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2Departament de Fı́sica de la Matèria Condensada, Universitat de Barcelona,
Martı́ i Franquès 1, 08028 Barcelona, Spain

3Universitat de Barcelona Institute of Complex Systems (UBICS),
Universitat de Barcelona, Barcelona, Spain

4Faculty of Electrical Engineering, Mathematics and Computer Science,
Delft University of Technology, 2628 CD, Delft, Netherlands

5Center for Complex Networks and Systems Research, Luddy School of Informatics,
Computing, and Engineering, Indiana University, Bloomington, IN, USA

6ICREA, Passeig Lluı́s Companys 23, 08010 Barcelona, Spain

∗Corresponding author. E-mail: marian.serrano@ub.edu

Many complex networks, ranging from social to biological systems, exhibit
structural patterns consistent with an underlying hyperbolic geometry. Re-
vealing the dimensionality of this latent space can disentangle the structural
complexity of communities, impact efficient network navigation, and funda-
mentally shape connectivity and system behavior. We introduce a topological
data analysis weighting scheme for graphs based on chordless cycles to es-
timate network dimensionality in a data-driven way. We further show that
the resulting descriptors can effectively estimate network dimensionality us-
ing a neural network architecture trained on a synthetic graph database con-
structed for this purpose, which requires no retraining to transfer effectively
to real-world networks. Thus, by combining cycle-aware filtrations, algebraic
topology, and machine learning, our approach provides a robust and effective
method for uncovering the hidden geometry of complex networks and guiding
accurate modeling and low-dimensional embedding.
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1 Introduction
The rapid growth of data has created significant challenges in science and technology. Large
datasets from fields such as biology (e.g., gene expression and protein interactions), social net-
works (e.g., agent behavior), and physics (e.g., cosmological simulations) often contain rich
structural information hidden in their complex nature. Capturing this information requires tools
capable of detecting patterns in data. Topological Data Analysis (TDA) [1, 2, 3, 4] is one such
approach that uses ideas from topology to identify features that persist across scales.

In TDA, scales are usually defined through filtrations, a systematic way to build a sequence
of simplicial complexes that encode the geometric and topological structure of a dataset across
multiple levels of resolution. Central to the analysis of such simplicial complexes is persistent
homology [2, 3], a main TDA computational method that tracks the emergence, persistence, and
disappearance of topological features —such as connected components or loops— in a filtered
simplicial complex as the filtration parameter evolves. In this context, graphs can be treated as
simplicial complexes and filtered by assigning weights to their nodes and/or edges.

The success of persistent homology depends critically on the choice of a filtration and topo-
logical features of interest, and the selection of these depends on the problem being addressed.
Not every filtration or feature descriptor is suitable for every problem, underscoring the impor-
tance of designing suitable TDA pipelines to achieve meaningful results. The triad filtration-
feature-framework (FFF) embodies an intertwined relationship that forms the foundation for
effectively leveraging persistent homology. However, filtration schemes based on a variety of
quantifiers, such as Forman–Ricci curvature [5] or betweenness centrality [6], are sometimes
applied indiscriminately to data without considering the specifics of the selected topological
features and the nature or framework of the problem at hand. This work emphasizes the impor-
tance of aligning the FFF triad by addressing dimensionality detection in complex networks,
thereby bridging the gap between complex network theory and TDA. Simplicial complexes
associated with complex networks have emerged as powerful representations in network sci-
ence [7, 8, 9, 10, 11], offering insights into higher-order structures beyond pairwise interac-
tions. Moreover, persistent homology of filtered simplicial complexes has been applied to the
study of complex networks in general [12, 13, 14, 15, 16, 17] and to neuroscience in particu-
lar [18, 19, 20, 21].

The problem addressed, the detection of the effective dimensionality of the space in which
a complex phenomenon unfolds, is a recurring theme across the sciences. In statistical physics,
the spatial dimension strongly constrains scaling laws and often determines the universality
class of critical, extended systems in which multiple length scales are relevant. Even in the
Ising model —the simplest widely used model of collective behavior and phase transitions, in
which binary spins tend to align with their neighbors— dimensionality has a strong impact on
critical behavior [22, 23]. Diffusion processes are also often studied through random walks on
D-dimensional lattices, where the dimension controls return probabilities, exploration rates, and
typical first-passage times [24, 25, 26]. In other areas of physics, such as string-theory settings,
extra dimensions beyond the observed three are needed, but remain inaccessible because they
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are tightly compactified or because observable dynamics are confined to a lower-dimensional
subset [27]. A similar idea appears in computer science: although data and interactions may
live in a formally high-dimensional space, relevant configurations typically occupy a much
smaller effective subspace, with important implications for both structure and dynamics [28,
29]. Dimensionality is also crucial in biology: transport and diffusion of molecules, encounter
rates, and search processes depend sensitively on effective dimension [30, 31], and the structure
of regulatory, neuronal, and ecological networks can enforce low-dimensional or genuinely
multiscale dynamics, with different dimensions governing local versus global behavior [32].
Thus, the effective dimensionality of complex phenomena has direct implications for structural
properties, dynamical regimes, and the mechanisms that dominate robustness, controllability,
and criticality in complex systems.

In network science, several non-equivalent definitions of dimensionality that probe differ-
ent aspects of structure and dynamics have been proposed in the literature. Topological shortest
pahts have been used to define chemical or fractal (box-counting) dimension [33, 34, 35, 36, 37],
including networks with explicit geometrical embedding [38]; related to this, metric dimension
is defined as the smallest number of nodes required to identify all other nodes uniquely based
on shortest path distances [39]; correlation dimension is computed from network trajectories of
random walkers [40]; and spectral dimension depends on the spectral properties of the graph
Laplacian [41, 42]. The problem has also been addressed within the framework of network ge-
ometry [43]. A model-driven approach [44] leverages the geometric SD/HD+1 model [45, 46],
which reproduces the observed connectivity of real networks, to reveal their intrinsic dimen-
sionality in a latent hyperbolic space, where nodes are more likely to be connected if they are
closer to each other. The real network’s specific dimension is determined by projecting the fre-
quencies of chordless cycles of varying lengths onto the background model’s statistical config-
uration space. This technique revealed ultra-low-dimensional structures in real networks previ-
ously masked by apparent high-dimensionality [44]. This includes, for instance, tissue-specific
biomolecular networks being extremely low-dimensional, brain connectomes being close to the
three dimensions of their anatomical embedding, and social networks and the Internet, requiring
slightly higher dimensionality. Within the same modeling framework, an alternative method for
determining network dimensionality uses an embedding technique, named D-Mercator [47], to
produce multidimensional maps of real networks in (D+1)-hyperbolic space whose dimension-
ality strongly shapes network properties, including community diversity [46, 48]. The maps are
used to estimate intrinsic dimensionality based on navigability and community structure, yield-
ing results consistent with the statistical configuration space approach.

