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On structures preserved by idempotent
transformations of groups and homotopy types

Carles Casacuberta

ABSTRACT. Recent work on homotopical localizations has revealed that many
structures and properties are preserved under idempotent functors in the cat-
egory of groups and in the homotopy category of spaces. In this article we
collect a number of findings in this direction, including new results by the au-
thor and coauthors. Background and proofs are given throughout. We discuss
in particular the preservation of asphericity of spaces under localization at sets
of primes, aiming to the study of localizations of infra-nilmanifolds.

0. Introduction

Idempotent functors have been studied in various contexts. Category theorists
also refer to them as idempotent triples or idempotent monads. Key references to
us are the articles by Deleanu—Frei-Hilton [21], Freyd—Kelly [29], and especially
Adams’ monograph [2]. The latter discusses idempotent functors in homotopy
theory as a suitable tool for the study of homological localizations.

More recent developments in homotopy theory and group theory have focused
on properties which are preserved by idempotent functors. That is, if a functor L
is naturally equivalent to L L and an object X has a certain property, one inspects
if LX shares the same property. In this article we collect many examples and
counterexamples. In doing this, we relate results about groups with results about
topological spaces, thus exposing new instances of the rich interplay between group
theory, homological algebra, and homotopy theory.

In Section 2 and Section 3 we refer to results by Farjoun [24], Libman [34], the
author, and others, showing that the following classes of groups are closed under
idempotent functors (among perhaps many other classes): abelian groups; nilpotent
groups of class two or less; bounded abelian groups; finite abelian groups; divisible
abelian groups; rings; commutative rings; fields; modules over rings. Remarkably,
if M is any module over a ring R and L is any idempotent functor on abelian
groups, then LM admits a canonical L R-module structure.

It is still unknown whether or not the class of nilpotent groups is closed under
arbitrary idempotent functors. However, it has been shown by O’Sullivan in [41]
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2 CARLES CASACUBERTA

that the classes of solvable groups and metabelian groups are not. Likewise, as
shown by Libman in [34], the classes of finite groups and torsion abelian groups
are not closed under arbitrary idempotent functors.

In order to relate group-theoretical structures with homotopy theory in our
context, one has to consider functors in the category of CW-complexes that are ho-
motopy functors (i.e., preserve homotopy equivalences) and are idempotent when
viewed as functors in the homotopy category. The motivating examples are local-
izations at sets of primes [31] and, more generally, homological localizations. To
localize a space X with respect to a homology theory FE, is to give amap X — LgX
which is a terminal E.-equivalence out of X. This is always possible, by results
in [7]. It then follows that a map X — Y is an E,-equivalence if and only if the
induced map LgX — LgY is a homotopy equivalence. If X is 1-connected and F,
is chosen to be ordinary homology with Zp coefficients (the integers localized at
a set of primes P), then LgX is the P-localization Xp of X in the sense of [31].
Thus, H,,(X;Zp) = H,(Xp; Zp) for all n, and 7, (Xp) = 7,(X)®Zp for all n. For
spaces with nontrivial fundamental group, the interaction of P-localization with the
fundamental group is much more transparent if P-localization is defined by means
of homology with suitable twisted coefficients, as explained in [14] and recalled in
Section 5 below. Still, the effect of P-localization on the higher homotopy groups
of nonnilpotent spaces is not fully understood.

As shown in the article, the following classes of spaces are closed under homo-
topy idempotent functors: connected spaces; H-spaces; associative or commutative
H-spaces; loop spaces; generalized Eilenberg—Mac Lane spaces. It is not known
whether or not the class of 1-connected spaces is closed under arbitrary idempo-
tent functors, but it is known that higher connectivity is not preserved in general,
according to results by Mislin [38] or Neisendorfer [39].

We discuss in greater detail the class of aspherical spaces, that is, connected
spaces X whose homotopy groups m,(X) vanish for n > 2. Examples are given
showing that this class of spaces is not closed under homotopy idempotent functors
in general, and recall from [14] a purely algebraic, necessary and sufficient condition
for an aspherical space X in order that its localization X p at a given set of primes P
be again aspherical.

Compact flat Riemannian manifolds and more generally infra-nilmanifolds are
important examples of aspherical spaces. Since fundamental groups of infra-nil-
manifolds are virtually nilpotent, the methods of [12] are suitable for the study of
their localizations at primes. A study of the preservation of asphericity of infra-
nilmanifolds under localizations has been carried out by Descheemaeker in [22].

The list of structures and properties that are preserved by idempotent functors
is surely much longer than the list given in this article. More importantly, the list
of conceptual principles that explain the occurrence of specific examples should be
enlarged, as these general principles might apply to other relevant categories.
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1. About idempotent functors

In order to illustrate what we mean by an idempotent functor, let us consider
the functor L which sends every abelian group A to the abelian group LA = A®Q,
where Q denotes the rationals, and the tensor product is meant over Z. Then
LA = LLA. A more subtle fact is that there are two natural isomorphisms from
LA to LLA, namely a®x — a®z®1 and a ® x — a ® 1 ® . However, they
coincide, since if we write £ = n/m where n and m are integers, then m(z ® 1) =
nRl=1n=m(lez)inQeQ,scz®l=1xa.

Now we recall the following definitions from [2] and [25]. Given any category C,
a coaugmented functor is a pair (L, n) consisting of a functor L:C — C and a natural
transformation 7: Id — L, called a coaugmentation. Thus, for every object X there
is a morphism nx: X — LX and for every morphism «: X — Y there is another
morphism La: LX — LY such that ny oa = Laonx.

A coaugmented functor (L, n) is idempotent if, for every X, the two morphisms
nrx and Lnx from LX to LLX coincide and are isomorphisms. This is slightly
redundant, as we next explain. We follow the usual convention of denoting by nL
the natural transformation assigning to every object X the morphism nyx and by
Ln the natural transformation assigning Lnx to X.

ProroSITION 1.1. Given a functor L in a category C and a natural transfor-
mation 1:1d — L, if both nL and Ln are isomorphisms, then nL = Ln.

