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Statement of the results

Any Lie proper groupoid G admits a compatible (real) analytic structure.

¢y Hisce

A generalization of Zung's non-linear average iteration method.

In particular, compatibility of Zung's method with C*-data defined on
open (saturated) subsets.

[arXiv:161209012]
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Around Hilbert's fifth problem

If a group-like object exhibits a weak amount of regularity,
often automatically exhibits a strong amount of regularity as well.
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Around Hilbert's fifth problem

If a group-like object exhibits a weak amount of regularity,
often automatically exhibits a strong amount of regularity as well.

> Hilbert’s fifth problem (G): Topological description of Lie groups
with no reference to smooth structures.

Loc. Euclidean top. groups = Lie groups [Montgomery-Zippin],[Gleason]

BCH cw
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Cl,l

s R+53+28+22+z2+ E?Zl /=128 [Kuiper]

~(c)

> Mnfds:
Cl'= C¥ [Hirsch] (M = M is C¥)
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Around Hilbert's fifth problem

> Hilbert-Smith conjecture (G x M): G loc. compact top. group,
G x M, G = Homeo(M) = G is a Lie group.

e True if M = M3 [Pardon]
e True if M < Diff*(M), k > 2 [Bochner-Montgomery]
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Around Hilbert's fifth problem

> Hilbert-Smith conjecture (G x M): G loc. compact top. group,
G x M, G = Homeo(M) = G is a Lie group.

e True if M = M3 [Pardon]
e True if M < Diff*(M), k > 2 [Bochner-Montgomery]

> Analogy with manifold story:

G — Homeo(M) % G — Diff*(M), k > 1:Z, x S* [Bing]
G — Diff*(M),k > 1= G x M is CX [Bochner — Montgomery]

+proper

G x Mis Ct ~~~~nn> G x M is C¥ [Illman)]

~ 0
(G MG 6 x M, G- DIff"(M')/G x M is C“)
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Lie groupoids

s,t
> Lie groupoid G = M formalizes (smooth) partial symmetries:

@ Characteristic (singular)
foliation on M.

@ Eachxe M has G, C G
isotropy group.

o Lie algebroid A — M.
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Lie groupoids

s,t
> Lie groupoid G = M formalizes (smooth) partial symmetries:

@ Characteristic (singular)
foliation on M.

@ Eachxe M has G, C G
isotropy group.

o Lie algebroid A — M.

1:(‘)'5 . 2.Pair & homotopy 3:Submpersio.n
group: groupoid: SRl
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Lie groupoids

s,t
> Lie groupoid G = M formalizes (smooth) partial symmetries:

@ Characteristic (singular)
foliation on M.

@ Eachxe M has G, C G
isotropy group.

o Lie algebroid A — M.

1.Lie . 3.Submersion 4.Hol. & homotopy
. 2.Pair & homotopy : p . )
group: groupoid: oid P = M: oid of F:
G )
M><M<7I'Il(l\/l) PXMP HO](]:) nl(]:)
T |
1 Uyl
{*} W W P M M

David Martinez Torres, PUC Rio de Janeiro Proper analytic groupoids



Lie groupoids

_ 6.Action oid for 7.(Integrable)
5.Action submersion Poisson mnfld.
groupoid: G x (P25 M) (M, 7):

GxM P xGum P (r)
|l o |
M P/G M

Definition (“Compact type conditions”)

G = M is proper when s x t : G — M x M is proper.
G = M s-proper when s : G — M is proper.
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C% (s-proper) linearization implies C

structure on proper oids.
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structure on proper oids.

[Palais] [Bochner]
Grp: GXx U = Gxg X =2 GxgkE
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C% (s-proper) linearization implies C

structure on proper oids.

[Palais] [Bochner]
Grp: GXx U = Gxg X =2 GxgkE

liman: E7 5 ¥~ E7 L5 £/, €% on I'"1(V) (Density of C¥(N, Q)%).
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C% (s-proper) linearization implies

structure on proper oids.

[Palais]
Grp: G x U

[Bochner]
= G X Gy 2 = G X Gy E’
P=s"}(%) [Zung
1% Oid: Gy & Pxg P+Gr =

]
G x E"(Gs 3 G)

liman: E7 5 ¥~ E7 X5 £, €% on I'"1(V) (Density of C¥(N, Q)%).
Oid: Gs 2 G~ G5 & G, ¥'|g,,, is C¥.
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Zung's iteration

> G = M s-proper has (right-invariant) Haar densities u € I'(D;):

° Jorpr =1
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Zung's iteration

> G = M s-proper has (right-invariant) Haar densities u € I'(D;):

° fs*l(x) pre=1
o Ry (s71(x), 1) = (s71(s(p)), 1P)).
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Zung's iteration

> G = M s-proper has (right-invariant) Haar densities u € I'(D;):

° fs*l(x) pre=1
o Ry (s71(x), 1) = (s71(s(p)), 1P)).