Despite this broad relevance, the concept of network dimensionality remains largely unex-
plored within TDA. In this work, we propose a method for dimensionality detection in complex
networks based on TDA, which complements a trilogy in combination with the configuration-
space and embedding methods used in [44] and [47], respectively. The dimensionality de-
tection task, crucial for understanding the intrinsic geometry of data, showcases how tailored
filtrations and feature selection can enhance the ability of persistent homology to analyze and
interpret complex data for specific purposes. Specifically, we introduce a chordless cycle filtra-
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tion scheme and use it to compute extended persistence of cycles, as the topological descriptor
that best captures the distribution of cycles in synthetic and real networks to predict their di-
mensionality.

Moreover, we propose a data-driven approach to estimate network dimensionality by train-
ing a neural network on nearly 800 000 synthetic networks. A multilayer perceptron accu-
rately estimates dimensionality and transfers effectively to real-world networks, generalizing
and adapting to new data without retraining. Ablation experiments demonstrate that TDA fea-
tures play an important role in this task, even when combined with average cycle densities and
degree-related graph features.

2 Results
Our approach to estimating network dimensionality using persistent homology is twofold. In
[44], it has been shown that measuring the intrinsic dimensionality of a complex network is pos-
sible by computing profiles of structural properties that are sensitive to dimensionality. These
properties are densities of chordless cycles of sizes three (triangle), four (squares), and five
(pentagons), but the method required generating ensembles of synthetic networks for each can-
didate network. Here, we instead focus on persistence summaries using a filtration based on
the density of cycles and show that these descriptors reliably detect latent dimensionality. We
then leverage the descriptors to develop a supervised machine-learning model, trained on a large
database of synthetic graphs with known dimensions and controlled properties, to predict the
intrinsic dimension of an input network.

2.1 Persistence descriptors for dimensionality estimation
Many real networks share universal properties, such as sparsity, heavy-tailed degree distribu-
tions, the small-world effect, high clustering coefficients, and self-similarity. These properties
can be captured by a simple geometric framework [49] using the S1/H2 model [45, 50], which
combines a popularity coordinate —controlling node degrees— with a similarity coordinate that
represents all other attributes influencing network connectivity. This model can be generalized
to a D-dimensional similarity space, yielding the SD/HD+1 model [45, 46]; see Section 4 for
more details. These models have been used to determine the dimensionality of real networks
by analyzing their cycle profiles [44]. Here, however, we propose to measure their persistence
descriptors instead.

The goal of persistent homology is to compute topological features of a space equipped
with a filtration. In the context of graphs, one can define filtrations by endowing either nodes or
edges with suitable weightings. A common choice is the degree filtration on nodes; however, it
has been shown that the degree filtration is less expressive for some graph learning tasks than
other, motif-based, filtrations [1]. In this work, we propose an edge weighting scheme based on
densities of chordless cycles. A chordless cycle is defined as a closed edge path in which no
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two non-consecutive nodes are connected by an edge.
Our goal is to determine an optimal value of D for the SD/HD+1 model corresponding to a

real network, in which γ and β —the parameters of the model controlling the scale-free degree
distribution and the clustering coefficient, respectively— are usually unknown. In our data-
driven method, optimality is defined in the same way as in [44], by picking the dimension of
a closest point in the configuration space of synthetic surrogates generated from the given real
network, using D-dimensional geometric randomization (D-GR), as described in Section 4.1,
with different values of γ, β, and D. The D-GR model, originally proposed for D = 1 [51],
works on the observed sequence of node degrees and rewires the network to maximize the
likelihood that the new topology is generated by the SD/HD+1 model.

Thus, for each complex network G0, whose dimensionality is to be estimated, we generated
an ensemble of synthetic surrogates G1, . . . , Gn using the SD model with a range of values of D
and a range of values of the clustering coefficient β until β = 6D. Densities of edge triangles,
chordless squares, and chordless pentagons were then computed as specified in Section 4.2 for
each surrogate in the ensemble and for the target network. Therefore, each network G yields
three weighted graphs (G,wt), (G,ws) and (G,wp), where the edge weights wt, ws, wp are the
densities of triangles, squares, and pentagons, respectively. The mean value of wt over all the
edges of a graph is denoted by Ct, and similarly with squares and pentagons.

Topological features of graphs equipped with a filtration given by edge weights were com-
puted using persistent homology, a tool from algebraic topology used to describe shape charac-
teristics from many kinds of data (Section 4.2). In this work, persistence refers specifically to
the evolution of cycles along the values of a given filtration. However, cycles in graphs have
infinite persistence, since there are no higher-dimensional simplices to eventually fill them. We
therefore computed extended persistence of cycles, defined as the difference between the largest
and smallest weights among the simplices forming a closed path (see Fig. 1). Since we focus
on graphs equipped with edge weightings only, we introduce in this article a technique for re-
placing a given edge-weighted graph with a larger, topologically equivalent graph, that carries
weights on nodes and on the original edges in a way that is consistent with both sublevel and
superlevel filtrations. This is illustrated in Fig. 1 and explained with more detail in Section 4.2.

Total extended persistence was used as a topological descriptor, resulting in a feature vec-
tor (TPt, TPs, TPp) for each network. A representation of the configuration space is shown in
Fig. 2, where each point corresponds to a surrogate graph. Points are coloured by the corre-
sponding dimension. The target network from which surrogates were generated has D = 1 and
is marked with a black cross.

