A). That means,
knowing B does not modify the probability of the event A.

A notion related with independence is the following:

Definition 1.2 The events A, B are conditionally independent given an
event C' if
P(ANB/C)=P(A/C)P(B/C).

As we shall see in forthcoming chapters, this notion is crucial in the formu-
lation of the Markov property.

1.3 Random Variables

It is usual to associate numerical values to the outcomes of random phe-
nomena. Formally, this can be described by a mapping X : 2 — R. The
properties of X should be such that the original structure of the probability
space is transferred to a numerical probability space.

More precisely, let B be the Borel o—field on R that is, the minimal o—field
containing the open sets of R with respect to the Euclidean topology. Then,
a random variable is a mapping X : {0 — R such that for any B € B, the set
X~YB) is in F (it is an event).

With this definition, the map Px : B — [0, 1] defined by

Px(B) = P(X~'(B)),

is a probability on B. It is termed the law of X. The triple (R, B, Px) is
a probability space; it can be thought as the numerical replica of (2, F, P)
given by X.

A notion related with the law of a random variable is that of the distribution
function, defined as follows:

Fx :R—10,1], Fx(z)=P{w: X(w) <z}.

Thus, Fx describes the values of the law of X for a particular class of sets
in B, B = (0,x]. In the sequel, we shall write F instead of F.
The distribution function has the following properties:
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(1) F is non-decreasing,
(2) F is right-continuous,
(3) lim,—, o F(z) = 0 and lim, o, F(x) = 1.

Using the machinery of measure theory, it is proved that any probability
measure on (R, B) is characterized by its distribution function. That is,
given a real function F' with values on [0, 1], satisfying the properties (1)-(3)
before, there exists a unique probability measure 1 on B such that

(o0, ]) = F(a).

Among the set of all random variables, there are two special important
classes. We next give a description and several examples.

Definition 1.3 A random variable X is discrete if it takes a countable num-
ber of values.

Such random variables have a representation like X = Y, cyanla,, where
the a,, are different to each other and A, = {X = a,} are disjoint events.
The above somehow abstract writing says that, on observations w € A,, the
random variable X takes the values a,,.

Definition 1.4 1. A random variable X is continuous if its distribution
function is continuous.

2. A random wvariable X is absolutely continuous if its distribution func-
tion can be written as

Pla)= [ f)dy,

e}

where f is a positive, Riemann integrable function, such that

J2% Fy)dy = 1.

The function f is called the density of F' and, by extension, the density of X
as well. Clearly, an absolutely continuous random variable is continuous.

Example 1.2 Fix A > 0. A Poisson random variable with parameter X is a
random variable taking values on Z, such that

P{X =k} = exp(—)) 2, (1.1)

Poisson random variables are used for modelling rare events.
Clearly, (1.1) gives the distribution function of X and therefore its law.
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Later on, we shall see that Poisson random variables underpine an important
example of counting process -the Poisson process.

Other famous examples of discrete random variables are: Bernoulli, Binomial,
Hypergeometric, etc.

Example 1.3 Fiz \,p > 0. A Gamma random variable with parameters \, p
15 an absolutely continuous random variable with density function

f(z) = F(lp))\pxpl exp(—Az)1 (>0}, (1.2)

where T" is the Euler Gamma function.

We denote this law by I'(A,p) For p e N, I'(p) = (p — 1)!.
Let p =1 in the previous example. Then

f(x) = Aexp(=Az) 100 (1.3)

This is the density of an exponential random variable with parameter A,
denoted by exp(\)

Using characteristic functions (Fourier transform), it can be checked that the
sum of n independent exponential random variables with parameter A has
distribution I'(A, n).

Other important examples of absolutely continuous random variables are:
normal, uniform, chi-square, etc.

1.4 Mathematical Expectation

One of the most important notion in Probability is that of expected value,
mean value or mathematical expectation of a random variable. As it is sug-
gested by its name, this is a real number associated to the random variable,
giving a sort of average of all possible values X (w), w € .

Definition 1.5 The mathematical expectation of a random variable X is the
Lebesque integral

E(X) = /Q XdP.

Not every measurable function is Lebesgue integrable. Therefore, the notion
of mathematical expectation may not be defined for an arbitrary random
variable. We are not going to discuss the issue of existence; instead, we
shall concentrate on how to compute mathematical expectations of random
variables of the two types described in Section 1.3. Here are some results.



(1) Discrete random variables. The mathematical expectation of X =
Y oneN anla, exists if and only if

Z |an|P(Ay) < oo,

neN

and in this case,
E(X) = Z a,P(A,). (1.4)

neN

(2) Absolutely continuous random variables. The mathematical expectation
of an absolutely continuous random variable X exists if and only if

[ Jalf @)z < o0,

and in this case,

E(X) = /Oo zf(x)dx. (1.5)

A brief explanation for the validity of the preceding formulas follows. First,
by the image measure theorem (a sort of change of variables formula),

B(X) = [ adPx(x).
R
Then, the formulas are obtained taking into account the particular form of
the measure Py in the discrete and absolutely continuous case, respectively.
Actually, (1.4) and (1.5) extend to random variables of the form g(X), where
g : R"™ — R. More specifically, we have

E(9(X)) = >_ 9(ax)P(X = an),

neN

B(g(X) = [ g@)f(a)dr.

The following spaces of random variables play an important role in proba-
bility theory. For any p € [1,00), LP(Q2) is the space of random variables
satisfying E(|X|P) < co. Actually, in these spaces we identify random vari-
ables which coincide on events of probability one.

1.5 Random Vectors. Independence

A m-dimensional random vector is a mapping X : Q@ — R™ X =
(X1,...,X;n) such that each component X;, i = 1,...,m, is a random vari-
able.
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Similarly as in the one-dimensional case, a random vector induces a prob-
ability measure on the o-field of Borel sets of R™, B(R™), by the formula
Px(B) = P(X"Y(B)), B € B(R™), called the law of X. The values of Px(B)
are characterized by the distribution function of X.

The distribution function of a random vector is given as follows:

Fx :R™ —[0,1], Fx(z)=Plw: X(w) <z} (1.6)

In (1.6), the symbol < means the partial order in R™ defined coordinate
wise. Hence, if x = (x1,...,2m),

F(z) = Plw: Xj(w) <z1,..., Xp(w) <z}

Definitions 1.3, 1.4 can be extended to the multidimensional case with the
following notion of density:

A function f : R™ — [0,00) is a probability density on R™ if it is Riemann
integrable and

[ [T e =1

A multinomial random vector -the one which gives the number of occurences
of each one of the m possible outcomes after n independent repetitions of a
random experience, like throwing a dice n times- is an example of discrete
random vector. Denote by Ai,..., A, the outcomes and py,...,p,, their
respective probabilities. Notice that >, p; = 1. Then, the law of X is
concentrated in the set M = {(n1,...,np) € ZT i1 + -+ + 1y = n} and

|
P{Xy=ny,...,. X =np} = Mp’l”...p%",

where X1,...,X,, denotes the number of outcomes of Ay,...,A,,, respec-
tively.

An important example of absolutely continuous multidimensional probability
distribution is the multidimensional Gaussian or normal law N(u, A). Here
@ € R™ and A is a m-dimensional symmetric, positive definite matrix. Its
density is given by

F1,. . o) = (2m det A)~F exp (—§ S (s — 1) (A )i (5 — m) -
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Definition 1.6 The random variables X4, ..., X,,, are said to be indepen-
dent if for any choice of Borel sets By,...,B,, the events X; ' (Bi), ...,
X Y(B,,), are independent.
The independence of the random variables X1, ..., X,, is equivalent to the
fact that the distribution function of the random vector X = (X,...,X,,)
is given by

Fx(x) = 2 Fx, (),

for any = (z;,...,x,). Moreover, if the random variables X;, i = 1,...,m,
have finite expectation then the product X; x - - - x X, has also finite expec-

tation and
E(X) x - x X)) =1I" E(X;). (1.7)

Throughout the course we shall be mainly interested in families of random
variables which are not independent. For random variables X and Y with
finite second order moments, that is with X,Y € L?*(Q), a parameter cap-
turing the degree of dependence is the covariance, defined by

Cov(X,Y) = E((X — EX)(Y — EY)).

Notice that, as a consequence of (1.7), if X and Y are independent,
Cov(X,Y)=0.
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2 Introduction to Stochastic Processes

This chapter is devoted to introduce the notion of stochastic processes and
some general definitions related with this notion. For a more complete ac-
count on the topic, we refer the reader to [13]. Let us start with a definition.

Definition 2.1 A stochastic process with state space S is a family {X;,i €
I} of random wvariables X; : Q — S indezed by a set I.

For a successful progress in the analysis of such object, one needs to put
some structure on the index set I and on the state space S. In this course,
we shall mainly deal with the particular cases: I = N,Z,, R, and S either a
countable set or a subset of R.

The basic problem statisticians are interested in, is the analysis of the prob-
ability law (mostly described by some parameters) of characters exhibited by
populations. For a fixed character described by a random variable X, they
use a finite number of independent copies of X -a sample of X. For many
purposes, it is interesting to have samples of any size and therefore to con-
sider sequences X,,n > 1. It is important here to insist on the word copies,
meaning that the circumstances around the different outcomes of X do not
change. It is a static world. Hence, they deal with stochastic processes
{X,,n > 1} consisting of independent and identically distributed random
variables.

However, this is not the setting we are interested in here. Instead, we would
like to give stochastic models for phenomena of the real world which evolve as
time passes by. Stochasticity is a choice in front of a complete knowledge and
extreme complexity. Evolution, in contrast with statics, is what we observe
in most phenomena in Physics, Chemistry, Biology, Economics, Life Sciences,
etc.

Stochastic processes are well suited for modeling stochastic evolution phe-
nomena. The interesting cases correspond to families of random variables X;
which are not independent. In fact, the famous classes of stochastic processes
are described by means of types of dependence between the variables of the
process.

2.1 The Law of a Stochastic Process

The probabilistic features of a stochastic process are gathered in the joint
distributions of their variables, as given in the next definition.

Definition 2.2 The finite-dimensional joint distributions of the process
{Xi,i € I} consists of the multi-dimensional probability laws of any finite
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family of random vectors X;,, ..., X, , where i1,...,ipm € [ and m > 1 is
arbitrary.

Let us give an important example.

Example 2.1 A stochastic process {X;,t > 0} is said to be Gaussian if its
finite-dimensional joint distributions are Gaussian laws.

Remember that in this case, the law of the random vector (Xy,, ..., Xy,) is
characterized by two parameters:

plty, . tw) = E(Xy, ..., X0,) = (B(Xy,),...,E(X..))
Aty tm) = (Cov(Xy, Xy,))

1<i,j<m

In the sequel we shall assume that I C R, and S C R, either countable or
uncountable, and denote by R the set of real-valued functions defined on 1.
A stochastic process {X;,t > 0} can be viewed as a random vector

X:0— R

Putting the appropriate o-field of events in RY, say B(R!), one can define,
as for random variables, the law of the process as the mapping

Px(B) = P(X Y(B)), B¢cB.

Mathematical results from measure theory tell us that Py is defined by means
of a procedure of extension of measures on cylinder sets given by the family
of all possible finite-dimensional joint distributions. This is a deep result.
In Example 2.1, we have defined a class of stochastic processes by means of
the type of its finite-dimensional joint distributions. But, does such an object
exist? In other words, could one define stochastic processes giving only its
finite-dimensional joint distributions? Roughly speaking, the answer is yes,
adding some extra condition. The precise statement is a famous result by
Kolmogorov that we now quote.

Theorem 2.1 Consider a family
{Py. . tt1<...<tp,n>11t e€l} (2.1)
where:
1. P, . 4, s a probability on R,

n
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2. if {tiy, < ... <ty } C{ti <...<tn}, the probability law P;, _,  is the
marginal distribution of Py, 4, .

There exists a stochastic process { Xy, t € 1} defined in some probability space,
such that its finite-dimensional joint distributions are given by (2.1). That
is, the law of the random vector (Xi,,...,Xy,) is Pr,._4,-

One can apply this theorem to Example 2.1 to show the existence of Gaussian
processes, as follows.
Let K : I x I — R be a symmetric, positive definite function. That means:

e forany s,t € I, K(t,s) = K(s,1);

e for any natural number n and arbitrary ¢,,...,t, € I, and xy,...,x, €
R,

n

Z K(tz,tj)xlxj > 0.

ij=1

Then there exists a Gaussian process {X;,t > 0} such that E(X;) = 0 for
any t € I and Cov (X, Xy,) = K(t;,t;), for any t;,t; € I.
To prove this result, fix t1,...,t, € I and set p = (0,...,0) € R*, A =
(K(ti,tj))lgingn and

P+, =N(0,A).

We denote by (X,,...,X:,) a random vector with law P, ;. For any
subset {t;,,...,t;, } of {t1,...,t,}, it holds that

A<Xt17"'7th):(Xti17"'7Xtim>7
with
6151,152'1 T 6tn,ti1
A= - o ],

5t1,tim e 5tn7tim
where d,; denotes the Kronecker Delta function.
By the properties of Gaussian vectors, the random vector (Xtil, o Xy, )
has an m-dimensional normal distribution, zero mean, and covariance matrix
AANA®. By the definition of A, it is trivial to check that
ANA" = (K (tip i) ) 1<t o -

Hence, the assumptions of Theorem 2.1 hold true and the result follows.
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2.2 Sample Paths

In the previous discussion, stochastic processes are considered as random
vectors. In the context of modeling, what matters are observed values of the
process. Observations correspond to fixed values of w € . This new point
of view leads to the next definition.

Definition 2.3 The sample paths of a stochastic process { Xy, t € I} are the
family of functions indexed by w € Q, X(w) : I — S, defined by X(w)(t) =
Xt<(.d)

Example 2.2 Consider random arrivals of customers at a store. We set our
clock at zero and measure the time between two consecutive arrivals. They
are random variables X1, Xa,.... Set So =0 and S,, = ?:1 X;,n>1.5,
s the time of the n-th arrival. The process we would like to introduce is Ny,
giving the number of customers who have visited the store during the time
interval [0,t], t > 0.

Clearly, Ny = 0 and fort > 0, Ny = k if and only if

Sk <t < Ski1.

The stochastic process {N;,t > 0} takes values on Z, . Its sample paths are
increasing right continuous functions, with jumps at the random times .5,
n > 1, of size one.

Later on in the course, we are going to study these kind of processes. For
instance, the Poisson process is obtained when assuming the random variables
X1, Xs,... to be independent and identically distributed with exponential
law. We shall see that each random variable N; has a Poisson distribution
with parameter A\t (see Example 1.2).

The preceding example is a particular case of a counting process. Sample
paths of counting processes are always increasing right continuous functions,
their jumps are natural numbers.

Example 2.3 FEvolution of prices of risky assets can be described by real-
valued stochastic processes {X;,t > 0} with continuous, although very rough,
sample paths. They are generalizations of the Brownian motion.

The Brownian motion, also called Wiener process, is a Gaussian process
{B;,t > 0} with the following parameters:

E(B) =0
E(B,B;) = s At,

16



This defines the finite dimensional distributions and therefore the existence
of the process via Kolmogorov’s theorem (see Theorem 2.1).

Before giving a heuristic motivation for the preceding definition of Brownian
motion we introduce two further notions.

A stochastic process {X;,t € I} has independent increments if for any
t1 <ty < ... < t; the random variables X;, — X, ,..., X, — X, _, are
independent.

A stochastic process {X;,t € I} has stationary increments if for any ¢, < to,
the law of the random variable X;, — X;, is the same as that of X, 4.

Brownian motion is termed after Robert Brown, an British botanist who
observed and reported in 1827 the irregular movements of pollen particles
suspended in a liquid. Assume that, when starting the observation, the
pollen particle is at position z = 0. Denote by B; the position of (one
coordinate) of the particle at time ¢ > 0. By physical reasons, the trajectories
must be continuous functions and because of the erratic movement, it seems
reasonable to say that {B;,t > 0} is a stochastic process. It also seems
reasonable to assume that the change in position of the particle during the
time interval [t, ¢ + s] is independent of its previous positions at times 7 < ¢
and therefore, to assume that the process has independent increments. The
fact that such an increment must be stationary is explained by kinetic theory,
assuming that the temperature during the experience remains constant.
The model for the law of B, has been given by Einstein in 1905. More
precisely, Einstein’s definition of Brownian motion is that of a stochastic
processes with independent and stationary increments such that the law of
an increment B; — By, s < t is Gaussian, zero mean and F(B; — B)? =t — s.
This definition is equivalent to the one given before.
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3 Discrete Time Martingales

In this chapter, we study a very popular class of stochastic processes: mar-
tingales and their relatives, submartingales and supermartingales. We shall
keep to the simplest case of discrete time processes. As references for the
topics we are reporting here, we cite [3], [4].

From the theoretical point of view, martingales represent a first generaliza-
tion of sequences of independent random variables. In fact, if {X,,n > 1}
denotes such a sequence, then {S, = >, X;,n > 1} provides an example
of martingale. From an applied perspective, martingales are on the basis of
modeling games and gambler’s strategies. More recently, they are showing
its performance in the analysis of financial markets.

3.1 Conditional Expectation

The mathematical tool for studying martingales is the notion of conditional
expectation and its properties. Roughly speaking, a conditional expectation
of a random variable is the mean value with respect to a modified probabil-
ity after having incorporated some a priori information. The simplest case
corresponds to conditioning with respect to an event B € F. In this case,
the conditional expectation is the mathematical expectation computed on
the modified probability space (2, F, P(-/B)).

However, in general, additional information cannot be described so easily.
Assuming that we know about some events By, ..., B, we also know about
those that can be derived from them, like unions, intersections, complemen-
taries. This explains the election of a o-field to keep known information and
to deal with it.

In the sequel, we denote by G an arbitrary o-field included in F and by X
a random variable with finite expectation (X € L'(€2)). Our final aim is to
give a definition of the conditional expectation of X given G. However, in
order to motivate this notion, we shall start with more simple situations.

Conditional expectation given an event

Let B € F be such that P(B) # 0. The conditional expectation of X given
B is the real number defined by the formula

B(X/B) = 55 B(1sX). (3.1)

It immediately follows that

o E(X/Q) = B(X),
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e £(14/B) = P(A/B).
With the definition (3.1), the conditional expectation coincides with the ex-
pectation with respect to the conditional probability P(-/B). We check this
fact with a discrete random variable X = Y72, a;14,. Indeed,

1 0 < P(A;NDB)
E(X/B) = @E (; ailAimB> = ZQZTB)

i=1

Conditional expectation given a discrete random variable

Let Y =32 y;1a., Ai = {Y = y;}. The conditional expectation of X given
Y is the random variable defined by

E(X/Y)=) E(X/Y =y)la,. (3.2)
i=1
Notice that, knowing ¥ means knowing all the events that can be described
in terms of Y. Since Y is discrete, they can be described in terms of the
basic events {Y = y;}. This may explain the formula (3.2).
The following properties hold:

(a) E(E(X/Y)) = E(X);
(b) if the random variables X and Y are independent, then E(X/Y) =
E(X).