PROOF. Since 7 is a natural transformation, we have nx onx = Lnx onx for
every object X. Applying L to this expression we obtain Ly xoLnx = LLnxoLnx.
Since Lnx is an isomorphism by assumption, we have Ln;x = LLnx. Hence,

nLrx onLx = Lnpx onrx = LLnx onrx = nrrx o Lnx,

and, since 71 x is an isomorphism, we conclude that nyx = Lnx, for every X,
as claimed. O

For simplicity, we often say that L is an “idempotent functor” if the associated
coaugmentation 7 is clear from the context. Whenever we discuss natural transfor-
mations ¢: L1 — Lo between idempotent functors, we implicitly assume that ¢ is
compatible with the coaugmentations 77 and 7, that is, ¢ o 1 = 2.

If L is idempotent in a category C and for every X we pick pux: LLX — LX
which is inverse to Lny, then pu is in fact a natural transformation, since for each
a: X — 'Y we have

pwy oLLao Lny = py o Lny o La = Laa = La o ux o Lnx,
and Lnx is an isomorphism by assumption. In addition,
pL = (LnL)~" = L(nL)~" = Ly,

so (L,m, p) is an idempotent triple in C, also called an idempotent monad, which is a
well-known concept in category theory; see [3], [13], [21], [36]. The coaugmentation
7 is also called the unit of the monad and p is called the multiplication of the monad.
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PROPOSITION 1.2. Let L:C — C be a functor in any category. Then the fol-
lowing statements are equivalent:
(a) L is an idempotent functor with coaugmentation 7.
(b) For every object X there is a morphism nx: X — LX which is initial among
all morphisms from X to objects isomorphic to LY for some Y.

PROOF. First, suppose that L is idempotent with coaugmentation n. Given any
morphism f: X — LY, there is a unique g: LX — LY such that gonx = f. Namely,
we may take g = (ny) ' o Lf and, if another morphism h satisfies h o nx = f,
then npy oh=Lhonyx = LhoLnx = Lf,so h=g.

Conversely, suppose that (b) holds. Then L becomes a functor by defining
Lf for every morphism f: X — Y as the unique morphism such that Lf onx =
1y o f. In this way 1 automatically becomes a natural transformation. Therefore,
Lnx onx = nrx onx for all X, and this implies that Lnx = nrx. For each X,
pick the only morphism px: LLX — LX such that pux onpx is the identity of LX.
Then (b) also implies that 1 x o pux is equal to the identity of LLX. Hence, nyx
is an isomorphism and the proof is complete. O

The statement (b) in Proposition 1.2 is called the universal property of idem-
potent functors. It is in fact their crucial feature, and it will be used many times
in this article. This property is also quoted by saying that L is a reflection onto
the full subcategory D of objects isomorphic to LY for some Y. Such objects are
called L-local.

In other words, if L is viewed as a functor from C to the subcategory D of
L-local objects, then it is left adjoint to the inclusion J:D — C. This means that
there is a natural bijection

(1.1) D(LX,D) = C(X,JD),

for all X in C and D in D, which is induced by the natural morphism nx: X — LX.
This follows of course from Proposition 1.2.

One should think of nx: X — LX as a “best approximation” of X by an L-local
object. For example, the abelianization functor is a reflection from the category of
groups onto the full subcategory of abelian groups. The example LA = A®Q given
above is a reflection from the category of abelian groups onto the full subcategory
of rational vector spaces. More generally, if P is any set of primes and Zp is the
subring of Q consisting of reduced fractions n/m where no prime factor of m belongs
to P, then LA = A® Zp is a reflection onto the subcategory of Zp-modules, which
are also called P-local abelian groups.

Other examples of idempotent functors in group theory and in homotopy theory
are described in [2], [13], or [15], together with many useful properties.

A morphism f: X — Y is called an L-equivalence if Lf: LX — LY is an iso-
morphism. Thus, the coaugmentation morphism nx: X — LX is an L-equivalence
for every X. Every L-equivalence between L-local objects is an isomorphism. Con-
sequently, if f: X — Y is an L-equivalence and Y is L-local, then Y = LX.

The L-local objects and the L-equivalences are orthogonal in the following
sense. If X is L-local and f: A — B is an L-equivalence, then for every a: A — X
there is a unique §: B — X such that §o f = . Moreover, as explained in [2] or
[15], an object is L-local if and only if it is orthogonal to all L-equivalences, and a
morphism is an L-equivalence if and only if it is orthogonal to all L-local objects.
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As we next show, the class of L-local objects is closed under limits (if they
exist in C) and retracts. An object Y is said to be a retract of another object
X if morphisms j: Y — X (injection) and r: X — Y (retraction) are given with
r oj = idy. Similarly, the class of L-equivalences is closed under colimits and
retracts. A colimit of morphisms is defined as the induced morphism from the
colimit of the domains to the colimit of the targets. A morphism g:A — B is
a retract of another morphism f: X — Y if morphisms j1: A — X, jo: B — Y,
r1: X — A, ro:Y — B are given with joog= foji,rp0 f=gory, rioj =ida,
and 79 0 jo = idp.

PRrROPOSITION 1.3. For every idempotent functor L, the class of L-local objects
is closed under limits and retracts, and the class of L-equivalences is closed under
colimits and retracts.

PROOF. Let Z be any small category and F:Z — C be any functor (this is
usually called a diagram in C). Suppose that F(i) is L-local for all i € Z, and
suppose that Y = lim F' exists. Let f: A — B be any L-equivalence and a: A — Y
any morphism. Let «;: A — F(i) be the composites of o with the limit morphisms
Y — F(i). Since each F'(3) is L-local, there is a unique morphism g;: B — F'(i) such
that §; o f = «;, for each i. These define together a unique morphism 3: B — Y
such that 8o f = a. This shows that Y is orthogonal to all L-equivalences and
hence it is L-local.

Now let Y be a retract of an L-local object X, with injection j: Y — X and
retraction r: X — Y. Let f: A — B be any L-equivalence and let a: A — Y be any
morphism. Since X is L-local, there is a unique g: B — X such that go f = joa.
Then § = ro g satisfies fo f = a. If v also satisfies yo f = a, then joyo f =joa
and hence joy =g, soy=rog= /. This proves that Y is L-local.

