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Abstract

This article provides a comprehensive exploration of applications of Topological Data Anal-
ysis (TDA) within neural network analysis. Using TDA tools such as persistent homology
and Mapper, we delve into the intricate structures and behavior of neural networks and
their datasets. We discuss different strategies to obtain topological information from data
and neural networks by means of TDA. Additionally, we review how topological informa-
tion can be leveraged to analyze properties of neural networks, such as their generalization
capacity or expressivity. We explore practical implications of deep learning, specifically
focusing on areas like adversarial detection and model selection. Our survey organizes the
examined works into four broad domains: 1. Characterization of neural network architec-
tures; 2. Analysis of decision regions and boundaries; 3. Study of internal representations,
activations, and parameters; 4. Exploration of training dynamics and loss functions. Within
each category we discuss several articles, offering background information to aid in under-
standing the various methodologies. We conclude with a synthesis of insights gained from
our study and a discussion of challenges and potential advancements in the field.
Keywords: Topological data analysis, persistent homology, deep learning, neural net-
works, topological machine learning

1 Introduction

Over the past few years, deep learning has consolidated its position as the most successful
branch of artificial intelligence. With the continuous growth in computational capacity,
neural networks have expanded in size and complexity, enabling them to effectively tackle
progressively difficult problems. However, their increased capacity has made it more chal-
lenging to comprehend essential properties of the networks such as their interpretability,
generalization ability, or suitability for specific problems. From both theoretical and practi-
cal standpoints, this is undesirable, especially in critical contexts where AI decisions could
lead to catastrophic consequences, such as medical diagnosis (Yang et al., 2021) or au-
tonomous driving (Wéischle et al., 2022), among others.
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Topological Data Analysis (TDA) has emerged as a subfield of algebraic topology that
offers a framework for gaining insights into the shape of data in a broad sense. Topological
data analysis has found application across a wide array of experimental science disciplines,
spanning from biomedicine (Skaf and Laubenbacher, 2022) to finance (Gidea and Katz,
2018), among numerous others. One of its most prolific areas of application is machine
learning, particularly in the domain of deep learning. A basic introduction to topological
machine learning can be found in Hensel et al. (2021). Topological data analysis, specifically
homology, persistent homology and Mapper, has been used to analyze various aspects of
neural networks. Broadly, these aspects can be categorized in the following four groups:
1. Structure of a neural network; 2. Input and output spaces; 3. Internal representations
and activations; 4. Training dynamics and loss functions.

Figure 1 visually delineates these four categories. The first category involves examining
unweighted graphs associated with neural networks and their properties, such as depth, layer
widths, and graph topology, among others. The second category encompasses the analysis
of input and output spaces, including decision regions and boundaries for classification
problems, as well as the study of latent spaces for generative models. The third category,
which currently holds the largest number of contributions in the literature, focuses on the
analysis of hidden and output neurons in a broad sense. Lastly, the fourth category involves
the analysis of neural network training procedures, including the study of loss functions.

Figure 1: Diagram showing the usual lifecycle of a neural network A/. First, an architecture
a(N) is selected based on the task to be solved. This architecture is independent
of the learned parameters §(N') or the specific input data used to train or test the
network. Second, the architecture is trained (T) using a specific training algo-
rithm, which generally minimizes the empirical risk of a loss function £ evaluated
on the training dataset. Once the network is trained, inference (I) is performed
with data sharing the same distribution as the training data. For trained net-
works, input and output spaces gather interesting structures, such as decision
regions and boundaries for classification problems or latent spaces for genera-
tive models. Each dashed box is related to one of the categories in which TDA
has been used, namely: (1) Structure of a neural network; (2) Input and output
spaces; (3) Internal representations and activations; (4) Training dynamics and
loss functions. The rightmost box depicts decision regions of the output space.

Many components studied within the preceding categories play a pivotal role in under-
standing some of the fundamental traits of deep learning, such as interpretability or the
generalization capacity of neural networks. Moreover, these elements inherently exhibit
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geometrical and topological characteristics, rendering them exceptionally suitable for the
application of topological analysis methods.

1.1 Contribution

In this work, we offer a comprehensive overview of applications of TDA in analyzing neural
networks across the aforementioned four categories. However, we have omitted many rele-
vant works related to the general use of TDA in deep learning. For example, we omit work
on the branch of Topological Deep Learning, which involves developing neural networks
tailored for specific topological data. A recent survey on Topological Deep Learning is
available in Papillon et al. (2023). We have also omitted the majority of applications using
TDA to construct loss functions, since our focus remains on the analysis of neural networks
rather than their enhancement through the imposition of specific topological structures on
data, unrelated to the particular machine learning algorithm used for the task. Given the
substantial volume of papers analyzed, our discussion is limited to peer-reviewed papers,
with occasional exceptions made for relevant and credible sources.

This survey aims to be self-contained and approachable for readers unfamiliar with
topological data analysis or deep learning. However, it is advisable that readers have a
background in at least one of these areas. For mathematicians interested in how topology
can be applied to study modern Al and deep learning systems, we recommend reading the
first chapter of the book by Grohs and Kutyniok (2022), that provides a concise introduction
to deep learning from a mathematical viewpoint. For machine learning scientists curious
about how advanced topological methods can enhance the understanding of deep learning
systems, we recommend the survey on Topological Machine Learning by Hensel et al. (2021),
where TDA is introduced in a friendly manner within the scope of machine learning.

1.2 Outline

In Section 2 we introduce notation, definitions, and basic results of TDA and deep learning
needed to follow the article. Section 3 constitutes the core content of our survey, structured
into the four aforementioned categories. Finally, Section 4 addresses limitations, challenges,
and potential future directions concerning the application of TDA in deep learning up to
the time of publication of this survey.
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2 Preliminaries

Preliminary definitions and results for the deep learning part are primarily drawn from the
first chapter of the book by Grohs and Kutyniok (2022). Regarding the topological data
analysis part, some of the content is sourced from the book by Edelsbrunner and Harer
(2022) and the survey conducted by Hensel et al. (2021).

2.1 Notation

We denote by N, Z, R, and R respectively the set of natural numbers (including zero), the
ring of integers, the field of real numbers, and the extended real line with a point at infinity.
For n > 2, we abbreviate {1,...,n} as [n]. Given a set S, its power set, i.e., the set of its
subsets, is denoted by P(S). The indicator function on a set A is written as 14 and it is
defined as 14(x) =1 if x € A and 14(z) =0 if x ¢ A. The Kronecker delta J; ; is defined
as 5i,j =1 le:j and 61‘73' :Olfl#j

The set of matrices of size m x n with coefficients in a ring S (usually a field) is denoted
by My,n(S). The (4, 7) entry of a matrix M is written as M; ;. For a square matrix M, its
trace is denoted by tr(M). Given a vector v € R, we denote its i-th component by v;.

We denote by M(X,)) the set of all measurable functions from X to ), where X’ and
Y are measure spaces. Given a function f, we denote its domain and image as Dom(f) and
Im(f), respectively, and we denote its graph by G(f) = {(z, f(z)) : € Dom(f)}.

The support of a function f: X — R, denoted supp(f), is the set of elements of X that
are not sent to zero, or most commonly the closure of this set if X is a topological space.
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Similarly, for a probability distribution IP associated with a random variable X, the support
supp(P) is the smallest closed set S of real numbers such that P(X € S) = 1. We also call
support of P the set of elements of the sample space mapped to supp(P) by X. The letter
E is used to denote expectation of a random variable.

For a graph G, we denote by V(G) and E(G) the sets of vertices and edges of G,
respectively. By a weighted graph we refer to an undirected graph G whose vertices and
edges are weighted by functions wy: V(G) — R and wg: E(G) — R, and we use the
notation (G,wy,wg). A bipartite graph is denoted by G = (Vi, Vs, E), where V; and V5
are disjoint sets of vertices.

2.2 Deep learning

Deep learning is a subfield of machine learning that deals with (deep) neural networks to
solve a variety of computational tasks. Some computational tasks include, but are not
limited to, classification, regression, and synthetic data generation. These three tasks are
central in this survey.

Classification and regression are particular examples of prediction tasks. In prediction
tasks, we have data lying on the Cartesian product of two measure spaces X and ), where
elements of ) are seen as labels of elements of X. Such data are distributed according to a
distribution Py y) with marginals Px and Py for the restrictions to X and ), respectively.
In prediction tasks, we look for a function f € M (X,)) that, given a value z € X, outputs
a “good” label prediction y € Y according to some quality criterion. To precisely quantify
the concept of quality, a loss function

L:MX,Y)xXxY—R

is typically employed. A loss function indicates the degree of inaccuracy in predictions
relative to a data point (z,y) € X x ) sampled from the data distribution —where a lower
value signifies greater quality. Thus, the objective is to find a function f that minimizes the
expected loss E [£ (f, X,Y)], called risk of f and denoted by R(f). Due to the hardness
of finding such f (if it exists) in the huge space M (X', )), the problem is often reduced to
find a function f whose risk is arbitrarily near to the infimum of risks in a smaller set of
functions called hypothesis set and denoted by F.

One of the main difficulties in this approach is that the data distribution P(x y is often
unknown, and we only have access to a finite sample D = {(z;,y;)}i", from it, that we
assume independent and identically distributed (i.i.d.) with distribution P y- Therefore,
instead of trying to minimize directly the risk R(f), one tries to minimize the empirical
risk ﬁpmin( f) for a subset Dyyain C D, called training dataset, given by

Rjan () = = ST £(F1,00), 1)

with the hope that minimizing the empirical risk also reduces the real risk. In some situa-
tions, it is convenient to minimize the empirical risk of another related loss £5™" that is not
the original loss function £ and that can depend on a surrogate function f"" depending
on f, instead of using f directly. This happens, for example, when we use minimization
algorithms that rely on the differentiability of the loss function, yet our function £ is not
differentiable or its gradient is zero.
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In deep learning, one formally sees the process of obtaining a neural network A given
data distributed according to P(y yy as a map

A Uy (X x D)™ — F (2)

that takes as input a training (ordered) set D = {(x;, y;)}"; and provides a neural network
N € F that minimizes the empirical risk for the original or surrogate loss on Diyain. This
map is called training algorithm. Training algorithms are generally iterative minimization
methods based on gradient descent.

Regression and classification are the two modalities studied for prediction tasks in this
survey. In both problems, we assume that there is an unknown function f: X — ) assigning,
to each x € X, a true value y = f(x), and that the data distribution P(x y has the property
that G(f) C supp (IP’( X,y)). In this scenario, the goal of a neural network is, for each value
x € X, to output the corresponding value f(z).

We say that a prediction task is a regression task if X is a Euclidean space R? for some
d € Nyg and )Y = R, and we say that a prediction task is a classification task if X is a
Euclidean space R? and ) is a finite set. In the latter case we assume, without loss of
generality, that J = [k] with & € N>o and that supp (Py) = Y. If k = 2, then we call it
a binary classification task. For a broader introduction to machine learning tasks, we refer
the reader to Goodfellow et al. (2016, Section 5.1.1).

Generative tasks are not as straightforward to define as prediction tasks, and formal
definitions can vary depending on the problem or the solving method. In generative tasks,
the purpose is to generate synthetic data that are indistinguishable from source data. We
assume that source data live in an ambient space X and follow a distribution Px. Some
models explicitly approximate the given probability distribution, allowing to directly sample
from it, while other models learn a mechanism to generate new examples without explicitly
describing the data distribution. We refer to Prince (2023, Section 1.2.1) for a detailed
explanation of generative models.

In this survey we mainly consider fully connected feedforward neural networks (FCFNN).
FCFNNSs follow a basic structure in which most of the current, more complex, models, can
be expressed. A FCFNN is a parameterized function N consisting of:

(i) An architecture a(N) = (N, ¢), where N = (No,...,Ny) € N+ and ¢ = (go(l))lel is

a tuple of differentiable functions p): R — R. Here differentiability is meant except
perhaps on a set of zero measure. The number L counts the layers of the network,
while Ny, Nr,, and N for | € [L — 1] are the numbers of neurons of the input, output,
and [-th hidden layers, respectively, and ¢ is the activation function of layer [.

(ii) A set of parameters O(N) = (O(Z))lL:l, where §() = (W(l), b(l)) are the parameters of

layer [, belonging to RN>*Ni-1 x RNt for | € [L] and known as weights and biases,
respectively.

A FCFNN induces a directed graph and a function depending on it. The directed
graph defined by the architecture, denoted by G (N), is given by L + 1 disjoint ordered
sets V = {vll, el UlNl}, 1 =0,...,L, with the property that every vertex in V; has an edge
pointing to it from all the vertices in V;_1, for [ € [L]. The vertices of this graph are called



TDA rOrR NEURAL NETWORK ANALYSIS

neurons. The function ¢p: RN — RN defined on top of the directed graph is given by
the recursive formula

39 (2) Wz 4 M) ifi=1,
$ =
N W(l)d).s\l/_l)(x) +b(l) if [ S {27"‘7L}7

where each component x; of x is associated with the vertex vé, and each intermediate
function value d)ﬁ\l/) (x); is associated with the vertex vli. Given an input value z, we say that

the values gbﬁ\l/) (z); are activations of the vertices v. A visual example of a FCFNN is shown
in Figure 2.

Figure 2: A graphical representation of a fully connected feedforward neural network N
with L = 3 and N = (3,4,2,1). The input values z; are associated with the
vertices v} of the first (input) layer and then transformed sequentially by a set
of maps. In this representation, each edge indicates that the value of the source
vertex is used for the computation of the value of the target vertex. Values for
vertices are computed sequentially from the first layer to the last. A transforma-

tion from layer [ — 1 to layer [ is a composite of an affine transformation qgf\l/) and

the activation function () applied elementwise to the outputs of q?)ﬁ\l/)

Given an architecture a = (NN, ¢) for a FCFNN and a subset © C []¢ RNoXNi—1 5 RN
we denote the hypothesis set of all the neural networks represented by the architecture a
with parameters in © as

Fao={N:aN)=a, O(N) € O}.

If © is the space of all possible parameters, we simply write F,. Also, when it is clear that
we speak about neural networks in a specific hypothesis set F, g, we denote the neural
network with architecture a and parameters 6 € © as Njy.