For the proof of (a) we notice that, since E(X/Y) is a discrete random
variable

E(X/Y)) iE (XY =y)P(Y =)

=1
—E <XZ 1{y:yi}) — E(X).
i=1
Let us now prove (b). The independence of X and Y yields

E(X/)Y) = iwlm

=3 B(X)Ly, = B(X).

The next proposition states two properties of the conditional expectation
that motivates the Definition 3.1
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Proposition 3.1 1. The random wariable Z = E(X/Y) is o(Y)-
measurable; that is, for any Borel set B € B, Z71(B) € o(Y),

2. forany A€ o(Y), E(I4E(X/Y)) = E(14X).
Proof: Set ¢; = E(X/{Y =y;}) and let B € B. Then
Z7N(B) = UieeplY = i} € o(Y),

proving the first property.
To prove the second one, it suffices to take A = {Y = y,}. In this case

E (Ly—yy BOX/Y)) = B (Ly -y E(X/Y = )

E(X1{y=yy)
=F (1{Y:yk} P(Y{: yy:)} ) - E(Xl{Yka}).

Conditional expectation given a o-field

Definition 3.1 The conditional expectation of X given G is a random vari-
able Z satisfying the properties

1. Z is G-measurable; that is, for any Borel set B € B, Z7'(B) € g,

2. for any G € G,
E(Z1g) = E(X1g).

We will denote the conditional expectation Z by E(X/G).

Notice that the conditional expectation is not a number but a random vari-
able. There is nothing strange in this, since conditioning depends on the
observations.

Condition (1) tell us that events that can be described by means of E(X/G)
are in G. Whereas condition (2) tell us that on events in G the random vari-
ables X and E(X/G) have the same mean value.

The existence of E(X/G) is not a trivial issue. You should trust mathe-
maticians and believe that there is a theorem in measure theory -the Radon-
Nikodym Theorem- which ensures its existence.

Before stating properties of the conditional expectation, we are going to
explain how to compute it in two particular situations.
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Example 3.1 Let G be the o-field (actually, the field) generated by a finite
partition Gy, ...,G,,. Then

(3.3)

Formula (3.3) tell us that, on each generator of G, the conditional expectation
is constant; this constant is weighted by the mass of the generator (P(G})).
It can be checked using Definition 3.1. Indeed, it suffices to consider G in
the set of generators of G, for instance let us fix G := Gy. Then

= E (19’@%) = E(1g,X).

Example 3.2 Let G be the o-field generated by random variables Yy, ..., Y,
that is, the o-field generated by events of the form Y *(By),..., Y7 ' (Bn),
with By, ..., By, arbitrary Borel sets. Assume in addition that the joint dis-
tribution of the random vector (X,Y1,...,Y,,) has a density f. Then

E(X/Yi,...,Yy) = /_OO cf(@/ Y, ..., Yo)de, (3.4)
with

f(x yl?'“a?lm)
2 flzoyn, - ym)da

f@/yr, .o ym) = (3.5)

In (3.5), we recognize the conditional density of X given Y = y1,...,Y,, =
Ym. Hence, in (3.4) we first compute the conditional expectation E(X/Y; =
Y1, -+ Ym = Ym) and finally, replace the real values i, . .., y,, by the random
variables Y7, ....Y,,.

We now list some important properties of the conditional expectation.

(a) Linearity: for any random variables X, Y and real numbers a, b

E(aX +bY/G) = aE(X/G) + bE(Y/G).

(b) Monotony: If X <Y then E(X/G) < E(Y/G).
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(¢) The mean value of a random variable is the same as that of its conditional
expectation: E(E(X/G)) = E(X).

(d) If X is a G-measurable random variable, then F(X/G) = X

(e) Let X be independent of G, meaning that any set of the form X ~1(B),
B € B is independent of G. Then E(X/G) = E(X).

(f) Factorization: If Y is a bounded, G-measurable random variable,

E(YX/G) = YE(X/G).

(g) If G;, i = 1,2 are o-fields with G; C G,
E(E(X/G1)/G2) = E(E(X/G2)/G1) = E(X/G).

(h) Assume that X is a random variable independent of G and Z another
G-measurable random variable. For any measurable function h(z, 2)
such that the random variable h(X, Z) is in L'(Q),

E(h(X. 2)/9) = E(h(X,2))|1—..

We give some proofs.

Property (a) follows from the definition of the conditional expectation and
the linearity of the operator E. Indeed, the candidate a E(X/G)+bE(Y/G) is
G-measurable. By property 2 of the conditional expectation and the linearity
of F,

E (1glaE(X/G) + bE(Y/G)]) = aE(16X) + bE(15Y)
= E(1glaX +bY)).
Property (b) is a consequence of the monotony property of the operator £ and
a result in measure theory telling that, for G-measurable random variables

Zy and Z,, satisfying
E(Z1g) < E(Z21q),

for any G € G, we have Z; < Z,. Indeed, for any G € G we have E(156X) <
E(15Y). Then, by property 2 of the conditional expectation,

E(16E(X/G)) = E(16X) < E(1gY) = E(1E(Y/G)).

By applying the above mentioned property to Z; = F(X/G), Z, = E(Y/G),
we get the result.
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Taking G = 2 in condition (2) above, we prove (c¢). Property (d) is obvious.
Constant random variables are measurable with respect to any o-field. Ther-
fore F(X) is G-measurable. Assuming that X is independent of G, yields

B(X1g) = B(X)E(lg) = E(E(X)1g).

This proves (e).

For the proof of (f), we first consider the case Y = 15, G € G. Claiming
(f) means that we propose as candidate for E(Y X/G) = 15E(X/G). Clearly
15E(X/G) is G-measurable. Moreover,

E(1elgE(X/9)) = E(1gaaE(X/9)) = E (1gnaX) -

The validity of the property extends by linearity to simple random variables.
Then, by monotone convergence to positive random variables and, finally, to
random variables in L*(2), by the usual decomposition X = X+ — X~

For the proof of (g), we notice that since E(X/G;) is Gi-measurable, it is
Go-measurable as well. Then, by the very definition of the conditional expec-
tation,

E(E(X/G1)/G2) = E(X/Gy).
Next, we prove that E(X/Gy) = E(F(X/G2)/G1). For this, we fix G € G;
and apply the definition of the conditional expectation. This yields
E(1gE(E(X/G2)/G1)) = E(1cE(X/G)) = E(1X).

Properety (h) is very intuitive: Since X is independent of G in does not enter
the game of conditioning. Moreover, the measurability of Z means that by
conditioning one can suppose it is a constant.

3.2 Martingales, Submartingales, Supermartingales

An increasing sequence of sub o-fields of F,
FoCFHC---CFpaCF,C---,

is termed a filtration.

Given a stochastic process {X,,,n > 0}, there is a natural way to define a
filtration associated to it, as follows. Set Fy the trivial o-field generated
by the constants and F, the one generated by the random variables X;,
0<i<n,forany n>1.

Definition 3.2 A stochastic process {X,,n > 0} C LY (Q) is said to be a
martingale with respect to {F,,n > 0} if
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(1) X, is F,-measurable, for any n > 0,
(ii) E(Xpi1/Fn) = Xy

Stochastic processes satisfying condition (i) are called adapted to the filtration
{Fn,n >0}

Replacing in condition (ii) the equality sign by > (respectively, <) gives the
definition of submartingale (respectively, supermartingale).

By property (d) of the conditional expectation, condition (ii) can be equiva-

lently written as
E(Xy1 — X,n/Fn) =0.

In this form, we can attach a meaning to the martingale property in the
following way. Assume that X, gives the capital at time n owned by a
gambler. Then X, — X, is the amount he wins at the n + 1-th game. The
martingale condition means that the game is fair. Similarly, a submartingale
is a favorable game and a supermartingale a non-favorable one.

Lemma 3.1 Let {X,,,n > 0} be a martingale (respectively, a submartingale,
a supermartingale). Then, E(X,) = E(Xy) (respectively E(X,) > E(Xo),
E(X,) < E(Xy)), for any n > 1.

The result follows immediately from property (c¢) of the conditional expecta-

tion.

Example 3.3 Let £ = {{,,n > 1} be a sequence of independent random
variables with E(&,) = 0. Set

Xo=0 (3.6)
X, = ig (3.7)

The stochastic process X = {X,,,n > 0} is a martingale with respect to the
natural filtration (F,,,n > 0) associated with {&,,n > 1}.

Indeed, owing to property (e) of the conditional expectation,

E(Xn+1 - Xn/fn) = E(én—&-l/]:n)
= E<€n+1) =0.

If in this example, we assume in addition that the random variables &, are
identically distributed, with common mean p, by the previous computations
we see that X is a martingale (respectively, a submartingale, a supermartin-
gale) if u = 0 (respectively, u > 0, u < 0.

Notice that (F,,n > 0) coincides with the natural filtration associated with
{X,,n >0} as well.
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Example 3.4 Let £ = {&,,n > 1} be a sequence of i.i.d. positive random
variables. Fix a positive random wvariable Xy and set X, = Xg - & - &,
n>1. If u:=E& =1 (respectively, up > 1, u < 1), then X = {X,,,n > 0} is
a martingale (respectively, a submartingale, a supermartingales) with respect
to the natural filtration (F,,n > 0) associated with {X,,n > 0}.

Notice that (F,,n > 0) coincides with the filtration generated by Xo, &,,n >
1.

To see that X defines a martingale, we apply property (f) and then (e) of
the conditional expectation to obtain

E(Xn—i-l - Xn/]:n) = E((gn—i-l - 1)X0£1 o gn/]:n)
= Xofl o 'gnE(gnJrl - 1/fn)
= Xo&1 - &GE (G — 1)
= X, E(&y1—1).

This example is applied in modeling stock prices. In fact, the following
particular cases appear in the financial literature.

1. Discrete Black-Scholes model. &, = exp(Z), with Z =@ N (u, 0?).

2. Binomial model. &, = (1 4+ a)exp(—r), with probability p and ¢, =
(1+a)~texp(—r), with probability 1 —p. Here, the parameter r means
the interest rate by which we discount future rewards. At time n > 1,
the price would have the form Xy(1 + a)¥ exp(—nr), k < n.

In applications, we shall often deal with two filtrations associated in some
way to the process. Property (g) of the conditional expectation tells us when
the martingale property is preserved. More precisely, we have the following
result.

Proposition 3.2 Let X = {X,,,n > 0} be a martingale with respect to a
filtration {F,,n > 0}. Assume that the natural filtration of X, {G,,n > 0}
satisfies G, C Fy, for any n > 0. Then, X is also a martingale with respect

to {G,,n > 0}.

Proof: The process X is clearly adapted to {G,,n > 0}. By property (g) of
the conditional expectation,

E(Xn+1/gn) = E(E(Xn+1/~7:n)/gn) = E(Xn/gn) = X,

where in the last equality we have applied property (d). O
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3.3 Martingale Transforms

Let {&,,n > 1} be a i.i.d. sequence such that P(§, =1) =p, P(§, = —1) =
1 — p, representing the amount a gambler wins by flipping a coin. Assume
he starts with a capital Xy = Cy > 0. His capital at the n-th flipping would
be X, = Xo+ >~ &. Suppose he decides to bet, that means, in view of the
evolution of the game, he brings some amount of money H; at each flipping.
For example, he could decide to bet H; on heads. His capital at time n would
be now given by
W, = Xo+ > Hi.

i=1
Notice that H,, depends on what happened at the flippings ¢ =1,--- ,n — 1.
This example lead to the following notions.

Definition 3.3 A stochastic process H = {H,,n > 1} is predictable with
respect to a filtration {F,,n > 0} if H, is F,_1-measurable, for any n > 1.

If {F,,n > 0} is the natural filtration associated with some stochastic process
X = {X,,n > 0}, predictability means that H, is described by knowledge
on X, -+, X,_1, that is, on the past of X.

Definition 3.4 Fiz a filtration {F,,n > 0} for further reference. Let H =
{H,,n > 1} be a predictable process and X = {X,,n > 0} be a martingale.

The martingale transform of X by H s the stochastic process denoted by
{(H - X)n,n >0} defined as

(H-X)o= Xy

(H-X)p=Xo+ > Hi(X;—X;1),n>1.

i=1

In the sequel, to simplify the notation we shall write A; X = X, — X;_1.

A martingale transform is in fact an integral operator: The integrand is the
process H and the integrator X. One of its most important properties is
that the martingale property is preserved under some special conditions, as
is made explicit in the next proposition.

Proposition 3.3 Let X = {X,,,n > 0} be a martingale (respectively, a sub-
martingale, a supermartingale) and H = {H,,n > 1} be a bounded positive
predictable process. Then, the martingale transform process {(H-X),,n > 0}
is a martingale (respectively, a submartingale, a supermartingale).
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Proof: Since {X,,n > 0} C L*(Q2) and H is a bounded sequence, we have
{(H - X)p,n >0} € LYQ). Clearly, (H - X) is adapted to the reference
filtration {F,,n > 0}. It remains to prove the martingale property. For this,
we apply property (f) of the conditional expectation, yielding

E ((H ) X)n+1 - (H ) X)n/}_n) =F (Hn+1An+1X/~7:n)
= n-l—lE (An—HX/]:n) :

The conclusion follows from the properties of X.

Remark The hypothesis of H being positive in the preceding proposition
is only necessary to state the result for sub and supermartingales.

With a bit more sophisticated technique, the boundedness of H in the pre-
vious proposition can be removed.

Proposition 3.4 Let X = {X,,0 < n < ng} be a martingale and H =
{H,,1 < n < ng} be a predictable process. Assume that E ((H : X);O) <
0o. Then, the martingale transform process {(H - X),,0 < n < ng} is a
martingale.

Proof: We go to the bounded case by means of a stopping procedure. We
define a random variable

T Q—{0,1,--+ ,ng}

T = O,Ile >k
= sup{i : |H;| <k} Anp.

Set Z = (H - X). Then, the sequence

Znng, = Xo + Z Hilg > A X

=1

is a martingale. In fact, the random variables H;l;, >; are bounded and
F;_1-measurable, since

{m. >} ={|Hi| <k, -, |H)| <k} e Fi_1.

Hence,

E(Zinsvnn/ Fa) = Zune,.
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Notice that limy_.. 7 = ng. The result follows letting £k — oo in the pre-
ceding inequality. However, for making the argument rigourous, one needs
the variable Z,, to be integrable. For this, it suffices to prove recursively that
E(Z;) and E(Z) are finite.

Jensen’s inequality applied to the convex function ¢(x) = z~, yields

Zy Ymzni1) = Zopn Lmzni)
= (B (Zewsvnn/Fn)) Limzntn
S E (Z;LH Ark/]: ) (T >n+1)
=E (Z(n—i-l)/\Tk]‘(Tan'f—l)/fn)
=F (Z(;H) rk2n+1)/~7n) :

Taking expectations in both sides of the preceeding inequality yields

E (szl(Tan-l—l)) ) (Z(;,+1)1(7'k2n+1)) .

Since the random variables involved are positive, one can let k£ tend to infinity
to obtain

E(Z,) < E(Zp) < E(Z,).

where in the last inequality we have used that (Z,,n > 0) is a submartingale.
The boundedness of the positive part is proved as follows:

koo NATE

E(ZH)=F (hmlnf Ztrm ) < hiﬂ}i}fE (ZJr )
= lim inf (B (Zunn) + E (Zons,))

= E(Zy) + hm me (ZnATk)

<|EZ()|+ZE <OO

=1

O

Remark 3.1 The random wvariable 7, defined in the proof of the previous
theorem is an example of stopping time. We shall introduce this notion in
the next section.
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3.4 Stopping Times and Martingales

The purpose of this section is to prove that when observing a martingale
at random times, the martingale property is preserved. We have to make
precise what random times are allowed.

Definition 3.5 A random variable T : Q — Z, U {occ} is a stopping time
with respect to a given filtration (F,,n > 0} if, for any n € Z,, the event
{T = n} belongs to F,.

The above definition is equivalent to say that for any n € Z, the event
{T < n} belongs to F,,. Indeed, this follows trivially from the set of equalities

{I'<n}=UL{T=1}
{T=n}={T<n}n{T <n-1})".

Let us mention some of the basic properties of stopping times. In the sequel
we assume that the reference filtration is always the same.

1. A constant random variable is a stopping time. In fact, if T' = ¢, a.s.,
the event {T' = n} is either Q) or the empty set.

2. Any linear combination of stopping times is also a stopping time.

3. The supremum and the infimum of two stopping times is a stopping
time. More generally, let T}, 7 > 1, be a sequence of stopping times.
Then the random variables S = sup,~; T; and I = inf;>; T} are stop-
ping times.

Proof: 1t is a consequence of the following set of equalities and the
structure of a o-field.

{5 <n}=np{T; <n}
{I >n}=n0;{T; > n}.

The random variable 75 of the proof of Proposition 3.4 is a stopping time.
Indeed,
{TkZO}:{H1>l€}:{H1 S/{?}CEJTO.

and, for 1 <n <nyg—1,

{me =n} ={|Hi| < k,...,|Hy| < k,|Hpi1| >k} € F.
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Example 3.5 Hitting times. Let B € B. The hitting time of a stochastic
process X = {X,,,n > 0} to B is defined as

Tg=inf{n >0: X, € B},

if this last set is nonempty, and T = 0o, otherwise.
We check that Ty is a stopping time with respect to the natural filtration
associated with X. Indeed, for anyn > 1,

{TB:n}:{XO¢Bv"-7Xn71¢BaXnEB}E:Fn,

while for n =0,

{TB:O}:{X()EB}G.,F().

Given a stochastic process {Z,,n > 0} and a stopping time 7', the random
variable Zr is defined as

Zr(w) = Zr(w)(w).

Example 3.6 In connection with the proof of Proposition 3.4, we give an
example of predictable process.
Let T be a stopping time. Set H, = 1ir>ny, n > 1. This defines a predictable
process. Indeed

{T>n}={T<n-1}€ F,_1.