The arguments for L-equivalences are analogous. O

If L is idempotent, then we know from (1.1) that L:C — D is left adjoint to
the inclusion J: D — C. Therefore, if the category C is complete and cocomplete,
then L preserves colimits and J preserves limits; see [36]. The fact that J preserves
limits can be viewed as a part of Proposition 1.3. The fact that L preserves colimits
tells us the following. For any functor F:Z — C where 7 is a small category,

(1.2) L(colime F') 2 colimp LF = L(colime LF),

since the colimit of a functor taking values in D is obtained by picking the colimit
of the same functor in C and next applying L to the outcome. This does not
imply that colimits of L-local objects are L-local. For example, the free product
of two uniquely divisible groups is not uniquely divisible in general; this concept is
discussed in the next section.

2. Idempotent functors on groups

In this section and in the next one we specialize to the category of groups.
The following is an important source of idempotent functors. Let ¢p: A — B be
any group homomorphism. We say that a group G is @-local if it is orthogonal
to . That is, G is p-local if for every homomorphism a: A — G there is a unique
homomorphism 8: B — G such that 3o ¢ = «. Then there exists a reflection L,
(called localization with respect to ¢, or p-localization) onto the full subcategory
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of ¢-local groups. The construction of L, is a special case of the well-known
“orthogonal-reflection construction,” which is described in [1]; see also [15]. For
simplicity, we call p-equivalences the L. -equivalences.

For example, consider multiplication by a prime p on the group of integers,
Wp:Z — 7Z. Then a group G is pp-local if and only if for every x € G there is a
unique y € G such that y? = z. Such a group G is called uniquely p-divisible. More
generally, for a set of primes P, we say that G is uniquely P-divisible if it is uniquely
p-divisible for all p € P. The complement of a set of primes P is denoted by P’, and
it is customary to call P-local the uniquely P’-divisible groups. Thus, the P-local
abelian groups are precisely the Zp-modules, as we said in the previous section.
The P-localization functor is defined in the category of groups as localization with
respect to the free product of the homomorphisms p, for all primes p € P’. That
is, the P-localization of a group G is a homomorphism G — Gp which is initial
among all homomorphisms from G to uniquely P’-divisible groups. This is precisely
the localization defined by Ribenboim in [43] or [44]. This functor restricts to the
full subcategory of nilpotent groups, and its behaviour on nilpotent groups was
thoroughly described in [31].

Abelianization is localization with respect to the projection Z x Z — Z X Z.
Many other idempotent functors encountered in practice take the form L., for some
homomorphism ¢. In fact, as explained in [17], the question of whether every
idempotent functor on groups is of the form L, for some ¢ cannot be answered
using the usual ZFC axioms of set theory (Zermelo—Fraenkel axioms with the Ax-
iom of Choice). Specifically, if one admits the validity of Vopénka’s principle [32]
(which cannot be proved using ZFC), then every idempotent functor on groups is
of the form L., for some . Vopénka’s principle is implied by several large-cardinal
principles; see [1]. On the other hand, if one assumes that all cardinals are non-
measurable (which is consistent with ZFC), then an idempotent functor which is
not L, for any ¢ is displayed in [17].

By definition, every homomorphism ¢ is a @-equivalence, since it is certainly
orthogonal to all p-local groups. Hence, we have the following useful remark.

LEMMA 2.1. Let p: A — B be a group homomorphism. Suppose that for every
homomorphism o: A — B there is a unique endomorphism 8: B — B such that
Bow=a. Then B= L,A.

PRrOOF. The stated condition says that B is (p-local, and we know that ¢ is a
p-equivalence. Our claim follows. O

This situation is not infrequent. Keep in mind the example of the inclusion
J:Z — Q. In fact, if L is any idempotent functor with coaugmentation 7, then
for every group G the homomorphism ng: G — LG fulfills the condition stated
in Lemma 2.1. Hence, LG = L,G where ¢ = ng. Of course this does not say
that L is of the form L, for all groups G, since 7ng varies, but it does tell us that
every property which is preserved by functors of the form L, will automatically be
preserved by arbitrary idempotent functors (regardless of whether we are willing to
assume large-cardinal principles or not).

The following result was known to several people with different approaches and
motivations, although we are not aware that it appeared in the literature before
[16] or [34]. The argument given here is due to Farjoun.
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THEOREM 2.2. Let L be any idempotent functor in the category of groups, and
let A be any abelian group. Then LA is abelian.

ProoOF. Consider the coaugmentation homomorphism n4: A — LA. Fix any
element a € A. Let 7,: LA — LA be conjugation by n4(a); that is, 7,(x) =
na(a) 'z na(a). Then 7,(na(b)) = na(b) for allb € A, since A is abelian. By Propo-
sition 1.2, the equality 7, o na = 14 implies that 7, is the identity homomorphism,
for every a € A. Now pick any element « € LA and let 7,: LA — LA be conjugation
by . Then we know from the first part of the argument that 7,.(na(a)) = na(a)
for every a € A. Again from Proposition 1.2 it follows that 7, is the identity
homomorphism, for every x € LA, and this means that LA is abelian. O

As a consequence of this result, every idempotent functor L in the category of
groups restricts to an idempotent functor in the full subcategory of abelian groups,
which we denote with the same letter L. The L-local abelian groups are precisely the
abelian groups which are L-local in the category of groups, and the L-equivalences
between abelian groups are the homomorphisms which are L-equivalences when
viewed in the category of groups.

Nilpotent groups of class two are sent to nilpotent groups of class less than or
equal to two by all idempotent functors. This fact was discovered in 1997 by Dwyer
and Farjoun (unpublished). The first published proof was given by Libman in [34].
Here is an alternative argument found by the author.

THEOREM 2.3. If L is any idempotent functor in the category of groups and
N is a nilpotent group of class two, then LN is nilpotent of class less than or equal
to two.

PROOF. The assumption that IV is nilpotent of class 2 tells us that the com-
mutator subgroup [N, N] is in the center of N. From this fact it follows that, for
any fixed element a € N, the map f,(z) = [a, 2] is a group homomorphism from
N to itself. (Let us make the convention that z¥ = yzy~! and [z,y] = zyz 1y~ 1,
and let us abbreviate gy to n for simplicity of notation.) Let F,: LN — LN be
the unique homomorphism such that F, on = no f,. We are going to show that
F.(y) = [n(a),y] for all y € LN. To this aim, fix any element b € N and define
a homomorphism ¢qp: LN — LN by ¢4(y) = n(b) Fu(y) n(b)~*. Then, for each

z € N we have

Pab(1(2)) = n(b) Fa(n(@)) n(b) ™" = n(bla, 2]b~") = n(la,2]) = Fa(n(z)).