Plausibility of an association between total extended persistence of cycles in a graph and its
embedding dimensionality is illustrated in Figs. S1, S2, and S3, which show that dimensionality
is inversely associated with total extended persistence values. A negative correlation is more
evident in the case of squares and pentagons, with respective Pearson coefficient values of
ρs = −0.3140 and ρp = −0.2433, versus ρt = −0.0522 for triangles, calculated using a sample
of size 50 000 from the SYNNET database (Section 2.2).

In order to estimate the dimensionality of the target network, a k-nearest neighbors clas-

5



sifier (kNN) was used. The classifier identifies the k surrogates closest to the target network
in the surrogate configuration space (TPt, TPs, TPp) by minimizing Euclidean distance. The
value of k was not fixed, but it was determined within each ensemble of surrogates, by finding
the value of k with highest accuracy in classifying each surrogate in the ensemble. Specifi-
cally, the inferred dimension D∗ of the target network G0 maximizes the weighted frequency
f(D) =

∑k
i=1 ωi δDi,D, where the normalized weights are inversely proportional to the distance

between the real network and the i-th surrogate Gi in the (TPt, TPs, TPp) space, and δDi,D is
the Kronecker delta function [44]. A schematic pipeline summary of the suggested methodol-
ogy is shown in Fig. 3a.

The closeness of the kNN approximation was measured with a congruency index reflecting
the fidelity of the surrogates with respect to the target network. The index is defined as the ratio
ρ = d0/d, where d0 is the distance between the point in configuration space corresponding to
the target network and its closest neighbor, and d is the average of the distances between each
surrogate point and its closest neighbor. Hence, the value of ρ is large when the point cloud is
clustered while the target network falls far away from the clusters. For comparability reasons,
it is convenient to provide values of 1/ρ, as in Table 1, since, in most cases, 1/ρ takes values
between 0 and 1, with values closer to one indicating higher fidelity between the target network
and its surrogates.

As an evaluation step, the performance of the chordless cycle density filtration was tested
on synthetic target networks generated using the SD model for specific values of D (from 1
to 7), with different degree heterogeneities by varying the exponent (γ = 2.7 and γ = 3.5), and
two values of inverse temperature (β = 2.5D, corresponding to the high clustering regime, and
β = 1.5D, corresponding to the low clustering regime). For each combination (D, γ, β), ten
synthetic target networks were generated, and the above method was applied to each of them to
infer a dimensionality D∗. Inferred dimensionalities were compared with the original dimension
D from which the target synthetic network was generated. Confusion matrices to visualize the
performance of the inference method are shown in Fig. 3b. Our predictions generate some small
confusion with contiguous values of D to the diagonal, especially for low values of β and γ,
but this is expected, due to the high heterogeneity of the degree distribution.

Estimated dimension values for selected real-world target networks using TDA are shown in
Table 1. The resulting values were compared with those obtained by implementing the method
described in [44], using the configuration space of mean cycle densities (Ct, Cs, Cp), which
have been recalculated using the D-GR procedure. Inverse values of the congruency index ρ are
shown. As additional information, 2D projections of the configuration space (TPt, TPs, TPp)
for the selected real-world networks are displayed in Figs. S1 and S2.

2.2 Dimensionality estimation using neural networks
The method described in the previous section and the approach from [44] rely on a large set of
surrogate networks. For each new real network, one needs to generate a set of synthetic net-
works, compute their properties, and use a classifier to detect the dimension. As a consequence,
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when a new network is considered, the entire pipeline must be repeated. In this section, we
propose an alternative based on a neural network that, once trained, can estimate dimensions
directly, even for very large networks, generalizing and adapting to new data without retraining.

Neural networks excel for such tasks, since our aim is to approximate an unknown function
yielding dimensionality values from a collection of predictors, including mean chordless cycle
densities and/or persistence of corresponding filtrations. For this purpose, we created a database
of synthetic complex networks called SYNNET, which we use to train a neural network, named
DIMNN, to estimate the dimensionality of real-world networks. The main advantage of this
method is that training in our database is performed only once and independently of specific
target networks. This avoids the need to generate surrogates for each case under study. In total,
we produced 792 000 synthetic networks generated from the SD model (see Section 4.3 for more
details). An 80%-20% training-validation split was used.

For each synthetic network in the database, chordless cycle densities were computed as in
Section 4.2 and averaged over all edges, as well as total persistence values obtained from the
corresponding filtrations, and, additionally, the first moment and the normalized second mo-
ment of the degree distribution (i.e., the expected square divided by the square of the expected
value). The normalized second moment is sensitive to degree fluctuations and so to very high
degree nodes: for highly heterogeneous networks, the ratio becomes large, while for homoge-
neous networks the ratio is close to 1. Hence, the normalized second moment tends to correlate
with γ. Likewise, the average density of triangles Ct serves as an approximation of the inverse
temperature β.

Other relevant descriptors of complex networks that we integrated in our feature vectors are
minimum and maximum degree, and average neighbor degree, which is denoted by ⟨knn⟩ (see
Section 4.2). This is a measure used to quantify degree-degree correlations in a graph, that is,
how the degree of a node relates to the degrees of its neighbors.

Feature vectors consisting of number of nodes, average degree, normalized second moment
of the degree distribution, minimum and maximum degrees, average neighbor degree, mean
chordless cycle densities Ct, Cs, Cp, and total persistences TPt, TPs, TPp of the corresponding
filtrations were fed into a residual multilayer perceptron (see Section 4.3 for details). Our
pipeline is shown in Fig. 4a. The highest classification accuracy obtained with DIMNN for
estimating the dimensionality in the range D = 1 to D = 10 was 83.00% on the validation set
with the full feature vector. Confusion matrices are shown in Fig. 4b.