For any stochastic process X = {X,,,n > 0}, we have

(H . X)n =Xo+ Z 1{T2i}AiX
=1
TAn
= Xo+ Z A X = Xppp.

i=1

By Proposition 3.3, assuming that X is a martingale (respectively, a sub-
martingale, supermartingale), the stochastic process { Xrpn,n > 0} is again
a martingale (respectively, a submartingale, supermartingale).

Consider an (F,,n > 0)-adapted stochastic process X = {X,,,n > 0}; we
may wonder what kind of measurability the process has when observed at
random times. To give an answer to this question, we introduce a o-algebra
associated with the stopping time T'.
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Definition 3.6 The o-field of events prior to T, Fr is given by

Fr={AeF:An{T'<n}eF, foral n>0}.

Let us check that Fr is actually a o-field. Indeed, the equalities
AN{T <n}=(AU{T >n}) = ((An{T <n})U{T > n})",

shows that, if A € Fr then A€ € Fr.

On the other hand, by its very definition, Fr is closed by countable intersec-
tions.

Let us now prove that the random variable X is Fpr-measurable. For this,
we fix a Borel set B € B and check that { X7 € B} N{T < n} € F,. Indeed,

{XT € B} N {T < TL} = U?:o ({XT € B} N {T = Z})
=Ul,({X; e B}n{T =i}) € F,.

Theorem 3.1 (Stopping Theorem) Let {X,,n > 0} be a martingale
(respectively, a submartingale) and S, T be two stopping times satisfying
S <T <, for some c € N. Then

E(Xr/Fs) = Xs,
(respectively, E(Xr/Fs) > Xg).

Proof: Since T is bounded, | Xr| < Y%, |X,| € L' ().
We will prove that, for any A € Fg,

E(14(Xr — X5)) =0. (3.8)

For this, we consider the predictable bounded process defined by H, =
l{s<n<Tina, n > 1 and notice that

(HX)O :XQ,
(H-X).= X+ 14(Xr — Xs)

The martingale property of {(H - X),,,m > 0} yields
E((H X)) =E((H X)) =E(Xo+ 1a(Xr — Xg))

(see Lemma 3.1). Consequently, we obtain (3.8). O
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3.5 The Snell Envelope

Let {Z,,0 < n < N} be a sequence of integrable positive random variables,
defined on a probability space (2, F, P), adapted to some filtration {F,,0 <
n < N}. The Snell envelope is a sequence of random variables {U,,,0 < n <
N} defined recursively as follows:

Un =Zy
U, = max(Z,, E(Up1/F)), n=0,...,N — 1. (3.9)
(3.10)

We shall see in the next chapter that such notion plays an important role in
option pricing. For the moment, keeping at a theoretical framework, let us
state an optimal property of the Snell envelope.

Proposition 3.5 The Snell envelope is the smallest supermartingale such
that U, > Z,, for any 0 <n < N.

Proof: The supermartingale property is obvious, since by its very definition
Up,> EUys1/Fn), n=0,...,N —1.

Let {T,,,0 <n < N} be another supermartingale satisfying 7,, > Z,, for any
0<n<N. Wehave Ty > Zy = Uy. Assuming that T,, > U,,, for any
n <m < N, we obtain

Tn—l Z E(TN/Fn—l) Z E(Un/"fn—l)'

Hence,
Tnfl > max (anlv E(Un/fnfl)) = Unfl-

This finishes the proof. 0

The next result is related with the martingale property of the stopped Snell
envelope.

Proposition 3.6 The random variable
v=inf{n>0:U,=2,} NN (3.11)

is a stopping time with respect to the filtration (F,,0 < n < N), and the
process
{Un/\l/070 S n S N}

1s a martingale with respect to the same filtration.
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Proof: First, we prove that 1y is a stopping time. Indeed,

{vo =0} ={Uy = Zp} € Fo.
Moreover,

{vo =k} ={Uy > Zy,...,Up_1 > Zj_1, Uy = Z},} € Fy,

for any k£ > 1.
Let us next prove the martingale property. By definition

Unrvy = Up + zn:l L= A;U.

j=
Thus, forany 0 <n < N — 1,
Utn+1)rvo — Unave = Loznt 13 (Uns1 — Un).
On the set {vy > n + 1}, we have that U,, > Z,, and consequently,
U, = max(Z,, E(Upt1/Fn)) = E(Ups1/Fn).
Therefore,
E Uity = Unno/Fn) = E (Lpgznsry (Unss — Un) [ F)

= F (1{V02n+1}(Un+1 - E(UnJrl/Fn))/fn)

= 1{1/02n+1}E (Un+1 - E(Un—&-l/j:n)/}_n)
=0.

3.6 Optimal Stopping

We keep in this section the same notation as in the previous one. We shall
define the notion of optimal stopping time and explain some relation with
the Snell envelope.

Definition 3.7 A stopping time T with respect to the filtration (F,,0 < n <
N) is optimal for the adapted sequence (Z,,0 <n < N) if

E(Zr/Fo) = sup E(Z,/F),

veTo,N

where Ty v is the family of all stopping times taking values in {0,1,2, ..., N}.
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Proposition 3.7 The stopping time vy defined in (3.11) is optimal. In ad-
dition,
UO == E(Zl,o/:/to) = Sup E(ZV/F())

vedy N

Proof: We already know by Proposition 3.6 that {U,n,,,0 < n < N} is a
martingale. Thus,

UU - UO/\I/O - E(UN/\Vo/FO) - E<Ul/0/f0> = E(ZVO/fO) N

Moreover, for any stopping time v € 7y y, the process {Unr,,0 <n < N} is
a supermartingale. Hence,

Uo = Upnw = E(Unpu/Fo) > E(Z,]F) .
[l

It is easy to check the following extension of the previous result: Fix n €
{0,1,..., N —1}. Denote by 7, y the set of all stopping times taking values
on {n,n+1,...,N}. Then

Un= sup E(Z,/Fy) =E(Z),/Fn),

lIETn,N
where v, = inf{j > n: U; = Z;}.

In terms of the Snell envelope, optimal stopping times are characterized as
follows.

Theorem 3.2 A stopping time v is optimal for the sequence (Z,,0 < n <
N) if and only if Z, = U, and the process

{Un/\wo S n S N}
s a martingale.

Proof: Let us first prove that, under the stated conditions, v is optimal.
Clearly, Uy = E(U,/Fy) = E(Z,/Fy) and

Up=E(Z,]Fy) = sup E(Z,/F).

o€Ty N

Thus, v is optimal.
Conversely, assume that v is optimal. Owing to Proposition 3.7, since Z, <
U, and {U,rn, 0 <n < N} is a supermartingale, we obtain

UO = Sup E(ZU/JTQ) = E(Z,,/fo) S E(U,//fo) S UQ. (312)

o€Ty,N
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Thus, we have an equality in (3.12)
E(ZV/fO) - E(Uu/f0>a

and F(Z,) = E(U,).This yields Z, = U,, because Z, < U,.
By the supermartingale property of {U,x,,0 <n < N}, we have

Up = Uonv = E(Uppo/Fo) = E(Unpu/Fo) = E(U, ) Fo). (3.13)

The fact that in (3.12) we have equalities, implies Uy = E(U,/F,). Conse-
quently, in (3.13) we also have equalities. Taking expectations yields

E(Unn) = E(U,)) = E(E(U, [ Fn))-
By the supermartingale property,

Unnv = E(Unno/Fn) = E(U, [ Fn).
This implies that {U,x,,0 < n < N} is a martingale and ends the proof of
the Theorem. U

Remark 3.2 The stopping time vy is the smallest optimal time. Indeed, if
vy 1s another optimal time, by the preceding theorem Z,, = U,, and, by the
definition of vy, vy < vy.

According to Theorem 3.2, in order to give an optimal stopping time we
have to find the first time when the sequence (U,,0 < n < N) fails to be
a martingale. A useful tool to solve this question is the decomposition of a
generic supermartingale given in the next proposition.

Proposition 3.8 (Doob Decomposition) Let (U,,0 < n < N) be a su-
permartingale. For any 0 <n < N,

Un = Mn_Any

where the sequence M = (M,,0 < n < N) is a martingale, A = (A,,0 <
n < N) is increasing, predictable and Ay = 0.
There is a unique decomposition of this type.

Proof: The sequences M and A are constructed as follows. Set My = Uy,
and for n > 1,

My, = U + ZU E(U;/Fi-1)),
A, =M, —U,.
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It is very easy to check that the sequence M defined before is a martingale.
It is also clear that Ay = 0. Moreover,

An - An—l = Mn - Mn—l - (Un - Un—l)
- Un - E(Un/Fn—l) - (Un - Un—l)
= Un-1— E(Un/fnfl) > 0.

Thus, A is increasing.
From the previous equalities, we have

A, = i (Uj—1 — E(U;/Fj-1))

Jj=1

and from this expression, it is obvious that A is a predictable sequence.
Let us prove the uniqueness of this decomposition. Assume that we have
two sequences M’ and A’ with the same properties as M and A, respectively,
such that

U,=M,— A, =M — A .

Since Ay = Ay, we have that My, = M{ = U,. Consider the algebraic relation
M, — A, — (Mn—l - An—1> = Mr,z - A;"L - (Ma/z—l - A:z—l)a

and apply the conditional expectation operator with respect to F,_ ;. We
obtain
Ay — A, =A,_ | — AL

Since Ag = Ay = 0 = 0, this implies the identity of the sequences A and A’
and therefore the same holds true for M and M’. O

We can now give the optimal stopping time of a sequence Z = (Z,,0 < n <
N) via the Doob decomposition of its Snell envelope.

Proposition 3.9 Let (A,,0 < n < N) be the increasing sequence in the
Doob decomposition of the Snell envelope of Z, which we denote by (U,,0 <
n < N). The stopping time defined by

U = {N’ i An =0, (3.14)

inf{n>0:A4,.1 #0}, ifAy >0,

s optimal.
Moreover, v,, is the largest optimal stopping time for Z.
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Proof: Let us first check that v, is a stopping time. Indeed,
{Vm = n} = ﬂjgn{Aj = 0} N {An+1 > O} S fn

Let us now prove that {U,, rn,0 < n < N} is a martingale. Indeed, U,, =
M, — A, and A; = 0 if j < v; thus, Uy, an = M, An, and the statement
follows.

We now check that U,, = Z, . In fact, by the definition of U,

-1

N
Upo = >

Lom=yUj + Ly, =myUn

<
o

=

Ly, —jy max(Z;, E(Uj11/F;)) + Ly, =N} 2N - (3.15)
0

.
Il

By the Doob decomposition,
E(Uj1/Fj) = E(Mj1 — Aja ) Fj) = My — Aji.

On the set (v, = j), we have A; =0 and A;;; > 0. Therefore, on (v, = j),
M; = U, and

EUjn/Fj) = Mj = Ajp = U — Aja < Uj.

Thus, on (v, = j), U; = max(Z;, E(Uj+1/F;)) = Z;. Plugging this equality
in (3.15), we obtain the announced result. According to Theorem 3.2, the
stopping time v, is optimal.

We finally prove that v, is the largest stopping time satisfying the optimality

property. For this, consider a stopping time v such that P(v > v,,) > 0.
Then

= E(My) — E(A)) = E(Us) — E(A)
< E(Uy).

This inequality tell us that the sequence (Uyr,, 0 < n < N) is not a martin-
gale and therefore, v is not optimal. Il
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3.7 Convergence Results

We end this chapter on discrete time martingale theory with a result on
convergence of a matingale sequence when n — oco. For its proof, we need a
refinement of Chebychev’s inequality for martingales, as follows.

Proposition 3.10 (Doob-Kolmogorov inequality) Let {S,,n > 1} be a mar-
tingale with respect to a filtration (F,,n > 1}. Then, for any e > 0,

P <max |Sp| > 5) < 812E (Sfl) :

1<i<n

Proof: We first consider a decomposition of the set €2 into disjoint subsets,
as follows. Set

AO = Qa
A ={|Si| < e, for alli <k},
Bk = Ak’—l N {’Sk’ Z 5}.

It holds that
Q=A,U (U B).
Hence, by the linear property of the mathematical expectation,

E(S82) = zn:E (S215,) + E(S214,) > znjE (S215,) -

i=1 =1

We next notice that

E(S215,)

E ((Sy — Si+ Si)15,)
=a+f+7,

with

a=E((S, - 5)"p,),
B =2E((S, — Si)Silg,),

We are going to give a lower bound for each one of these terms. Clearly,
a >0 and v > e*P(B)).
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Using property (c) of the conditional expectation and that S;1p, is F; mea-
surable yield
= 0.

Consequently,

E () = ;foP(Bi) >e’P (lrga;; |53l > e) :

proving the proposition. O

The next theorem gives the behaviour of a martingale for large values of n.

Theorem 3.3 Let (X,,,n > 0) be a martingale bounded in L*, that is, sat-
isfying sup,, E(X?) < M < oo. There exists a L*-—valued random variable Y
such that

lim X, =Y,

n—oo

almost surely and in L2.

Proof: First, we prove that {F (X2),n > 0} is an increasing sequence. In-
deed, using property (c) of the conditional expectation we obtain

E (X (Xoman — X)) = E [XnE (Xosn — Xom/Fum)] = 0.

This implies
E(X2) =B (X2) + E (Xmin — Xn)”.
We set
M := lim E(X?2).

n—oo

Next, we show that (X,,n > 0) is a Cauchy sequence, a.s. For this, we
introduce the set

C= {for all € > 0, there existsm > 1,

such that | X,,,4; — X,n| < e, for alli > 1}

and show that P(C) = 1.
By definition,

C' = N0 U1 {| Xinpi — Xon| < e, for alli > 1} .
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Otherwise stated,
C° = Ue>0 ﬂmzl Am(5)7
where A, (¢) = {| Xynti — Xm| > €, for somei > 1}. Since A,,(¢) decreases in

& P(C%) <lim lim P (An(e)).

e—0 m—oo

We next prove that for each ¢ > 0,
lim P(An(e)) =0,

using Doob-Kolomogorov’s inequality.
Set Y, = X,,un — X;n. The o-fields of the natural filtration associated with
Y,,n > 1, say G,, are included in F,,,, for each n. Thus,
E (Yn+1/gn) =EB (E (Yn+1/~7:m+n) /gn)
=FE(Y,/G,) =Y,.

Hence, {Y,,n > 1} is a martingale with respect to (G,,n > 1) and by
applying Proposition 3.10 we obtain

P(A,(e)) = P (| Xmsi — Xin| > €, for some i > 1)

= lim P < sup | Xpmei — Xo| > 6)

n—oo 1<i<n

<LimE (Xmin = Xm)?)

2 n=oo
= ol (B (h,0) - B (42)).
Thus, 1
P(An(e) < 5 (M- E(X7)).

From this, it follows that
lim P(An(e)) =0.

finishing the proof of the a.s. convergence.
The proof of the L? convergence follows from Fatou’s lemma. Indeed,

B (X0 = ¥)’) = B (limnf (X, — X))
< liminf £ ((X, - X,,)?)
=M-E(X2).

This last expression tends to zero as n — oo. This finishes the proof of the
theorem. 0
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4 Applications of Martingale Theory to Fi-
nance

In this chapter, we shall apply martingale theory to some mathematical mod-
els for financial markets. We follow the approach of [4].

4.1 Basic Notions and Definitions

We consider a fixed probability framework consisting of a probability space
(Q,F,P) and a finite filtration, that is, a family of o-algebras Fy C F; C

- C Fy = F, where Fy is the o-field consisting of sets A with either
P(A)=0or P(A) = 1.

Definition 4.1 A finite mathematical market is a sequence of d + 1-
dimensional random vectors {(S9, S, .-+ 89,0 < n < N} such that each
S s positive (0 <n < N, 0<1i<d)is F,-measurable.

The random variable S!, represent the value at time n of some financial asset
labeled by i. The condition about measurability tell us that the value of
assets at time n may be known on the basis of what has been the evolution
until time n. That means, there is no insight into the future. The value of
N represents a fixed time horizon.

The 0O-asset is assumed to be riskless and with initial value 1, i.e. SJ = 1.
That means, its associated return over a unity of time is constant and equal
to 7. Thus SY = (1 + r)™. It is deterministic.

Definition 4.2 A portfolio, or a trading strateqy, in the market
{(S%,--- ;S n > 0} is a sequence of d + 1-dimensional random wvectors
{(@°, L ... &)} with ®° constant and ®! is F,_i-measurable for each
n>1and1l <3 <d.

Here, the random variables ®° mean the number of shares of asset ¢ at time
n. The measurability condition in definition 4.2 means that the composition
of the portfolio a time n is decided taking into account the evolution until
time n — 1.

Definition 4.3 The value of a portfolio at time n is defined by
d . .
§=0

l ».”

where the symbo means the scalar product on R+,
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Definition 4.4 A portfolio is self-financing if for anyn € {0,1,--- | N —1},
b, -5, =15, (4.2)

The meaning of this notion is as follows: A time n + 1, the investor fixes his
strategy ®,,11 by readjusting the composition of the portfolio in such a way
that neither extra money is needed, nor extra money is left.

With this property, the value has the structure of a martingale transform.
More precisely,

Proposition 4.1 A portfolio is self-financing if and only if

Va(®) = Vo(®) + Z D, - A;S. (4.3)

i=1

Proof: Assume that the portfolio is self-financing. Then A;® - .S; 1 = 0, for
any ¢ = 1,--- , N. Simple computations yield

AZV(CI)) = CI)Z . Sz — q)i—l . Si—l
=05 — P+ Si 1+ P Siy — P15
Consequently, we should have A;V(®) = &,-A;S. This is equivalent to (4.3).
Conversely, assume that (4.3) holds. As just mentioned, this is equivalent to

AV(®) =, - A;S. Owing to (4.4) we must have A;® - S;_; = 0 and this is
equivalent to the self-financing property. O

The next proposition provides a way to obtain a self-financing portfolio.

Proposition 4.2 Fix a Teal number x (initial capital) and a predictable fam-
ily of random vectors {(®L,---  ®1) 0 < n < N}. There exists a unique
family of predictable mndom vectors, ® = {(IDO 0 < n < N}, such that
d = {(®%,®L ..., ®%),0 < n < N,0 <i < d} is self-financing and with
initial value VO(CD) =z.

Proof: Set )
P =2 — dYSy — -+ — DISL.

We define recursively ®9 by means of the formula (4.2). Then
VTL((I)) n+180 + (I)n+151 n+1Sd

Since SO = (1 + 7)™, this equation gives the value of ®°_,. Predictability
follows easily. O
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Definition 4.5 For a given market {Sn,0 <n < N}, the normalized market
{S,,0 <n < N} is defined by setting

Sp=047r)"8,.