From this equation and the universal property of n it follows that ¢, and F,
are identical, so that [F,(y),n(b)] = 1 for any choice of a, b, and y. Using again
the universal property of 7, we infer that the subgroup Im F, is in the center of
LN for each a € N. Next, consider the map t,: LN — LN defined as 1,(y) =
F,(y)y. Since Im F, is in the center of LN, this map 1, is a group homomorphism.
Moreover, for every x € N we have

Ya(n(z)) = n(la, a]) n(z) = n(a) n(z)n(a)™*

and this implies that ¢, (y) = n(a)yn(a)~* for ally € LN. Hence, F,(y) = [n(a),y],
as claimed. Since Im F, is in the center of LN, we have [[Imn, LN], LN] = 1.
The next step is to show that [[LN, LN], Imn] = 1. This is a consequence of
Witt’s identity,
[[a_lab]a d* [[C_laa]a b]® [[b_lvc]v a]b =1
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(We owe this remark to O’Sullivan.) Indeed, for any choice of z € N, y € LN, and
z € LN, we have

. L B B
[y, 2], n@)]* (=)~ y '), 27 [ n(@)], v 17 =1

Since we already know that the second and third factors are trivial, the first fac-

tor is also trivial, as we needed. Now the universal property of n tells us that

[[LN,LN],LN] = 1, and this implies that LN is nilpotent of class less than or

equal to 2. O

So far, this result has not been extended to higher nilpotency classes. On
the other hand, we know that the same statement is false for metabelian groups.
Indeed, O’Sullivan has proved in [41] that the localization of a free metabelian
group of rank two or higher at any proper subset of primes fails to be metabelian.

THEOREM 2.4. Let L be any idempotent functor on abelian groups. Suppose
that A is an abelian group such that nA = 0 for some integer n. Then nLA = 0.

PROOF. Let p,: A — A be the homomorphism defined as p,(a) = na for
all a € A, and define p,: LA — LA in the same way. Let na: A — LA be the
coaugmentation. Then n4(na) = nna(a) for all a € A, S0 N4 © i, = pn, ©Na. Since
4, is the zero homomorphism in A by assumption, we also have 4 opu, = 0. Hence,
by Proposition 1.2, u, is the zero homomorphism in LA, as claimed. (I

In other words, if A is a commutative group of finite exponent n, then LA also
has a finite exponent m which divides n. This is false in general for noncommutative
groups. Indeed, in Example 3.4 of [34] it is shown that if ¥,, denotes the sym-
metric group on n letters, then the inclusion j: %, — ¥, 1 induces a bijection

Hom (%41, Xn41) & Hom(X,, Xpt1)

if n > 7. It follows, by Lemma 2.1, that L;¥,, = 3,1, so exponents need not be
preserved by idempotent functors.

Libman proved in [35] that the class of finite groups is not preserved by idem-
potent functors, by displaying a representation

0:An, — SO,_1(R)

where A,, is the alternating group with n even and n > 10, to which Lemma 2.1
applies, yielding L, A,, = SO,,—1(R). This result was improved by Gébel, Rodriguez
and Shelah in [30], by showing that for every given cardinal o and every nonabelian
finite simple group G there is an idempotent functor L such that LG has cardinality
higher than «, assuming the validity of the Generalized Continuum Hypothesis.

One might inquire if the class of torsion abelian groups is preserved by idem-
potent functors (a group A is called torsion if all its elements have finite order).
This is false, as shown also by Libman with the following counterexample in [34].
If we let S be the direct sum of Z/p for all primes p, and T the cartesian prod-
uct of Z/p for all primes p, then the embedding j: S — T induces a bijection
Hom(T,T) = Hom(S,T). Therefore, by Lemma 2.1, we have L;S = T. But S is
torsion and T is not, since (1,1,1,...) has infinite order.

The following argument was given in [34] to show that divisibility is preserved
by idempotent functors on abelian groups.
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LEMMA 2.5. Let G be any group and let L be any idempotent functor, with
coaugmentation n. If the image of ng: G — LG is L-local, then ng is surjective.

ProOF. The projection m: G — Imng is an L-equivalence, since every homo-
morphism a: G — Y where Y is L-local factors to Imng, and it does so uniquely
since 7 is an epimorphism. Therefore, the inclusion Imng — LG is an L-equival-
ence between L-local groups, hence surjective. O

THEOREM 2.6. If L is any idempotent functor on abelian groups and D is
any divisible abelian group, them LD is also divisible. Moreover, the localization
homomorphism np: D — LD 1is surjective.

PRrROOF. The image of 7p is an epimorphic image of D and hence it is divisible.
Therefore, it is a direct summand in LD. Since the class of L-local groups is closed
under retracts, Imnp is L-local. By Lemma 2.5, np is an epimorphism, so LD is
divisible. (]

Let Z(p) be the Priifer group of p-roots of unity, i.e., the direct limit of Z/p",
where p is any prime. Theorem 2.6 implies that either LZ(p>) = 0 or Z(p*°) is
L-local, since Z(p) has no proper quotients.

Here is a naive list of classes of groups which could be studied, attempting
to decide whether or not each of these classes of groups is preserved by arbitrary
idempotent functors:

1. Finite p-groups, where p is any prime.

2. Perfect groups, i.e., groups whose abelianization is zero.
3. Simple groups.

4. (Not necessarily abelian) divisible groups.

3. Preservation of higher structures

In this section we present a purely group-theoretical formulation of basic ideas
from [16]. Hence, although several results in this section are new, former collabo-
ration with Rodriguez and Tai is to be acknowledged.

We first describe how to compute idempotent transformations of arbitrary fin-
itely generated abelian groups. Thus, let L be any idempotent functor on groups,
with coaugmentation 7.

THEOREM 3.1. For each prime p, either Z/p is L-local or LZ/p = 0.

PROOF. By Theorem 2.4, LZ/p is either zero or an abelian group of exponent p;
that is, a Z/p-vector space. Hence, if LZ/p # 0, then Z/p is a retract of LZ/p, so
Z/p is L-local by Proposition 1.3. O

LEMMA 3.2. Let N — G — @ be any short exact sequence of groups. If LN
is trivial, then the projection G — @Q is an L-equivalence.