We also performed an ablation study, selecting subsets of the feature vector for both training
and predictions. In Fig. 5, we show how the performance changes as a set of features is added
at a time. The lowest accuracy is obtained when we use only the vector of mean chordless
cycle densities with no other added features. Once degree-related properties are appended to
the feature vector —e.g., minimum, maximum, and average degrees—, the accuracy increases,
and incorporating topological information improves the accuracy further. In fact, combining
total persistence with mean chordless cycle densities maximizes the performance. In Table S2,
we show mean validation accuracies as well as the number of epochs and total training times,
and a corresponding heatmap is provided in Fig. S6.
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Next, we show the results of applying the trained DIMNN to detect the dimensionality of
real-world complex networks. We analyzed the 10 networks from the previous section and
predicted their dimensions. Table 1 compares the inferred dimension across three different
methods. One can observe that the predictions do not vary significantly, by only one or two
dimensions in most cases, which highlights the robustness of the trained neural network. We
incorporated another dataset of real complex networks [52]. First, we filtered out bipartite
and temporal networks, and restricted to networks with topological properties aligned with the
training dataset (Fig. S8). Ranges of SYNNET database features are shown in Table S1. In total,
we collected 53 new networks, whose properties are summarized in Tables S4 and S5.

In Fig. 6a, we group the dataset by domain, showing that the Biological and Transportation
categories together account for more than half of all networks. We then apply our trained
neural network to predict the intrinsic dimensions of these real-world networks (see Fig. 6b).
Biological networks span a wide range of dimensions (from 1 through 6), whereas all networks
in the Software domain lie at dimension 1. A closer look at subdomains (Fig. S9) reveals that
web graphs —an Informational subdomain— also have dimension 1, while language networks
(also Informational) appear at dimensions 5 and 9.

Subsequently, to enhance confidence in the predictions made by DIMNN, a complementary
neural network model was trained. The base architecture was the same as for DIMNN, but
the loss function was changed to mean squared error (MSE), with the goal of transforming a
classification task into a regression task. Thus, contrary to DIMNN, the output range of the
regressor was not restricted to the interval [1, 10]. Since regression yields continuous values,
each prediction was rounded to the nearest integer. We use the term pseudo-accuracy to denote
the accuracy obtained by the regressor after rounding its predictions to integers. Moreover,
residual connections were removed.

The regressor model exhibits behavior very consistent with that of DIMNN on synthetic
networks (Fig. S7). The percentage of agreement between the two models on the validation set
is 79.33% if total persistences are combined with mean chordless cycle densities, and reaches
88.86% when degree-related graph features are added to the training process. The discrepancy
between the two models is defined as the absolute value of the difference between their predicted
dimensions, computed only from those networks in the validation set on which the two models
do not agree. The median discrepancy value was found to be 1, with a mean of 1.05 and a
standard deviation of 0.2543 when a full vector of descriptors was fed into the model. Additional
details are given in Table S3.

When applied to the real-world network dataset described in Tables S4 and S5, the per-
centage of agreement between the two models was 64.15% over 53 networks with full feature
vectors in the models, with a median discrepancy of 1, a mean of 2.95, and a standard deviation
of 3.2032, indicating the occurrence of a few larger discrepancies.

In addition, we validated the explanatory power of the predicted dimension by generating
surrogate networks from hyperbolic embeddings obtained with D-Mercator on real networks.
Each network was embedded in the dimension predicted by DIMNN, and the inferred node
positions were used to generate surrogate networks. We then compared multiple topological
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properties to those of the target networks (Figs. S10–S13). Across the tested networks, the
surrogates reproduce the degree distribution, clustering spectrum, and knn(k), and they typi-
cally match algebraic connectivity and average shortest-path length, whereas modularity shows
weaker agreement, likely reflecting sensitivity to the chosen community detection method. We
also compare bond-percolation curves, finding close agreement in the decay of the giant con-
nected component and the inferred percolation threshold (Fig. S14).

3 Discussion
The main contribution of this work is to use densities of cycles (triangles, chordless squares,
and chordless pentagons) in a complex network as weights on its edges, and treat each of these
three weightings as a filtering function on the underlying graph. Persistence descriptors are
computed from the corresponding filtrations and used for estimating the dimensionality of the
given network in latent space. The expressiveness of edge-based filtrations defined via densities
of chordless cycles is further examined in [53], where they are compared with other motif-based
filtrations in graph isomorphism detection and property prediction tasks.

Although topological invariants of graphs play a central role in the study of complex net-
works, methods from topological data analysis have seen limited adoption in this context [1, 54].
To the best of our knowledge, extended persistent homology of graphs has not previously been
applied to dimensionality estimation in complex networks. Ordinary (as opposed to extended)
persistent homology is not well-suited for this purpose, since cycles become permanent in
graphs. Using Vietoris–Rips simplicial complexes from graph distances is not suitable in our
work either, due to the small-world property, and clique complexes of graphs are not optimal
either, since triangles become invisible in clique complexes. The extended persistence or life-
time of a cycle in a weighted graph is the difference between the largest weight and the smallest
weight of the edges and nodes that form the given cycle. The total lifetime of a set of linearly
independent cycles carries relevant information about the geometric structure of the graph.

Other persistence descriptors could be used for analytical purposes. We found persistence
of connected components along the filtrations to be less expressive than its cycle-based counter-
part. We also remark that the expressivity of cycle persistence is influenced by certain network
parameters, such as inverse temperature (β). Indeed, in the point cloud shown in Fig. 2, low
values of β tend to separate network dimensions less prominently.

Our results show that total extended persistence computed by means of chordless cycle
filtrations yields dimensionality estimates which are comparable with those obtained in previous
work [44]; see Table 1. Moreover, total persistence improves the accuracy of a neural network
classifier if added to feature vectors containing averages of chordless cycle densities and other
graph features such as average degree, as shown in Fig. 5 and in Table S2. Our conclusion is
that TDA improves dimensionality estimation using a neural network, even with average cycle
densities and degree-related graph descriptors.

In fact, estimating latent network dimensionality without generating surrogates is another
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major contribution in this article. For this purpose, a universal database of synthetic graphs has
been generated from a uniformly distributed range of parameter values. Real-world network
dimensionality estimates can then be obtained by running a neural network model trained on
our database. This approach considerably reduces the computation time of the estimations and
the amount of memory required for this task. It is far more ambitious than creating an ensemble
of surrogates for each given real network under study, as done in the first part of our work.