Obviously, for a normalized market, 5’2 = 1 at any time n. Moreover, the
normalized value of the portfolio is

Vi (®) = (1 +7) "V, (®) = D, - S,..
The self-financing property reads
CI)n : gn = q)n—l—l : Sna

for each n =0,1,..., N — 1. Equivalently,

VnH(qD) - Vn(q)) =P@pyq - (SnH - gn)
Clearly, Vo(®) = Vp(®) and summing up both terms of this identity yields
V(@) = Vo(®) + > @i - AS,
i=1

form=1,...,N.

4.2 Admisible Strategies and Arbitrage

In the definition of a trading strategy, we allow the values of the process ®
to be negative. However, we are interested in markets with positive value.
This leads to the following definition.

Definition 4.6 A trading strategy is admissible if it is self-financing and
Vo(®) >0 for anyn € {0,1,...,N}.

We now introduce the notion of arbitrage which is a sort of possibility of
riskless profit.

Definition 4.7 An arbitrage strategy is an admissible strateqy with zero ini-
tial value (Vo(®) =0, Vy(®) > 0) and P{VxN(®) > 0} > 0.

Definition 4.8 A market is viable if there is no arbitrage opportunity.

Viability of financial markets can be characterized in probabilistic terms using
the martingale property, as is shown in Theorem 4.1. Let’s first give an
additional definition.
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Definition 4.9 A probability QQ defined on the o-field F is neutral if

1. Q is equivalent to P, that is, P(A) = 0 if and only if Q(A) = 0, for
any A € F.

2. On the new probability space (Q,F,Q), the discounted prices {S.,0 <
n < N} are martingales for each i =1,...,d.

Theorem 4.1 The following statements concerning a finite, admisible mar-
ket are equivalent.

(a) The market is viable

(b) There exists a neutral probability.

Proof: Asume first (b). There exists a self-financing strategy ® with V() =
0, Va(®) > 0. The sequence {V,(®),0 <n < N} is a martingale transform
in the probability space (€, F,Q). By assumption, (Vy(®))~ = 0. Hence,
the hypotheses of Proposition 3.4 are satisfied and consequently, {V,(®),0 <
n < N} is a martingale on (Q, F, @), null at n = 0. Thus,

Eo(Vy(®)) = Eq(Vo(®)) = 0.

Since Vi (®) > 0, this implies Vy(®) = 0, Q-a.s. and, by the equivalence of
P and Q, we conclude Vy(®) = 0, P-a.s.

Conversely, let us assume that there is no arbitrage strategy and prove the ex-
istence of a neutral probability. This part of the proof is rather difficult. For
the sake of illustration, we shall fix the particular framework which consists
of a finite sample space Q, F = P(Q2) and P({w}) > 0, for any w € €.

Let C be the set of positive random variables with mean value equal to one.
Denote by M the cardinal of €2. The set C is a convex, compact subset of
RM. Denote by T the set of random variables of the form Vi (®), where @ is
a self-financing strategy, ®; = 0. The set I is also a subset of R™. Since we
are assuming that there is no arbitrage, C and I' are disjoint. By the convex
sets separation theorem, there exists a linear map L : RM — R such that
L >0onC and L =0 on I'. Hence, there exists a random variable Y such
that

(i) ¥ X (W)Y (w) > 0, for each X € C,
(i) >, Va(®)(w)Y (w) = 0, for each self-financing strategy with &g = 0.
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Property (i) implies Y (w) > 0, for any w € Q. Set

Y(w)
QUw}) = ——

with A =Y, Y (w).

The probabilities P and @ are equivalent. Let (®1,... &%) n > 1 be a
sequence of predictable processes. There exists a self-financing trading strat-
egy with null initial value such that (®L, ..., ®¢) corresponds to the number
of assets at time n.

By virtue of (i),

and consequently Fg (Zi]\il D, - Azg) = 0. Set &) = 0 for j # jo and i # 1o,
and @fg = 14, with A € F,,_1, we obtain
Eq (A, 514) = 0.

Thus,
EQ (Aiogjo/ﬂofl) == O

This proves that the discounted prices process, {S‘fw 0 <n < N}, are mar-
tingales with respect to Q). O

4.3 Options. Notions and Definitions

A derivative is a contract on some assets of the financial market. Here, we
shall deal with a special case of derivatives: the options. An option gives the
holder the right, but not the obligation, to buy or sell a certain amount of a
financial asset at a certain date, at a certain price.

An option is defined by the following ingredients

(i) Its type: a call is an option to buy, a put is an option to sell

(ii) The kind and quantity of assets concerned, for example, stocks, bonds,
currency, etc.

(iii) The maturity time or expiration date

(iv) The exercise price, which fixes the price at which the transaction is
done when the option is exercised.
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If options are traded by established markets, their prices are fixed by the
market.

Example 4.1 An Furopean call option on a stock is defined by the price of
the stock at any time, S;, the expiration date T' > 0 and the exercise price
K. The option is exercised at T

Assume that Sy > K. In this case, the holder makes a profit by exercising
the option, because he will buy the option at a price K but sell at price
Sp. It Sp < K, he does not make any profit by exercising the option at the
maturity time. The value of the option at T is given by

(St — K)" := max(Sr — K,0).

In a similar way, for put options, the value at time T is (K — Sp)™.
Comming back to call options, if the holder exercises the option, the writer
has to generate the amount (S7— K)*. This yields to the following questions:

1. How much should the potential option holder pay for the asset at time
t = 0, when the deal starts? This problem is called option pricing.

2. How should the writer design an strategy assuring that it will be pos-
sible to generate the amount (St — K)*, to avoid losing money? This
problem is called hedging the option.

In these examples of options, the contingent claim H by the holder (H :=
(St — K)™), depends only of St, and therefore it is measurable with respect
to Fr, the o-field generated by Sy, ..., S7. There are more complex options.
For instance, Asian options fix as value of the contingent claim

1 I "
ne (s Fe )

n=0

Notice that H is still Fr-measurable.

4.4 Complete Markets. Option Pricing

We introduce and study in this section the notion of completeness, which
allows basically to develop a simple theory.

Definition 4.10 A random variable H > 0 is an attainable contingent claim
if there exists an admissible trading strategy ® such that Vy(®) = H.

We shall say that such strategy replicates the option.
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Definition 4.11 A wiable market (see Definition 4.8) is complete if every
contingent claim 1s attainable.

Notice that in a viable, complete market, hedging is always possible. In this
case, we shall fix as price of the option the initial value V4 (®) of a replicating
strategy and as contingent claim Vp(®). By the next proposition, this makes
sense.

Proposition 4.3 Fix a contingent claim H at time T in a viable market.
Then H characterizes the value sequence {V,,(®),0 < n < T} of any repli-
cating portfolio.

Proof: Let @1, ®5 be two self-financing strategies, with
Vr(®q) = Vp(Pe) = H

but such that the sequences {V,,(®1),0 < n < T}, {V,(Ps),0 <n < T} do
not coincide. Set n = inf{k =0,...,T : Vi(P1) # Vi(P2)}.

Assume first that n = 0 and Vo(®1) < Vo(P2). Let ¥ be a self-financing
strategy with null initial value and ¥/ = <I>{7n — @Qn, j=1...,d, n =
0,...,T. Then,

Vi(0) = Vp(U — &y + Oy) + Vip(By) — Vip(Py)
= (14+r)NV(¥ — &, + dy).

Indeed, ¥ — &, + &, is a riskless portfolio. This yields
Vr(¥) = (14 7)" (Vo(=B1) + Vo(P2)) > 0.

Hence, there is arbitrage, contradicting the fact that the market is viable
(there is no arbitrage opportunity).

Assume now n > 1 and thus, Vo(®;) = Vo(P2). We may assume P(A) > 0,
where

A= {Vn(q)l) < Vn(q)2)}'

Let us define a self-financing strategy ¥ as follows:
(i) If either w € A° or w € A but k < n, set Wy(w) = g (w) — Py (w).

(i) If w € A and k > n, set W(w) = V,(®y) — V,,(®1), and Wi = 0, for
i=1,...,d
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Clearly, ¥ is predictable. Moreover, for either £ < n or for w € A¢ the
self-financing equation holds, because of the same properties of ®;, i = 1, 2.
Forwe Aand k > n, Uy ; = Uy Finally, for k =n and w € A,

\Ijn : Sn - (q)Q,n - q)l,n) ' Sn - Vn(@2) - Vn(q)l)a
Wi - S = (Va(@2) = Vi (@1)) S8 = Vi (@2) — Via(P1).

On the set A, the portfolio ¥ has a null initial value and final value Vi (®Pq) —
Vr(®1) = 0, while on the set A€, (Vn((I)g) — VT(<I>1)> SY > 0. Thus, ¥ is an
arbitrage trading strategy, contradicting the assumption that the market is

viable.
O

Complete markets are characterized by the following theorem.

Theorem 4.2 A viable market is complete if and only if there exists a unique
probability Q) equivalent to P such that the discounted prices are martingales,
that is, Q) is neutral (see Definition 4.9).

Proof: Assume first that the market is complete. Let P;, i = 1,2 be two
equivalent probabilities such that the discounted prices are martingales with
respect to both probabilities. Let H = 14, A € F be a contingent claim. By
completeness, there exists a self-financing strategy ® such that Vy(®) = 14.
The sequence {V,,(®),0 < n < T} is a martingale with respect to both P,
1 = 1,2. Consequently,

Ep,(Vy(®)) = Ep, (Vo(®))
Ep,(Vy(®)) = Ep,(Vo(®))

Vo(®),
Vo(®),

which yields P;(A) = P»(A). Since A € F is arbitrary, we conclude P, = Ps.

Conversely, assume that there exists a unique probability ) equivalent to P
such that the discounted prices are martingales, but that the market is not
complete. We are going to obtain a contradiction. For the sake of simplicity,
we shall assume that € is finite, 7 = P(Q2) and P({w}) > 0.

Let H be a non replicable contingent claim. Let V be the vector subspace of
L*(9, F, Q) consisting of random variables of the form

T
c+ Z d,-AS, ceR, P,,0<n<T, predictable.

n=1
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Since H is not replicable, £ = H(14r)~" ¢ V. Hence V is a strict subspace
T

of L?(Q, F,Q). Let X be a non null random variable orthogonal to V.

Set

X(w)

2[| X oo

P*({w}) = <1 +
The following properties hold:
1. Since 1 € V, Ep«(X) = 0 and therefore P* defines a probability.

) Q).

2. P* and () do not coincide, because X is not identically zero.

3. Using that X is orthogonal to V in the space L*(Q, F,Q) and that the
sequence {57, 0 < n < T} is a martingale with respect to @ yields,

T ~ T B X T -
Ep, (Z ®,, - AnS) = Eq (Z ®,, - AnS> + Eq (HXH > D, AnS>

n=1 n=1 n=1
T ~
B, (Z o, - AnS> _o,
n=1

Therefore, {S’n, 0 <n < T} is a martingale with respect to P*.
O

In a viable and complete market option pricing and hedging is always possi-
ble. Indeed, let H be a contingent claim, that is, a random variable H > 0.
There exists a self-financing portfolio ® such that Vp(®) = H. Moreover,
with respect to an equivalent probability (), the sequence of discounted values
{V,(®),0 < n < T} is a martingale. Then,

(1+7)"Eo(H) = Eq(Vr(®)) = Vo(@),

which says that the initial value of this portfolio is determined by H. Then,
for a contingent claim H, we price the asset by

Vo(®) = (1+7r) "Eq(H).
Moreover, by the martingale property, we also have
(1+7) V(@) = Eq (H(1+1)"/F,).

Thus,
Va(®) = (1+1)" " Eq(H/Fy),

which says that, at any time n, the value of an admissible strategy replicating
H is completely determined by H. It seems natural to denote V,,(®) the price
of the option at time n (it only depends on H and not on ®).
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4.5 Cox, Ross and Rubinstein model

We introduce here an example which is the discrete version of the Black and
Scholes model.

Assume that the market consists of a single asset: S = {(S?,5}),n > 1},
SY = (1+7r)", S! =S,. We assume that the value of this asset is Sy > 0 and

either S,(1+ a)
Sn+1 =
or S,(1+0b),

with —1 < a < b, meaning that the relative price change between n and n+1
is either a or b. Equivalently, setting

T, €{l+a,1+0b}.

Set Q = {1+4a,1+b}", the set of possible values of the vector (11, ...,Ty),
F =P(2) and P the law of this vector. Remember that P is determined by
the probability function P{T} = z1,...,Ty = xn}, for any (z,...,2xn) € .
If the market has no arbitrage strategies, then r € (a,b). Indeed, Assume for
instance r < a. Assume we borrow Sy at t = 0 and at time N we give back
So and sell the asset. We make a profit of Sy —So(1+7)" > 0. Indeed, Sy >
So(1+a)N. Moreover, with strictly positive probability Sy — So(1+a)" > 0,
hence we have arbitrage. If » > b, we also reach a similar conclusion.

r—a

b—a

Assume r € (a,b) and set p = =2. The following statements are equivalent:

(A) The discounted price sequence {S,,0 < n < N} is a martingale with
respect to P

(B) The random variables Ty, ..., Ty are independent, with the same dis-
tribution and

P{T1=1+a}:1—p
P{T1:1+b}:p.

Therefore, the financial market is complete and the neutral probability is
given by the probability P such that (B) holds.

The discounted price sequence {Sn, 0 <n < N} is a martingale with respect
to P if and only if E(T,,1/F,) =7+ 1.

Indeed, Ep(Spi1/Fn) = S, is equivalent to EP<S§,+1 /F,) = 1. Since S, is
Fn-measurable, this last equality is equivalent to En(TnH JFn) =1+ 1.
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Let us prove the above-mentioned equivalence between (A) and (B). Assume
first that (B) holds. Then

=1+
This proves (A).
Assume now (A). From the identities
A+a)P(Thy1=14+0a/F)+ (1 +0)P(Thy1=1+0b/F,)
= E(Tn+1/~/fn) =T+ 1:
P(Toyn=14a/F)+P(T1=14+b/F,) =1,

we obtain
P(Tn_l,_l = 1+a/fn> =1 - b
P(Tn+1 = 1+b/:’rn> =D,
This shows (B).

Value of an European call and put

Denote by C,, (respectively, P,) the value at time n of an European call
(respectively, put) of one asset in the Cox, Ross and Rubinstein model with
strike (exercise) price K and maturity time N. By the definition of 7;, before,
we have

Co=(1+7) " NE((Sy - K)"/F,)

:(1+T)(N")E<(Sn ﬂ Ti—K) /.7-—”)

i=n-+1

The random variable S, is JF,- measurable and Hf\in 1 I is independent
of F,. Applying property (h) of the conditional expectation, yields C,, =
c(n, Sy,), with

c(n,x):(1+r)_(N_")E((a: ﬁ Ti—K) )

N= —n)!
— (l—l—r)_(N—n) go (N(ivn_;)!j!

x (z(1+ a1+ )" —K)".

pN (1 = p)
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For P, we have
Py=(1+7)"WE ((K - Sx)"/F.).

The following simple relation between C,, and P, allows to compute P, ex-
plicitly:

Co—P,=1+7r)W"E ((SN - K)" — (K - SN)+/'7:”)
=(1+ r)f(N*n)E ((Sy — K)/Fn)
= Sp— K(1+7)"®m,

Let us now compute a replicating strategy (remember that in this model, the
market is complete). Such portfolio should satisfy

P21 +7)" 4+ LS, = c(n, Sy).
Substituting S,, by its two possible values yields the two next equations

<I>SL(1 +7r)" 4 <I>71L5’n_1(1 +a)=c(n,S,—1(1+a)),
PO +7)"+ @5, 1(1+b) =c(n,S,_1(1+0)).

Thus,
ol — c(n, Sp—1(1+0)) — c(n, Sp-1(1 + a))
" Sn—1(b—a) '

4.6 American Options

In Section 4.3, we described an European option. In this section, we shall
introduce the notion of American options and we shall apply the results of
Chapter 3 on the Snell envelope (see Section 3.5 and 3.6) to price and hedge
such type of options.

The difference between an European and an American option is that, in the
later the option can be exercised at any time 0,1, ..., N, before the maturity
time N. Otherwise, we shall keep all the notions and definitions given in
Section 4.3.

Assume for simplicity that there is a single stock S*. Then, instead of the
contingent claim denoted by H in Section 4.3, we shall have a finite sequence
Zn,m=0,1,..., N, defined as follows:

For a Call American Option,

Z, = (S} — K)*.
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For a Put American Option,
Zy = (K —SHt.
Here K denotes the exercise price and S}, the price of the stock at time n.

Pricing an American option

We shall assume that the market is viable and complete.
Denote by U, the price of the option at time n. We fix the value of U, by
means of a backward recursive argument.

e For n = N, we naturally set Uy = Zy.

e For n = N — 1, there are two possibilities. Assume that we exercise
the option at n = N — 1. In this case, we earn Zy_;. Assume we do
not exercise the option; that is, we should exercise the option at time
N. We are now in the same situation than for an European call option
with exercise price Zy. The value at N — 1 will be

(1 + T)_IEQ(ZN/fN_1).
We are free to choose anyone of these two possibilities. Therefore,

Uy-1 =max (Zy_1,(1+7) " Eq(Zn/Fn-1)).-

e Let us now consider an arbitrary time n. There are two possibilities.
Either we exercise the option at this time, and the profit will be Z,,, or
we do exercise later. In this case, it is like having an European option
with contingent claim U,,; and a price at time n — 1 given by

(1+7) " Eq(Uns1/Fa).

Thus,
Un = Inax (Zn7 (1 + r)_lEQ(Un-H/Fn)) :

Summarising the previous arguments, we fix the price of an American call
option as follows:

. ZN, ifn= N,
| max (Z,, 1 +7) ' Eq(Unsr /F,)) ifn=0,...,N—1.

Set Z,, = (1+r)"Z,, U,=(1+47r)"U,, forany n =0,1,..., N. Then

~ ZN, 1fn:N,
U, ~ ~ .
max (Zn, EQ(UnH/Fn)) ifn=0,...,N—1.
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We see that (U,,n = 0,...,N) is the Snell envelope of (Z,,n = 0,...,N).
This yields the following expression for the price (see Proposition 3.7 and its
extension):

I/GTnyN

Un= sup Eq(Z,/F),
U, =

sup Eg((1+ r)_(”_”)Zl,/]-"n).

I/ETnyN

The expression Eg((1+7)~*"™Z,/F,) represents the price of the European
option at time n in case that the owner decides to exercise it at the stopping
time v > n.