PrOOF. Given any homomorphism a:G — Y where Y is L-local, we have
a(N) =1 and therefore « factors uniquely through ). This says that the projection
G — @ is orthogonal to all L-local groups and hence it is an L-equivalence. O

THEOREM 3.3. If Z/p"™ is L-local for some n > 2, then Z/p* is also L-local
for every k < n.
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Proor. If LZ/p = 0, then LZ/p™ = 0 for all n by induction, applying
Lemma 3.2 to the short exact sequences

Z|p— Z/p" — Z/p" "

Hence, if Z/p™ is L-local for some n > 2, then Z/p is L-local, by Theorem 3.1. Now
argue downwards with the short exact sequences

Z/p*t = 2/ — Z/p,

using the fact that the kernel of any homomorphism between L-local groups is
L-local, by Proposition 1.3. (]

THEOREM 3.4. If A = Z/p™ for some prime p and a positive integer n, then
etther LA=0 or LA = Z/pk with 1 < k < n. Moreover, na: A — LA is surjective.

PRrROOF. Suppose that LA is nonzero. Then, by Theorem 2.4, LA is annihilated
by p* for some k& < n. This implies that Z/p* is a retract of LA and hence Z/p*
is L-local. The image of 4 is a cyclic subgroup of LA of order less than or equal
to p¥, hence Imn, is L-local, by Theorem 3.3. Using Lemma 2.5, we conclude that
N4 is surjective. O

LEMMA 3.5. Given arbitrary groups G and H, the product homomorphism
ne Xng:G x H— LG x LH is an L-equivalence.

PROOF. Let a: G x H — Y be any homomorphism where Y is L-local. Define
ja:G — G x H by by ja(e) = (2,1) and jg:H — G x H by ju(y) = (1,y).
Then there is a unique Bg: LG — Y such that g o ng = a o jg and a unique
Bu: LH — Y such that 8y ong = ao jy. Define 3: LG x LH — Y by (B(x,y) =
Ba(x)Bu(y). Then (o (ng X ng) = «, but some argument is needed to justify
that 3 is a group homomorphism. Since Im js and Im jg commute in G x H, we
have [Im (a0 jg),Im (a0 jg)] = 1 in Y. Hence, [Im (8g o ng), Im (By o ng)] = 1.
Using twice the universal property of 7, we first infer that [Im 8¢, Im (Bgonm)] =1
and then [Im ¢, Im By] = 1, as needed. Finally, if v: LG x LH — Y also satisfies
vo (ng X nu) = a, then v(x,1) = Bg(x) for all x € LG and v(1,y) = Bu(y) for all
y € LH,so~v=00. O

Since LG x LH is L-local, this result says that there is a natural isomorphism
L(Gx H)= LG x LH,

and the same is true for every product with a finite number of factors. This result
(or special cases of it) was found independently in [9], [33], [40], and [44].
The following result is a straightforward consequence, using Theorem 3.4.

THEOREM 3.6. If A is any finite abelian group, then LA is also finite abelian,
and na: A — LA is surjective. O

In fact, if A is finite abelian, then LA is completely determined by the following
sequence of integers. For each prime p, let dj, be the largest exponent d such that
7/p® is L-local. This will be called the p-transitional dimension of L. (It is infinite
if Z/p? is L-local for all d, and it is zero if LZ/p = 0.) The key observation is that, if
n > d,, then LZ/p" = Z/p®, since LZ/p" = Z/p* for some k < n by Theorem 3.4
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(in fact, k < d,, since Z/p* is L-local), and k cannot be smaller than d,,, since the
projection Z/p™ — Z/p* is an L-equivalence and thus it is orthogonal to Z/p%.

After this achievement, in order to describe the effect of idempotent functors on
finitely generated abelian groups, only LZ remains to be discussed. Which groups
can be of the form LZ for some L, besides Q, its subrings, and Z/n for all n? It is
surprising to discover that there is a proper class (i.e., not a set) of nonisomorphic
abelian groups of the form LZ for some L, and that all admit a commutative ring
structure. Here we shall only mention the fundamental facts about LZ and refer
to [16] for further details.

THEOREM 3.7. If L is any idempotent functor on abelian groups, then LZ is
the underlying abelian group of a commutative ring R with 1 such that evaluation
at 1 yields a ring isomorphism Hom(R, R) = R.

PRrROOF. The coaugmentation 7: Z — LZ induces a bijection
Hom(LZ, LZ) = Hom(Z, LZ),

which is in fact an isomorphism of abelian groups. But Hom(Z, LZ) = LZ, by an
isomorphism sending each ¢ to ¢(1). Hence, LZ acquires a ring structure, with the
multiplication borrowed from composition in the endomorphism ring Hom(LZ, LZ).
The unity of this multiplication is the element n(1) € LZ, which we keep denoting
by 1. Let us denote by R the abelian group LZ with this ring structure. In order
to see that R is a commutative ring, let r» be any element of R and consider the
two group homomorphisms R — R given by

or(x) =ra, U (x) = ar.
Then ¢,(1) = t,(1) and this implies that ¢, = ¥¢,, for any r € R, so R is com-
mutative. Next, we aim to show that the isomorphism Hom(R,R) = R is not
only a group isomorphism, but a ring isomorphism. Let ¢: R — R be any group
homomorphism. Fix r € R and define two group homomorphisms R — R by

ar(z) = p(r)z,  Br(z) = p(ro).

Then a,(1) = 8,(1) and hence o, = §,. This shows that every ¢ € Hom(R, R) is
automatically an R-module map. From this fact we infer that

(po)(1) = @((1)) = e(1)y(1),

so evaluation at 1 is a ring homomorphism, as claimed. O

Rings R with 1 for which the map Hom(R, R) — R sending each ¢ to ¢(1) is
bijective (hence R is necessarily commutative) are called rigid rings in [16], since
they have as few additive endomorphisms as possible. (They are more frequently
called E-rings by other authors, as in [27].) It was shown in [27] that there exist
rigid rings of arbitrarily large cardinality. If R is a rigid ring, then Lemma 2.1
applies to the map w:Z — R sending 1 € Z to 1 € R. It follows that L,Z = R,
so all rigid rings occur as images of Z under idempotent functors. For this reason,
the abelian groups of the form LZ constitute a proper class. Familiar examples of
rigid rings include the subrings of the rationals, Z/n for all n, the p-adics Zp, and

each of the products
H Z/pa H Z(p)a H Z;Dv
pEP pEP pEP
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for any set of primes P, among many other examples.