Fig. 5 highlights the importance of the normalized second moment ⟨k2⟩/⟨k⟩2 in the accu-
racy of a neural network classifier for latent dimension. This could be due to the fact that the
normalized second moment correlates with the exponent γ, and knowing β and γ is crucial
for dimensionality estimation. An approximation of β is provided by the average density of
triangles Ct, which is also correlated with the total persistence value TPt.

The agreement between two independently trained neural network models, each optimized
with a different loss function, is a strong indicator of robustness and generalization. When
models trained with distinct objective functions (in our case, cross-entropy for classification
and mean squared error for regression) converge to similar predictions on previously unseen
data, it is unlikely that their performance is due to overfitting specific patterns or uninformative
noise in the training set. Rather, such an agreement suggests that both models are approximat-
ing the same underlying relationship between the input features (topological and density-based
descriptors) and the latent embedding dimension. It is remarkable that a neural network trained
on synthetic networks yields results closely aligned with earlier work on the latent dimension
of real-world networks. Moreover, the discrepancies found between the dimensionality pre-
dictions of the two models may serve to detect potential out-of-distribution real networks with
respect to the D-GR model in the study dataset, which therefore deserve further examination.

Our framework primarily targets geometric networks, i.e., those in the regime β > D.
Recent work, however, suggests that some networks may instead lie in a weakly geometric
region [55, 56]. Extending our approach to this regime and characterizing the interplay between
dimensionality and geometricity is a natural direction for future work.

Subsequent research could focus on optimizing the accuracy of a neural network for di-
mensionality classification of synthetic networks and on improving the performance of latent
dimension estimates for real-world networks. On the one hand, this could be achieved by en-
riching the training database with a wider range of complex network shapes. On the other hand,
the neural network architecture could be optimized for the intended tasks. This article only pro-
vides a proof of concept for the benefits of a cycle-based filtration in TDA and the feasibility of
our deep-learning assisted dimensionality estimation method. While our architecture (Fig. S5)
has demonstrated performance consistent with prior work [44] and has achieved accuracy above
83% on synthetic networks, improving its overall effectiveness remains a challenge.

A further avenue concerns the distribution shift between the synthetic networks used for
training and the real networks used for evaluation. In machine-learning terms, this setting can
be viewed as a domain adaptation problem, where a predictor is trained on a source domain
(synthetic graphs) and deployed on a related but distinct target domain (real graphs) [57, 58].
While our current pipeline does not include an explicit adaptation mechanism, a natural ex-
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tension would be to augment the model with an adversarial domain discriminator that learns
to distinguish synthetic from real networks, while the feature extractor is trained to produce
domain-invariant representations, potentially improving transfer and robustness under distribu-
tion shift [59].

4 Methods

4.1 Multidimensional geometric soft configuration model
The SD/HD+1 model. In the SD model [45], a node i is assigned two hidden variables: a
hidden degree κi, quantifying its importance or popularity, and a position vi in a D-dimensional
similarity space, represented as a D-sphere. The probability of connection between any pair of
nodes i and j follows a gravity law, in which similar nodes are angularly closer and, thus,
probably connected [49]. Specifically, nodes i and j are connected with probability

pij =
1

1 +

(
R∆θij

(µκiκj)1/D

)β
(1)

where D is the dimension of the model, β controls the level of clustering of the network and
the coupling of the network with the underlying metric space, µ controls the average degree,
and ∆θij is the angular distance between nodes i and j, which are assigned positions vi and
vj on the D-sphere. The radius R of the sphere is set such that the density of N nodes is 1
(without loss of generality). This yields R =

[
Γ
(
D+1
2

)
N/(2π)

D+1
2

]1/D, where Γ is the gamma
function [49]. For β < D, networks are unclustered in the infinite-size limit, whereas for β > D
networks exhibit finite clustering in the thermodynamic limit. Finally, the parameter µ controls
the average degree of the network and is defined as

µ =
β Γ
(
D
2

)
sin
(
Dπ
β

)
2π1+D

2 ⟨k⟩
. (2)

The SD model is isomorphic to the purely geometric HD+1 model [46] in (D + 1)-hyperbolic
space by mapping the hidden degree into the radial coordinates as

ri = R̂− 2

D
ln

κi

κ0

, with R̂ = 2 ln

(
2R

(µκ2
0)

1/D

)
. (3)

A network generation procedure following the SD/HD+1 model is described in Algorithm 1 in
Supplementary Information, where a cutoff κc is calculated to prevent excessive fluctuations in
the largest expected degrees when γ < 3; see [60].
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Microcanonical formulation of SD model. A microcanonical version of the S1 model was
first proposed in [51], where it was called geometric randomization model (GR). The GR op-
erates on the sequence of observed node degrees and assigns node positions at random in the
similarity space. The network is rewired to maximize the likelihood that the new topology is
generated by the S1 model while preserving the observed degrees and, thus, the total number of
edges.

In this work, we extended GR to higher-dimensional similarity spaces, which we call D-GR.
We used D-GR to generate synthetic networks for dimensionality estimation when investigat-
ing the relationship between total persistence in homological dimension 1 computed from three
types of chordless cycles filtrations and the inferred dimension (see Section 2.1). We want to
highlight the main difference with respect to the previous approach [44]. In [44], the authors
infer the set of degrees κ from a given network and generate synthetic networks with Eq. (1)
given the parameters β and D. Although in [44] the degree distribution of the generated surro-
gates is very similar to that of the input network, the D-GR procedure is more constrained and
maintains the exact degree values of the input network.

In the D-GR model, we assign to each node i a random position in the D + 1 dimen-
sional Euclidean space vi ∈ RD+1 with ||vi|| = R. The nodes are uniformly distributed on
the D-sphere using Marsaglia’s algorithm [61]. The rewiring procedure is carried out with
the Metropolis–Hastings algorithm, aimed at finding the adjacency matrix that maximizes the
likelihood function

L =
∏
i<j

p
aij
ij [1− pij]

1−aij (4)

where pij comes from Eq. (1) and aij are elements of the adjacency matrix. The method pro-
ceeds as described in Algorithm 2 in Supplementary Information.

