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Let P C R? be a d-dimensional integral convex polytope and £ € N,

Lp(k) = kP NZY.
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Thm (Ehrhart '62):
Lp(t) is a degree d polynomial with rational coefficients.
Moreover, Lp(—k) = (—1)?Lpo(k) for all k € N.

the Ehrhart polynomial of P

Thm (Stanley '91):
there are A5, ..., h% > 0 such that Lp(t) = 3¢, bt (1979,
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A matroid is a pair M = (E, B) with E finite and B C 2¥ such that:

o BB is non-empty.
o VA, BeBandac A\ B,dbe B\ A: A\ {a} U{b} € B.

matroid (base) polytope Py; = conv{characteristic vectors of B}
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Conjecture (De Loera, Haws, Koppe '09): A* of Lp,, is unimodal.

known for: U, ,, (De Loera et. al. '09) and U,, 2, (De Negri, Hibi '97).

We will now study Py for lattice path matroids and in the
end find some new families confirming the above conjecture.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U

L

(0,0)



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U

L

(0,0)



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U
E = |r +m]
B =monotone lattice paths from (0,0) to (m,r).

10, 6)

1011000101000010



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U
E = |r +m]
B =monotone lattice paths from (0,0) to (m,r).

10, 6)

1011000101000010
{1,3,4,8,10,15}



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U
E = |r +m]
B =monotone lattice paths from (0,0) to (m,r).

10, 6)

1011000101000010



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).

10, 6)

generalized lattice paths Cy;

1011000101000010



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines ¢; :={(x,y) |z +y =1}
1011000101000010



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10,6)
U
L generalized lattice paths Cy;
add lines ¢; :={(x,y) |z +y =1}
monotone, bending only on /;
1011000101000010



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U

L generalized lattice paths Cy;
add lines ¢; :={(x,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py=Cu={pel0,1]"™™ | > L; <> _1p; <>, Uj Vi€ [r+ml}.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py=Cu={pel0,1]"™™ | > L; <> _1p; <> U Vi€ [r+ml}.

y-increase between /; and ¢; 1 in |0, 1]



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py=Cu={pel0,1]"™™ | > L; <> _1p; <>, Uj Vi€ [r+ml}.

y-increase between /; and ¢; 1 in |0, 1]
stay between L and U



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py =Cy € {p 0,1+ | D Ly £ 05 <D Uy; Vi€ [r+m]}.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py =Cy € {p 0,1+ | D Ly £ 05 <D Uy; Vi€ [r+m]}.

Py; = conv{characteristic vectors of B} C conv(Cys) = Cyy.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py =Cy € {p 0,1+ | D Ly £ 05 <D Uy; Vi€ [r+m]}.

Pyr O Cyy: easy induction.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
10, 6)
U
L generalized lattice paths Cy;
add lines 4; :={(z,y) |z +y =1}
monotone, bending only on /;
1011000101000010 y-increase between /; and 7,
(0,0)

Thm (KMR): Let M = M|U, L| a lattice path matroid, then
Py ¥cy ¥ {pelo 1]+ D Ly £ 05 <D Uy; Vi€ [r+m]}.



Lattice path matroid polytopes
Lattice path matroid M |U, L|:
diagram from (0,0) to (m,r) between L and U

E = |r +m]
B =monotone lattice paths from (0,0) to (m, 7).
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Thm (KMR): Let M = M|U, L| a lattice path matroid, then
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Thm (KMR):
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Back to order

no chain-partition = singleton chain-partition =2 (0, 1)-embedding
Thm (KMR):

the embedded distributive lattice kQn; N Z3~ ! corresponds

to a chain-partitioned poset in the following way:

Zig-zag-posets
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MU, L]

In particular, Qs is an order polytope if M has no interior points

M s a snake

If M snake, then h* of Lp,, equals w of zig-zag ploset

4 " —

w unimodal, for unions of chains and | | R
graded posets =—> h* unimodal for:







What we did:

Py as generalized lattice paths (formula for Lp,, for some snakes),
Ehrhart-equivalent distributive polytope Q)as,
unimodality of h* for some snakes

What we would like to do next:

unimodality of h* for more lattice path matroids

generalize the order polynomial and w to chain-partitioned posets,
determine which matroid polytopes are order polytopes,

another conjecture of de Loera et. al:

— coefficients of Lp,, are non-negative

true for uniform matroids [Ferroni: arXiv Monday]

false for order polytopes...find counterexample?
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