Fixing a dataset D, an architecture a, and a set of possible parameters ©, the com-
position of the empirical risk with the neural network functions in F, g can be seen as a
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function ﬁpmm (0) of the parameters §. Usually, training algorithms for neural networks,
given an initial set of parameters () € ©, generate a discrete weight trajectory (0(2))1':1 by

minimizing the empirical risk ﬁpmin(é) iteratively with respect to the parameters 6 until
some stopping criteria are satisfied. The output of the algorithm is one of the weights (%)
generated in the trajectory, usually the last one, 9(N) . In this survey, we assume that neural
networks are trained in this way.

A special type of FCENN is a convolutional neural network (CNN), which is a FCFNN
with a specific architecture designed to work with data that have a grid-like structure,
especially images. A CNN is one of the most common type of networks used in computer
vision. CNNs implement two functions between layers that impose restrictions on the set
of weights and on the activation functions: convolutional layers and pooling operators.
A convolutional layer is a layer whose outputs are the result of performing convolutions
between the values associated to the neurons of its input layer rearranged as a grid and
a filter tensor that imposes a set of equalities on the coefficients of the weight matrices.
In one of the most typical scenarios, a convolutional layer is a transformation between the
activations of V;_1 and V; in such a way that V;_; and V; are ordered in grid structures of
size h=D* (=1 » (=1 and RO*w® x ¢ respectively. We say that a layer i arranged
in this grid structure has height h9, width w®, and ¢ channels, where each channel is
defined as the subgrid obtained by fixing one value in [cl] for the third dimension.

The convolutional layer transformation is produced by (discretely) convolving ™ filter
tensors CJ(.Z), je [d(i)] of size h x w x =) where h x w is called convolution size, with the

activations in the grid structure of V;_1, obtaining ¢(¥ convolved grids of size h(") x w(@ that
are concatenated to obtain the activations of V;. Pooling operators are similar operations
aiming to reduce the dimensionality of the input layer, which reduce or mantain the size of
the input, and not necessarily all values in the input affect each output of the layer. Given
a neuron, the region of the input that affects its activations is called its receptive field. A
thorough introduction to CNNs can be found in Goodfellow et al. (2016, Chapter 9).
Fully connected feedforward networks define functions ¢p-: RN — RNz which is opti-
mal whenever X and ) are subsets of Euclidean spaces. However, there are specific tasks,
mostly classification ones, in which one deals with a finite set of points in the output space,
that is, there exists k € N such that ) = [k]. In these cases, one selects a projection function
7: RV2 — [K] that projects the outputs of the neural network A/ into the finite set of points
[k] and one uses o ¢pr: RN — [k] as a model. In this context, the decision region of a
label y € [k] is the set of inputs x such that m(¢n(x)) = y. To train the neural network,
it is common to choose surrogate loss functions £5"" that depend directly on the output
of ¢nr. In classification tasks, the most common configuration for a problem with X having
R? as an ambient space and ) = [k] is to choose neural networks with Ny = d, Np = k,
projection m(x1,...,xE) = argmax;e(y] i, and surrogate loss function £5"" depending only
on ¢, like the categorical cross entropy loss CE, that, in its most basic form, looks like

1 exp (dn(z)y)
CE .z,y)=——1lo '
(éns 7, y) & (Zle exp (¢N(x)l)>

k
For neural networks with the configuration Ny = k and 7(xq,...,zx) = argmax;ey i,
there is an ambiguity when the argmax is not unique, i.e., when there are at least two
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indices i,j € [k] such that z; = x;. In this case, the projection function must define a
deterministic way to choose one of the equal-valued indices. Given a neural network N as
the previous one, the points x € X for which there exists an ambiguity is called decision
boundary of N'. Formally,

B) = {o € Dom(6x) : 3. j € [Ni] such that dyv(z); = ox(w); = maxan(z). ). (4)

Sometimes, decision regions are studied without the decision boundary; in other words,
(o pn) " Hy) N B(N) is used. Figure 3 shows examples of decision boundaries and regions
for classification problems with three labels.

In this context, it is usual to interpret the outputs of the function ¢ as (unnormalized)
probabilities, indicating the likelihood that the input belongs to one of the classes repre-
sented by the outputs. Specifically, ¢ar(z); denotes the (unnormalized) probability that x
belongs to the class i € [k]. Therefore, 7 is chosen as argmax since it selects the class with
the highest probability according to the output of the neural network.

For binary classification problems, i.e., J = [2], the usual neural network architectures,
projection functions, and decision boundaries are slightly different. On the one hand, the
number of neurons in the last layer is set to one, that is, Ny, = 1. On the other hand, the
usual projection function is given by m(z) = 2 if x > b and 7(x) = 1 if x < b, with the usual
value of b being zero. In this configuration, the decision boundary is defined as

B(N) = {z € Dom(¢y) : ¢n(x) = b} ()

Figure 3: Decision regions and boundaries for three different classification problems or-
dered from left to right by increasing complexity, with three labels each. Black
lines represent decision boundaries given by FCFNNs. Decision regions and their
boundaries give valuable information on the neural network used in each case. For
the two first problems, the decision regions and boundaries are “simple”, in the
sense that they seem to properly classify the inputs of the domain without visible
outliers or “strange” regions. In the second problem, the blue decision region has
one hole that does not exist in the first problem. In the third problem, the blue
decision region has two connected components, and the red and green regions
have protuberances that could have appeared due to outliers in the training data.
The extra connected component is detected by the homology of the blue decision
region; see Section 2.3 for details.
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2.3 Topological data analysis

Many tools from topological data analysis have been used within machine learning. Among
them, persistent homology and Mapper graphs have so far been the most relevant in the
study of deep learning methods. In this section, we provide a concise overview of both. The
book by Munkres (2000) is a standard reference for general topology. For an introduction
to computational topology and to most of the concepts used in this survey, we refer the
reader to the book by Edelsbrunner and Harer (2022).

2.3.1 PERSISTENT HOMOLOGY

The most widely used tool from topological data analysis to analyze neural networks in
this survey is persistent homology, which studies the evolution of homology groups along
an ordered family of simplicial complexes.

An abstract simplicial complex is a collection K of non-empty finite subsets of a set P
such that {p} is in K for all p € P and such that o € K whenever o C ¢’ with ¢/ € K.
Elements of P are called vertices and elements of K are called simplices. A simplex o has
dimension d if its cardinality is d + 1, and the dimension of a finite simplicial complex K is
the maximum dimension of its simplices. Graphs G = (V, E) are 1-dimensional simplicial
complexes with P = V', where each edge in E is a simplex {v, w} with v # w.

Each finite simplicial complex K with a prescribed order in its set of vertices has an
associated family of homology groups H,(K) for n € N, defined as follows. An n-chain is
a finite sum of n-dimensional simplices of K with coefficients in Z, and the boundary of
an ordered n-simplex o = (vp,...,vy,) is the alternating sum >, (—1)%(vo, ..., Di,...,0n),
where v; is omitted. An n-chain is an n-cycle if its boundary is zero. Then H,,(K) is defined
as a quotient of the abelian group of n-cycles modulo the subgroup of n-boundaries. Hence,
generators of H,(K) can be interpreted as n-dimensional “cavities” in K. If coefficients
in a field F are used to define n-chains, then H,(K) becomes an F-vector space. For
convenience, we will work with such vector spaces in most of what follows. If no coefficient
field is explicitly selected, we will assume that the one used is the field Fy of two elements.
The dimension of H,(K) as an F-vector space is called the n-th Betti number of K and
denoted by by, (K). The zeroth Betti number counts the number of connected components
of K. For a detailed introduction to homology, we refer to Edelsbrunner and Harer (2022).

An R-indexed persistence module is a family V = (V})cr of vector spaces over a field F
equipped with F-linear maps fs;: Vs — V; for s < ¢, such that fsof. s = frpifr < s <tand
fti = id for all . Given a filtration of simplicial complexes (K¢),.p ordered by inclusion,
the family (H.(K})),cr is a persistence module, where H,.(K;) denotes the direct sum
of H, (K¢) for all n € N. The F-linear maps fs;: H.(K;) — H,(K;) are induced by the
inclusions Ky C K;. Persistence modules are discussed in detail in the book by Chazal et al.
(2016). We denote the persistence module given by the n-th homology H,, of a filtration of
simplicial complexes (K¢),.p and fixed field F by VE(K). We drop the superscript denoting
the field when it is clear from the context.

A persistence module V is of finite type if V; is finite-dimensional for all ¢t and equal
to zero for t < to for some ty, and the maps f,; are isomorphisms in a neighbourhood of
every index value t except for a finite set {¢1,...,%;} at which f;,; is an isomorphism if
t; <t <t;+e for some € > 0, yet fs;, fails to be an isomorphism if ¢; —e < s < ;.

10
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A vector v € V, is said to be born at a parameter value b if it is not in the image of f,
for any s < b, and a vector v € V; dies at a parameter value d if f g(v) = 0 and fs.(v) # 0
for s <t < d. As explained in (Chazal et al., 2016, Theorem 1.4), the lifetime intervals
[b,d) C R of a full collection of (arbitrarily chosen) basis elements of a persistence module
V of finite type represent V up to isomorphism. The intervals [b, d) form a multiset, since
they can be repeated, so every interval is given with a multiplicity. This multiset is called
a barcode of V. We assume that d € R since death parameter values are infinite in the case
of vectors v € V; for which fs(v) # 0 for all ¢.

Barcodes are more efficiently represented by means of persistence diagrams, which are
multisets of points in a coordinate plane with a point (b,d) with b < d and d € R for each
interval [b, d) in the barcode of a persistence module V. We denote by D (V) = {(b;, d;) };c 1
the persistence diagram of a persistence module V, where L is the multiset of intervals
[bi, d;) in its associated barcode; see Figure 4.
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— D -~
fr— fa)
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P 0 | l
— o
o | 3
o
T T T T T [ T T T 1
0.0 05 1.0 1.5 20 0.0 0.5 1.0 15 20
Birth

Figure 4: Barcode and persistence diagram of a Vietoris—Rips persistence module of a point
cloud with 30 points sampled from the surface of a 3D sphere of radius 1.

In the case of a filtration (Ky)ier of simplicial complexes, the persistence diagram of
(H.(K}))ter describes the evolution of homology generators along thefiltration. Thus, a
representative n-cycle ¢ can be associated with each point (b, d) in homological degree n,
so that b is the birth parameter of ¢ and d is the value at which ¢ becomes a boundary.

There are several ways to construct filtrations of simplicial complexes given a set of
points or a weighted graph. For sets of points P equipped with a symmetric function
d: P x P — R such that d(z,z) < d(x,y) for all z,y € P, called a dissimilarity, the most
frequent choice is the Vietoris—Rips filtration, defined as

VRy(P,d) = {0 € P(P)~ 0 : diam(o) < t}.

We refer to such pairs (P,d) as point clouds. Figure 5 shows simplicial complexes for
different values of ¢ of a Vietoris—Rips filtration for a point cloud with eight points and the
Euclidean distance. For practical purposes, there are situations in which we may want to
limit the dimension of the Vietoris—Rips simplicial complexes to a maximum value kpax.
In this case, we only take simplices up to dimension kj.x. We denote dimension-limited
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Vietoris—Rips filtrations and simplicial complexes by
VRImx(P d) = {0 € VR¢(P,d) : dim(c) < kmax} -

If the point cloud P is a subset of a metric space (X,d), then another popular indexed
family of simplicial complexes is the Cech filtration

Cy(P,X,d)={c € P(P)\0 : Nye, Bz, t/2) # 0},

where B(z,¢) = {y € X : d(z,y) < &} denotes the closed ball centered at z of radius e.

t=0 t=38 t=12 t=15 t=21

Figure 5: Vietoris—Rips filtration at time values ¢t € {0,8,12,15,21} for a point cloud P
equipped with the Euclidean distance d in the plane. For ¢t < 0, VRy(P, d) is the
empty set. For ¢t € {12,15}, only edges are added as there are no three vertices
with pairwise distances lower than ¢t. For ¢ = 21, one triangle and two tetrahedra
are added to the filtration. Eventually, for all ¢ after a threshold, VR;(P,d)
becomes a simplex of dimension equal to the number of points of P minus one.

Similar ideas can be applied to weighted graphs. Let (G, wy,wg) be a weighted graph,
where wy: V(G) — R and wg: E(G) — R are weight functions for the vertices and the
edges of G, respectively. By requiring that wy (v) < wg(e) for allv € V(G) and all e € E(G)
incident to v, the weighted graph G can be treated as a point cloud. Points correspond
to the vertices of G and distances between points are given by the weight functions wy
and wg, where the lack of an edge between two vertices is encoded as an infinite distance.
Thus the distance from a point to itself need not be zero. Formally,

wy (v) if v =w,
d(v,w) = wg({v,w}) if {v,w} € E(G), (6)
400 otherwise.

This allows one to compute a Vietoris—Rips filtration in the same way as for point clouds.
We denote the Vietoris—Rips filtration of a weighted graph (G, wy,wg) by VR(G,wy,wg),
and we denote by VR*mx (G, wy, wg) the dimension-limited version.

Sometimes, weighted graphs are provided only with weights on their edges, that is, a
function wy is not provided. In such cases, there is no canonical way to define a distance
between a vertex and itself. One solution is to define wy for a vertex v € V(G) as the
minimum weight of all its incident edges, and another possible solution is to define wy as
the global minimum weight among all edge weights.

Vietoris-Rips and Cech filtrations add simplices with lower diameter first, that is, the
lower the values of ¢, the lower the diameter of the simplices inside VR, and C;. However,
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it is usual in the graph realm to add edges with higher weights first. Thus, by giving a
descending order e, ..., e, of the edges by their weights, where n = |E(G)|, the edge e; is
added at ¢ = ¢ — 1 to the filtration for all ¢ € [n]. In this case, the vertices can be added
either at t = 0, or at the moment the first incident edge enters the filtration, or at ¢ = wy (v)
if the vertices are weighted by a function wy that satisfies wy (v) > wg(e) for all vertices v
and all edges incident to v. We can replicate the three approaches also using Vietoris—Rips
filtrations. For the first two, we do this by defining the following dissimilarity functions:

0 if v =w, min{i : v € ¢;} if v =w,
dg(v,w)z i—1 if{v,w}=¢, d(v,w)=<5i-1 if {v,w} = ey,
400 otherwise, 400 otherwise.