As shown in [51], the probability of swapping links between nodes i and j and between
nodes l and m is given by

Ln

Lc

=

(
∆θij ∆θlm
∆θil ∆θjm

)β

. (5)

Notice that Eq. (5) does not depend on the dimension D.
To validate our approach, we generated synthetic networks with known dimension using the

SD model (see Algorithm 1 in the Supplementary Information), with the following parameters:
the number of nodes (N ) was set to 500 and the average degree ⟨k⟩ to 10; dimension (D) ranging
from 1 to 7; the inverse temperature parameter (β) taking values 1.5D and 2.5D; and the power-
law exponent (γ) taking values 2.7 and 3.5. For each set of parameters, we generated 10 network
realizations, thus obtaining 280 synthetic networks. For each of these, we produced a set of
surrogates using the D-GR method (Algorithm 2 in the Supplementary Information), scanning
over different values: dimension (D) ranging from 1 to 7 and rescaled inverse temperature β/D
ranging from 1.2 to 3.0 with steps of 0.1. The geometric randomization was repeated 10 times,
yielding 1 330 surrogates per synthetic network. At the end of this procedure, we obtained a
total of 372 400 networks, that were used in the confusion matrices in Fig. 3.
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To infer the dimension of real networks, we proceeded in a similar fashion. We applied
the D-GR method with the same set of parameters described above, yielding a total of 1 330
surrogates for each real network. Inferred dimensions of real networks are described in Table 1.

It is worth noting some limitations of this method. The acceptance probability depends on
the parameter β. For very large values of β, the acceptance ratio becomes binary, i.e., moves
that increase the likelihood are almost always accepted, and those that decrease it are almost
always rejected, and the likelihood plateau cannot be reached. Thus, the algorithm is restricted
to moderate values of β and corresponding values of the clustering coefficient. Techniques such
as simulated annealing or parallel tempering can restore good mixing in the large β regime. In
this work, however, we restrict our attention to real networks whose topology is well-captured
by a moderate value of β.

Moreover, even though the SD/HD+1 model captures a wide range of topological network
properties, some real networks may lie outside the range of values and are located further
away from the surrogate networks in the persistence (TPt, TPs, TPp) and mean cycle density
(Ct, Cs, Cp) configuration spaces.

4.2 Graph features
Densities of chordless cycles. Let G = (V,E) be a graph and eij = {vi, vj} be an edge
between nodes vi and vj in E, with degrees ki > 1 and kj > 1, respectively. The density
of triangles corresponding to the edge eij , also called edge clustering coefficient [62], is the
number #△ij of edge triangles in G containing eij divided by the maximum possible number
of triangles in G containing eij given the degrees ki and kj , that is,

Ct(eij) =
#△ij

min(ki, kj)− 1
. (6)

An edge cycle is chordless if there is no edge between its nodes except those that form the
cycle. Density of squares, denoted Cs(eij), is defined by dividing the number of chordless edge
squares in G containing eij by the maximum possible number of such squares given the degrees
ki and kj and the existing triangles through eij in G. To define the density of pentagons Cp(eij)
per edge eij , we count the number of chordless pentagons containing eij and normalize it by
the maximum possible number of such pentagons, assuming known the degrees of vi and vj
and the degrees of their respective neighbors. One could also define similar densities per node.
However, in [62], the authors found the definitions relative to edges to be more stable with
respect to degree heterogeneity than those relative to nodes.

Regarding the computational cost of computing chordless cycles, the time complexities
for computing densities of triangles, squares, and pentagons are O(N⟨k⟩2), O(N⟨k⟩3), and
O(N⟨k⟩4), respectively, where ⟨k⟩ is the average degree and N = #E is the number of edges.
In sparse graphs, ⟨k⟩ ≪ N . Although the computational cost for large graphs may be high, the
computations can be easily parallelized or implemented on a GPU using CUDA [63].
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Extended persistent homology. In this work, we use persistent homology to extract infor-
mation from a graph G equipped with a filtration {Gt}, where t is a real-valued parameter.
Persistence refers to the evolution of cycles along the values of the given filtration.

Homology of graphs is a special case of simplicial homology of simplicial complexes [64].
In the case of graphs, homology is determined by two numbers, called Betti numbers, namely
the number β0 of connected components and the cardinality β1 of a maximal set of linearly
independent cycles. Cycles are finite formal sums z =

∑
λiei of oriented edges with coeffi-

cients λi = ±1 such that
∑

λi∂ei = 0, where, for an edge e ∈ E from v0 to v1, we denote
∂e = v1−v0. Thus, cycles are algebraic representations of closed edge paths in the given graph.

In a filtered simplicial complex {Kt}, the birth of a cycle z of any dimension is the t-value
at which z appears in Kt, and the death of z is the t-value at which z becomes the boundary of a
higher chain. Hence, in the case of a filtered graph, the birth of a cycle z is the t-value at which
z is formed, and the death value is infinite, since a graph does not contain higher simplices.

To avoid infinite persistence values, we use extended persistence, as in [65, 66]. For a graph
G = (V,E) equipped with a node weighting wV : V → R, the sublevel filtration {Gt} is defined
as Gt = (Vt, Et), where Vt = {v ∈ V | wV (v) ≤ t} and Et is the subset of E spanned by Vt, and
the superlevel filtration {Gt} is defined as Gt = (V t, Et), where V t = {v ∈ V | wV (v) ≥ t}
and Et is the subset of E spanned by V t. Then the extended persistence of a cycle z in G is
defined as |d − b|, where b is the birth value of z in the sublevel filtration {Gt} and d is the
birth value of z in the superlevel filtration {Gt}. Note, however, that no edge weighting can be
defined on G compatibly with wV which is consistent with both {Gt} and {Gt}, in general.

In our work, chordless cycle filtrations are defined by means of edge weightings, not node
weightings. Although it is perfectly possible to exchange the roles of nodes and edges in the
definitions of sublevel and superlevel filtrations, extended persistence calculations have been
carried out using the Python library Gudhi [67], which only provides software for computing
extended persistence of graphs with a weighting on their nodes (see Section 2.1 of [66]). There-
fore, we introduce a method to replace a graph G = (V,E) equipped with an edge weighting
wE : E → R by a topologically equivalent graph G′ = (V ′, E ′) in which E ⊆ E ′ and endowed
with a node weighting wV ′ : V ′ → R yielding the same extended persistence diagram as G.