In what follows, let L be any idempotent functor on abelian groups, with coaug-
mentation 7. We view rings and modules as abelian groups with additional struc-
ture. Rings are associative and have a unity, which is denoted by 1.

THEOREM 3.8. Let R be any ring and let M be any left R-module. Then LM
admits a unique left R-module structure such that ny;: M — LM is an R-module
homomorphism.

PROOF. From the universal property of L it follows that, if f and g are any
two abelian group homomorphisms A — B, then L(f + g) = Lf + Lg. Hence,
the natural map Hom(A, B) — Hom(LA, LB) is a ring homomorphism for all A
and B. If we set both A and B equal to the underlying abelian group of M, and
let R — Hom(M, M) be the structure map of M as a left R-module, then the
composite

R — Hom(M, M) — Hom(LM,LM)
endows LM with a left R-module structure satisfying nas(ra) = rnp(a) forallr € R
and a € M, as claimed. The uniqueness of this R-module structure is again inferred
from the universal property of L. U

Of course, the same statement holds for right R-modules.

THEOREM 3.9. Let R be any ring. Then LR is either zero or it admits a unique
ring structure such that ng: R — LR is a ring homomorphism. If R is commutative,
then LR is also commutative.

PRrROOF. Let us denote ngr by n for simplicity. It induces an isomorphism of

abelian groups
Hom (LR, LR) = Hom(R, LR).

View LR as a right R-module in the same way as in Theorem 3.8. Then this iso-
morphism restricts to a monomorphism Hompg (LR, LR) — Hompg(R, LR), and we
have Hompg (R, LR) = LR via evaluation at 1. Next we show that this monomor-
phism is in fact an isomorphism. Given any right R-module map ¢: R — LR, take
its preimage ¢ € Hom(LR, LR), that is, the unique group homomorphism such
that ¥ on = . We need to show that ¢ is an R-module map. But this follows
from the universal property of 7, since

P(n(r)s) = P(n(rs)) = ¢(rs) = (r)s = Y (n(r))s

for all r,s € R. Hence, LR inherits the ring structure of Homg (LR, LR). The
identity map of LR goes to n(1), so n(1) = 1. In order to check that 7 is a
ring homomorphism, pick any two elements r, s in R and let ¢, ¥ be R-module
maps from LR to itself such that ¢(1) = n(r) and (1) = n(s). Then n(r)n(s) =
P((1)) = @(n(s)) = @(1)s = n(r)s = n(rs), as needed.

Let % be any multiplication in LR which is compatible with n. Then n(r) * 1 =
n(r) *n(1) = n(r) for all r € R, and this implies that a *x 1 = a for all « € LR.
Then, for any fixed element ¢ € LR, the R-module maps LR — LR given by

aq(z) = azx, Bo(z) =axx

satisfy a,(1) = B.(1) and hence coincide.
If R is commutative, then LR is also commutative because ¢,(z) = axz and
Ya(x) = za satisfy p.(1) = 1,(1) and hence coincide, for all @ € LR. (The
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commutativity of R is needed in order that they be both R-module maps.) In this
case, we say that LR is a rigid R-algebra, similarly as above. (]

The next result is of great value in practice. It tells us, for example, that if
L7 = Zp for some set of primes P, then LA will be a Zp-module for any abelian
group A whatsoever.

THEOREM 3.10. If M is any left R-module, then the left R-module structure
of LM can be uniquely extended to a left LR-module structure.

PROOF. First of all, observe that if B is any L-local abelian group, then
Hom(A, B) is L-local for any abelian group A, since for any L-equivalence C' — D
we have Hom(D,Hom(A, B)) = Hom(A4, Hom(D, B)) = Hom(A4, Hom(C, B)) =
Hom(C,Hom(A, B)). Let R — Hom(M, M) be the structure map of M as an
R-module. Then the composite

R — Hom(M, M) — Hom(LM, LM)

factors uniquely through nr: R — LR, since Hom(LM, LM) is L-local. In order to
check that the resulting map LR — Hom(LM, LM) is a ring homomorphism, use
twice the universal property of 7. (I

THEOREM 3.11. If K is a field, then either LK =0 or K is L-local.

PRroOOF. If K is a field, then LK is necessarily free as a K-module. Hence, if
LK # 0, then K is a retract of LK, so it is L-local. O

Thus, there is a big contrast between the wide range of possibilities for LZ
and the necessary triviality of LQ or LZ/p. We can even extend Theorem 3.11 as
follows.

THEOREM 3.12. If V is any vector space over a field K, then either LV =0
or V is L-local.

ProoF. If LK = 0, then LV = 0 by (1.2). Otherwise, K is L-local. Then
V = P, K for some set of indices I. But the embedding of V' into [[,.; K splits
as a homomorphism of vector spaces. This shows that V is a retract of an L-local
abelian group, so it is L-local. O

4. Homotopy idempotent functors

We shall work in the homotopy category H of CW-complexes, where a mor-
phism X — Y is an equivalence class of maps f: X — Y under the homotopy
relation; that is, f ~ g if there is a map F: X x I — Y such that F(z,0) = f(z)
and F(z,1) = g(x) for all x € X, where I denotes the closed interval [0, 1].

A homotopy functor is a functor L on CW-complexes which carries homotopy
equivalences into homotopy equivalences. As we next explain, every homotopy func-
tor L yields a functor in the homotopy category H, which we denote with the same
letter L. Thus, we have to show that f ~ g implies Lf ~ Lg, assuming that L car-
ries homotopy equivalences into homotopy equivalences. The following argument
is due to Quillen [42]. Let F: X x I — Y be a homotopy from f to g. Denote by
10: X — X x [ and i1: X — X x I the inclusions io(z) = (,0), i1(x) = (z,1). Since
the projection p: X xI — X is a homotopy equivalence, the map Lp: L(X xI) — LX



14 CARLES CASACUBERTA

is also a homotopy equivalence, because L is a homotopy functor. Hence, the equal-
ity Lpo Lig = Lp o Liy implies that Lig ~ Li;, and we infer that

Lf=L(Foig)=LFolLiy~LFolLiy=L(Foiy)=Lyg,

as claimed.