Hedging the American Option

Consider an initial capital Uy identical to the price of the stock at the initial
time. Since the market is complete, there exists a self-financing strategy ®
such that Vi (®) = My, where U, = M, — A, is the Doob decomposition of
the supermartingale (U,,0 < n < N) and

Both sequences (M,,0 < n < N) and (V,(®),0 < n < N) are martingales
and coincide at N; therefore they must coincide. The initial value of this
financial strategy is Vo(®) = My = Uy. This is the price for the American
option. Moreover, U,, = M,, — A,, = V,,(®) — A,,, which yields

V(@) > Uy > Z,.

This means that the financial strategy ® hedges the profit of the American
option at any time.

What is the optimal date to exercise the option? The date of exercise can be
chosen among the set 7y v of all stopping times. However, from the point
of view of the buyer of the option, there is no point in exercising at a time
n such that U, > Z,, because he would trade an asset worth U, (the price
of the option) for an amount Z, (by exercising the option). Hence, we are
looking for a stopping time 7 such that U, = Z.. On the other hand, using
the notation of Proposition 3.9, we would like to have 7 < v,,, since if 7 > v,,,
A, > 0, and then V.(®) = U, + A, > U, > Z,. That is, V(®) > Z,. That
is, extra wealth is generated.

A stopping time 7 such that U, = Z, and 7 < v, is optimal. Indeed, the
sequence (Unnr = Upprar,, 0 < n < N) is a martingale, because (Uppr,,,0 <
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n < N) is also a martingale (see Proposition 3.9) and we can apply Theorem
3.2.

Thus, we have proved that the optimal dates to exercise are the optimal
stopping times.

Notice that, exercising at an optimal stopping time 7 gives

V() =U,+ A =U, = Z,,

because A, = 0. Hence the hedging is exact.
Comparing the Values of American and European Options

Let (U,,0 < n < N) be the sequence of values of an American option
with associated benefits (Z,,0 < n < N), and (C,,,0 < n < N) the ones
corresponding to the pricing of an European option with exercise benefit Zy.
We have the following facts

e Forany0<n <N, U, > C,.
e In addition, if C,, > Z,, for any 0 <n < N, then

U, = C,.

That means: In general, the price of American options is higher than that of
European ones.

To prove these facts, consider the neutral probability ¢ such that (Un, 0<
n < N) is a supermartingale. Then

Un = EQ([?N/:Fn) = EQ(ZN/:Fn) = én'

Assume now that C,, > Z,, for each 0 < n < N. The process (C’n, 0<n<N)
is a martingale (and therefore, a supermartingale) satisfying C,

0 < n < N. Owing to the properties of the Snell envelope, C,
0 <n <N, yielding C,, = U, for each 0 <n < N.

)

>
>

REINNRS
'3

)

This finishes the proof of the above statements.
Example 4.2 Consider a call option with exercise price K. We clearly have
Co = (147" NEq ((Sy — K)"/F,)
(1+7)" N Ey(Sy — K/F,)
= (1+7r)"Eg(Sx/Fp) — (14 7) VK
(14+7)"Sy — (1 47r) VWK =8, —(1+47r) VK
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Since C,, > 0, for any 0 < n < N, the preceding inequality yields C,, >
(S, — K)© = Z,. By the previous discussion, we have that, in this case the
prices of American and Furopean options coincide.

For a put, the value of an American option will be in general higher than for
an European option. Remember that Z,, = (K — S,)".

We can compute the price of the American option in the binomial model as
follows: U, = u,(S,), where

(2) = (K —x)* if n =N,
T  max (K — o) (L4 0) o (@), ifn=0,...,N —1,
with
for1(2) = (1 = p)unsa (2(1 + a)) + punsa (2(1+ D)),
and p = —¢.
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5 Discrete Time Markov Chains

This chapter is devoted to study sequences of random variables {X,,,n > 0},
taking values on countable sets, such that, at any step n > 1, the random
variables corresponding to the future, { X,,, m > n}, and those corresponding
to the past, {X,,,0 < m < n} are conditionally independent given X,,. This
is similar to say that the information about the past of the evolution is
captured by what happened at the last step. This kind of dependence is
called the Markov property.

As for martingales, Markov property was introduced as an attempt to go
beyond sequences of independent random variables and to extend classical
results of Probability Theory, like the law of large numbers.

Along this chapter, unless otherwise specified, random variables take their
values on a countable set denoted by I. We call states the elements of .

5.1 The Markov Property
The definition of a Markov chain needs two ingredients:
(a) A probability v on I,
(b) A matrix II = (p; ;)i jer, such that 3, p;; = 1, for any i € 1.

In the sequel, any matrix like the one described in (b) will be called a stochas-
tic matriz.

Definition 5.1 A stochastic process {X,,,n > 0} is a homogeneous Markov
chain with initial distribution v and transition probability matriz 11 if the
following two properties hold:

(1) P(Xo=1) =, for anyi € I
(2) for anyn > 1, and iy, iy, ..., 0in_1,5,j € I,

P(Xn+1 :j/XOZio,Xlzil,...,Xn:i) = Pij- (51)

Condition (1) determines the probability distribution of the initial random
variable X,. Condition (2) tells us that, from the knowledge of values of the
process at time n = 0,1,...,n, we only keep the one at n, since the depen-
dence on iy, ...,7,_1 is not visible at the right hand-side of 5.1. Moreover,
pi,; does not depend on n; this is why we put the word homogeneous in the
definition, meaning stationary in time.
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Example 5.1 Consider a sequence of independent, identically distributed
random variables {Y,,,n > 0} taking values on Z. That is, infinitely many
independent copies of a random variable Y. Set

Xn:ZY;,nZO.

=0

The stochastic process X = {X,,n > 0} is a homogeneous Markov chain
with initial distribution the probability law of the random variable Yy and
transition probability matriz I1 given by p;; = P(Y =j —1), i,j € Z.

Indeed, fix n > 1. By the definition of X,,, the formula for conditional
probabilities and the independence of the random variables Y,, , we have

P(Xpy1=7/Xo =10, Xs =i1,..., Xp = 1)
_ P(Xon =, Xo = io, Xy = i1, Xy = i)
P(Xo =10, X1 =i1,..., X, =1)
P =j—i,Xo=td0,Y1 =11 —lo,...,Yn =10 —1p_1)
B P(Xo =0, Y1 = i1 —dg,..., Yy =1 —fp_1)
= P(Yp=j—1i).

With similar, but simpler computations, we show that

We see in this example that the elements of the transition probability matrix
are

pij = P(Xni1 = j/ X0 =),
which justifies its name.
We shall see later that this property holds for every homogeneous Markov
chain and therefore, that condition (2) in Definition 5.1 can be written as

P(Xn+1 :]/X(] :iQ,Xl :il,...,Xn :Z) = P(Xn+1 :j/Xn :Z) (52)

Assume in the previous example that Y takes values on the set {—1,1} with
probabilities 1 — p and p, respectively, p €]0, 1[. Then the process X is the
Bernoulli random walk on Z. The values of this process give the position
of a walker that starts at some integer position and moves either forward or
backward according to the result of coin tossing.

The initial distribution is the law of ¥ and the transition probability matrix
is given by

O=|--- 1—=p 0 p --- (5.3)
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Conditions (1) and (2) in Definition 5.1 determine the finite dimensional
joint distributions of the process {X,,,n > 0} (see Definition 2.2). This is a
consequence of formula (A) in section 1.2. Indeed, fix ig, 41, ..., %1, in, then

P(X(] :io,Xl :Zl,,Xn:Zn)
P(XO = ZO)P(Xl = il/XO = 20) X ..
X P(X,, =in/Xo =10, X1 =i1,..., Xpn1 = in_1)
= TigPig.ir ** " Pin_1.in- (5.4)

As a consequence, we obtain the probability law of each random variable X,,,
n > 1. More precisely, we have the following formula

P(X, =j) = (vII");, (5.5)
Indeed, owing to property (B) in section 1.2 and (5.4) we have
P(Xn = j) = Z NigPioi1 * 'pinfl,j
i0€l, jipn_1€1
(vII");.

We can now prove a useful formula for the transition probabilities in m steps.
For any m > 0,n > 1, 4,7 € I, we define

pz(j;‘) = P(Xnsm = j/Xm = 1).
Then,
) = (1), (5.6)
That means, assuming that at some time m, the chain visits the state 7, the
probability that after n steps, that is, at time m + n, the chain visits the

state j, is the element indexed by ¢, 7 of the n-th power of the matrix II.
Let us prove (5.6). We apply property (B) in section 1.2 and (5.4) to obtain

P(Xpim = J, X = 1)

pz(z') = P(Xpym = j/Xm =1) =

P(Xm = z)
o Zio,...,im,l,imﬂ,--.,z’n+m,1ef NioPioyi1 * " Pign—1,iPivims1 * " Pingtm_1,j
(vP™);

= : : pivim+1 e pin+nt—17j

im-&-ly"‘ 7i7z+m—1€1
— ny. .
- (H )17-]'

The next proposition is a statement about the Markov property we have
mentioned at the beginning of the chapter.
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Proposition 5.1 (Markov Property) Let {X,,n > 0} be a HMC with initial
distribution v and transition probability matrix I1. Fiz m > 1. Then, condi-
tionally on (X, = 1), the process {Xpym,n > 0} is a HMC, with transition
probability matriz 11 and initial distribution oy, independent of the random
variables Xg, -+, X,n.

Proof: For any A € F, set P;,(A) = P(A/X,, =1). Clearly,
pz(Xm = ]) = 5i,j7
We next prove that, for any n > 0 and 41, ,ip,0pe1 € 1,
Pi(Xn+m+1 - in—l—l/Xm = 7:7 Xm+1 - 7:17 cee 7Xm+n = Zn) = Pinyini1- (57>
Indeed, using the definition of the conditional probability, we have
Pi(Xn+m+l = in+l/Xm = i, Xm+l = ila cee 7Xm+n = Zn)
_ P(Xn+m+1 = in+1a Xern = ina s >Xm+1 = il; Xm = Z)
P(Xm = iaXm+1 =11,... 7Xm+n = Zn)
_ DPijix " Pinsinga
Pijiy = Pip_1,in
This proves the first statement concerning the process { X, 1, n > 0}.

Let D = {Xy =ig,...,X;n = im}. To prove the conditional independence,
we have to check that for any set of the type

B = {an+m - inj+manj >1,7=1,.. -ak}a

= pinyin+1 N

the following property holds:
P(BN D) = B(B)P(D). (5.8)

To simplify the notation and give an idea of the proof, we asume that B =
{Xosm = tnim}. If iy # 0, both terms of the previous equality are zero.
Assume i, = i. Then, by (5.5),

P(BND
= P(le:) im+1,§+m1 TioPiosit + + * Pim—1,iPijima1 + + * Pimnan_1,intm>
while
Pi(D) = ;ﬂ'z’opio i1+ Dim_1,i
P(X,, =1) ’ ’
Pi(B) = Z Piimi1 -+ Pimnpn—1,intm-

im+17~--7:n+m71
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This finishes the proof of (5.8) in this particular case.
O

There is a stronger version of the previous proposition. In fact, the deter-
ministic time m can be replaced by a stopping time (see Definition 3.5). This
is called the strong Markov property.

Using an argument based on the total probability principle and then similar
ideas as those of the proof of Proposition 5.1, we can prove the following
Proposition. In the statement, 7' is a stopping time with respect to the
natural filtration generated by X (see section 3.2).

Proposition 5.2 (Strong Markov Property) Let X = {X,,,n > 0} be a HMC
with initial distribution v and transition probability matriz 11. Conditionally
onT < 0o and X1 = i, the process { X, +r,n > 0} is a HMC, with transition
probability matriz 11 and initial distribution oy, independent of the random
variables Xg, -+ , Xp.

Proof: Set
P()=P((/T <00, Xy =1).
Clearly
Fix arbitrary states ¢,41,...,%,,%,+1. The definition of the conditional prob-

ability and the total probability principle yields
P* (XT+7”L+1 — Zn+1/XT — i, XT+1 - 7:17 o o ,XT+n - Zn>

 P(Xrinpr = ipg1, Xe =0, Xpyp1 = 01, ., X = i, T < 00)
P(XT:’i,XT+1 :ila--«aXT+n:inaT< OO)

[e.e]

m=1 P (T =m, Xm+n+1 = Z‘n—i-la X =1, Xm+l =11, .- aXm-i—n = Zn)

oy P(T:maXm:iaXm—&-l:ila-"aXm-‘rn:in)

m=1
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By multiplying and dividing by P(X,, = ©), using that (T = m) € F,, and
owing to the previous Proposition 5.1, the previous expression is equal to

qcfnozl R(T - m)R (XernJrl - in+17 Xm - i, Xm+1 = il? ce 7Xm+n = Zn)
% BT = m) By (Xom = 1, Xomet = i1+ Xowem = i)

m=1

m=1

m=1 Pi(T = m)Pi(Xon, = 0)Piiy - - Din, in

m=1

= pinyin—O—l :

This proves the first statement.
The proof of the statement about independence is carried out in a similar
way than the corresponding one in Proposition 5.1, by considering, as before,
all the possible values of the stopping time 7.

OJ

5.2 A Brief Analysis of the States of a Markov Chain

In this section, we study some possibilities for the Markov chain to wandering
through the state space.

Definition 5.2 (a) Given two states i,j € I, we say that j is accessible
(k)
> 0.

Jrom i if there exists a non-negative integer k such that p; ;

We shall write i — j for j being accessible from 1.

(b) Two states i,j € I communicate if j is accessible from i and i is ac-
cessible from j. For two communicating states, i,j € I, we shall write
14> 7.

(¢) A Markov chain is called irreducible if all states communicate.

The Bernoulli random walk on Z is an example of irreducible Markov chain.
Communication between states establishes an equivalence relation on the set

of states. Each equivalence class contains states that communicate to each
other.

The next definition deals with the idea of the intensity that states are suc-
cessively visited by the dynamical system given by the Markov chain.
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Definition 5.3 (a) A state i € I is termed recurrent if
P (lim sup{X,, = z}) =1

Otherwise stated, the probability that X,, = i for infinitely many values
of n is one.

(b) A state i € I is termed transient if
P (hm sup{X,, = z}) = 0.
This can also be stated saying that

P (limninf{Xn # z}) =1

Recurrent states are those which are being visited infinitely many times, while
transient states are those which eventually are left forever, almost surely.
From the above definition it does not clearly follow that both notions, recur-
rence and transience, are opposite to each other. However, we shall see later
that this is actually the case.

In the analysis of these notions, the following definitions will be useful.

Definition 5.4 (a) For a state i € I, the first passage time is given by
T, =inf{n >1: X, =i},
with the usual convention that, if the above set is empty, T; = oco.
(b) The r—th passage time, r > 2 is defined by
T =inf{n >T" Y +1: X, =1},
where Ti(l) =1T;, and Ti(o) =0, by convention.

(c) The length of the r—th excursion to i is the stopping time defined by

%

S(T) - CTZ(T) o 7}(7"—1) ifﬂ(r_l) < 00
R otherwise.

By the strong Markov property, the r—th excursion is independent of the
Markov chain until the r — 1-th visit to 7. More precisely, we have the
following result.
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Proposition 5.3 Fiz r > 2 and i € I. Conditionally to (T\"" < 0), the
r—th excursion to 1, SZ-(T), is independent of the random variables {X,,,m <
Ti(r_l)}. Moreover, its probability law is the same as that of T;, that is,

P (87 =n/T™V < 00) = P(T; = n/Xo = i).

Proof: Set T = T." V. By definition, on (I""" < o), Xy = i. By
the strong Markov property, the process {Xr.,,n > 0} is a Markov chain,
with the same probability transitions matrix that the initial one and initial
distribution given by dy;, independent of the random variables Xy, ..., Xr.
This proves the first statement.

Concerning the second one, we notice that for the new chain {Xz,,n > 0},

S is the first passage time to 7.

7

O

In the sequel, we shall use the notation P;(-) for the conditional probability
P(-/ Xy =1) and E; for the conditional expectation with respect to P;.
Since recurrence and transience are related to the number of passages to a
state, it makes sense to study the random variable that describes this number.
For this, we introduce the following notation:

The number of visits to ¢ € I is

Vi=> lix,=i-

n=0
Clearly,
B(V) = Y P(X, =)= > plt)
n=0 n=0
We also introduce the following notation:
fi = B(T; < o0).

The quantity f; is the probability that, starting from ¢, the chain visits ¢
some time in the future. Notice that

1. The state i is recurrent if and only if P;(V; = o0) = 1,
2. The state i is transient if and only if P;(V; < o0) = 1.

With the quantities f;, we can obtain the distribution function of the random
variable V;, as follows.

Proposition 5.4 Forr=0,1,..., P(V; >r) = fI.
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Proof: On the set (Xo = i), we have (V; > r) = (T < 00). We will use this
fact to prove the proposition recursively on r.

For r = 0, TZ-(O) = 0 and P;(V; > 0) = 1. Therefore the formula holds true.
Assume that it is true for any integer less or equal to r. Then,

P(Vi>r+1) =P (T < o)
_p (sz < 00, SV < OO)
=P, (Si(TH) < 00/T" < oo) P, (Ti(r) < oo)
= fiff = f*.
O

With this proposition, we can give a characterization of recurrence and tran-
sicence.
Theorem 5.1 1. If P(T; < o0) = 1, then the state i is recurrent and
o) (n) _ .
Yoo Pii = 00;
2. If P(T; < 00) < 1, then the state i is transient and Y0, pﬁf;) < 00.
Thus, each state is either recurrent or transient.

Proof: Assume first P;(7T; < oo) = 1. By Proposition 5.4 and the sequential
continuity property of the probability,
Py(Vi = o0) = lim P(V; >r)
= lim (P(T; < >))" = 1.

r—00

In this case,
SoplY = Ei(Vi) = o,
n=0

proving (1).
Assume now that P(7; < oo) = f; < 1. Since V; is a discrete random
variable, its expectation can be computed by the formula

E(V) = 3 P(Vi > )

n=0

Hence, owing to Proposition 5.4, one reaches

SpY = EB(Vi) =Y Bi(Vi > n)
n=0

n=0
© 1
= = < 00.
2=y



Since E;(V;) < oo, Py(V; = 00) = 0 and i is transient.
L]

An easy consequence of the preceding theorem is that recurrence and tran-
science is a class property, in the following sense

Corollary 5.1 All states in an equivalence class with respect to the equiva-
lence relation given by the notion of communicating are either transient or
recurrent.

Proof: Let C' C I denote a generic equivalence class. Fix i, 7 € C' and assume
that ¢ is transient. Let n,m > 0 be such that pgg) > 0 and pggl) > 0. Then

for any k£ > 0,

n+m+k n) (k) (m
= e

Consequently,

(n), (m) bt

o0 1 o0 1
S < g i < o
n=0 DijPji" k=0

By the previous theorem, j should be transient.