For the third one, by defining & = E(G) U {{v}:v € V(G)} and w: & — R as

wy (v) if [{v,w} =1,
w({va w}) - .
wr({v,w}) otherwise,
and giving a descending order si,...,sg of & induced by w, we use the dissimilarity
function

dY(va) _ )il ?f {v,w} = s,
+oo  if{v,w} ¢ 6.

For points (b,d) in persistence diagrams associated with Vietoris—Rips filtrations, b
and d are values of the corresponding dissimilarity function for some pair of points in
the point cloud. This means that points of Vietoris—Rips persistence diagrams coming from
functions d(j, d;, and dY are tuples of indices of edges in the graph. Therefore, an alternative
persistence diagram D" (Vi(VR())) containing the weights of the edges can be obtained
simply by taking the weight values of the edges associated with the indices in the persistence
diagram. That is,

D (Vi (VR(V(G), d))) = {(wr(eir1), we(ej1) = (4,5) € DVe(VR(V(G),d)))}  (7)
for d € {d},d,}, and
D*(Vi(VR(V(G),d[))) = {(w(si+1),w(sjr1) : (i,5) € DVR(VR(V(G), )},  (8)

where we define wg(es) = +00 = w(ss). We refer to this persistence diagram as the
weighted persistence diagram of the persistence modules of the Vietoris—Rips family of filtra-
tions for graphs induced by d?, d | OT dY. This also holds for dimension-limited Vietoris—Rips
filtrations.

There are many useful filtrations that can be employed in persistent homology for finite
sets of points or graphs. In this section, we have presented only some of them. For a broader
perspective on point cloud and graph filtrations, we refer the reader to the works by Rieck
(2023), by Edelsbrunner and Harer (2022), and by Chazal et al. (2014).

Manifolds also yield persistence diagrams computed from Morse functions. A Morse
function is a smooth function f: M — R on a smooth manifold M such that all critical
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points are non-degenerate, that is, the Hessian of f at each critical point is non-singular.
Similarly to the simplicial case, given n € N and a field I, one can build persistence modules
from the homology of sublevel sets of a Morse function at different levels ¢ € R. Thus, the
persistence module VE (f) for a Morse function f on a smooth manifold is defined as

VE(f)e = Ho(f (00, 1]),

where singular homology is meant with coefficients in F. If M is compact, then VE (f) is of
finite type and hence a barcode and a persistence diagram can be extracted from it.

We briefly mention an extension of the usual persistence modules computed with ho-
mology that also produce persistence diagrams, known as zigzag persistence, introduced
by Carlsson and de Silva (2010). Zigzag persistence modules are analogous to persistence
modules, but the inclusions are not necessarily given by the order of the real numbers in-
dexing the vector spaces. Zigzag persistence modules share a good amount of properties
with ordinary persistence modules, such as their unique representation by persistence dia-
grams or their stability (Cohen-Steiner et al., 2007; Botnan and Lesnick, 2018), under mild
assumptions.

For many purposes, it is useful to have a notion of distance between persistence dia-
grams. The most frequently used distances between persistence diagrams are the bottleneck
distance and the g-Wasserstein distances, for a given ¢ € N. The bottleneck distance between
two persistence diagrams Dy and Dy is defined as

Weo (D1, D2) = inf  sup [z = 7(2)]|oo,

n:Dff =D zeDP

where DlA and D2A denote the persistence diagrams D1 and Dy supplemented with their
diagonals, that is, D® = D; UA and DL = Dy U A, where A = {(m,m) (T € R}, and
n: DlA — D2A are bijections of multisets, where points in A have countably infinite multi-
plicity. The Wasserstein distance W, is defined as

, q \ M4
WyD1,D2) = inf  ((S,eps o —n(@)|%)

. A
n:D®— D5

although a p-norm || - ||, may be used instead of the supremum norm ||-||o. The Wasserstein
distances induce norms on persistence diagrams given by the distance to the empty diagram,
namely ||D||, = Wy(D,0).

Persistence diagrams are not used directly for data analysis due to their lack of a suitable
structure for statistical inference. Instead, persistence summaries are used, which are real-
valued functions or vector-valued functions derived from persistence diagrams. Examples
of persistence summaries are total persistence, which is the sum of the lifetimes of all the
non-infinity points of a persistence diagram; persistence landscapes (Bubenik, 2015), and
persistence images (Adams et al., 2017), among others. A landscape )\ of a persistence
diagram D is a sequence of piecewise linear functions (A1, Ag,...) defined as

i(t) = max’('byd)GD {f.ay(®)} fp,a)(t) = max (0, min (b+¢,d — 1)),

where max® returns the i-th maximum value of a multiset.
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2.3.2 MAPPER AND GTDA

Mapper is an algorithm, introduced by Singh et al. (2007), that extracts visual descriptions
of high-dimensional datasets in the form of simplicial complexes (usually graphs). One key
concept behind Mapper is the nerve of a covering. Given a topological space X and a
covering U = {U;},.; of X, the nerve of U is defined as the simplicial complex NN (i) whose
set of vertices is I and where a family {i1,...,it} C I is a simplex of N (i) if and only
if ﬂ§:1 Ui, # (). For good coverings (open coverings whose sets and their non-empty finite
intersections are contractible), the geometric realization of A () is homotopy equivalent
to X. Hence, N () encodes relevant features of the shape of X into a combinatorial object.

Figure 6: Mapper graph generated from a noisy sample of a torus with 14,400 points using
Kepler Mapper (van Veen et al., 2019). The filter function used is given by the
projections to the X and Y axes. Covers are taken with an overlap of p = 0.2
using 100 squares, by means of the standard cover implementation of the software.

Mapper applies the nerve construction to suitably customized coverings of datasets.
Simplicial complexes produced by Mapper are often able to reveal patterns of a latent
topological space from which the dataset might have been sampled. The Mapper algorithm
has the following ingredients as input: 1. A dataset D, which we assume of finite cardinality;
2. A filter function f: D — R?, where d = 1 or d = 2 in most use cases; 3. A finite cover
U = {U;};c; of Im(f) C R? consisting of overlapping open sets; 4. A clustering algorithm,
such as DBSCAN (Ester et al., 1996). The method is described in Algorithm 1 in the Appendix.

Mapper is most often applied using filter functions f: D — R and choosing covers U
consisting of intervals with a fixed percentage of overlap p. With these choices and using
clustering algorithms that generate disjoint clusters, the simplicial complexes produced by
Mapper are graphs. Mapper graphs are closely related with Reeb graphs (Reeb, 1946; Edels-
brunner and Harer, 2022, Chapter VI). For an advanced analysis of the Mapper algorithm
for filter functions f: D — R and its connection with Reeb graphs, we refer the reader to
the work by Carriere and Oudot (2018).

It was observed by Liu et al. (2023a) that, in some experiments studying the output
space of neural networks, Mapper produced too many tiny components that did not carry
useful information for the experiments. For this reason, they introduced a new algorithm
called graph-based topological data analysis (GTDA). The GTDA algorithm builds on the
Mapper algorithm to construct Reeb networks from graph inputs instead of point clouds.
Reeb networks generalize Reeb graphs. Each vertex in a Reeb network built using GTDA is
associated with a subgraph of the original graph. Given an input graph G, GTDA uses filter
functions f: V(G) — RY to build Reeb network vertices using a recursive splitting strategy
based on filter function values. After initial vertices are generated, the smallest ones are
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merged into other vertices and edges are added. Vertices within connected components with
non-empty intersection are connected, and other edges are added to promote connectivity
of the output. The GTDA algorithm is described in Liu et al. (2023a, Algorithm 1).

2.4 Applications of topological data analysis in deep learning

Some of the methods for analyzing neural networks in this survey have been applied to solve
corresponding deep learning problems. In this section, we summarize and contextualize
these deep learning problems.

2.4.1 REGULARIZATION

In machine learning, regularization techniques are algorithmic tweaks intended to reward
models of lower complexity (Zhang et al., 2021). In the context of deep learning, regular-
ization techniques aim to reduce model overfitting, that is, to avoid neural networks that
excel in minimizing empirical risk ﬁpmm but generalize poorly to a low real risk R.

There are many ways in which regularization is performed in deep learning. T'wo of the
most important ones are early stopping and the use of regularization terms.

In early stopping, training is stopped whenever a quality measure Q, usually the empir-
ical risk, evaluated on a set Dy, different from the training dataset Di;ajn Stops improving.
Defining the quality measure and the moment at which we consider that this measure has
stopped improving is not an easy task, and it depends on the properties of the neural
network and the training procedure. Some (non-topological) tips and tricks to tune early
stopping can be found in Prechelt (1998).

Regularization terms are (almost everywhere) differentiable functions 7: ©® — R de-
pending on the parameters of the neural network architecture being trained. They are
minimized next to the empirical risk ﬁpmm(e), i.e., making the training algorithm mini-
mize the quantity R

RDrain (0) + aT(9),

with respect to the parameters 6, where o € R~ is called learning rate, and controls the
influence of the regularization term over the empirical risk.

2.4.2 PRUNING OF NEURAL NETWORKS

Modern neural networks typically consist of highly complex architectures with a large num-
ber of parameters. Working with such models usually requires large amounts of computa-
tional resources that may not be easily available or sustainable in the long term. One of
the approaches to solve this problem is neural network pruning. Neural network pruning
involves systematically removing parameters from an existing network so that the resulting
network after this process conserves as much performance as possible, but with a drastically
reduced number of parameters (Blalock et al., 2020).

2.4.3 DETECTION OF ADVERSARIAL, OUT-OF-DISTRIBUTION, AND SHIFTED EXAMPLES

Adversarial, out-of-distribution, and shifted examples are specific values in the input space
of a neural network that have special properties with respect to the underlying distribution
of the input data or the way the neural network processes them. Given a machine learning
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model, adversarial examples are inputs that differ slightly from correctly classified inputs
but are misclassified by the model. Differences between adversarial examples and properly
classified regular examples are often imperceptible to human senses (Goodfellow et al.,
2015). On the other hand, out-of-distribution examples are valid input values for a machine
learning model that have not been sampled from the real data distribution. Similarly, shifted
examples are examples that deviate from the real data distribution but come from samples
from it, resembling the nature of adversarial examples (Lacombe et al., 2021). Detecting
input types is an important problem in deep learning. On one hand, it allows further study
of the robustness and performance of a given neural network. On the other hand, it allows
to detect attacks to machine learning models, both in training and in inference.

2.4.4 DETECTION OF TROJANED NETWORKS

In a Trojan attack on a machine learning model (Zheng et al., 2021), attackers create
trojaned examples, that are normal training examples to which some extra information,
using specific patterns, is added. This extra information is used by attackers to generate
specific outputs in the inputs containing these specific patterns, allowing attackers to bypass
the regular outputs of the model during inference. To be able to generate these unwanted
outputs, attackers inject trojaned examples into the original training data set without the
knowledge of the legitimate owner of the model before the model is trained with the objective
that the network recognizes the pattern and acts according to the attackers’ intention.
Detecting neural networks trained with trojaned examples is vital to avoid security breaches
in machine learning, especially in critical-context applications such as medical systems or
security systems, among others.

2.4.5 MODEL SELECTION

Over the last years, there has been an explosion on the quantity and quality of models
developed by deep learning researchers and practitioners. Most of these models have a
large number of parameters and are hard and expensive to train. However, once trained
successfully, they generalize well to many situations. For this reason, a reasonable practice
in nowadays applications is, instead of training from zero new models, taking pre-trained
models and adapting them to the particular problem the user is trying to solve. However,
selecting the pre-trained model that best fits the user’s requirements from a bank of models
is not a trivial task. For starters, each bank of models has its own models, trained in
different datasets with different algorithms and different hardware. Small variations of the
parameters in the same architecture can induce important differences during inference, so
selecting only by the architecture is not usually the best option. Additionally, due to the
growing number of options available, testing all of them may be an unfeasible process for
practical applications. For this reason, a good model selection algorithm that takes into
account many properties of the models is fundamental.

2.4.6 PREDICTION OF ACCURACY

In classification tasks, a usual loss function is given by
‘C(Na z, y) = 11{(m,y):x7$y} (N(ZL’), y) . (9)
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Assuming that the values of ) are fully determined by a function f: X — ) in the data
distribution, the real risk R(N) for this loss function is the expectation that the neural
network N does not match the function f for an input value x, that is, misclassifies x. If
instead we consider the value 1 — R(N), this is the expectation that the neural network
correctly classifies an input z, i.e., the probability of A matching f. We define this value
by accuracy and denote it by Acc(N) = 1—R(N). The higher the accuracy, the better the
model according to the risk of £. The problem with Acc(/N) is that we cannot compute
it, so we approximate it by the empirical accuracy of N in a sample D different from the
training dataset Diyain, usually called test dataset and denoted by Diegt. Therefore, this
empirical accuracy in D can be computed as

KeepN) = i1 2 Ly com W(@).0). (10)
(z,y)€D

The empirical accuracy on a test dataset Diegt is one of the most used metrics to assess the
generalization and performance of a trained neural network and is equivalent to studying
a numerical approximation of the risk function and thus, the generalization capacity of the
neural network. Due to the hardness of proving tight bounds on the real risk R of a neural
network given £, many works focus on predicting the empirical accuracy Accp,,, (N) or a
variation called empirical generalization gap, given as the difference between the accuracy
in a test dataset and the accuracy in the training dataset, i.e.,

Gap(N) = Accp,,, (V) — Acepy,,, (V).

An analysis of methods that try to predict this last measure can be found in Jiang et al.
(2021). Also, a large-scale study of generalization bounds and measures of generalization
in deep learning can be found in Jiang et al. (2020b).

2.4.7 QUALITY ASSESSMENT OF GENERATIVE MODELS

Neural network quality measurements in classification tasks are more straightforward to
define than in generative tasks. In general, there are many interesting factors that can
be evaluated to compare the quality of two generative neural networks, and thus deciding
which is better is a hard challenge. For example, one of these factors could be the similarity
between the supports of the original data distribution Px and the distribution induced by
the generation function.

3 Analysis of neural networks using topological data analysis

In this section, we discuss the articles that use topological data analysis to study neural
networks. This section is divided into the four categories described in the Introduction.
Table 1 in the appendix contains a list of all articles included in the survey. For each paper,
we specify a one-line summary of it, its categories, and the applications from Section 2.4
explored in the article.