A homotopy idempotent functor is a homotopy functor L together with a nat-
ural transformation 7:1d — L, such that L is idempotent when viewed in the
homotopy category, with coaugmentation 7. Hence, to every map f: X — Y we
associate another map Lf: LX — LY such that ny o f is equal to Lf o nx (not
just homotopic). However, the natural map nx: X — LX is only universal up to
homotopy. That is, for every map a: X — LY there is a map 8: LX — LY such
that 0 onx ~ «, and § is unique up to homotopy with this property. In general,
LLX and LX will not be homeomorphic, but homotopy equivalent.

A CW-complex X is L-local if it is homotopy equivalent to LY for some Y.
A map f: X — Y is an L-equivalence if Lf: LX — LY is a homotopy equiva-
lence. Thus, nx: X — LX is an L-equivalence, and it has the following universal
properties:

1. nx is initial in the homotopy category among all maps from the space X
into L-local spaces;

2. mx is terminal in the homotopy category among all L-equivalences going
out of the space X.

It is very often convenient to consider the category S whose objects are sim-
plicial sets and whose morphisms are simplicial maps. As explained in [42], the
homotopy category derived from S by formally inverting the weak equivalences
(i.e., maps inducing isomorphisms of homotopy groups) is equivalent to H. In
other words, we want to state theorems about H, and in order to do so we may
use CW-complexes or simplicial sets as “models”, depending on the most suitable
toolwork in each circumstance.

A homotopy functor in S is one that carries weak equivalences into weak equiv-
alences. Homotopy idempotent functors are defined in the same way as above. The
only important technical detail is that L-local simplicial sets have to be asked to
be fibrant (i.e., satisfying the Kan extension condition; see [19]).

The following fundamental fact about homotopy idempotent functors (Theo-
rem 4.1 below) was discovered by Farjoun in [25] with a nonessential continuity as-
sumption, and later generalized in [17] to the form given here. Given CW-complexes
X and Y, one can consider the space map(X,Y) of maps X — Y with the compact-
open topology. However, once mapping spaces enter into the discussion, it is more
convenient to use simplicial sets as models. If X and Y are simplicial sets, we de-
note by map(X,Y’) the simplicial mapping space from X to Y, whose n-simplices
are simplicial maps A[n] x X — Y, where Aln| denotes the standard n-simplex.
If the simplicial set Y is fibrant, then the geometric realization jmap (X, Y')| has the
same weak homotopy type as the topological mapping space map(|X|,|Y|). The
techniques used in the following arguments are simplicial in nature and would be
cumbersome (or even wrong) if stated for CW-complexes.

THEOREM 4.1. Let L be any homotopy idempotent functor in the category of
simplicial sets. For every space X, the natural map nx: X — LX induces a weak
equivalence map(LX,Y) — map(X,Y) for every L-local space Y.
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PROOF. Let M(X,Y) denote the category whose objects are the sequences
X — C < Y in which the map Y — C is a weak equivalence, and whose mor-
phisms are commutative diagrams. Then, as explained in [17] and [28], the nerve
NM(X,Y) of this category is naturally weakly equivalent to the mapping space
map(X,Y), if Y is fibrant. Observe that the functor L induces natural maps
NM(X,Y) - NM(LX,LY), which we keep denoting by L, as every sequence
X — C « Y can be mapped into LX — LC « LY. (This fact is one of the
reasons why we use such nerves instead of mapping spaces, since a functor L need
not induce a map from the space map(X,Y’) to map(LX, LY) in general; L is called
continuous when it does.)

Now, in order to prove the theorem, we check that, for every space X, the map
fINM(LX,Y) - NM(X,Y) induced by nx: X — LX is a homotopy equivalence.
We also denote f by (nx)* when it is more convenient. In fact, f is induced
by the functor F: M(LX,Y) — M(X,Y) sending a sequence LX — C «— Y
that we denote by (¢1,¢2) to the sequence (1 o 1x,¢2). Define another functor
G:M(X,Y) - M(LX,Y) by sending (¢1,%2) to (Lp1, Ltpa o ny), and let g the
map induced by G on the nerves. Then one checks that f and g are homotopy
inverse to each other, as follows. The fact that n is a natural transformation yields
a natural transformation Id — F o G, which tells us that f o g ~ id; that is
(nx)* o (ny)* o L ~ id. Exactly the same argument shows that the composite
(ny)* o (nLx)* o L, depicted as

NM(LX,Y) — NM(LLX,LY) — NM(LX,LY) — NM(LX,Y),

*

is homotopic to the identity map. Moreover, we have an equality (Lnx)* o L =
L o (nx)*, since they are induced by the same functor. To conclude, recall that
Lnx ~ npx, since L is a homotopy idempotent functor. This yields

gof=my) oLo(nx)" =ny) o(lnx) oL~ (ny) o(mrx) oL ~id,

as claimed. O

Now assume that X and Y are simplicial sets with distinguished base points xq
and yo. Let map,(X,Y’) denote the pointed mapping space, whose n-simplices are
simplicial maps A[n] x X — Y, where A[n] x X is the space obtained by collapsing
Aln]V{zo} inside Aln] x X. (The geometric realization |map.(X,Y’)| has the same
weak homotopy type as the space of maps f:|X| — |Y| such that f(z¢) = yo, with
the compact-open topology, if Y is fibrant.) There is a fibration

(4.1) map.(X,Y) - map(X,Y) - Y

where the second arrow is evaluation at the base point; i.e., the map induced
by the inclusion {zo} — X and the isomorphism map({zo},Y) = Y. If Y is
connected, this fibration tells us that nx: X — LX induces a weak equivalence
map(LX,Y) — map(X,Y) if and only if it induces a weak equivalence of pointed
mapping spaces map(LX,Y) — map.(X,Y). The latter is often more useful in
practice.