To achieve this, we split each node vi ∈ V of degree ki into ki distinct nodes vi,j ∈ V ′,
where j ranges over the subindices of the neighbors of vi. Each node vi,j is assigned weight
wV ′(vi,j) = wE(eij) where eij = {vi, vj}. The set E ′ contains horizontal edges {vi,j, vj,i} for
all i, j, joining nodes with the same weight, and vertical edges, connecting each string of nodes
vi,j with a fixed i value, sequentially from smallest weight to largest, as in Fig. 1. Hence, the
set of horizontal edges in E ′ is in bijective correspondence with E, and the weighting wV ′ is
consistent with wE on all edges of E, in both the sublevel and superlevel filtrations of G′.

We call G′ a degree-splitting subdivision of G. An example is shown in Fig. 1, and a corre-
sponding sequence of sublevel graphs and superlevel graphs explaining the choice of generating
cycles for extended persistence is depicted in Fig. S4.

The graph G′ is then fed into Gudhi [67] as a node-weighted graph, and total persistence∑
|di − bi| of cycles in the corresponding extended persistence diagram is recorded (relative
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cycles provided by the Gudhi software, if any, are discarded). The graph G′ has the same Betti
numbers as G at the same thresholds, since G is obtained from G′ by contracting vertical edges,
which does not change homology.

Degree-related graph features. The following descriptors from complex network theory are
calculated to train the models used in Section 2.2. For each graph G = (V,E), we consider
the average degree of its nodes, ⟨k⟩ = (1/#V )

∑
v∈V deg(v). The minimal degree kmin and

maximal degree kmax are also considered. The average neighbor degree of G is the average of
the mean neighbor degree of its nodes:

⟨knn⟩ =
1

#V

∑
v∈V

(
1

deg(v)

∑
u∼v

deg(u)

)
.

The normalized second moment of G is defined as the quotient ⟨k2⟩/⟨k⟩2, where we denote
⟨k2⟩ = (1/#V )

∑
v∈V deg(v)2. Its significance is due to the fact that it correlates inversely

with the power-law exponent γ in scale-free networks [68].

4.3 Database and neural network architecture
For better understanding and comparison of the results, we used the same real-world networks
as in [44]. These are undirected networks with fewer than 100 000 nodes from very different
domains. Tables S4 and S5 include a detailed description of the data as reported in [44].

SYNNET dataset for inferring dimension using neural networks. Deep networks require
large amounts of data to avoid overfitting and to learn robust features, due to their large number
of parameters. In fact, neural networks generally require large datasets to achieve high perfor-
mance [69, 70]. However, with the SD model, we tackle this challenge by generating plenty of
synthetic graphs with known dimensions to train neural networks.

We prepared a dataset of 792 000 synthetic networks generated using the SD model by means
of the method described in Algorithm 1 in the Supplementary Information with the following
input parameters: dimension (D) from 1 to 10; number of nodes (N ) with values 200, 400, 750,
1000, 2500; power-law exponent (γ) with values 2.2, 2.4, 3.0, 4.0, 5.0; average degree (⟨k⟩) with
values 4, 8, 12, 25; and rescaled inverse temperature (β/D) with values 1.2, 1.4, 1.6, 1.8, 2.0,
2.2, 2.5, 2.8, 3.0, 3.5, 4.0, 5.0. For each set of parameters, 66 network realizations were made.
The dataset covers a wide range of network properties —in particular, ⟨knn⟩ ∈ [4.4, 300.8],
Ct ∈ [0.073, 0.891], Cs ∈ [0.00505, 0.24193], Cp = [0.00010, 0.02165].

The database contains a set of feature vectors for each network, aiming for its use in a
multilayer perceptron (MLP), which is described in Section 4.3. The following descriptors
were computed, resulting in a 12-dimensional feature vector: N , ⟨k⟩, ⟨k2⟩/⟨k⟩2, kmin, kmax,
⟨knn⟩, Ct, Cs, Cp, TPt, TPs, TPp, as described in Section 4.2. Once a MLP is trained, the same
features are computed for real networks in order to predict their dimensions.
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It is worth mentioning that some real networks could have very distinct topological proper-
ties that are not included in our dataset. Hence, neural networks might be prone to misclassi-
fying them. We can overcome this issue by extending the range or parameters used to generate
the dataset. In the released code, we provide a check for the out-of-distribution parameters.

Neural network DIMNN model. For the classification task, a deep multilayer perceptron
(MLP) architecture combined with the techniques of residual networks (ResNets) was used, as
in [71]. Deeper neural networks are capable of capturing highly non-linear relationships in data,
but training very deep architectures often leads to optimization difficulties such as vanishing
gradients. ResNets address these issues through the introduction of skip (residual) connections,
which add the input of a layer to its output. Such mappings facilitate gradient flow and stabilize
training, enabling the construction of deeper and more expressive models [72].

The proposed architecture integrates residual connections into a fully connected MLP, al-
lowing the model to benefit from the depth of representation while maintaining stable training
dynamics. The network comprises 21 hidden layers with ReLu activations, and the configura-
tion depicted in Fig. S5. The output layer uses a softmax activation. A dropout regularization of
50% is applied throughout the network to mitigate overfitting and enhance generalization. The
training process was carried out using AdamW as optimizer, with a learning rate of 0.0005 and
incorporating early stopping to prevent overfitting. This architecture benefits from the expres-
sive power of deep learning while incorporating the robustness of residual learning, making it
convenient for the proposed classification task.

Data Availability
The real network datasets used in this study are available from the sources referenced in the
manuscript and the Supplementary Information. The SYNNET dataset of 792 000 synthetic
networks generated with the SD model used for neural network training, along with the neural
network checkpoints, is available on Zenodo [73].