3.1 Structure of a neural network

Recall that a fully connected feedforward neural network A is specified by an architecture
a = (N,p) and a set of parameters 6 depending on the architecture a. At the same
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time, recall that the architecture a defines a directed graph G(N') that characterizes the
computations of the neural network function, where each vertex is associated with some
value during the evaluation of ¢xr. The structure of this graph is relevant for studying the
generalization capacity and expressiveness of neural networks. Note that edge directions are
important in the neural network graph G(N') because they characterize how computations
are performed on the data. For this reason, it is preferable to avoid analyzing G(N)
forgetting its directions with the general topological tools presented in Section 2.3.

Chowdhury et al. (2019) studied and compared two special homology groups designed for
directed graphs in the context of FCFNNs. More specifically, the ranks of these two variants
of homology groups are computed. These groups are the path homology (Grigor’yan et al.,
2014) and the directed flag complex (DFC) homology (Reimann et al., 2017) groups, denoted
by PathHomy(G(N')) and DFCHomy(G(N)), respectively, where k denotes the dimension
of the homology groups as in the simplicial case. In particular, Chowdhury et al. showed
that, given a neural network N with architecture a = (N, ¢), where N = (N, ..., Np), and
given a dimension k € N, the following equalities hold:

rank (PathHomy (G(N))) = dr—1.% HiLzo(Ni —1),
rank (DFCHomy (G(N))) = rank (Hi(G(N))),

where rank (Hy(G(N))) is the rank of the k-dimensional simplicial homology group of G(N)
seen as an undirected graph. It can be further shown that

1 if £ =0,
vank (Hy(G()) = 4 1= [V(GN)| + [BGN))| itk =1,
0 if k> 2.

The equality between the DFC-homology ranks and the standard simplicial homology
groups for neural network graphs implies that DFCHom does not capture the information
carried out by the directions of neural networks. Note that the ranks for both families of
homology groups can be directly computed from the number of neurons and edges contained
by the network, and do not reflect most of the structural properties of the neural network
graph. For example, path homologies are invariant to layer permutations, although the
order of the layers is a key factor in achieving good neural network performance. On the
other hand, DFC-homology forgets all the structural information except for the number of
vertices and edges, which many network configurations with different performances share.

Path homology theory for neural networks has an important drawback, namely that
it forgets the weights of neural networks, which are crucial in the performance of neural
networks. However, this can be remedied by studying a persistent version of it, called
persistent path homology (Chowdhury and Mémoli, 2018). To the best of our knowledge,
there is no work using persistent path homology to analyze neural networks, and it could
be a notable future work for the interested reader.

3.2 Input and output spaces

In this section, we analyze how TDA has been used to analyze decision regions, boundaries,
decompositions of the input space, and input and output spaces of generative and non-
generative models.
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General output space and decision regions

Let f: X — [k], k € N>2 be the unknown function that defines a classification problem as in
Section 2.2 with data distribution P(x y). A simple remark is that if we train a perfect neural
network N with projection function 7, that is, o ¢ = f, then the homology groups of the
decision regions of each label i € [k] must coincide with the homology groups of the space
of data with the same label for all dimensions, that is, Hy ((m o ¢nr)~ (i) = Hy, (f(3))
for all k € N and ¢ € [k]. The previous equality suggests that the topology of the decision
regions is relevant for understanding the generalization of trained neural networks with
respect to the data.

One of the first articles in this survey that studied decision regions using topological data
analysis was published by Bianchini and Scarselli (2014). In it, Betti numbers of the decision
regions of one of the labels of a binary classification problem are analyzed and theoretically
bounded for neural networks with Pfaffian activations (Khovanskii, 1991). A difficulty in the
previous paper is that bounds of Betti numbers are not tight and cannot be used easily in
practical scenarios. An experimental approach is taken by Guss and Salakhutdinov (2018),
who empirically study such Betti numbers and compare them with the Betti numbers of the
real region induced by the selected label, that is, f~!(i), where i € [2] is the label studied.

On a more general setting, Liu et al. (2023a) proposed the GTDA algorithm of Sec-
tion 2.3.2 as an improved version of Mapper to study the output space of general neural
network functions. They studied Reeb networks built using GTDA with input graphs in-
duced from the output vectors (gbﬁ\j}“) ()15, gb/(\?) ()N, ) of neural network functions given a
dataset D and filter functions given by the same output values plus, possibly, some extra val-
ues depending on the dataset or the outputs. To give output values a graph structure, they
either used previously-known binary relationships between the data or binary relationships
given by nearest neighbors algorithms as edges.

Liu et al. were able to gain useful information from GTDA graphs that was not found
using Mapper or other alternatives about output values of the Enformer model (Avsec et al.,
2021) used as inputs to predict harmful mutations of a human gene. Also, GTDA graphs
were used to perform automatic error estimation for machine learning prediction tasks. A
numerical error estimation score for a sample x was calculated by comparing the predicted
label of z with ground truth labels of training and validation samples whose prediction
vectors were surrounding the prediction vector of  in the union of subgraphs of the Reeb
network vertices plus the extra edges added in the GTDA algorithm. The error estimation
score was shown to successfully correct erroneous predictions in binary classification tasks.
Also, it detected regions of the output space with many misclassifications, that allowed them
to determine the source of error in those regions for the previous classification problem
dealing with the Enformer architecture. Similar experiments were performed on other
network architectures and datasets such as ResNet-50 and Imagenette (Howard, 2021),
showing that GTDA offers unique insights about the output space that cannot be recovered
with other methods such as Mapper.

Decision boundaries of a single network

When using classification neural networks with Np = k and 7 (21, ..., 2x) = argmax;cp i,
decision boundaries B, defined in Equation (4), become relevant as they determine the
decision regions of the neural network and the spaces in which neural network decisions
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have more than one valid output. Ramamurthy et al. (2019) propose a modified version
of the Cech simplicial complexes such that, given a large enough sample of points in the
decision region of a binary classification neural network, can reconstruct a space that is
homotopy equivalent to the real decision boundary induced by the neural network under
some mild assumptions about the decision boundary. However, Cech complexes are too
costly to compute in practical scenarios. For this reason, they propose two computation-
ally feasible variants of the Vietoris—Rips filtrations and complexes that aim to recover
the Betti numbers of the decision boundaries of neural networks from a sample of their
points using the persistence diagrams induced by these new filtrations. The new filtrations
(P-LVR¢(D)),cg and (LS-LVR¢(D)),cR, called plain-LVR and locally scaled LVR, respec-
tively, are constructed from a sample D = {(x1,y1),. .., (Tm, Ym)} containing elements from
both classes. Specifically, given & € {P-LVR,LS-LVR}, the simplicial complexes of these
filtrations are

o,(D) ={o C{z;}i~; : {0i,05} € G{(D) for all {oy,0,} C o},

where G7 (D) is the simplicial complex of dimension 1 consisting of the vertices and edges of
a bipartite graph G} = (V1, Vs, Ey) with V; = {x; : y; = j} for j € [2] satisfying {vi, v} € E;
if and only if de(v1,v2) < t, plus a set of new edges joining the vertices connected by paths
of length two in G§. The dissimilarities do are given by

[v1 — vall2
dp_Lvr(v1,v2) = ||[v1 — V2|2 drs-Lvr(v1,v2) = ———
(v1,02) = [l = ezl (v1,0) = 1222

where p;, i € [2] is the local scale of v;, that is, the radius of the smallest sphere centered
at v; that encloses at least k points from the opposite class, where k is a fixed parameter.

A problem with the previous constructions is that they may require very large samples
to robustly recover the topology of the decision boundaries. Obtaining such samples can
sometimes be infeasible, especially when the cost of evaluating the value of y € Y by the
unknown function f given z € X" is high. Li et al. (2020) propose a method based on active
learning (Settles, 2009) to sample a small but meaningful set to recover the homology of
the decision boundaries using the labeled Cech and Vietoris Rips complexes introduced
in the article. Information extracted from persistence diagrams is used in both articles
to perform model selection for basic datasets including Banknote (Lohweg, 2013), CIFAR-
10 (Krizhevsky, 2009), MNIST (Deng, 2012), and Fashion-MNIST (Xiao et al., 2017), and
basic machine and deep learning models.

Decision boundaries are directly related to the performance of neural networks. Given
a binary classification task and a neural network A/ with N = 1 and projection function
m(z) =2 if z > 0 and & < 0, recall that the decision boundary of N is the set gZ)j_\/l (0), as
in Equation (5) for b = 0. Let € Dom(¢,r). For this kind of neural network, the higher
the absolute value of ¢ar(z), the more likely it is that the same input, slightly perturbed,
is classified with the same label as x, that is, 7(¢n(z)) = w(Par(z + €)), for a small . In
other words, the higher the absolute value of ¢ for a given example x, the more robust
the prediction of A for z.

Chen et al. (2019) propose a regularization term to remove weak connected components
from the decision boundary, that is, connected components enclosing decision regions such
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that the predictions for their points are not robust. This regularization term for binary
classification tasks can be computed from zero-dimensional zigzag persistence diagrams
induced by ¢ whenever the neural network function ¢ is Morse, which occurs in several
neural network architectures (Kurochkin, 2021), and X is a hypercube. This regularization
term was the first to use the differentiability properties of persistent homology, studied and
introduced in parallel by Leygonie et al. (2022) and by Carriere et al. (2021). The capacity
of the term was studied for a simple kernel logistic regression, that was compared to other
non-deep learning models such as KNN, logistic regression, or SVM, among others, trained
with L' and L? regularization terms. The experiments were performed in synthetic and
real datasets, where the real datasets came from the UCI dataset bank (Kelly et al.) and
from two biomedical datasets (Yuan et al., 2014; Ni et al., 2018). In most cases, the model
trained with the topological regularizer outperformed the rest of the models. However, no
deep learning models were involved, and a further experimentation is needed to see the
efficacy of this approach for neural networks.

Decision boundaries of a hypothesis set

Previous articles have studied decision regions and boundaries for specific instances of neural
networks, that is, pairs consisting of an architecture a and a particular set of parameters 6.
Petri and Leitao (2020) study the topology of all possible decision boundaries given by a
hypothesis set F, e of a given fixed architecture a, and a given fixed set of possible pa-
rameters ©. The objective of this study is to associate a topological diversity measure to a
particular hypothesis set F, g that characterizes the diversity in the topology of the different
decision boundaries induced by the hypothesis set. To do this, a sample is first taken with a
large number of possible parameters {61, ...,0,,} C ©. Then, for each parameter 0;, i € [m],
the zero and one-dimensional Vietoris—Rips persistence diagrams D(Vi(VR(P;, ||-||2))) of a
sample of points P; from an approximation of the decision boundary of the neural network
with architecture a and parameters 6; are computed. Finally, topological diversity measures
of the hypothesis set are given by the spread of the metric spaces (Willerton, 2015) whose
points are the computed persistence diagrams for a fixed dimension and whose distance is
a g-Wasserstein distance for a fixed ¢ € N. To approximate spreads, which are computa-
tionally expensive to compute, Petri and Leitdo saw that the averages of the 1-norms of
the previously computed persistence diagrams, which are easier to compute, correlate with
their spreads and thus also characterize the topological diversity of the hypothesis set.

Input space decomposition into convex polyhedra

Neural networks with a ReLU activation function ¢(z) = max(0, z) determine a decomposi-
tion of the input space into convex polyhedra that assigns to each polyhedron in the decom-
position a unique binary vector in such a way that two polyhedra share a facet if and only if
their associated binary vectors differ exactly in one component. Liu et al. (2023b) use this
polyhedral decomposition of the input space to infer the topology of manifolds embedded in
the domain of a given ReLLU neural network from a sample of their points using persistence
diagrams. To compute persistence diagrams given the sample S = {x;}I"; of the manifold
M, the proposed procedure computes the set of unique binary vectors B(S) = {b(z;)}i~,
associated with the points of the sample, where b(z;) is the binary vector associated with
the convex polyhedra in which z; lies, and then computes the Vietoris—Rips persistence
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diagrams D(Vi(VR(B(S),h))) of B(S) using the Hamming distance h, which counts the
number of different bits in the two binary strings to compare. Although this is not directly
related to neural network analysis, we firmly believe that this opens a way to study the
structure and topology of the unknown data distribution for a specific learning problem by
applying this method to large enough data samples.

Masden (2022) used polyhedral decompositions to study the topology of decision bound-
aries of small, non-trained, ReLU neural networks by attaching a polyhedral complex struc-
ture to the decomposition. Polyhedral complexes are similar to simplicial complexes, in
that they are sets of polyhedra such that every face of a polyhedron of the complex is
also in the complex, and the intersection of any two polyhedra is either empty or a face of
both. Masden found that polyhedral complexes derived from neural networks under some
technical assumptions possess a dual structure known as signed sequence cubical complexes,
and provided a polynomial time algorithm with respect to the number of non-input neu-
rons to compute both complexes, yet exponential with respect to the input dimension. The
decision boundary of the neural network corresponds to specific polyhedra, which in turn
have dual representations in the signed sequence cubical complexes, from which homology
groups for the decision boundary can be recovered under certain assumptions, such as the
need of performing a one-point compactification of the decision boundary.

Differences were found in the structure of decision boundaries in terms of their neural
network layer structures. In networks with a single hidden layer, the topology of decision
boundaries exhibited remarkable consistency across various parameter ranges, including
modifications to input data dimension and the number of hidden neurons. In contrast,
networks with two hidden layers displayed more variability in the topological distribution
of their decision boundaries.

Generative neural networks

TDA has also been used in generative deep learning. One of the most well-known models
for generative deep learning is the generative adversarial network (GAN) (Goodfellow et al.,
2014). Roughly, generative adversarial networks try to generate synthetic samples from a
real data space X C R? distributed by an unknown function Px. To do this, generative
adversarial models are composed of two neural networks, the generator G, and the discrim-
inator S, with functions ¢g: Z — R? and ¢s: R? — {0, 1}, respectively, where Z is a space
distributed by a known distribution Pz. We refer to Z as the noise space of the generative
adversarial network. The generator is the neural network whose objective is to generate
synthetic samples from samples from the noise space. On the other hand, the discriminator
is the network that, given a sample, generated by G or sampled from the real data space
X, tries to distinguish between the two. The training of the generative adversarial network
is performed by training the generator and the discriminator in an adversarial way, that
is, the generator tries to fool the discriminator and the discriminator tries to distinguish
between the synthetic and the real samples.