THEOREM 4.2. Let L be any homotopy idempotent functor in the category of
simplicial sets. A map f: X — Y is an L-equivalence if and only if the induced
map map(Y, Z) — map(X, Z) is a weak equivalence for all L-local spaces Z.
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PROOF. The assumption map(Y, Z) ~ map(X, Z) implies that 7o map(Y, Z) =
mo map(X, Z) when Z is L-local, and this tells us that f is an L-equivalence, since it
is orthogonal to all L-local spaces in the homotopy category. To prove the converse,
consider the commutative diagram

map(LY,Z) — map(LX,Z)

! l
map(Y,Z) — map(X,Z),

where the vertical arrows are induced by the natural maps ny and nx, and Z is
L-local. Thus, the vertical arrows are weak equivalences by Theorem 4.1. The
top horizontal arrow is also a weak equivalence, since the map LX — LY is a
weak equivalence by assumption. Therefore, the bottom horizontal arrow is a weak
equivalence, as claimed. O

From these results we infer the following.

THEOREM 4.3. For every homotopy idempotent functor L, the class of L-local
spaces is closed under homotopy limits and homotopy retracts, and the class of
L-equivalences is closed under homotopy colimits and homotopy retracts.

PrOOF. Let Z be any small category and F:Z — S be a diagram in the cat-
egory of simplicial sets. Suppose that F'(i) is L-local for all ¢ € Z. We have to
show that the homotopy inverse limit holim F' is L-local. For this, let f: X — Y
be any given L-equivalence. Then there are weak equivalences map(Y, holim F) ~
holim map(Y, F) ~ holim map(X, F) ~ map(X,holim F), as desired. The argu-
ment to show that every homotopy retract of an L-local space is L-local is the
same as in Proposition 1.3. The claim about L-equivalences follows similarly. [

Also the analogue of (1.2) holds for homotopy colimits.

THEOREM 4.4. Given any diagram F:T — S in the category of simplicial sets,
the natural map hocolim F' — hocolim LF is an L-equivalence.

PROOF. Similarly as above, we have weak equivalences map(hocolim LF, X)) ~
holim map(LF, X) ~ holim map(F, X) ~ map(hocolim F, X) if X is L-local. O

THEOREM 4.5. Fvery homotopy idempotent functor sends connected spaces to
connected spaces.

ProoF. This argument is due to Tai [45]. Suppose that X is connected and
LX is not. Then the inclusion j: {*} — S° is a retract of : X — LX and hence j
is an L-equivalence. It follows that j induces a weak equivalence map(S°, LX) ~
map({*}, LX). But this implies that LX is contractible, which is inconsistent with
the fact that LX is not connected. O

The argument used in this proof tells us in fact that, if there is an L-equivalence
which does not induce a bijection of connected components, then LX is contractible
for all X.

It is an open problem to decide if every homotopy idempotent functor sends
1-connected spaces to 1-connected spaces. Several results in this direction were
obtained by Tai in [45].
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5. Localizing with respect to a map

As in the case of groups, every map f: X — Y between CW-complexes yields
a homotopy idempotent functor Ly as follows. A CW-complex Z is called f-local
if the map

(5.1) map(Y, Z) — map(X, Z)

induced by f is a weak homotopy equivalence. (If one works with simplicial sets,
then (5.1) is asked to be a weak equivalence and Z is asked to be fibrant.) Equiv-
alently, Z is f-local if and only if each of its connected components is f-local, and
a connected space Z is f-local if and only if the map of pointed mapping spaces

map, (Y, Z) — map.(X, Z)

induced by f is a weak homotopy equivalence; in order to prove this claim, use the
fibration (4.1). The existence of a homotopy functor L yielding a reflection (called
f-localization) from the homotopy category H onto the full subcategory of f-local
spaces was proved by Farjoun in [24].

Farjoun asked in [24] if every homotopy idempotent functor is homotopy equiv-
alent to Ly for some map f, since all the known examples supported this belief.
In [17] it was shown that it is impossible to answer this question affirmatively us-
ing the ZFC axioms, since an affirmative answer to this question would imply the
existence of measurable cardinals, which cannot be proved in ZFC. On the other
hand, it was also shown in [17] that Vopénka’s principle (which is explained in [1]
or [32]) implies that every homotopy idempotent functor is homotopy equivalent to
Ly for some map f. Hence, a negative answer to Farjoun’s question in ZFC would
imply the inconsistency of Vopénka’s principle, so it is not to be expected either.

A fundamental example of an f-localization is localization with respect to a
wedge of power maps of the circle p,: S — S, z — 2", where n € P’ for a set of
primes P. In this case, connected f-local spaces are those X such that the self-map
of their loop space X — QX raising every loop w to w™ is a weak homotopy
equivalence for every n € P’. Such spaces are called P-local.

As explained in [14], since QX is not connected in general, for k& > 1 the
homomorphism

(5.2) T ((QX)) = m((2X)ur)

induced by p, on the connected component of a loop w can be described as fol-
lows. We use the homotopy equivalence (2X), ~ (2X)o given by multiplication
by w1, and the standard isomorphism 7 ((2X)o) = 7r41(X). Under these trans-
formations, the homomorphism (5.2) becomes an endomorphism of 7j41(X), and
as such it takes the form

a—a+w-at+w?at+-+W 1 a
for a € mp41(X), k > 1, where [w] denotes the class of w in the fundamental group
7m1(X). (The action is the ordinary conjugation action of the fundamental group on
the higher homotopy groups.) Since the self-map of 71 (X) induced by p,, is z — 2™,
we infer that a connected space X is P-local if and only if m (X) is a P-local group
in the sense of Section 2, and the endomorphisms a — (1 +z + 2%+ -+ 2" 1)a
of m41(X) are bijective for k > 1, n € P’, and every x € 71 (X).



18 CARLES CASACUBERTA

Inspired by the latter condition, if G is any group and A is any ZG-module, we
call A a P-local module if the endomorphism a — (14 x 4+ 22+ --- + 2" 1)a is an
automorphism of A for n € P’ and every x € G. Notice that, if one considers the
semidirect product A x G, then the nth power map in A x G takes the form

(g, )" = (1 +z+22 4+ - +2" Ya,z").

Hence, if G is a P-local group, then A is a P-local module if and only if the
semidirect product A x G is P-local.

Using this terminology, a connected space is P-local if and only if its fundamen-
tal group is a P-local group and its higher homotopy groups are P-local modules
over the integral group ring of the fundamental group. Equivalently, X is P-local
if and only if the semidirect products 7 (X) x m1(X) are P-local for all k (note
that the semidirect product of w1 (X) with itself under the conjugation acti