0

We finish this section stating two important properties without proofs.

A set A C I is closed for a Markov chain X = {X,,,n > 1} if, whenever the
chain hits the set, no exit is possible. We also say that A is an absorbing set.
This term is specially used when A reduces to a single element ¢ € I. That
is, we say that ¢ is an absorbing state.

1. Every recurrent class is closed.

2. Every finite closed equivalence class (with respect to communication)
is recurrent.

5.3 Hitting Times

We recall the notion introduced in Example 3.5: For a stochastic process
X ={X,,n >0} and a set A C I, the hitting time of A by X is defined by

Ty=inf{n>0:X, € A}.
By convention, if the set {n > 0: X,, € A} is empty, T4 = 0.

Hitting times are stopping times with respect to the natural filtration gener-
ated by the process
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One of the most important applications of hitting times is related to the
notion of absorption that we are now going to define.

Hitting times of absorbing sets are called absorbing times. For practical
reasons, it is important to compute the probability that such absorption
takes place at a finite time. More precisely, for A C I, set

hit = P(Ty < 00/ Xy =1).

The quantities h,i € I, satisfy the linear system of equations

ht=1ic A (5.9)
Wit =3 pihi, i ¢ A (5.10)
jel

Indeed. The first equation in (5.9) is obvious, because if Xy =i € A, then
T4 = 0 and consequently, h* = 1.
Assume that Xg =i ¢ A. Then T4 > 1. By the Markov property,

P(Ty < 00/X1 = j,Xo=1i) = P(Tx < 00/X; = j) = h.
By the principle of total probabilities, we have
hit = P(Ty < 00/ X = i)
=Y P(T4 < o00,X;=3/Xo=1)

jel

:ZP(TA<OO7X1:jJX0:Z>XP<X1:.]7X0:Z)
= P(X,=1)) P(Xy =j,X0=1)

=Y P(Ta < 00/ X1 = j)P(X1 = j/Xo = i) = 3 pihi,
jel jel

proving the second equation of (5.9).
A related interesting quantity is the mean value of the absorption time

kA = E(Ta/Xo =1).

Since T4 is a discrete random variable,
o

k=3 "nP(Ty=n/X, =1).

i
n=0

Following similar arguments as those leading to (5.9) we have that k,i € I,
satisfy the linear system of equations

k=0,ic A (5.11)
=1+ Zpiyjk;“, i ¢ A (5.12)
j¢A
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In fact, the first equation in (5.11) is trivial, because if Xy = i € A, then
Ty = 0. The second one is proved as follows

k=3 nP(Ta=n/Xy=1)
n=0

_ nZP<TA:n,X1:j,X0:i)XP(Xlzj,XOI’i)
0 P(Xlzj,XOIZ) P(XOZZ)

n= J€eI
=Y E(Ta/X1=j,Xo=1))pi;
jel
=Y E(Ta/X1=j,Xo=1))pij+ Y E(Ta/X1 =7j,Xo=i)pi;
jeA JgA
JgEA

To illustrate the preceding notions, let us consider the Markov chain asso-
ciated to the gambler’s ruin problem, that means a random walk with two
absorbing states 0, N, N being the total fortune of both gamblers. The state
space is I = {0,1,2,..., N} and the transition probability matrix

1 0 o - 0
O=|--- 1—-p 0 p --- (5.13)
0 0 o - 1

We wish to solve the system (5.9) when A = {0}. For the sake of simplicity,
we write h; instead of hi' and ¢ = 1 — p. Because of the particular form of
I, (5.9) reads

ho =1 (5.14)
hl:ph’ﬂrl_'_thfla 7/:17277]\[_1 (515)
hy = 0. (5.16)

Notice that the second equation in (5.14) can be written equivalently
phito —hip1+qhi =0,i=0,...,N — 2.

We solve these equations by trying solutions of the form h; = X!, with A €
R — {0}, which amount to find values of A satisfying

PAFZ NF LN =0 i =0,... N —2. (5.17)
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There are two possibilities.
Case 1: p # q. There are two solution of (5.17), and there are A\; = 1, Ay = 4.
Then, a general solution to (5.14) is given by

|
SECS)

m:AM+B@:A+B<ﬁ, (5.18)
p

t=1,..., N — 1, with the boundary conditions
hy=A+B=1

N
hN:A+B<% —0,
p

yielding

1
BZ*?
- (1"

A=1-B.
Substituting these values of A and B into (5.18) yields

1= (%)

There is a unique solution of (5.17) and it is A = i =1.

i=1,... N—1
Case 2. p=q = 3.
A general solution to (5.14) is given by

h; = AN + Bi\' = A + Bi,

with the boundary conditions hg = 1, hy = 0, which implies A =1, B = —
Consequently,

1
N-
N —1

hi: )
N

5.4 Stationary Distributions

In this section, we develop a notion related with the limit behaviour of a
Markov chain. In the next definition, v = (v;,i € I) is a probability on [
and II a stochastic matrix indexed by I.

In matrix calculus, vectors will be written as column matrices; the notation
V' means the transpose of v, that means, a matrix consisting of one single
TOw.
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Definition 5.5 A probability v on is said to be invariant or stationary for
IT if the following identity holds:

vt = VI (5.19)

It is very easy to check recursively that the identity (5.19) is equivalent to
V=1,

Along this section, we shall denote by {X,,n > 0} a Markov chain with
transition probability matrix II.
Assume that the law of X is a stationary distribution v. Then, each random
variable X, of the process has the same distribution and this is . Indeed,
by (5.5)

P(X, =j) = ("), ="
Assume that [ is finite, say I = {1,2,..., N}. The equation (5.19) defining
invariance is equivalent to

=T =0 (5.20)

I meaning the N-dimensional identity matrix. Since II is a stochastic matrix,
we clearly have det(/ —II) = 0. Hence the linear system (5.20) has at least a
solution. Actually the null vector is a solution. But this is not the solution
we are looking for, since we are interested in solutions defining a probability.
Notice also that (5.20) tell us that v must be an eigenvector of Il with one
as eigenvalue. Assume that II is symmetric. Then, since it is a stochastic
matrix, one can easily check that ;1 = (1, 1,...,1) is one of these eigenvectors.
Of course p does not define a probability, but it suffices to normalize by N
to get one. More precisely, in the finite case,

- (o)

provides an invariant probability for any stochastic matrix II.

Using a more sophisticated argument based on compactness one can prove
the existence of invariant probability as follows.

Let v be a probability on I. For any n > 1, set

1 n—1
o ==Y o'"
" k=0
One can easily prove that v, defines a probability on I. Moreover,
t t 1 t 1N
v, — v, Il = —(v" —v'Il"),
n
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Then, an invariant probability is obtained by the limit (which exists by com-
pactness, since I is finite) of some subsequence (v, ,k > 1) of (v,,n > 1).
The previous arguments cannot be extended to countable sets I.

There is no uniqueness of invariant probabilities. For example, if II is the
identity matrix, any probability v is invariant. Moreover, given two invariant
probabilities v;, i = 1,2, any linear convex combination Av; + (1 — vy,
A € [0, 1], is also an invariant probability.

Example 5.2 Consider the random walk with absorbing states 0, N. The
transition probability matrixz is given by (5.13). The finite dimensional linear
system v' = VI can be written coordinatewise as follows:

vy = Vp + 11q

= 1q

vi=vjip+Vjq, j=2,...,N =2
UN—1 = VUN-2D

VN = VUN—_1P + VN.

From the last equation, we obtain vy_1 = 0. Substituting this value in the
equation before the last one, we obtain vn_o = 0. Proceeding further in the
same way yields

VW =vy=--+=vn_1 =0.

Finally, from the first and last equation, we obtain that vy and vy can be any
numbers in [0, 1] satisfying vo + uy = 1.
Consequently, there exist -but there is no uniqueness- invariant probabilities,
and they are given by

(A 0,...,0,1=X),

with A € [0,1].

5.5 Limiting Distributions

The existence of invariant probability is related to the existence of limiting
distributions. This section is devoted to study more closely this fact. The
main result (see Theorem 5.2) concerns the particular case I is finite.
Let I be countable. Assume that there exists ¢ € I such that for any j € I,
the limits

lim pl(-r;)

oo i,
exist and do not depend on ¢. That is

lim pi" = 7;. (5.21)

n—oo
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Then, the limit vector 7 = (7}, j € I) defines an invariant probability. More-
over, if the assumption (5.21) holds for any ¢ € I, then this is the unique
invariant probability.

Indeed, let us first prove that 7 is a probability on I. By its very definition

Doy =3 lim iy = lim 3 pi5 = 1

JjeI jel jel
In addition,
m; = lim p;
j = lim p{" = 1im > ppe
kel
=3 lim p{Vpr; = > mepes,
kel kel

proving the invariance.
Let us now prove uniqueness Let 7 be an invariant probability for II. That

is
Z Wkp k’,J

kel
Taking limits as n — oo in both sides of the preceding equality, we have

%ﬂ'k nhl& —W]]%Wk—ﬂj
We remark that in the above arguments, we could exchange sums and limits
by monotone convergence.
There are simple examples of Markov chains for which there is no limiting dis-
tribution. In fact, consider the deterministic Markov chain whose associated
transition probability matrix is given by

1o (1)

Simple computations show that II1?® = I, while II*"*! = II. Hence, the
sequence pgz), for fixed i,j takes either value 0 or 1 and therefore, cannot
converge.

The next theorem gives the existence of limiting distributions for Markov
chains with a finite number of states. Let us first introduce some notation:
A Markov chain is called regular if its associated transition probability matrix
satisfies the following property

(R) There exists a natural number ng such that

min p{"” > 0. (5.22)

,]GI 7.]
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Theorem 5.2 1. Assume that the Markov chain is finite and reqular.
There exists a probability m = (m;,5 € I), with m; € (0,1] for any

J € I such that
lim p'; = m;, forall i€l (5.23)

n—oo

and this probability is stationary for 11.

2. Conversely, if there exists a probability m = (m;,j € I), with m; € (0,1)
satisfying (5.23) then (R) holds.

Proof: The probability 7 is given in a constructive way as follows. For any
J €1, we set

(n) _ (n) (n) _ (n)
m; mmpm , M7 = maxp; ;'
We clearly have
n+1)
p7,7]+ sz kpk; N (524)
kel
Consequently,
mgnﬂ) = milnpgzﬂ) = mm > b, kpku
€ Iher
> mmZp kmlnp( ") = mlnp( ") = m(-").
icl el ! kel kg kg J
Similarly,
M" > M"Y > 1 (5.25)
To prove (5.23), it suffices to establish that
Tim (M —m{) =0,j €. (5.26)

Indeed, we have just checked that (mg-n), n > 1) increases and (M](n), n>1)

decreases. Since both sequences are bounded, their respective limits as n —
oo do exist. Let us call them m; and M, respectively. If (5.26) holds then
necessarily, m; = M;. But, by definition

m® < p® < MO,
and this implies (5.23) with m; =m; = M,, j € 1.

To prove (5.26), set € = min; jes pf jO), a strictly positive number by assump-
tion (R). For any n > 1,

[ +n n n n
P =3l = (0 — ep)pl

kel kel
€ Zpa kp/(fnj)
kel
_szk j’ p()+€p§,g)~
kel
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no

Since € = min, jeg pgf;‘)) < p;k) and pﬁ) < 1, we have that pl(-f,?) — epﬁ) > 0.
Therefore,

notn n n n 2n
™ 5 ) S el + )
kel

= mg-")(l —€) + epff).

Therefore,

m§-n0+n) > m§-n)(1 —€)+ epfj@).

With similar arguments, we can also prove that

no+n n 2n
M]( otn) < M]( )(1 —€) —l—epg-’j).

Combining both inequalities yields

no-+n no-+n n n
M](o )_mg_o )S(M})—mg))(l—e),

and by iteration

kno+n kno+n n n
0 < MO et < (M — ) (1 - e)*.

The last expression tends to zero as k — oo, because € > 0. Thus, we have
proved the existence of a subsequence of (M ](") — m§n), n > 1) converging to
zero. But this sequence is monotone; hence (5.26) holds true.

For any n > ny, mgn) > mén‘)) = ¢ > 0. This implies

m; = lim m™ >e>0.

n—oo J

From (5.20), it follows that

1= Zpy;) — oo Z?‘(‘j.

jEI jel

The fact that a limiting distribution is invariant has already been proved
in the preceding section. Consequently, the proof of the first part of the
theorem is complete.

Let us now prove part 2 of the statement. From (5.23) is follows that, for

any j € I there exist n; and for any n > n, pg;-)

minge; pg}j )=~ 0. Set no = max(n;,j € I). Clearly, this yields property (R).

0

> (, for any ¢ € I. Hence,

After having proved the theorem, a natural question to ask is whether there
are simple conditions on the process ensuring property (R)). The next Propo-
sition gives an answer to this question.
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Proposition 5.5 Let {X,,,n > 0} be a finite irreducible Markov chain. As-
sume that there exists h € I such that ppp > 0. Then (R) is satisfied.

Proof: Fix i,j € I and let n(i,7) > 0 be such that p§j}(i’j)) > 0. Set m =
max; jes n(i, j). The matrix II*"! has all its entries strictly positive. Indeed,

(2m—+1) n(i,h)

hj
P > g e o > 0,

where in the second term of the preceding inequality, we have written 2m +
1 —n(i,h) — n(h,j) many factors pp . O
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6 Brownian motion

In example 2.3 of Chapter 2, we have introduced an example of Gaussian
continuous time stochastic process. In this chapter we will study some of the
most important properties of this process in view of the introduction to Ito’s
stochastic calculus developed later in this course.

6.1 Study of The Probability Law

Let us start by recalling the definition.

Definition 6.1 The Brownian motion or Wiener process is a Gaussian
stochastic process { By, t > 0} such that

E(Bt) - 0,

E(BsB;) = s N\t.

As mentioned in Chapter 2, the existence of this processes is ensured by
Kolmogorov’s theorem. For this, se have to make clear that the proposal we
made for the covariance is correct. This means the following. A covariance
function of a stochastic processes is a mapping

(s,t) — I'(s,t)

which is required to be nonnegative definite. That means, for any ¢;,¢; > 0
and any real numbers a;,a;, 4,7 =1,...,m,

Z aiajF(ti,tj) Z 0.

ij=1

It is not difficult to check that the function I'(s,t) = s At possesses this
property. Indeed, notice first that

SNt = /0 1[0’31 (7") 1[0@ (7‘) dr.

Hence,

Z al-ajti VAN tj = Z aiaj/o 1[0’%](7”) 1[07”}(7") dr

4,j=1 7,j=1
2

— /OO (Z ai1[07ti}(7“)> d?’ Z 0
0 \i=1
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Since F(B2) = 0, the random variable By is zero almost surely.
Using the formula on transformations of densities of random vectors by
smooth functions, it is possible to obtain the density of the random vector

Btl?‘BtQ - Bt17“‘7Btm _Btm_17

for any choice 0 < t; < --- < t,,, and to see that it corresponds to that
of m independent random variables, Gaussian, centered, with variance t; —
ti_1,1=1,...,m. Hence, Brownian motion has independent and stationary
increments.
Each random variable By, t > 0, of the Brownian motion has a density and
it is . )

x

pt(x) - \/% exp(— 2% )7

while for ¢ = 0, its "density” is a Dirac mass at zero, dg).
Differentiating p,(x) once with respect to ¢, and then twice with respect to
x easily yields

0 102
a7 = 592 Y)
po((L’) = 5{0}

This is the heat equation on R with initial condition py(z) = 6g0y. That
means, as time evolves, the density of the random variables of the Brownian
motion behaves like a diffusive physical phenomenon.

6.2 Sample Paths

Brownian motion was introduced as a model for erratic trajectories of parti-
cles. Thus, one expects to be able to prove that its sample paths are almost
surely continuous, but with brusque changes in directions of its trajectories.
This section is devoted to give some elements towards a good understanding
of these properties.

The continuity of the sample paths of Brownian motion can be proved by
different methods. It can be obtained as a by-product of an explicit construc-
tion. It can also be proved using Kolmogorov’s continuity criterion, a result
which allows to catch the roughness of sample paths from LP(Q2) estimates
of increments of the process at different times.

Brownian motion as limit of a random walk
Let {¢;,7 € N} be a sequence of independent, identically distributed random
variables, with mean zero and variance o? > 0. Consider the sequence of
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partial sums defined by Sp = 0, S, = >7_; ;. We have already seen in
previous chapters that the sequence {S,,n > 0} is a Markov chain, and also
a martingale.

Let us consider the continuous time stochastic process defined by linear in-
terpolation of {.S,,,n > 0}, as follows. For any t > 0, let [t] denote its integer
value. Then set

Yy = S+ (¢ = [t])&m+1, (6.1)
for any ¢ > 0.
The next step is to scale the sample paths of {Y;,¢ > 0}. By analogy with
the scaling in the statement of the central limit theorem, we set

1
B™ = v, (6.2)

ovn

t > 0.

A famous result in probability theory -Donsker theorem- tell us that the se-
quence of processes Bgn),t > 0}, n > 1, converges in law to the Brownian
motion. The reference sample space is the set of continuous functions van-
ishing at zero. Hence, proving the statement, we obtain continuity of the
sample paths of the limit.

Donsker theorem is the infinite dimensional version of the above mentioned
central limit theorem. Considering s = %, t = %, the increment Bt(”) —
B = ﬁfkﬂ is a random variable, with mean zero and variance t —

S
s. Hence Bt(n) is not that far from the Brownian motion, and this is what

Donsker’s theorem proves.
Kolmogorov’s continuity criterion: Application to the Brownian

motion

Proposition 6.1 Let {X;,t > 0} be a stochastic process satisfying the fol-
lowing property: For some positive real numbers o, 3 and C,

E(|X; — X,|*) < Ot — s,

Then almost surely, the sample paths of the process are v-Hélder continuous
with v < g

The law of the random variable B, — By is N(0,¢ — s). Thus, it is possible to
compute the moments, and we have

E((B, - B)*) = (22;2! (t —s)k,
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for any k € N. Therefore, Proposition 6.1 yields that almost surely, the
sample paths of the Brownian motion are y-Holder continuous with v €
0, 3).

Quadratic variation

The notion of quadratic variation provides a measure of the roughness of
a function. Existence of variations of different orders are also important in
procedures of approximation via a Taylor expansion and also in the develop-
ment of infinitesimal calculus. We will study here the existence of quadratic
variation, i.e. variation of order two, for the Brownian motion. As shall be
explained in more detail in the next chapter, this fact provides the explana-
tion to the fact that rules of 1t0’s stochastic calculus are different from those
of the classical differential deterministic calculus.