One of the problems with generative models is the evaluation procedure. Quantitative
evaluation of the quality of a model is not straightforward. To this end, Khrulkov and Os-
eledets (2018) propose the Geometry Score, a persistent homology-based quality metric for
generative adversarial networks. This metric is based on the following three assumptions:
1. The higher the quality of the generator, the more similar are the spaces supp(Px) and
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¢g(supp(Pz)); 2. supp(Px) is concentrated in a manifold M x and ¢g(supp(Pz)) is a man-
ifold; 3. The higher the similarity between the spaces Mx and ¢g(supp(Pz)), the higher
the similarity between their topologies. Note that the first part of the second assumption
is the manifold hypothesis, and it may not hold in general scenarios (Von Rohrscheidt and
Rieck, 2023). However, this detail is irrelevant for persistent homology of point clouds, as
it works for samples of spaces with or without a topology.

To compare both spaces M x and ¢g(supp(Pz)), Khrulkov and Oseledets compute per-
sistence modules of witness filtrations (de Silva and Carlsson, 2004) for samples from X and
og(supp(Pz)), asuming that the samples taken from X are also contained in M x. Witness
filtrations have the advantage that they are usually efficient even for big point clouds, al-
though they may be more challenging to use effectively. Given a point cloud (P,d), a subset
of landmarks L C P, and a > 0, the a-witness complex of (P, d) with landmarks L is the
simplicial complex

W(P,Lya,d)={c CL:Jwe XVicoVl'€e Lo, dw,1)? <dw,l')*+a}. (11)

Choosing amax > 0, we have that Wa,,.. = (W(P, L, o, d)),cio, ama,] 15 @ filtration of
simplicial complexes that induces a persistence module Vi (W, . ) where, for ¢ > amax, all

the vector spaces forming the persistence module are equal to the one corresponding to the
value t = amax.

To measure the difference between the two persistence modules induced by the spaces
Mx and ¢g(supp(Pz)), Khrulkov and Oseledets define the relative living times RLT of
i-features for k-dimensional homology, given by

M({Oé € [Oaamax} : Bk(W(Pvac)‘?d)) = Z})

Omax

RLT(i,k, P, L,d) =

(12)

Note that the persistence modules, and thus the relative living times, are dependent on a
choice of landmarks L. To minimize the effect of this dependency, Khrulkov and Oseledets
set a fixed size of the set of landmarks L and compute the mean relative living times, given
by the expectation of the relative living times over all possible choices of landmarks L of the
fixed size, i.e., MRLT(i, k, P,d) = EL[RLT (i, k, P, L,d)]. Finally, the Geometry Score of a
generative adversarial network G is given by the squared differences of all the mean relative
living times for all the ¢ for the 1-dimensional persistence modules generated by samples
P and P’ equipped with the same dissimilarity function d from X and ¢g(supp(Pz)),
respectively, that is,

S, (MLRT(4, 1, P,d) — MLRT(i, 1, P', d))*.

The validity of the Geometry Score as a quality metric was proved in several experiments.
For example, it was ratified that the WGAN-GP (Gulrajani et al., 2017) is better than
the WGAN model (Arjovsky et al., 2017), a well-known result, for the MNIST dataset.
Additionally, the Geometry Score was able to distinguish between good and bad generative
models derived from the DCGAN architecture (Radford et al., 2016) trained on the CelebA
dataset (Liu et al., 2015).

In a very similar fashion, but with a simpler approach, Charlier et al. (2019) propose
to compare generative models, this time not necessarily restricted to GAN models, by
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directly comparing the zero and one-dimensional persistence diagrams induced by Vietoris—
Rips filtrations of samples taken from the real data distribution and from the generative
model using the bottleneck distance. In this case, the experiments compared four different
generative models in the credit card fraud detection dataset (cre). These models were
WGAN and WGAN-GP together with WAE (Tolstikhin et al., 2018) and VAE (Kingma
and Welling, 2014). In this case too, WGAN-GP was shown to produce better results than
the other models.

The two aforementioned approaches evaluating the quality of generative models were
based on comparing the topology of real and synthetic data by means of persistent homol-
ogy. However, they are not the usual choices in the generative deep learning community,
where scores such as the Fréchet inception distance (Heusel et al., 2017) or a numerical ap-
proximation of precision and recall (Sajjadi et al., 2018) are currently preferred to evaluate
generative models. Kim et al. (2023) propose an alternative way to approximate precision
and recall scores using an approximation of the support of the data distributions based on
preimages of kernel density estimators (KDE) that preserve the topology of the support of a
smoothed version of the real and synthetic data distributions. Their approximation is based
on results of Fasy et al. (2014, Method IV), where it is argued that persistence diagrams
from superlevel set persistence modules may carry topological information from the sup-
port of the data distribution. Specifically, the supports of the real and synthetic data are
approximated by the superlevel sets (pr, ) [c;, 00) and (pp,) [cs, 00), respectively, where
and py, are KDEs for real and synthetic datasets D, and Ds given by

P (@ ,D|zhd ( P),

where h > 0 and K are the bandwidth and kernel of the KDEs, selected beforehand, and ¢,
and ¢, are confidence bands for a given significance value «, obtained using bootstrap over
the datasets D, and D, with the condition that

hr

|hn|11nf P (|Iphy — Pholloo < Co) =1 —ay
where py,. and py,, are smoothed versions of the real and synthetic data distributions, respec-
tively (Fasy et al., 2014, Equation (26)). By the stability theorems (Cohen-Steiner et al.,
2007), the confidence bands ¢, and ¢, also bound the distances between the persistence di-
agrams coming from the functions py, and pp, with probability 1 — «, allowing one to study
which points in the persistence diagrams generated from the data samples Do by pp, can be
considered noise with respect to the persistence diagrams generated by py,,; see Fasy et al.
(2014, Section 4). The superlevel sets (ph,) ![ce,00) are regions which intend to induce
persistence diagrams without noisy points according to the previous confidence bands, thus
recovering supports with similar topology to the topology of the support of the smoothed
data distributions measured by the distances between their respective persistence diagrams.

Under some technical assumptions, the precision and recall scores approximated using
the superlevel sets proposed by Kim et al. become close to the real precision and recall from
the distribution as more examples are added to the datasets D, and D,. The approximation
is done with robustness, meaning that it holds even with data possibly corrupted by noise.
The suitability of the new metrics was tested on several synthetic and real scenarios, where
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the metric accurately describes the differences between real and synthetic data distributions
in several scenarios where other metrics struggle to evaluate differences. Also, the Fl-score
computed from the precision and recall approximations ranked different generative models
such as StyleGAN2 (Karras et al., 2020), ReACGAN (Kang et al., 2021), among others,
as the FID metric, the primary metric to score generative models in the moment of the
publication of this survey, making this metric consistent with the state-of-the-art knowledge
about the quality of generative models.

A class of generative models create synthetic data transforming values from a latent
space Z to the real data space X via a function G: Z — X. For such generative models,
a desirable property is to be able to control the attributes of the generated samples. One
approach to controlling attributes involves designing generative models that map from the
latent space to the data space in such a way that the latent space Z can be factored into
subspaces corresponding to factors of variation of the data generated, meaning that if one
changes the value of a subspace associated with a factor of variation in the latent space,
then the generated data change only in this source of variation. A model that satisfies this
property is said to be disentangled. For a formal discussion of disentanglement, we refer
the reader to Higgins et al. (2018). Preliminary work on disentangling generative models
using topological data analysis to build regularization terms can be found in Balabin et al.
(2023). In this work, regularization terms are based on the differences between generated
data from two samples from the latent space using the representation topology divergence,
a method to compare point clouds topologically which is reviewed in Section 3.3.2.

Measuring a model’s entanglement is challenging, and there is no canonical way to
do it. Zhou et al. (2021) propose two measures of disentanglement, one unsupervised and
one supervised, using topological data analysis. Although they perform similarly to other
disentanglement metrics, these measures do not require some strong assumptions about the
dataset or the model, except for the (weak) hypothesis that Im(G) is a manifold for the
unsupervised case and the more unrealistic assumption that the data space is a manifold
for the supervised case. Roughly, these measures are based on two fundamental ideas
for disentangled models: 1. The family of submanifolds of Im(G) yielded by the images
of G restricted to the different values of the same subspace corresponding to a factor of
variation are pairwise homeomorphic and thus have the same topology; 2. Submanifolds
corresponding to different factors of variation are usually not homeomorphic.

The measures, based on the above ideas, penalize inconsistent topologies from the same
factor of variation but reward topological differences between separate factors. However,
the association of the latent dimensions of Z with the factors of variation is often unknown.
Also, in practice, it is impossible to compute the full submanifolds for each restriction. To
address this, the topological differences between the submanifolds of the different factors
of variation are approximated by the topological differences of the submanifolds induced
by the latent variables. Specifically, submanifolds are computed fixing values for the latent
variables instead of for the factors of variation, and the topology for each submanifold is
characterized by relative living times, that only need samples from the submanifolds. Then,
Wasserstein barycenters (Agueh and Carlier, 2011) are calculated for each latent dimension
from the relative leaving times, leading to a dissimilarity matrix M based on the pairwise
Wasserstein distances between the Wasserstein barycenters. This matrix, processed by a
(co)clustering algorithm, produces another dissimilarity matrix M’ measuring the topolog-
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ical similarities of ¢ different probable factors of variation, from which the unsupervised
disentanglement measure is derived as

C

p=tr(M') — ( D> M- tr(M’)> : (13)

i=1 j=1

The supervised version, assuming that the data space is already factored into subspaces
corresponding to the factors of variation, differs by generating the matrix M, this time
not necessarily squared, as a Wasserstein dissimilarity matrix between the Wasserstein
barycenters of the latent variables and of the factored real data. Finally, the supervised
metric is calculated as in Equation (13) for the leading principal submatrix of M’, generated
from M as before, taking the first ¢ rows and columns.

This metric was compared to other state-of-the-art disentanglement measures on three
different datasets, dSprites (Matthey et al., 2017), a dataset to specifically test disentangle-
ment of generative models, CelebA, and Celeba-HQ (Karras et al., 2018), for ten different
architectures including the aforementioned VAE and WGAN-GP, among others. In particu-
lar, it was shown that both, the unsupervised and the supervised proposed disentanglement
metrics ranked models similarly to the other reference disentanglement metrics.

3.3 Internal representations and activations

Most of the research presented in this survey belongs to this section. Here, we mainly focus
on neural network weights and activations. Weights 6(N) are arguably one of the most
important parts of neural networks, as they determine their functions alongside architectures
a(N). Therefore, selecting the appropriate weights when training is key to ensuring that
neural networks perform effectively. On the other hand, activations are the result of the
computations performed by the neural network A on the input data z € X, and therefore
are key to understand the behavior of neural networks and their properties.

The use of TDA to analyze weights and activations is divided into two approaches. The
first one, more qualitatively, is the use of Mapper, sometimes supported by some (persistent)
homological computations, to understand the structure of the internal representations of
neural networks. The second, more quantitatively, is the use of (persistent) homology to
extract topological features of the internal representations of neural networks and link them
with different properties of the networks, such as their generalization capabilities.

3.3.1 MAPPER

This subsection is organized into two categories: first, those articles that apply Mapper to
point clouds derived from weights, and second, those that utilize Mapper on point clouds
resulting from activations.

Mapper on weights

Two seminal papers by Carlsson and Briiel Gabrielsson published in 2019 and a follow-up in
2020, stand as early explorations of the use of Mapper to analyze internal representations
of FCFNNs, specifically CNNs. These papers focus on the topology and distribution of
convolutional filter weights within the same layer of CNNs.
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Figure 7: Mapper graphs reproduced with permission from Briiel Gabrielsson and Carlsson
(2019) of the convolutional filter weights from layer 2 to 13 of a trained VGG-
16 network. Vertex colors indicate size, increasing from blue to red. Matrices
surrounding each Mapper graph are averages of filter weights located at nodes
near the matrix, representing filters of the corresponding area of the graph.

Consider a CNN with architecture a. Let i be a convolutional layer containing filters
C’fz),...,C’C(zz) each of dimensions h x w x =Y. Here, h x w denotes the size of the

convolution, ¢(~1) denotes the number of channels in layer i — 1, and ¢(? denotes the
number of channels in layer i after convolution. Given ¢ independently trained instances of
this architecture, Mapper graphs are generated for a subset of the ¢ - =1 . () vectors of
dimension h x w derived from the convolutions across all ¢("=1) channels and ¢ filters.

In simple CNN architectures, comprising two convolutions, two pooling layers, and a
fully connected output layer trained on the MNIST dataset, the Mapper graphs of the
first convolutional layer closely resembled topological models of 3 x 3 patches of natural
images that were previously identified by Carlsson et al. (2008). This suggests that CNNs
may capture inherent topological features of data during learning. Similar experiments
were carried out on the CIFAR-10 dataset using architectures similar to those used for
MNIST. Here, the results varied: some Mapper graphs resembled previously discovered
topological models, while others exhibited new Mapper configurations. Mapper graphs
of more advanced architectures VGG-16 and VGG-19, pretrained on ImageNet, were also
analyzed. For example, in VGG-16, all convolutional layers except the first and thirteenth
ones displayed a circle as the dominant topological structure, consistent with findings in
natural image patches. Also, it was observed that in the first layers of the network, the
topological structures were simpler than in the other ones. Figure 7 displays the Mapper
graphs for all convolutional layers in VGG-16, except the first one.
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These Mapper graphs were related to generalization. On the one hand, more powerful
networks appeared to learn simpler topological structures in the first layers, as seen in VGG-
16, suggesting a possible correlation between the topological complexity of the network’s
weights and its generalization capabilities. On the other hand, constraints on the param-
eter space of neural networks based on previously identified weight topological structures
improved network generalization. These topological structures also helped preprocess the
input data to obtain an increase in accuracy without modifying the network.