>: G4 G (g, p) = o H(P)Y(q)d(ap) ~ A() = de (¥, €).

A@ el gl o). §e= A

Theorem (Zung)

Given (G, (-,)) compact+bi-invariant, 3C > 0 5.t VG = M s-proper + p
Haar density, V¢ € C(G, G) with A($) < C, if ppi1 = ¢, then

0 oo
%, &:6— ¢ morphism.

Pn
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Zung's iteration

> If G =% M s-proper x € M fixed point, W C M saturated, ¢|g,,, 1|gw
are C¥, then ¢plg, € C¥.

Problem: ¢,/g,, & ®[g,,?
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Zung's iteration

> If G =% M s-proper x € M fixed point, W C M saturated, ¢|g,,, 1|gw
are C¥, then ¢plg, € C¥.

Problem: ¢,/g,, & ®[g,,?

>: How do we know if f : U CR" - R™ is C¥7?:

Quant: |[|[D"f||xk < R(M")r!l, Vr (BCH formula....... )
Qual: 3F : U € C" — C™ holomorphic with F|y = f.

Idea: “Complexify” the averaging (Weyl unitary trick of sorts).
G — G,

G — H local holomorphic groupoid,

not just ¢, ~ dpe (commom domain of ¢,cmust be H).
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Weyl's unitary trick via Kempf-Ness submanifolds

> Weyl’'s unitary trick from the Lie groupoid perspective:
Gx E~GxE, f e Hol(E)= [.fuc € Hol(E).

G

E"
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Weyl's unitary trick via Kempf-Ness submanifolds

> Weyl’'s unitary trick from the Lie groupoid perspective:
Gx E~GxE, f e Hol(E)= [.fuc € Hol(E).
G’l‘

G
(i) K := G x E" is an s-proper core for G" x E":

3 e mK xs:G"xE") C G" x E".
s @ /C submanifold rh s; s : I — E" s-proper.

Er ' @ IC O K (where defined) identifies si-fibers.
]ET
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Weyl's unitary trick via Kempf-Ness submanifolds

> Weyl’'s unitary trick from the Lie groupoid perspective:
Gx E~GxE, f e Hol(E)= [.fuc € Hol(E).
G’l‘

G
(i) K := G x E" is an s-proper core for G" x E":

3 e mK xs:G"xE") C G" x E".
s @ /C submanifold rh s; s : I — E" s-proper.
BT ' @ IC O K (where defined) identifies si-fibers.
]ET

(ii) pe € T(D?) ~ ug € Hol(Ks) ~ gl is a Holom. Haar density:
o [uc: M (G xE,C)— I(E",C).

Locally (G4, K;) = (C",R") = Ki|x = D?® C.
e Hol(G" x E") — Hol(E").
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Weyl's unitary trick via Kempf-Ness submanifolds

Given (H, || - ||) ex. Lie group +(normalized) norm +W C H rel.

compact, 3C > 0 s.t
VH = M loc. hol. oid + IC C H s-proper core + p Haar density,

Vo € C°°(7-£, H) with ¢(H) C W and A(¢) < C,
if nr1 = ¢, then

On 50) o, ¢:H — H, (K)— morphism. |
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Weyl's unitary trick via Kempf-Ness submanifolds

> G = M s-proper, y €O CM~Go 2P xcP =0 (P=s1y)).
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Weyl's unitary trick via Kempf-Ness submanifolds

> G = M s-proper, y €O CM~Go 2P xcP =0 (P=s1y)).

@ PxgP—>PxgP
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Weyl's unitary trick via Kempf-Ness submanifolds

> G = M s-proper, y €O CM~Go 2P xcP =0 (P=s1y)).

@ PxgP—>PxgP

’C:PXg(/CN), KN CP

> Fix G-inv. analytic metric on P bi-invariant on fibers
unique

~ (TP",J), dp solves Monge — Ampere [Guillemin — Stenzel]

(TP, J)ycCP

min dP|ﬁbers

A — {ww)
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