Code Availability
The open-source code generated in this work, along with the code to reproduce the figures, is
available on GitHub at https://github.com/networkgeometry/detecting-d
imensionality-TDA-DimNN.
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real networks with prescribed degree sequence. New Journal of Physics 21(5), 053039
(2019).

[52] Amir Ghasemian, Homa Hosseinmardi, and Aaron Clauset. Evaluating overfit and underfit
in models of network community structure. IEEE Transactions on Knowledge and Data
Engineering 32(9), 1722–1735 (2019).
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[62] M. Ángeles Serrano and Marián Boguñá. Clustering in complex networks. I. General
formalism. Physical Review E – Statistical, Nonlinear, and Soft Matter Physics 74(5),
056114 (2006).

[63] John Nickolls, Ian Buck, Michael Garland, and Kevin Skadron. Scalable parallel program-
ming with CUDA. In ACM SIGGRAPH 2008 Classes, SIGGRAPH ’08 (Association for
Computing Machinery, New York, NY, USA, 2008).

[64] Allen Hatcher. Algebraic Topology. Cambridge University Press, (2002).

[65] David Cohen-Steiner, Herbert Edelsbrunner, and John Harer. Extending persistence using
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Tables

Table 1: Inferred dimensionality of real-world networks. Comparison of the inferred di-
mension between three different methods: (1) Mean densities of chordless cycles; (2) TDA:
Persistent homology from chordless cycle density filtrations; (3) DIMNN: A neural network
trained on a database of synthetic networks (introduced in Section 2.2). The 1/ρ values are
inverses of the congruency indices; higher values correspond to a closer match between the real
network and its surrogate models.

Network Domain Densities TDA DIMNN

dim 1/ρ dim 1/ρ dim

Human2-C Biological (Connectome) 3 0.07 1 0.21 2
Human-M Biological (Metabolic) 3 0.19 4 0.46 3
Cargoships Economic (Trade) 3 0.10 2 0.09 5
Bible-CO Informational (Language) 4 0.05 1 0.04 5
Jazz-CA Social (Collaboration) 2 0.06 2 0.41 2
EUEmail Social (Communication) 2 0.09 1 0.28 2
Friends-ON Social (Communication) 6 0.06 6 0.19 7
Friends-OFF Social (Offline) 8 0.72 8 0.28 10
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Figures

a b

Figure 1: Extended persistence for an edge-weighted graph filtration. Topologically equiv-
alent graphs equipped with (a) an edge weighting and (b) a node weighting, with the same
extended persistence barcode. Assuming that w1 < · · · < w6, there are two generating cy-
cles with birth-death coordinates (w4, w2) and (w6, w3), yielding a total extended persistence of
|w2 − w4|+ |w3 − w6|. See Section 4.2 for details.
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Figure 2: Total persistence values obtained from the human connectome. 3D view of a
point cloud representing an ensemble of 1330 surrogates of the Human2 network (connectome
of the human brain, including one hemisphere) in the configuration space of total persistence
computed from three chordless cycle densities (triangles, squares, and pentagons). Points are
coloured by dimension. The target network is marked with a black cross.
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Figure 3: Dimensionality estimation with persistence descriptors. (a) Pipeline of our first
method and (b) confusion matrices. Given a target network, we generate an ensemble of surro-
gates and, for each of them (including the given network), we compute densities of chordless
cycles. We equip the graphs with these weightings and perform a topological analysis using
extended persistence. For each network, we compute the total persistence of cycles and use a
kNN classifier in the configuration space to infer a dimensionality D∗ for the real network. The
upper two confusion matrices show results obtained with synthetic networks for β = 1.5D and
two different values γ = 2.7 and γ = 3.5. This choice of β corresponds to the small-world
phase even if γ > 3. The lower two confusion matrices show results for β = 2.5D; in this case,
networks with γ > 3 are large worlds. In each matrix, the rows correspond to the true dimen-
sion D, and the columns correspond to the inferred dimension D∗. Thus, the j-th box in the i-th
row shows the fraction of i-dimensional networks that were classified as j-dimensional. The
darker the color, the greater the number. Each matrix is evaluated with 70 synthetic networks.
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Figure 4: Dimensionality estimation using DIMNN. (a) Pipeline of method and (b) confusion
matrices. A multilayer perceptron is trained on a database of synthetic complex networks, with
features coming from filtrations by densities of chordless cycles concatenated with averages
of chordless cycle densities and degree-related graph features. The parameters of the trained
model are stored and the model is applied to target networks. Confusion matrices show results
for the four combinations of β < 2D versus β > 2D, and γ < 3 versus γ > 3, from a range of
values 1.2D to 5.0D for β and 2.2 to 5.0 for γ. In each matrix, the rows correspond to the true
dimension D and the columns correspond to the inferred dimension D∗.
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Figure 5: Validation accuracies of DIMNN using the SYNNET database. Blue color: Ac-
curacies obtained using total persistences TPt, TPs, TPp, plus cumulative features; Orange
color: Accuracies using average cycle densities Ct, Cs, Cp, plus cumulative features; Green
color: Accuracies obtained combining total persistences and mean cycle densities plus cumula-
tive features. Successive columns correspond to incorporating one after the other the following
additional features into the model: (i) no added features; (ii) number of nodes N ; (iii) number
of nodes and average degree ⟨k⟩; (iv) number of nodes, average degree, and normalized second
moment ⟨k2⟩/⟨k⟩2; (v) number of nodes, average degree, normalized second moment, mini-
mum degree kmin and maximum degree kmax; (vi) number of nodes, average degree, normal-
ized second moment, minimum degree, maximum degree, and mean average neighbor degree
⟨knn⟩. Results are averaged over five realizations of DIMNN, and error bars indicate standard
deviation. Horizontal brackets indicate paired comparisons between the combined model and
each baseline; significance corresponds to paired t-tests with p < 0.05 (*), p < 0.01 (**), and
p < 0.001 (***), while “n.s.” indicates a non-significant difference.
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Figure 6: Dimensionality estimation of real networks with DIMNN. (a) Number of networks
for each network domain. (b) Inferred dimension of real networks using DIMNN, grouped by
network domain. The marker size indicates the number of networks.
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