Building on the previous insights and the success of convolutional neural networks,
Carlsson and Briiel Gabrielsson proposed three ways to generalize convolutions to layers that
take into account the topology of the data. This is continued in Love et al. (2020), where
topological CNNs, which encompass several topologically defined convolutional methods,
are introduced.

Gabella (2021) proposed to use Mapper to study the evolution of weights through the
training process for a fixed layer of a FCFNN. In this case, Mapper graphs were built using
the DBSCAN clustering algorithm. Two different filter functions were used: the (%> norm and
the projection to the three principal components of the Mapper input points. Given a
FCFNN trained in n steps and a layer [ with V; neurons, Mapper simplicial complexes were
computed with a point cloud of n- N; points of dimension N;_1, each point representing the
weights of the N;_; incident edges to a neuron of layer [ at a step of the training process.

In a first experiment, Gabella trained an FCFNN in MNIST with only one hidden layer
of 100 neurons, setting the bias values to zero and initializing the weights to zero. Using
the [? function, the Mapper graph produced with the {? function and the output layer had
ten different branches, the same number as the number of classes in the dataset. For the
hidden layer, only twelve distinct branches were produced, much less than the number of
neurons. This suggests that the number of branches in this Mapper graph configuration
could capture the real expressiveness of a neural network layer —in this context, the real
expressiveness of a neural network layer is a loose term. With it, we refer to a measure
quantifying the differences between the functions induced by each neuron on the layer .
The higher the differences in activations for the different neurons in the layer, the higher
this real expressiveness. The branching patterns in the Mapper graph were correlated with
the accuracy of the model in each training phase, supporting the previous claim.

In a second experiment, performed with an FCFNN with two hidden layers, each con-
taining 100 neurons, and weights initialized randomly following a normal distribution, the
Mapper graph for the output layer also contained ten branches. However, for the first hid-
den layer, PCA projections of the weights studied seemed to distribute in a tree evolving
in parallel on top of a smooth surface, and a Mapper surface generated using the first three
principal components of the points further confirmed this fact. This surface was remarkably
robust under variations in the training parameters and the initial weights.

Mapper on activations

Mapper has also been used to analyze the structure of neural network activations. TopoAct,
by Rathore et al. (2021), was proposed as a visual exploration system to study the topology
of activation vectors in fixed layers of neural networks. TopoAct uses the [? norms of the
activation vectors and DBSCAN as the filter function and the clustering algorithm, respec-
tively. The image cover of the filter function is built using an algorithm considering a fixed
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number of cover sets with a fixed percentage of overlap between them. Finally, each Mapper
node is augmented with some feature visualization techniques or statistical data to obtain
more insight into the activations that comprise it.

One of the visualization techniques proposed by Rathore et al. was the computation of
activation images for the activations collected in each node and for its average. Activation
images, given an activation vector or an average of them, are idealized images that would
have produced the activations via an iterative optimization process proposed by Olah et al.
(2017, 2018). Other statistical data proposed by Purvine et al. (2023) to describe Mapper
nodes were: 1. Pie charts showing the composition of class labels in that node, associating to
each activation vector the label of the image that generated the activation vector; 2. Node—
wise purity, defined as a; = 0;1 where ¢; is the number of class labels in the Mapper node i;
3. Class-wise purity, defined as v, = |Jy\_1 Yoz s, Ba, where Jy is the set of activations in

the Mapper graph associated to the class y and 8, = |[I| ™" > ic1, i, with I, being the set
of nodes in the Mapper graph containing the activation .

The construction method for activation vectors varies depending on the type of layer
under consideration. The convolutional layer emerged as the most extensively studied using
TopoAct among the articles analyzed in this survey. For convolutional layers with output
values of dimension h X w X ¢, Rathore et al. (2021) proposed to compute activations for each
input value by randomly selecting two indices i, j € [h] X [w] and taking the ¢ dimensional
vector obtained by fixing the dimensions i,j of the output. Later, two other sampling
methods for activation vectors were proposed by Purvine et al. (2023): 1. Sampling all the
possible h - w activations vectors for all possible pairs of indices 4, j; 2. Sampling activations
such that the indices 7,7 whose receptive fields are associated with the most quantity of
background or foreground pixels in the inputs are the ones selected.

For pretrained versions of InceptionV1 (Szegedy et al., 2015), BERT (Devlin et al.,
2019), and ResNet-18 (He et al., 2016) the Mapper graphs generated by TopoAct carried
meaningful information. For InceptionV1, Rathore et al. observed that branches in the
Mapper graphs corresponded to activations containing different features of the inputs. For
example, the activation images for one bifurcation showed that the nodes of one branch
were associated with animal legs, while the nodes of the other were associated with distorted
faces. Similarly, loops of nodes were associated with different aspects of the same underlying
objects. An example of this was found in a loop that contained six nodes, each representing
different features (body parts) of a set of animals, including dogs and foxes. For BERT, a
language representation model, Mapper graphs showed a similar behavior separating word
representations, where branches seemed to separate contextual meaning of similar words.

For ResNet-18, Rathore et al. observed branching patterns similar to those seen in
the InceptionV1 model, suggesting that TopoAct results are not specific to a particular
dataset or architecture. Furthermore, Purvine et al. observed that the complete and random
activation sampling methods yielded similar bifurcation patterns. For the sampling method
associated with the most background or foreground pixels in the input images, notable class
bifurcations, that is, branches in the graph separating activations associated with different
labels, seemed to appear at earlier layers, although this is not evident from the experiments.
In general, node-wise and class-wise purity were found to be higher in deeper layers for all
the sampling methods, confirming the idea that models get better at separating the classes
the deeper they go.
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Purvine et al. also proposed a dissimilarity measure to quantitatively compare two layers.
This dissimilarity is given by the sliced Wasserstein distances of the persistence diagrams
induced by samples of the activations of both layers. Specifically, the activations with the
highest 12 norms are taken. However, although the measure was robust to different weight
initializations, the dissimilarity did not pass some sensitivity tests proposed by (Ding et al.,
2021) that reasonable measures between layers should pass.

TopoAct has also been used by Zhou et al. (2023) to analyze the effect of adversarial
examples in neural networks using the Mapper graphs of one of their deepest layers com-
puted with the training dataset. Specifically, Mapper graphs are studied using a variant
of the node-wise purity introduced in Rathore et al. (2023). For a node i, the purity of ¢
is 1 — H(D;)/H(D) where H denotes the Shannon entropy of a distribution, D; denotes
the observed distribution of labels for the points in the node ¢, and D denotes a uniform
distribution of all labels. This purity reaches 1 whenever all points in X are of the same
class and 0 when points are distributed uniformly over all classes. Zhou et al. studied how
performing adversarial trainings, i.e., training networks with adversarial examples, affects
the configuration of a Mapper graph. The experiments were performed in two scenarios:
1. Training a simple FCFNN model with MNIST; 2. Training a ResNet-18 with CIFAR-10.

In the first case, where no overfitting was observed during training, impure nodes, that
is, nodes that do not contain a dominant label in them, of the neural network trained
without adversarial examples captured decision boundaries. Also, the higher the attack,
that is, the bigger the perturbations made to the original examples, the higher the number
of nodes with low accuracy in the Mapper graphs, i.e., the higher the number of nodes
containing activations coming from inputs that were misclassified.

In the second case, where overfitting was observed, the higher the attack, the lower the
weighted average purity, and the lower the test accuracy, where the purity is weighted by the
number of activations in each node divided by the total number of activations in the Mapper
graph. The observation that the model is overfitting and that the purity decreases with the
attack suggests that, in this case, the impure nodes also captured decision boundaries.

Based on such observations, Zhou et al. propose to improve the robustness of adversar-
ially trained neural networks by selecting misclassified activations from low-accuracy nodes
on the mapper graph and using them to refine the model. For the FCFNN network in
MNIST, this procedure marginally improved the accuracy of the model. However, for the
ResNet-18 in CIFAR-10, this procedure had no effect.

3.3.2 HOMOLOGY AND PERSISTENT HOMOLOGY

The literature has a wealth of methods to leverage the information provided by (persistent)
homology features induced by activations and weights of neural networks. We divide this
section into six blocks, each representing a space of internal representations in which TDA
is applied, as follows: 1. Activations in the complete neural network graph; 2. Activations
for each layer; 3. Weights in the complete neural network graph; 4. Weights layer by layer;
5. Activations whose dissimilarities depend on the weights; and 6. Generic spaces.

Activations in the complete neural network graph

The (persistent) homology of activation vectors has been successfully used to analyze many
aspects of deep neural networks, such as their generalization or interpretability. In an
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early study within this section, Corneanu et al. (2019) analyzed how diverse topological
information extracted from the set of neuron activations of neural networks was correlated
with their generalization capabilities. The neuron activations were studied for the complete
graph at the same time, and the activation vector Uy for each neuron v} was taken as

i

a = (S0 00 @)

for a fixed set of inputs D = {z;}"; to the neural network N, in this article a (sub)set of
the training dataset.

In their first experiments, Corneanu et al. studied how the number of simplices of
Vietoris—Rips simplicial complexes, given by the formula

S(n) =|o € VRy(P,dy) : dim(c) = n|,

varied during several training processes of a LeNet neural network architecture (Lecun
et al., 1998). Given a neural network N and a fixed value T, Vietoris—Rips simplicial
complexes were computed from point clouds (P,d}) induced from a weighted connected
graph Fr such that: 1. The vertices are a subset of neurons of A; 2. Edges are weighted by
wg({v,w}) = |corr(ay, ay)|, where corr is the sample Pearson correlation and a, and a,, are
the activation vectors of the neuron v and w, respectively; 3. An edge {v,w} is in E(Fy)
if wp({v,w}) > T; 4. Only edge endpoints are added to the vertex set. The parameter ¢
for the Vietoris—Rips simplicial complexes was chosen such that the density p; of the edges
with non-zero correlation for the parameter ¢, given by

_ {o = {v,w} € VRy(P,d)}) : dim(c) =1 and |corr(ay,as)| > 0}|
{o = {v,w} € |[E(Fyr) : |corr(ay, ay)| > 0|} ’

Pt

was near to 0.25. In the experiments, it was found that, the higher the area under the curve
of S(n), the better the generalization capabilities of the neural network. In particular, it
was shown that, for such training procedures, the function S(n) is capable of distinguishing
between the three main regimes given during training: underfitting, generalization, and
overfitting. That is, the training process starts with a small area under S(n) (underfitting
regime), then S(n) grows and achieves its maximum value (generalization regime), and then
decreases again (overfitting regime).

The previous results motivated more involved experiments to see the relationship be-
tween the topological properties of the activations of neural networks and their generaliza-
tion capacity. In particular, a new functional graph Fas is built to induce Vietoris—Rips
filtrations to extract sharper topological information about the network. In this case, the
functional graph is complete, its set of vertices is a fixed (sub)set of neurons of N, and its
weights are given by a correlation dissimilarity wg({v,w}) = 1 — |corr(ay, aw)|. Here Far
induces point clouds (P,d) of neurons where P = V(§xr) and d = wg. From this point
cloud (P, d), generated again during several training procedures of a LeNet neural network,
Corneanu et al. computed persistence diagrams D(V;(VR(P,d))) for k € {1,2,3} and a
normalized version of their Betti curves bg(t) = [{(b,d) € D(Vi(VR(P,d))) : t € [b,d)}| to
study the evolution of the topology during training again.

During the first epochs, it was observed that the highest values of these curves moved
from the left part of the domain to the right for k € [3]. However, when the training entered
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into the overfitting regime, the maximum values of the normalized Betti curves moved again
to the left part. Due to the behaviour of the normalized Betti curves, Corneanu et al.
proposed an early stopping of the training whenever it started moving the maximum values
of Betti curves to the left again. Also, Corneanu et al. used normalized Betti curves to
detect sets of adversarial examples, if any.

The observed evolution of Betti curves suggests that the topological correlation structure
of the activations of neural networks is highly related with their capacity to generalize to the
whole data distribution. This was further studied by Corneanu et al. (2020) and Ballester
et al. (2023b), who used persistence diagrams D(Vy(VR(P,d))) of dimensions k € {0,1} to
predict the generalization gap, that is, the difference between training and test accuracies.

First, Corneanu et al. proposed to predict the generalization gap by performing a lin-
ear regression with independent variables chosen to be two persistence summaries, namely
average persistence A and average midlife u, given by

1 1 d+b
A(D) = D] » d-b, u(D) = D] > —5
(b,d)eD (b,d)eD

respectively. This approach seemed to work on controlled computer vision scenarios. Fol-
lowing these results, Ballester et al. (2023b) extended previous work by studying more
networks with different generalization gaps extracted from the first and second tasks of the
Predicting Generalization in Deep Learning NeurIPS challenge (Jiang et al., 2020a). In this
study, more persistence summaries were tested, such as persistent entropy (Atienza et al.,
2020), persistence pooling vectors (Bonis et al., 2016), and complex polynomials (Di Fabio
and Ferri, 2015), among others.

The problem with the aforementioned approach is that it does not scale properly for
the more complex networks analyzed in Ballester et al. (2023b). Due to the high number of
neurons in larger neural networks and the high number of training examples in the datasets,
computing persistence diagrams for the whole set of neurons and training examples was un-
feasible. To alleviate this problem, Ballester et al. proposed to generate multiple persistence
diagrams from uniform samples of the dataset and from neuron samples using a probability
distribution where neurons with higher activations in absolute value had a higher chance
of being sampled than neurons with lower activations. From the corresponding persistence
diagrams, persistence summaries are computed and then bootstrapped to perform linear
regression to predict the generalization gap.

The best persistence summaries to predict generalization gaps in this line of work were
a combination of statistical measures —such as averages and standard deviations— of the
points in persistence diagrams. In particular, fixing some sources of variability of the
networks affecting their depth, Ballester et al. found a correlation between the averages
and standard deviations of the second coordinates of zero- and one-dimensional persistence
diagram points and the generalization gap of their associated networks. These insights and
methods were further studied and used in a follow-up article by Ballester et al. (2023a) to
develop regularization terms that minimize pairwise correlations between neurons.