Fix a finite interval [0,7] and consider the sequence of partitions given by
the points (7 = 2-,j =0,1,...,n). Set AyB = By — By

k—1"

Proposition 6.2 The sequence {3 7_,(AxB)?,n > 1} converges in L*(2) to
the deterministic random variable T'. That is,

lim F

n—oo

=0.

(i@w)? = T>2

k=1

Proof: For the sake of simplicity, we shall omit the dependence on n. Set
At = tp—t_1. Notice that the random variables (A B)*—=Apt, k=1,...,n
are independent and centered. Thus,

n n 2
E (Z(Aka ) —E (Z ((AxB)? A;J))
k=1 k=1
n 2
—YE [( (AcB) — Agt) }
k=1
=3 [B(Ak)? = 2(Akt)? + (Axt)?]
k=1
=2 (Apt)* < QZ,
k=1 n
which clearly tends to zero as n tends to infinity. U

This proposition, together with the continuity of the sample paths of Brow-
nian motion yields

supz |ArB| = 00, a.s.
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Indeed, assume that V' := sup, > p_; |AxB| < co. Then

Zn:(AkB)Q < sgp |AB]| (Zn: ]AkBO

k=1 k=1
< Vsup |AgB].
k

We obtain lim,, o >7_;(AxB)? = 0. a.s., which contradicts the result proved
in Proposition 6.2.

6.3 The Martingale Property of Brownian Motion

We start this section by extending the definition of martingale given in Sec-
tion 3.2 to continuous time stochastic processes. First, we introduce the

appropriate notion of filtration, as follows.
A family {F;,t > 0} of sub o—fields of F is termed a filtration if

1. Fo contains all the sets of F of null probability,
2. Forany 0 < s <t, Fs C Fy.

If in addition
ms>t‘/Ts = fta

for any t > 0, the filtration is said to be right-continuous.

Definition 6.2 A stochastic process { X, t > 0} is a martingale with respect
to the filtration {F;,t > 0} if each variable belongs to L'(Q) and moreover

1. X; 1s Fy—measurable for any t > 0,
2. forany 0 < s <t, E(X;/Fs) = Xs.

If the equality in (2) is replaced by < (respectively, >), we have a super-
martingale (respectively, a submartingale).

As for discrete parameter sets, given a stochastic process {X;,¢ > 0}, there
is a natural way to define a filtration by considering

Fi=0(Bs,0<s<t),t>0.

To ensure that the above property (1) holds, one needs to complete the o-
field. In general, there is no reason to expect right-continuity. However, for
the Brownian motion, the natural filtration possesses this property.

In example 3.3, we have seen that the sequence of partial sums of independent
centered random variables with zero mean is a martingale with respect to
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the natural filtration. The reason for this to be true relies on the fact that
the increments of the partial sums are independent random variables. In
continuous time, the property of independent increments allows to prove the
martingale property with respect to the natural filtration as well.

Indeed, fix 0 < s < ¢. Owing to the property (c) of the conditional expecta-
tion

E(Xt_Xs/JTs) :E<Xt_X8) =0.

Hence, a Brownian motion possess the martingale property with respect to
the natural filtration.

Other examples of martingales with respect to the same filtration, related
with the Brownian motion are

1. {B? —t,t >0},
2. {exp (aBt — %t) .t >0},
Indeed, for the first example, let us consider 0 < s < ¢. Then,
E(B}/F.) = E((B: - By + B.)*/ F:)
= E((B = B.)*/F.) + 2E ((B: — B.)B./ F.)
+E (B2/F.).

Since B; — By is independent of Fy, owing to the properties of the conditional
expectation, we have

E((B.— B.)/F.) = E((B,— B.)?) =t —s,
E ((Bt - Bs)Bs/fs) = B,E (Bt - Bs/fs) =0,
E(B/F.) = B
Consequently,
E(B} - B!/F,) =t-s.

For the second example, we also use the property of independent increments,
as follows:

E <exp (aBt — ‘?) /ﬁ) — exp(aB,)E <exp <a(Bt ~B,) C‘Zt) /ﬂ)

S

= exp(aB,)E <exp (a(Bt — B,) - ‘?)) .
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Using the density of the random variable B, — B one can easily check that

E <exp (a(Bt — B,) — a?)) = exp (W - &2275> :

Therefore, we obtain

E <exp (aBt - 2t> /f) — exp <aB - “;) .

6.4 Markov Property

For any 0 < s <t, x € Rand A € B(R), we set

_ 1 z —yl*
p(s,t,z, A) = m /Aexp <_2(t - s)) dy. (6.3)

Actually, p(s,t,x, A) is the probability that a random variable, Normal, with
mean x and variance t — s take values on a fixed set A.
Let us prove the following identity:

P{B; € A/ Fs} =p(s,t, Bs, A), (6.4)

which means that, conditionally to the past of the Brownian motion until
time s, the law of B; at a future time ¢ only depends on B.

Let f : R — R be a bounded measurable function. Then, since B is F,—
measurable and B; — B, independent of F,, we obtain

E(f(B)/ Fs) = E(f (Bs+ (B: = By)) / Fs)
= E(f(z+ B, - By))

r=DBg

The random variable @ + B; — By is N(z,t — s). Thus,

B(fa+ B~ B)) = [ fy)pls,t.z.dy).
and consequently,
E(f(B)/ Fy) / F(y)p(s,t, By, dy).
This yields (6.4) by taking f = 14.
Going back to (6.3), we notice that the function x — p(s,t,z, A) is measur-

able, and the mapping A — p(s,t,x, A) is a probability.
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Let us prove the additional property, called Chapman-Kolmogorov equation:
For any 0 < s <wu <'t,

pls,tia, A) = [ plust,y, A)pls, u,z.dy). (6.5)

We recall that the sum of two independent Normal random variables, is again
Normal, with mean the sum of the respective means, and variance the sum
of the respective variances. This is expressed in mathematical terms by the
fact that

fN(x,Ul) * fN(y70'2) - /RfN(x,Ul)(y)fN(y,az)<’ - y)dy
= fN(:v+y,Ul+02)~

Using this fact, we obtain

/]R p(”? 257 A)p(87 U, T, dy) - /A dz (fN(ac,u—s) * fN(O,t—u)) (Z)

= [ d2fxa-9(2) = pls .z, A).

proving (6.5).
This equation is the time continuous analogue of the property own by the
transition probability matrices of a Markov chain. That is,

10+ — p(m)

I

meaning that evolutions in m + n steps are done by concatenating m-step
and n-step evolutions. In (6.5) m + n is replaced by the real time t — s, m
by t —u, and n by u — s, respectively.

We are now prepared to give the extension of the Markov property introduced
in Chapter 5 for continuous time stochastic processes.

Consider a mapping

p: Ry xRy xR x B(R) — Ry,
satisfying the properties
(i) for any fixed s,t € Ry, A € B(R),
x — p(s,t,x, A)
is B(R)-measurable,
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(ii) for any fixed s,t € Ry, x € R,
A — p(s,t,x, A)
is a probability
(iii) Equation (6.5) holds.

Such a function p is termed a Markovian transition function.
Let us also fix a probability © on B(R).

Definition 6.3 A real valued stochastic process {X;,t € Ry} is a Markov
process with initial law p and transition probability function p if

(a) the law of Xy is p,
(b) for any 0 < s <'t,
P{Xt < A/fs} :p(s,t,Xs,A).
Therefore, we have proved that the Brownian motion is a Markov process

with initial law a Dirac delta function at 0 and transition probability function
p the one defined in (6.3).
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7 Basic Notions on Ito’s Calculus

[to’s calculus has been developed in the 50 by Kyoshi It6 in an attempt to
give rigourous meaning to some differential equations driven by the Brownian
motion appearing in the study of some problems related with continuous time
Markov processes. Roughly speaking, one could say that It6’s calculus is an
analogue of the classical Newton and Leibniz calculus for stochastic processes.
In fact, in deterministic mathematical analysis, there are several extensions
of the Riemann integral [ f(z)dz. For example, if ¢ is an increasing bounded
function (or the difference of two of this class of functions), Lebesgue-Stieltjes
integral gives a precise meaning to the integral [ f(x)g(dx), for some set of
functions f. However, before It6’s development, no theory allowing nowhere
differentiable integrators g was known. Brownian motion, introduced in the
preceding chapter, is an example of stochastic process whose sample paths,
although continuous, are nowhere differentiable. Therefore, in the framework
of Lebesgue-Stieltjes theory it is not possible to give a rigourous meaning to
stochastic integration with respect to Brownian motion.

There are many motivations coming from a variety of sciences for considering
stochastic differential equations driven by a Brownian motion. Such an object
is defined as

dXt = O'(t, Xt)dBt + b(t, Xt)dt,

XO = Zo,

or in integral form,
t ¢
X, = a4 +/ o (s, X,)dB, +/ b(s, X,)ds. (7.1)
0 0

The first notion to be introduced is that of stochastic integral. In fact, in (7.1)
the integral f(f b(s, Xs)ds can be defined pathwise, but this is not the case
for [2 o (s, X,)dBs, because of the roughness of the paths of the stochastic
integral we have just mentioned. More explicitely, it is not possible to fix
w € 2, then to consider the path o(s, Xs(w)), and finally to integrate with
respect to Bg(w).

7.1 Itd’s Integral

Along this section, we will consider a Brownian motion B = {B;,t > 0}
defined on a probability space (2, F, P). We also will consider the natural
filtration (F;, ¢t > 0) associated with B.

We fix a finite time horizon T" and define L ;» the set of stochastic processes
u = {u, t € [0,T]} satisfying the following conditions:

85



(i) u is adapted and jointly measurable in (,w), with respect to the product
o-field B([0, T)) x F.

(ii) f] E(u?)dt < .

The notation L,%,T gathers the two properties -adaptedness and square
integrability- described before.

Consider first the subset of L¢21,T consisting of step processes. That is, stochas-
tic processes which can be written as

up = sl (1), (7.2)
j=1

with 0 = 4o < ¢ < --- < ¢, =T and where u;, j = 1,...,n, are F;,_ —
measurable square integrable random variables. We shall denote by & the
set of these processes.

For step processes, the 1t6 stochastic integral is defined by the very natural
formula

T n
/0 wdB, = u;(B,, — By, ). (7.3)
j=1

Notice that fOT u;d By is a random variable. Of course, we would like to be
able to consider more general integrands than step processes. Therefore, we
must attempt to extend the definition (7.3). For this, we have to use tools
provided by Functional Analysis based upon a very natural idea: If we are
able to prove that (7.3) gives a continuous functional between two metric
spaces, then the stochastic integral defined for the very particular class of
step stochastic processes could be extended to a more general class given by
the closure of this set with respect to a suitable norm.

The idea of continuity is made precise by the

E (/OT utdBt>2 —E (/OT ufdt> . (7.4)

Let us prove (7.4) for step processes. Clearly

Isometry property:

E </OT utdBt>2 = Zn:E (u?(AjB)Z)

+ 2> E(ujur(A;B)(AyB)).

i<k
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The measurability property of the random variables u;, 7 = 1,...,n, implies
that the random variables u are independent of (A;B)*. Hence, the con-
tribution of the first term in the right hand-side of the preceding identity is
equal to

Sk, [

For the second term, we notice that for fixed j and k, j < k, the random
variables ujurA;B are independent of AyB. Therefore,

E(ujup(A;B)(ArB)) = E(ujug(A;B))E(AB) = 0.

Thus, we have (7.4).

This property tell us that the stochastic integral is a continuous functional
defined on &, endowed with the norm of L?*(Q x [0,77]), taking values on the
set L*(Q) of square integrable random variables.

The next step consists of identifying a bigger set than £ of random processes
such that &€ is dense in the norm L?*(Q x [0,77]). This is actually the set
denoted before by LZT Indeed, one can prove -and this is a crucial fact in
[t6’s theory- that for any u € L?LT, there exists a sequence (u",n > 1) C £

such that .

lim [ E ((u;‘ — ut)2dt) = 0.

n—oo 0

Owing to this fact, we can give the following definition.

Definition 7.1 The Ito stochastic integral of a process u € LiT 18

T

T
/ wdB, == L*(Q) — lim [ uldB,. (7.5)
0

n—oo 0

In order this definition to make sense, one needs to be sure that if the process
w is approximated by two different sequences, say «™! and u™2, the definition
of the stochastic integral, using either u™! or u™? coincide. This is proved
using the isometry property. Indeed

T T 2 T 9
E (/ urtdB, — / u?’QdBt> = / E (u?l - ufz) dt
0 0

0
SQ/OTE(U?’I—ut)2dt+2/0TE(u?’2—ut)2dt
— 0

By its very definition, the stochastic integral defined in Definition 7.1 satisfies
the isometry property as well. Moreover,
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e stochastic integrals are centered random variables:

T
E ( / utdBt> —0,
0

e stochastic integration is a linear operator:

T T T
/ (auy + bv) dB; = a/ udBy + b/ v dBy.
0 0 0

To prove these facts, we first consider processes in &€, in this case the proof
is very easy, and then we extend their validity by a density argument.

We end this section with an interesting example.

Example 7.1 For the Brownian motion B, the following formula holds:

/OTBtdBt:;(B%—T).

Let us remark that we would rather expect fOT B.dB;, = %B%, by analogy
with rules of deterministic calculus.
To prove this identity, we define a particular sequence of approximating step

processes, as follows. Consider the partition of [0, 7] given by t; = % and
set
n
u = Z By L)
j=1
We have

T n 9 n t; 2
/0 E(u — B)*dt = Z/t E(B,., ~B) dt
=17t

Therefore, u™,n > 1 is an approximating sequence of B in the norm of
L*(©2 x [0,T]). According to Definition 7.1,

T n
| BB = lim "By, (B, - By,..).

in the L?*(2) norm.
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Clearly,

We conclude by using Proposition 6.2.

7.2 The Ito Integral as a Stochastic Process

The indefinite It6 stochastic integral of a process u € LiT is defined as
follows:

t T
/ usdBy = / usljo4(s)dBs, (7.6)
0 0

t € 10,77

For this definition to make sense, we need that for any ¢ € [0, T, the process
{usljy(s), s € [0,T]} belongs to L? ;.. This is clearly true.

Obviously, properties of the integral mentioned in the previous section, like
zero mean, isometry, linearity, also hold for the indefinite integral.

The rest of the section is devoted to the study of important properties of the
stochastic process given by an indefinite Ito integral.

Proposition 7.1 The process {I; = [3 usdBs,t € [0, T} is a martingale.

Proof: We first establish the martingale property for any approximating
sequence

t
It”:/ u"dB,,t € [0, 7],
0

where u" converges to u in L?(2 x [0,77]). This suffices to prove the Propo-
sition, since L?(€)-limits of martingales are again martingales.

Let u}, t € [0, 7], be defined by the right hand-side of (7.2). Fix 0 < s <t <
T and assume that s < t, <t; <t. Then

l
]ZL — Ig = uk(Btk — BS) + Z UjAjB
Jj=k+1
+ Ul(Bt — Btl)'
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Using properties (g) and (f), respectively, of the conditional expectation
yields

E(I} = I'/F,) = E (up(By, — Bs)/Fs) + Elj E(E (wA;B/F, ) [ F.)

J=k+1
+ FE (UlE (Bt — Btl/ftlfl) /.,/ts)
=0.
This finishes the proof of the proposition. 0

A proof not very different as that of Proposition 6.2 yields

Proposition 7.2 For any process u € L2 p,

n t; 2 t
Q) — lim 3 < / usst> - / W2ds.
n—oo = \ Ji 0

J i1

That means, the quadratic variation of the indefinite stochastic integral is
given by the process { [i u2ds,t € [0, T]}.

The isometry property of the stochastic integral can be extended in the fol-
lowing sense. Let p € [2, 00[. Then,

E (/Ot usst>p <C(p)E (/Ot u?ds)g : (7.7)

Here C(p) is a positive constant depending on p. This is Burkholder’s in-
equality.

A combination of Burkholder’s inequality and Kolmogorov’s continuity cri-
terion allows to deduce the continuity of the sample paths of the indefi-
nite stochastic integral. Indeed, assume that [] E (u,«)g dr < oo, for any
p € [2,00[. Using first (7.7) and then Hélder’s inequality (be smart!) implies

E (/: urdBr)p <C(pE (/St ufdr)g

p t b
<COlt—sl [ E(w)far
<t - sfi.

Since p > 2 is arbitrary, with Proposition 6.1 we have that the sample paths
of [§ usdBs,t € [0,T] are y-Holder continuous with v €]0, 1[.

90



7.3 Remarks on Extensions of The Stochastic Integral

Consider stochastic processes satisfying

P{/OTufdt<oo} ~1. (7.8)

Clearly (7.8) holds for processes in L2 ;..

One can construct a stochastic integral for processes u satisfying (7.8) by
means of a stopping procedure, as follows.

For any natural number n, define the positive random variable

t
T, = inf {t >0: / ulds = n} (7.9)
0

One can prove that 7, is a stopping time with respect to the filtration (F3, ¢ >
0). Than means (7, <t) € F;, for any t > 0.

By virtue of assumption (7.8), the sequence of random variables (7,,,n > 1)
increases to the deterministic random variable 7T". In addition, it holds that
if t <,, then fg u?ds < n.

Define

ulgn) = utl[O,Tn](t)7

n > 1. This process belongs to L? ;.. Moreover, if m > n, on the set (& < 7,)

both processes u™ and u(™ coincide. By the local property of the stochastic
integral, one has that

t t
/ uMdB, = / u{™dB,.
0 0

Fix t < T'. Because of the convergence of 7,, to T, there exists ny such that
t < 1, for any n > ny and, by the above discussion, it makes sense to define

t ¢
/ usdBs = / ug”O)st.
0 0

A second aspect to be mentioned in this section, concerns the underlying
filtration. One can follow the constructions given so far for the Itd’s stochas-
tic integral by replacing the natural filtration generated by the Brownian
motion by a new filtration (G;,t > 0) satisfying F (B; — Bs/Gs) = 0. The
corresponding stochastic integral possess all the properties mentioned before
with the obvious changes.
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7.4 A Change of Variables Formula: Ito’s Formula

Like in Example 7.1, we can prove the following formula, valid for any ¢ > 0:
t

B2=2 / B,dB, +t. (7.10)
0

If the sample paths of {B;,t > 0} were sufficiently smooth -for example, of
bounded variation- and you were asked for a formula for B?, you most likely
would answer

t
B2 = 2/ B.dB,, (7.11)
0

relying on the rules of classical calculus.