A very similar approach was used to detect trojaned neural networks. A brief explana-
tion of trojaned neural networks can be found in Section 2.4.4. Zheng et al. (2021) propose to
build zero- and one-dimensional Vietoris—Rips persistence modules from activations as in the
previous works but replacing the Pearson correlation coefficient in absolute value by a more
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general correlation coefficient measure. For such persistence modules, Zheng et al. found a
significant difference between clean and trojaned neural network persistence diagrams for
both synthetic and real-world experiments, where the real-world experiments comprised
training 70 ResNet18 using a clean MNIST dataset and another 70 with a trojaned MNIST
counterpart. The average death time of zero persistence diagrams was particularly signifi-
cant for segregating persistence diagrams from clean and trojaned neural networks, where
averages were significantly lower than those of clean models. Also, by manual inspection of
cycle representatives of the points of persistence diagrams, it was observed that trojaned
models contained edges connecting shallow and deep layers, a phenomenon that did not
happen for clean models. With this in mind, Zheng et al. trained basic FCFNN mod-
els to detect trojaned convolutional neural networks trained on MNIST, CIFAR10 and the
TARPA /NIST TrojAI competition (of Standards and Technology) datasets using persistence
summaries from the persistence diagrams of the networks as input. These models resulted
in higher performance than those for other state-of-the-art trojan detection algorithms.

Activations for each layer

While in previous works the topology of the activations was studied globally, Naitzat et al.
(2020) studied the evolution of the activations layer by layer in FCFNNs for binary clas-
sification problems in an extensive set of experiments. For data samples D; from one of
the classes ¢ € [2] at a time, the evolution of the (persistent) homology of D; through the
different layers is analyzed. In particular, for each example x € D; and each layer [ in
an FCFNN N/, an activation vector al is computed by taking the vector composed of the
different activation values of the neurons given the example x in layer [, that is,

aé = ((Z)X)(x)l)? S\lf)(x)Nz) .

Then, persistent homology is computed from Vietoris—Rips filtrations of the point clouds
D! = {d}, : z € D;} for each layer [.

The experiments were divided into two different scenarios: synthetic and real datasets.
For the first scenario, the datasets were samples from spaces with known topology. For
the second scenario, the datasets were simplified and binarized classification versions of
several known datasets, such as MNIST. In both cases, FCFNNs were trained with different
architectures, different training parameters, and almost zero training error.

For the synthetic datasets, the evolution of Betti numbers was studied for different di-
mensions k of Vietoris—Rips complexes of fixed value ¢. The dissimilarity for these complexes
was chosen to be the graph geodesic distance on the k-nearest neighbors graph applied to
the point clouds Dé. For a fixed sample D; and a fixed neural network N, the parameters
t and k were selected in such a way that bo(VR:(D;)), b1(VR(D;)), and ba(VR(D;)) were
equal to the first three (known) Betti numbers of the space from which the dataset D;
was sampled. However, due to the difficulty in selecting good parameters ¢t and k for the
real data, persistence diagrams of the activations for each layer were instead studied in the
second scenario.

For the synthetic scenario, Naitzat et al. observed a decay of the different Betti numbers
by, through the layers. This decay was slower through different experiments for completely
smooth functions than for ReLU-like (ReLU and leaky ReLU) activation functions for di-
mension zero. The number of layers needed to perform this topological simplification varied
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according to the topology of the initial data. Narrow layers, that is, those with few neurons
per layer, appeared to simplify the topology faster than their wider counterparts. Bottle-
neck architectures, i.e., architectures with decreasing numbers of neurons per layer, seemed
to force larger topological changes in the data than networks with constant number of neu-
rons per layer. Also, depth did not seem to influence the way the topological simplifications
are distributed across the layers: initial layers did not seem to perform many topologi-
cal simplifications, in general. Thus, reducing depth simply concentrated the topological
simplifications in the last layers. This topological simplification was also observed in the
persistent diagrams of the activations for the real datasets in simpler networks than the ones
used for the synthetic scenario, where the number of points and their persistence across all
dimensions diminished through layers.

The previous observations were contradicted by Wheeler et al. (2021). In this work, evo-
lution of the topology of the activations through the different layers of FCFNNs for synthetic
and real data was studied again. However, this time, the activations and distances between
them were preprocessed and slightly modified depending on the experiments performed to
build a point cloud. From such preprocessed point clouds, Vietoris—Rips persistence dia-
grams were computed using the usual Euclidean distance between vectors. Finally, instead
of studying Betti numbers or persistence diagrams directly, Wheeler et al. computed persis-
tence landscapes )\ﬁC = ()\2’1, )\2,2, .. ) derived from the persistence diagrams for each layer
for different homological degrees k.

In the previous work, Betti numbers were used to quantify the topological complexity
of activations in a given layer. Persistence landscapes also allow one to define topological
complexities over point clouds. Specifically, given a persistence landscape A coming from the
point cloud, one way to measure its complexity is to measure the area under its curves \;.
The sum of these areas defines an inner product

(AN = i/oo N ()N (t) dt,
i=1Y ">

that induces a norm ||A|| = 1/(\,A). The higher the norm, the higher the topological
complexity of the point cloud. This topological complexity measure was the one used by
Wheeler et al. to measure the topological evolution of the activations computing it layer by
layer, fixing a homological degree k.

The results for synthetic data were similar to the previous ones: for FCFNNs with
11 layers with ReLU activation functions except for the output one, trained to perfect
accuracy with 100 different initialization weights, topological complexities were observed to
decay through the last layers, where the best weight configurations decayed faster on average
than their worse counterparts. However, for the first layers, the topological complexities
increased layer by layer. More strikingly, for FCFNNs trained to near-perfect accuracy with
7 layers distributed following a bottleneck architecture with ReLU activation functions
except for the output one, topological complexities were observed to increase in the last
layers on average and only decreased in the first layers. Observations on these two different
architectures question the previous results by Naitzat et al. and motivate further research.

Another promising approach, deeply related to the study of the decision regions, is the
analysis of the topology of the activations of the output layer. The fundamental hypothesis
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is similar to what was found in Naitzat et al. (2020): the easier the topology of the last layer,
the more robust, and thus the better, the neural network. In this regard, Akai et al. (2021)
studied the zero and one-dimensional Vietoris—Rips persistence diagrams of the last-layer
activations, taken as in the previous articles, using the usual Euclidean distance. Although
they did not prove the main hypothesis and could not relate network performance with
output layer topology, it is a first step towards this direction.

Intuitively, the topology of the activations for inputs of the same class must be similar.
Based on this hypothesis, Zhao and Zhang (2022) propose a way to measure the quality of
convolutional filters for individual channels of convolutional layers in neural networks for
classification problems. In this work, the inputs are squared images, and we assume that the
widths and heights of convolutional layer outputs are also equal. To compare the topology
of the activations produced by the convolutional filters of interest, undirected weighted fully
connected graphs are built. For a layer I, channel ¢ € [¢=V], and input sample z, the filter
graph CL° is generated such that V(C%%) = [h] and

wi({i, ) = max (60 @)iger 6% (2)sic)

for 4,5 € [¢=V], where (255\? (z)jic is the (i,7,¢) output value of N for the I-th convo-
lutional layer given x. For each of these graphs, Zhao and Zhang computed the infi-
mum of the support of the associated Betti curves coming from the persistence module
Vl(VRl(V(Ci’C),dE)), which is directly related to the time in which the first non-trivial
cycle, i.e., not given by a combination of triangles, appears in the filtration. We denote this
minimum by b (2,1, ¢). The values bi"(z, [, ¢) induce discrete random variables B (I, ¢, )
for each label y of the classification problem with sample space 2, the subset of samples from
the training dataset Dirain with common label y. These random variables have probability

distributions .
Pl,l,c,y(n) = ﬁ? bn = Zzer ]l{a:’ bt (e Le)=n} (z),

that capture information about the similarity of the topology of the activations given by
the convolutional filters of interest in the data distributions of the different labels of the
classification problem. This similarity can be further quantified using the entropies of the
probability distributions, given by

Hi,l,c,y = - Zio:o Pl,l,C,y(n) log Pl,l,qy(n)' (14)

The values given by Equation (14) are called feature entropies, and are the topological
summaries proposed by Zhao and Zhang to measure the quality of convolutional filters. The
infimum value bilnf may not exist in some cases. For layers and channels in which this happens
many times, the entropy approaches zero, although entropy is not really informative as it
is affected by the non-existence of infimum values. In such cases, entropy is modified as

, .
H e Hlvlﬁ,y lf 617lacay Z p’
1,Z,C,y - .
(1 —€14cy)log|Sy| otherwise,

where €1 ., is the percentage of images in class y having birth times and p the minimum
percentage of images we admit to use the real entropy, in the article, p = 0.1.
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Zhao and Zhang demonstrated the effectivity of the entropy measure to obtain informa-
tion on the quality of the convolutions and of the entire neural network for VGG-16 models
trained on the ImageNet dataset. They observed that, for well-trained neural networks, the
feature entropy continually decreased as the layers went deeper, while for random weights
this decreasement is absent. On the other hand, they observed that, during training, the
feature entropies of the last convolutional layer decreased, and were highly correlated with
the evolution of the cross entropy training loss, suggesting that feature entropies are good
indicators of the generalization of networks.

Feature entropies also were invariant to weights reescaling, a desirable property to mea-
sure the quality of the convolution operations, as reescalings of weights have no substantial
impact on the network performance in general. Additionally, randomness of the weights
was also detected by comparing the feature entropies of trained and randomly initialized
networks. Finally, for the last convolutional layers, models with better generalization were
connected to low feature entropies.

Weights in the complete neural network graph

Recall that the input values influence the output of a neural network via the different
input-output paths available in the neural network graph. The influence of each path is
characterized by the magnitudes of the weights associated with the edges in the path, which
modify the magnitudes of the activations, and thus their relevance, at each step. Watanabe
and Yamana (2022b) propose to build neural network graph filtrations taking into account
the influence of the different paths in the network.

Let N be a neural network, and vli,vlj 11 € V(G(N)) be two connected neurons in the
directed graph G(N). Formally, the relevance of the directed edge (v}, ’Ulj 1) connecting v
and vlj 41 in the output calculation is defined to be the linearly rectified weight of the edge

normalized by the sum of the linearly rectified weights of edges pointing to vl] 41, that is,

ReLU (W)
Zkz;ﬁz‘ ReLU(WIS;FI)) |

Rv,w =

The influence from a vertex v to a vertex w is characterized as the maximum product of
relevances of edges among all paths between v and w whenever v # w, and 1 otherwise:

n—1 .
R — ) AP pnw)EPw Ry po <H’i:l Rpi,PH—l) Ry, w  ifv#w,
vaw — .
1 otherwise,

where P, ,, is the set of all paths starting at v and ending at w in G(N).

The influences between vertices of a neural network induce a dissimilarity function over
the neurons of the network, which can be used to build filtrations. However, to preserve
information about edge directions, Watanabe and Yamana propose an alternative way to
build filtrations (K;);; from a monotonically decreasing sequence of indices (¢;)"_; given by

K =K?

7 t;

Ve it p =0,
= Horge -y vp, ) Rvkiﬂ’kj > t; for all k; >k} ifp>1,
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where p indicates the dimensions of the simplices of K, and the vertices V(G(N)) are
ordered in such a way that if the layer number of v; is lower or equal than the layer number
of v; then i > j.

The filtration (K;);, captures the influence of the different paths between neurons in
the neural network graph and can be easily extended to a persistence module where the
simplicial complex assigned to the time ¢t € R is K|;j for 0 <t < n, Ko for ¢t <0, and K,
for ¢ > n. Preliminary results about simple networks trained on MNIST and CIFAR-10
suggest that the distribution of points of one-dimensional persistence diagrams computed
from persistence modules coming from the previous filtration are correlated with several
properties of the network and the dataset, such as problem difficulty or network expressivity.
For example, the appearance of points near the diagonal of the persistence diagrams was
associated with a shortage of data of specific labels in the training dataset. In addition,
persistence diagrams seemed to be robust with respect to the initial weight values of the
neural network weights, yielding each architecture similar persistence diagrams for different
initializations after training. However, a more thorough study of such persistence modules
and their associated persistence diagrams is needed to understand their relationship with
the generalization capabilities of a neural network, as Watanabe and Yamana remark.

An extension of the relevance quantity for convolution and pooling operations leads to
persistence modules better suited to analyze convolutional neural networks. This extension
was presented in Watanabe and Yamana (2022a) to study the overfitting of convolutional
neural networks. Watanabe and Yamana observed that, in simple scenarios, the distribution
of the points in the one-dimensional persistence diagram was correlated with the overfitting
of the network, as measured by the difference in train and test accuracies. Specifically,
for each given architecture, the number of points near the diagonal increased according
to the increase in the dropout rate of the network used in their experiments, which was
correlated with the overfitting of the network. In addition, a high total number of points
in the persistence diagram was correlated with less underfitting in neural networks.

The observed correlation between points of persistence diagrams and generalization
of neural networks make persistence diagrams potential tools for comparing neural net-
works according to their generalization capabilities. However, straightforward persistence
diagrams were found not to be entirely suitable for comparing models with different ar-
chitectures. To address this difficulty, Watanabe and Yamana proposed a novel approach:
pruning the networks of interest using a magnitude-based strategy (Blalock et al., 2020)
before generating persistence diagrams to compare them. After selecting several groups of
neural networks to be compared, an overall high correlation between the number of points
near the diagonal of normalized persistence diagrams and overfitting of the networks of the
different groups was observed, validating the pruning method as a suitable way to generate
normalized persistence diagrams to compare different models.

A slightly modified relevance function was used in filtrations by Watanabe and Yamana
(2020) to perform edge pruning in neural networks. Using R, ,, = ‘Wi(,ljﬂ) ‘/ Dkt ‘Wéf;.rl)‘,
Watanabe and Yamana proposed the following pruning algorithm: 1. Sort points (b,d)
of one dimensional persistence diagrams by their value b + d in ascending order; 2. For
each point, choose a cycle representative ¢ of the point (b, d); 3. Select the edges contained
in the representatives in the previous step until you reach a desired number of edges to
conserve; 4. Prune the edges not selected in the previous step. This method was shown
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to be competitive with respect to the global magnitude algorithm (Blalock et al., 2020) in
terms of final accuracy of the pruned networks.