The difference between the formula we have rigorously established, (7.10),
and the spontaneous answer (7.11) is the term t. Where does it come from?
Consider the very naive decomposition of B? associated with any partition
of [0,¢] defined by 0 =to <t; <--- <t, =t,

1

n

Bt2 = ZE) (BtQjJrl B BE])
iz
¥ g, (Biy, — By,) + 5 (B — By,) (7.12)
j=0 Jj=0

where we have used that By = 0.
Consider a sequence of partitions of [0,¢] whose mesh tends to zero and let
us compute the limit of the right hand-side of (7.12). By the result proved
in Proposition 6.2, we infer that

ni:l (Btj+1 o Btj)2 —
j=0

in the convergence of L?(f2). This gives the extra contribution in the devel-
opment of B? in comparison with the classical calculus approach.
Notice that, if B were of bounded variation then, we could argue as follows:

0<j<n—1

n—1 9
Z (Btj+1 - Btj) S sup ‘Bthrl - Btj|
j=0

n—1
X Z |Bt]‘+1 B Btj|'
§=0

By the continuity of the sample paths of the Brownian motion, the first factor
in the right hand-side of the preceding inequality tends to zero as the mesh
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of the partition tends to zero, while the second factor remains finite, by the
property of bounded variation.

Summarising. Differential calculus with respect to the Brownian motion
should take into account second order differential terms. Roughly speaking

(dB,)* = dt.

We can attach a precise meaning to this heuristic formula by means of Propo-
sition 6.2.

7.4.1 One dimensional Itd’s formula

In this section, we shall extend the formula (7.10) and write an expression
for f(t, B;) for a class of functions f which include f(z) = z?.

Definition 7.2 Let {v,t € [0,T]} be a stochastic process, adapted, whose
sample paths are almost surely Lebesgue integrable, that is f(;f lvg|dt < oo,
a.s.. Consider a stochastic process {u,t € [0,T]} belonging to L, and a
random variable Xo. The stochastic process defined by

¢ t
X, =Xo+ [ udB,+ [ vs, (7.13)
0 0
t €[0,T) is termed an Ité process.

An alternative writing of (7.13) in differential form is
dXt = UtdBt + 'Utdt.

We are now going to state a version of the [to formula.

Theorem 7.1 Let f : [0,7] x R — R be a function in C? and X be an
Ité process with decomposition given in (7.138). The following formula holds
true:

(8 X)) = £(0, Xo) + /0 "0, F(s, X.)ds + /0 "0, (s, X.)udB,

t 1 gt
[0t (s, Xouds + 5 [ 02, f(s, X, )ulds. (7.14)
0 2 Jo
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An idea of the proof. Consider a sequence of partitions of [0, 7], for example
the one defined by ¢7 = % In the sequel, we avoid mentioning the superscript
n for the sake of simplicity. We can write

i
L

f(tvxt) - f(oa XO) = [f(tj+17th+1) - f(tj7th):|
j=0
n—1
=3 | Flt, X)) = £(t, X)) (7.15)
j=0
+ {f(tjﬂ, X)) — f(tjsn, th)}
= 0., X )(tyer — )] (7.16)
j=0

+ {8xf(tj+1,th)(th+1 - th)]

1 n—1 B
+ 5 Z aizf(tj-‘rl? Xj)(th-H - th)Q' (717)
=0

with ¢ €]t;,¢;,1] and X; an intermediate (random) point on the segment
determined by X, and X; .

In fact, this follows from a Taylor expansion of the function f up to the
first order in the variable s, and up to the second order in the variable z.
The asymmetry in the orders is due to the existence of quadratic variation
of the processes involved. The expresion (7.15) is the analogue of (7.12).
The former is much simpler for two reasons. Firstly, there is no s-variable;
secondly, f is a polynomial of second degree, and therefore it has an exact
Taylor expansion. But both formulas have the same structure.

When passing to the limit as n — oo, we obtain

n—1 t

S 0 (b5, X))ty = 15) = [ 0,5, X,)ds

j=0

n—1 t

Z axf<tj>th)(th+1 - th> - /0 aa:f(s>Xs)usst
7=0

¢
+ / O f (s, Xs)vsds
0

n—1 _ t
Z axzf(tj’ Xj)(th-H - th)Q - / aixf(su Xs)u§d87
j=0 0

in the convergence of probability.

94



It6’s formula (7.14) can be written in the formal simple differential form
1
df (¢, Xi) = 0p f (¢, Xo)dt + 0 f (¢, X¢)d Xy + iagmf(t X)(dX)?,  (7.18)

where (dX;)? is computed using the formal rule of composition

dBt X dBt :dt7
dB, x dt = dt x dB, = 0,
dt x dt = 0.

Consider in Theorem 7.1 the particular case where f : R — R is a function
in C?. Then formula (7.14) becomes

FX) = F(0) + [ O udBy + [ (X, )ds

+;/Ot (X )ulds. (7.19)

Example 7.2 Consider the function

Flt,z) = e erer,

with p,o € R.
Applying formula (7.14) to X, := By -a Brownian motion- yields

t t
ft.B) =1+ | f(s.B)ds+o [ f(s,B)dB..
Hence, the process {Y; = f(t, By),t > 0} satisfies the equation

t t
Yt:1+ﬂ/ sts+a/ Y.dB,.
0 0

The equivalent differential form of this identity is the linear stochastic differ-
ential equation

dY; = pYydt + oY,d By,
Yo =1. (7.20)
Black and Scholes proposes as model of a market with a single risky asset
with initial value Sy = 1, the process Sy = Y,. We have seen that such a

process is in fact the solution to a linear stochastic differential equation (see
(7.20)). The section 7.5 will be devoted to a further analysis of this example.
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7.4.2 Multidimensional Version of It6’s Formula

Consider a m-dimensional Brownian motion {(B},---,B/),t > 0} and n
real-valued Ito processes, as follows:

dX; =Y uy'dBl + vidt,
=1

1 =1,-,n. We assume that each one of the processes ui’l belong to LgvT and
that [ |vf|dt < oo.

Consider also a function f : [0,00) x R" — R of class C'*?. Using similar
ideas as for the proof of Theorem 7.1, one can establish the following formula

£(6,X0) = £0.%0) + [ 0,705, X)ds + 3 [ 0o, X,)ax:
=1

1 X2 t ) )
+53 / Oora (5, X)X d X7, (7.21)
0

ij=1

where in order to compute dX!dX?, we have to apply the following rules

dBldB] = §; ;ds, (7.22)
dBids =0,
(ds)? = 0.

We remark that the identity (7.22) is a consequence of the independence of
the components of the Brownian motion.

Example 7.3 Consider the particular case m =1, n =2 and f(z,y) = xy.
That is, f does not depend on t and we have denoted a generic point of R by
(x,y). Then the above formula (7.21) yields

XIX2 = X1X2 + /tdeXQ + /t X2dX! + /t [(ul)2 + (Mﬂ ds. (7.23)
t t 0<*0 0 s S 0 S S 0 S S . .

7.5 An Application of Stochastic Calculus: The Black
and Scholes Model

In this section, we shall consider the mathematical market consisting of a
single risky asset in continuous time, obtained by a limiting procedure of
the discrete time Cox, Ross and Rubinstein model. Denoting by Sy its initial
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value, the value at any time ¢ is the continuous time stochastic process defined
by

2
_ ut—S-t+oB
St = SO@ 2 t,

while for the non risky asset
SO _ ert
t = )

where » > 0 denotes the instantaneous interest rate.

Definition 7.3 A portfolio or a trading strategy in the market {(S?,S;),t >
0} is a stochastic process ® = {(au, B),0 < t < T} satisfying the following
conditions:

1. « and (8 are measurable and adapted processes,

2.
T
/ | |dt < o0,
0

T
/ B2dt < oo,
0

Recall that the term portfolio refers to the number of shares of each asset at
a given time t.

Definition 7.4 The value of the portfolio at time t is the stochastic process

Vi(®) = ™ + S,

Definition 7.5 A portfolio ® is said to be self-financing if its Ito differential
1S given by
d‘/;g(q)) = TOéteTtdt + ﬁtdSt. (724)

Notice that, the conditions required on the processes o and ( imply that
(7.24) is well defined. In fact, the integral form of (7.24) is

t t
V(@) :V0(<I>)+/O ozstoJr/o B,dS.,

and the integrals of the right hand-side of this expression make sense for the
class of processes under consideration.
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The condition of being self-financing is really a restriction on the model.
Indeed, equation (7.24) would be the one derived from the definition of V;(®)
if

d(oze™) = aud(e™),
d(ﬂtst) = ﬁtdst-

This is of course true if oy, (3; were constant real numbers.
As in the discrete case, we can define the normalized market of discounted
prices by

S, = e S, = Spexp ((,u —r)t— U;t + aBt> )
Then, the discounted value of the portfolio is
Vi(®) = e "Vi(®) = oy + 3,S;.
When taking the Ito differential, we have

AV(®) = —re " V(D) dt + e dV, (D)
= —Tﬁtgtdt -+ €7Ttﬂtdst
- ﬁtdgt'

7.5.1 Viability of the Black and Scholes Model

Remember the notion of a neutral probability given in Definition 4.9 and its
relationship with arbitrage free strategies.

In this setting, the existence of a neutral probability follows from an im-
portant result in stochastic calculus given by Girsanov’s Theorem. We shall
report now on it.

Given a Brownian motion { B;,0 < ¢ < T} and a real number \, the stochastic

process
)\2
Lt = exXp <—)\Bt — 2t> s

t > 0, is a martingale.
Indeed, this follows easily applying It6’s formula, since clearly,

t
Li=1- )\/ L,dB,.
0
By construction, L is positive and E(L;) = 1, for any ¢ > 0.
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Consider the probability space (2, Fr, P). For any A € Fr define
Q(A) = E(1aL7).
Obviously, Q(2) = 1 and () defines a new probability on (€2, Fr). Moreover,

if instead of considering the probability space (£, Fr, P), we take (2, F;, P),
0 <t < T, the restriction of () on F; can be computed as follows:

Q(A) = E(14Ly) = E(E (14L7/F))
E(I4E (Lr/F)) = E(1aLy),

for any A € F;, where we have used the martingale property of the process
L;. Clearly P and @ are equivalent in the (usual) sense that P(A) = 0 if and

only if Q(A) =

Theorem 7.2 (Girsanov’s Theorem) Fiz A € R and consider the translation
of the sample paths of the Brownian motion defined by

Wt - Bt+)\t,

for any t € [0,T]. On the probability space (0, Fr,Q), the stochastic process
{Wi,t €[0,T]} is a Brownian motion.

Let us go back to the Black and Scholes model. Define

Wy = Bt+u;t
o

t € 10,77
The value of the parameter A := £ is chosen in such a way that

o2
Sy = Spexp (Tt — ?t + aWt>
and therefore
~ 2
St = SO exXp (-275 + O'Wt) . (725)

That is, in the probability space (Q, Fr,Q), the discounted prices are a mar-
tingale. This property yields that the Black and Scholes model is viable.
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7.5.2 Pricing in the Black and Scholes Model

From the expression

Vi(®) = Vi(®) + [ fudS.

we infer that the value of the portfolio is a martingale with respect to the
probability ) provided that

T ~
/ E(32S%)du < .
0

Assume this condition in the sequel. Then, for an European call option with
maturity time 7" and exercise price K, any replicable strategy ® must satisfy
Vr(®) = (St — K)™. The price of this replicable strategy is

Vi(®) = Eq (6_T(T_t)(ST - K)+/~7:t) ;

because of the martingale property mentioned before. This formula is valid
for any t € [0, T]. In particular, for ¢t = 0, this gives the price of the option:

Vo(®) = Eq (e (Sr — K)¥).

7.5.3 Completeness of the Black and Scholes Model

Like its discrete time analogue, the Black and Scholes model is also complete.
The proof of this fact relies on a result of representation of random variables
in L*(Q), Fr, P) in terms of a stochastic integral with respect to the Brownian
motion, as follows.

Theorem 7.3 Let F € L*(Q), Fr, P). There exists a unique stochastic pro-
cess {uy,t € [0,T]} belonging to L2 1 such that

F=E(F)+ /O " w.dB.. (7.26)

From this result, it is easy to obtain a representation for square integrable
martingales. More precisely, consider a martingale {M;,t € [0, T]} such that
each random variable M, satisfies F(M;)? < co. Then, there exists a unique
stochastic process {uy,t € [0,77}0 in L2 » such that

t
M, = B(M,) + / usdB,. (7.27)
0
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Indeed, we can apply (7.26) to F' := My and then, take the conditional
expectation with respect to F; to obtain

M= EQuir/7) = EO) + 5 ( [ wap /)
— E(Mp) + /Ot usdBs,

where in the last equality we have applied the martingale property of the
stochastic integral.

For example, from the It6 formula, we obtain that the process u in the
integral representation of F' := B2 is given by u, = 2B, since E(B2) =T
(see equation (7.10)).

With these results, let us prove the completeness of Black and Scholes model
for an European call option.

First, let H be the payoff of a derivative with maturity time 7" and assume

that H € L*(Q, Fr, Q). Later on, H = (Sp — K)™.

Consider the square integrable martingale on the probability space (2, Fr, Q)
M, = Eq (e7TH/F,),

and its integral representation

t
M, :M0+/ u.dW,.
0

Consider the pair of stochastic processes:

e
ﬁt_ a§t7
ay = M, — 3¢S,

Let ®; = (ay, B;). We check that V;(®) = H and therefore H is attainable.
Indeed, the discounted value of this trading strategy is

‘Zﬁ(q)) =, + Sy = M,,
and its value at time T,

Vi(®) = ¢ TVp(®) = "My = H.
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Let us next check that ® is self-financing (see (7.24). Indeed, it is clear that

dV,(®) = re"Vy(®)dt + e dV, (D)
= re" M,dt + e" dM,
= re"' M,dt + " u,dW,
= re't (atdt + @S’tdt) + oe™ 3,8, dW,
=re’ (audt + B,Sidt) + ¢ BdS,
= re"taydt + 3,dS,.

7.5.4 Computing the Replicating Strategy
Let H = g(St). By writing
Vi o= Vi(®) = Eq (e 7" g(Sy) /)
— 0 g, <g<St6r(Tt)ea(WTWt)g(Tt))/J_—t> 7 (7.28)

»

we obtain

‘/;f = F(ta St);
with
F(t, 33) _ e—r(T—t)EQ <g($6T(T_t)€U(WT_Wt)_U2(T_t))/ft) .

This is a useful expression. In fact, assume that F(¢,z) is a C*? function.
This condition shall depend, of course on the function g. Recall that, in
terms of the new Brownian motion W,

t+o‘Wt
St S[)e >

which implies
dSt = TStdt + USth/t.

By applying [t0’s formula, we obtain

v, = vo+/ sS)SdW+/ 9 (s, 5,)S,ds
L OF 1 PF -
+/0 88(55)ds+282(35') 5282ds. (7.29)
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On the other hand,

AV, = re"Vidt + €"tdV, = rVidt + e"'dM,
= rVidt + " u dW,
= rV,dt + "' 3,5,dW,
= rVidt + o 3;S;dW;.

This yields the expression of V; as an It6 process,
t t
V=V + / 03,S,dW, + / rV,ds. (7.30)
0 0

Comparing the expressions (7.29) and (7.30), and by virtue of the uniqueness
of the It representation, we obtain the crucial relations

OF
= — (¢t 31
ﬁt al'( 7St)7 (73 )
OF oF
’I"V; = TF(t, St) = %(t, St)St + E(t, St)
10%F
+ §w(t, Sy)o?S?. (7.32)

Since S; is positive, we see that the function F(t,x) satisfies the partial
differential equation on (0, c0)

F F 10°F
gx(t, x)Tr + 87(t, r)+ fai(t, r)olz? = rF(t,S,),

2 0x?
F(T,z)=g(x). (7.33)

This is Black-Scholes-Merton partial differential equation.
We have thus obtained the following formulas for the replicating portfolio:

oF
ﬁt - %(t St)v

ay = e_rt (F(t, St) — ﬁtSt) .

But this is not enough, because we need the explicit expression for F'(¢,z).
For this reason, we go back to formula (7.28), we set § = T'—t and we obtain

[ 9/ _ ( 0—22 010/ )
e " e 2 ze T T IOV dy.
\ 2T R g 4

In the particular case g(x) = (x — K)*, and consequently, H = (Sp — K)™
(European call option), this formula yields

F(t,x) =
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2 +
F(t,z) = e (xe‘?““ﬂy — Ke_r(T_t)) dy

1 2
7/6_2
V21 JR

= 2®(dy) — Ke "I Dd(d_), (7.34)

where ® denotes the distribution function of a standard unidimensional Gaus-
sian law and

d_J%%+@+§NT4)
e oVT —t ’
_log%—i—(r—";)(T—t)

oVl —1t

The relation (7.34) provides a formula for pricing European call options in
the Black and Scholes model:

Vila, B) = F(t,5),

with the replicating portfolio

or
B = aTc(t’ Sp) = ®(dy),

ap = e "(F(t,S) — 3:S;).

104



References

1]

2]

3]

[4]

[11]

[12]

[13]

P. Baldi: Calcolo delle probabilita e statistica. Mc Grw-Hill Libri Italia,
1992.

H.-H. Kuo: Introduction to Stochastic Integration. Universitext.
Springer, 2006.

J. Jacod, P. Protter: Probability Essentials. Universitext, Springer Ver-
lag, 2000.

D. Lamberton, B. Lapeyre: Introduction to Stochastic Calculus Applied
to Finance. Chapman & HALL/CRC, 2000.

T. Mickosch: Elementary stochastic calculus. World Scientific Pub.
2000.

D. Nualart: Models probabilistes dels mercats financers. Lecture Notes
(in catalan, available at the home page of the author).

J.R. Norris: Markov chains. Cambridge University Press, 1997.

B. Oksendal: Stochastic differential equations: An introduction with
applications. 6th Ed. Springer Verlag, 2003.

M. Sanz-Solé: Probabilitats. Col.leccié UB, 28. Edicions Universitat de
Barcelona, 1999.

S. E. Shreve: Stochastic calculus for finance I, the binomial asset pricing
model. Springer Finance Textbook. Springer 2004

S. E. Shreve: Stochastic calculus for finance II, continuous-time models.
Springer Finance Textbook. Springer 2004.

A. N. Shiryayev: Probability. Graduate Texts in Mathematics. Springer
Verlag, 1984.

P. Todorovic: An introduction to stochastic processes and their appli-
cations. Springer, 1992.

105