A similar approach to the one taken by Corneanu et al. (2020) and by Ballester et al.
(2023b) was proposed by Barbara et al. (2024). Barbara et al. argued that the dataset has
too much influence on the activations and thus their correlations do not capture all the
relevant information about the neural network related with generalization. Instead, they
proposed to analyze zeroth persistence diagrams D(Vy(VR(P,d))) induced by a subset P
of the vertices of a neural network A/ and dissimilarities given by the Euclidean distance
between scores based on weights associated to each vertex. The score associated to a node
v € V(G(N)) in the network graph is the relevance value S, given by

Sy = E Tw,w * O Tw,w =

(00 EBIGN)) Lwwercw)) Wl Sw  otherwise,

Wl {1 if w eV,

) 5w —
where Wy, ,, is the weight corresponding to the edge (v,w) € E(G(N)) and V7, is the set
of neurons of the output layer. This score is the HVS score for a neuron (Yacoub and
Bennani, 1997) which gives, for each neuron, a score of the neuron based on the magnitudes
of the weights of its outcoming edges, that is related to the contribution of the neuron to
the output value. The set P of points used to computed persistence diagrams is simply the
90% of neurons with highest relevance score.

To study the relationship of these diagrams with the generalization gap, Barbara et al.
trained very simple FCFNNs with two hidden layers for a variety of datasets from the UCI
Machine Learning repository (Kelly et al.). For the experiments, the generalization gap
was compared with the average persistence value of the diagram generated at each iteration
of the training procedure. Linear regression models were fitted with the generalization
gaps and average persistences during training as dependent and independent variables,
respectively. The R? values of these linear regressions were slightly greater than the ones for
the same linear regression models using the persistence diagrams computed in Ballester et al.
(2023a). However, the simplicity in the experiments performed, both in the experimental
pipeline and in the networks used, makes that further experimentation is needed to evaluate
if this approach generalizes to more complex scenarios and also improves the methods of
Ballester et al. in them.

Weights layer by layer

Layerwise topological complexities have also been studied as a function of the weights. Rieck
et al. (2019) proposed to study the so-called neural persistence. Given a non-output layer
[ of a neural network N, its neural persistence is defined as

"
NP, (V) = <E(b,d)ep |d — b\p> ’,

where D = DV (Vo (VRl(V(Gl), df))) is the zeroth persistence diagram of the weighted
complete bipartite graph G; with vertices V; U Vi1 and weights given by wy (v) = wmax
and wE({vf,vle}) = |W].(,li+1)]/wmax, where WGS?U is the weight associated to the edge
connecting the vertices vli and vlj 41,88 in Figure 2, and wyax = max; ; |Wzl j| is the maximum
weight in absolute value among all the weights of the network.
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To compare different layers from the network, Rieck et al. proposed to normalize neural
persistence by dividing it by an upper bound of the neural persistence,

NP (N) = wpay <ma ‘W(H ‘ mm ‘W(Hl D N, —1)YP,
obtaining the normalized neural persistence N\f)l(/\/' ) for each layer [. Averaging normal-
ized neural persistences over all the layers of the network, a global topological complexity
measure NP(N) is obtained.

For simple FCFNN networks trained on MNIST, neural persistence was able to dis-
tinguish clearly between properly and badly trained networks, for which the values of the
neural persistence of properly trained ones were consistently higher than for their badly
trained counterparts. Furthermore, it was observed that different regularization techniques
augmented the mean neural persistence with respect to the values of regular trained net-
works, suggesting that for a fixed architecture, the higher the neural persistence, the better
the generalization capabilities of the network. This was exploited as an early stopping
criterion for training neural networks, where the training process is completed when the
mean neural persistence NP(N) stops increasing significantly. This early stopping criterion
was found to be competitive with other early stopping criteria but without the need for a
validation dataset, whose use is not always possible due to data scarcity.

Girrbach et al. deepened more into the properties of neural persistence. On the one
hand, they discovered tighter bounds than those originally presented by Rieck et al. (2019)
for the value of neural persistence. On the other hand, they also observed that there is
a close relationship between the variance of the learned weights of deep learning models
and the neural persistence, questioning the value of the latter with respect to this simpler
measure to study the properties of the neural network, arguing that this variance may be
similarly useful for the applications showcased by Rieck et al.

Activations whose dissimilarities depend on the weights

Both weights and activations can be used together to study the topology of neural networks.
In particular, they can be used to inspect differences in the internal workings of neural net-
works for different input values. Given an input sample x and a neural network N, Gebhart
et al. (2019) proposed to analyze the zeroth persistence module Vo(VRY(V(G,), dg)) for G,
the undirected weighted graph induced by the directed neural network graph G(N) with
weights given by the formula wE({vli,vle}) |W Hl (:r)zl The weight function cap-
tures how activations are distributed through the neural network, as in the previous works.
However, in this case, activations are weighted by the weights of the neural network, which
do not necessarily depend on the example x, and which have an effect of normalization on
the influence of the input. Each persistence module is intended to capture information of
the network under the influence of input x. In this way, the differences between persistence
modules for the same network and different inputs can be used to gain insight into the
dynamics and representations used by the neural network to compute its function.

To measure the differences between persistence modules coming from the same network
N and different inputs x, 2’ quantitatively, Gebhart et al. proposed to calculate a dissim-
ilarity based on the differences between the cycle representatives of the points of the two
persistence diagrams D, = D(VO(VRl(V(Gx),dE))) and D, = D(VO(VRl(V(Gx/),dg))),
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respectively. More precisely, let {ai}gfl and {5; }LZ””I" be the representatives of the points of

D, and D,/, respectively. Each representative cycle a; and 3; is associated with a subgraph
of the graph G, and G, respectively, denoted by T; and T j’ . Build two vectors v, and v/,

with as many components as edges there are in the union of graphs (ULQ“{'Ti) U (U'ﬁ“‘i"]}’»),
respectively, where v, and v, have one in the components corresponding to the edges that

come from the union of graphs (ULQ“{'E) and (Uﬁﬁ"ﬂ), respectively, and a zero other-
wise. Then, the dissimilarity between the persistence modules generated from z and z’ is
defined as a weighed version of the Hamming distance between v, and v,/ using the persis-
tence of sthe cycle representatives associated with the edges corresponding to the different
components of the vectors as weights.

The utility and relevance of such persistence modules and their dissimilarity to the
study of neural networks was proven in several ways for simple scenarios involving the
MNIST, FashionMNIST, and CIFAR-10 datasets and three simple convolutional architec-
tures, including a variant of AlexNet (Krizhevsky et al., 2012) for the CIFAR-10 dataset.
For example, persistence modules showed excellent classification performance as input to
support vector machines (SVMs) using kernel dissimilarity. In practice, the inputs were
transformed into their persistence modules for a fixed trained network N, from which the
classification was performed. This approach was tested for some selected trained neural
networks, for which the trained SVMs were accurate, even for some adversarial examples.
Furthermore, dissimilarity between persistence modules was found to resemble distances
between the original images in the input space. This suggests that much of the information
used by the neural network to classify the examples is contained in the topology as extracted
by the persistence modules and that this information is different enough to understand the
differences between the behavior of the neural network with respect to different classes.

The aforementioned persistence modules were further studied to detect adversarial ex-
amples by Goibert et al. (2022). The hypothesis is that only a small set of edges within the
networks are used for inference of non-adversarial inputs and that, for adversarial examples,
the number of edges used for inference is larger. The idea behind the hypothesis is that
adversarial examples attack input-output edge paths with underused edges of the neural
network to, with imperceptible modifications of the inputs, completely change the output.
Ideally, these changes in the activations of the neurons included in the underused paths
make a change in the structure of the activations of the neural network and thus in the
persistence modules. To further discern topological changes, Goibert et al. only add edges
to the graph G, that are underoptimized, that is, edges with low weights in absolute value.

The previous hypothesis is reflected in the number of points of zeroth persistence dia-
grams points coming from persistence modules of adversarial and non-adversarial examples,
where adversarial examples had more points on average than their non-adversarial coun-
terparts in Goibert et al. experiments. Furthermore, they successfully detected adversarial
examples by training a support vector machine using the sliced Wasserstein kernel (Carriere
et al., 2017) between the persistence diagrams induced by these persistence modules for a va-
riety of neural network types (LeNet, ResNet), datasets (MNIST, Fashion-MNIST, SVHN,
CIFAR-10) and adversarial attacks.

Topological data analysis has also been used to analyze the use of neural networks in
reinforcement learning (RL) tasks. Muller et al. (2024) studied the evolution of Betti num-
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bers given by homology groups of complexes induced by graphs G;’d coming from RL neural
networks during a time period either in inference or training. Specifically, homology groups
for the directed flag (Liitgehetmann et al., 2020) and Vietoris—Rips complexes were calcu-
lated from adjacency graphs G derived from the weighted activation graph G, proposed
by Gebhart et al., where x was the input of the RL agent at a specific time. The adjacency
graph G5 was built by taking the edges of G, with weights higher than or equal to r and

adding an edge between two vertices Uli and Ul] if there existed a third vertex vlk_l such

that ‘(Wi(fk) Wl

between neurons whose activations are highly related.

For inference experiments, Betti numbers up to dimension three for each time step were
computed and smoothed using a moving average window of size four. Transitions between
actions of the agent and evolution of the Betti numbers of dimension three seemed to be
correlated, while for the other dimensions this correlation was not conclusive. For the
training experiments, complex environments seemed to induce the development of higher-
order Betti numbers during training. Also, with a similar number of neurons, the higher
the Betti numbers in the last steps of training, the better the model worked.

For the training experiments, Muller et al. studied a matrix H with training steps
as columns and neurons as rows, where each coefficient H,; of the matrix was derived
from cocycle representatives of the one-dimensional cohomology groups of the Vietoris—
Rips complexes at time t. Specifically, H,; was the highest cardinality of the set of edges
on the support of a set of cocycles C!, where C! contained cocycles whose support had edges
containing the vertex v for each node v at time ¢. Hence,

(z)k| < d. By including these new edges, connections are added

H,; = max ‘supp(c) N E(Gg’dﬂ.
ceCl,

The matrix H was seen to have higher values for neurons on the latest layers consistently for
all the training steps, suggesting that deeper neurons have more relevance in the topological
structure extracted from the graphs G;’d. However, more experiments are needed to validate
these results, as experiments were performed only for basic FCFNNs.

A combination of the methods proposed in Rieck et al. (2019) and in Gebhart et al.
(2019) is used to define a new prediction reliability score for neural networks in classification
problems called topological uncertainty. Given a neural network N and a sample xj, for
which we want to compute this score, the topological uncertainty of i, is computed from
the set of persistence diagrams

Dy = D*(Vo(VR'(V(GL), dV))),

forall I € [L], z € {xin} U{z : (2,Y) € Dirain}, where L is the number of non-input layers
of N, Dirain is the training dataset, and Gé is the subgraph of G, as in the previous work
by Gebhart et al. (2019) induced by the vertices of the layer [ and [ — 1 of A/ and all the
possible edges connecting them in G, whose edges are weighed as in G, and whose vertices
are weighed as —oo. We do this to always have a fixed number of points equal to the number
of vertices of G, for any possible weight assignment to the edges and to have all birth values
equal. It can be proved that, in this way, there is a bijection between the finite deaths of
the persistence diagrams D! and the multiset of weights of the maximum spanning tree of
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G!, which we denote by 20!. These persistence diagrams are meant to capture information
similar to that computed in Gebhart et al. (2019), but more fine-grained, since they are
computed for each pair of adjacent layers.

Recall that ‘Qﬁé! = “)ﬂ;/ for any pair of inputs x and z’. Given a multiset of weights

20%, let us order them in descending order and denote them by 20! = {w;lrJ? RN wi,|W}C |}
Weights induce a probability distribution on each subgraph Gé given by ,ué, = %2?21 Ow; »
where n = !%lx‘ and d,,, denotes a Dirac measure at w; € R. For the same layer, these
probabilities distributions can be combined to obtain an average topological distribution
across several samples. The average over points 1, ..., z,, is given by
1 |20t | 1
—1 _ x _ - m l
o= |Qﬁé\ Zi:l 6101‘? w; = m Zj:l wxj,z"

Therefore, given the new sample xj,, the topological uncertainty measures the average
difference between the average topological distributions fi! for each layer I calculated for
the subset of the training dataset Diyain Wwith label equal to the predicted label for x;, with
respect to the topological distributions /lein of the input sample xj,, that is,

1 .
TUI(N) = Z Zlel d(ﬂéinaﬂé)z>7 DJK - {l’ : (x7 y) € Dtrain with 7o ¢N(xln) = y}7

where /]lDI is the average probability distribution over the set D, and where d(u1, pu2) =
Wlll Zlinll' ‘wll — wf’ is a dissimilarity function between distributions coming from sets of
weights 207 = {wi, ... ’w|1QU1|} and Wy = {w?, ... ’w\Q‘mﬂ} with the same number of points
ordered as described.

The lower the value of the topological uncertainty measure, the more reliable the predic-
tion for x;, as its internal behavior is more similar to the behaviour of the network for the
examples in the training dataset with the same label. This measure was used to successfully
perform model selection from a bank of models trained on MNIST and Fashion-MNIST,
where the model with the lowest average topological uncertainty for the new dataset is
selected, and out-of-distribution and shifted examples detection for several basic networks
and datasets, including MUTAG (Debnath et al., 1991), COX2, and MNIST datasets, con-
sidering only some set of (non-convolutional) layers to compute topological uncertainty.

Generic spaces

So far we have seen many methods to compare differences between the topology, in a
broad sense, of different neural network representations. Most of these methods are simply
based on distances on either persistence diagrams or on some constructions coming from
the persistence modules. A more direct approach is taken by Barannikov et al. (2022), in
which they propose a method to compare two Vietoris—Rips filtrations for the same set of
points V' and different distances dy, do. The idea behind the method is to compare, given a
specific threshold ¢, how the connected components of VR:(V, d1) and VR¢(V, d2) are merged
in VR(V, dmin) where dpyin(z,y) = min(di(z,y),d2(x,y)). In particular, they count how
many connected components are merged at each threshold for all the possible thresholds, and
derive a measure of dissimilarity from such countings. This measure of dissimilarity is called
representation topology divergence and is defined as the average of two total persistences,
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denoted by RTD;(d1,d2) and RTD;(da,d;), calculated from one-dimensional persistence
diagrams of the Vietoris-Rips filtrations of the point clouds (Vi 2,d12) and (Va1,d2 1) with

vertices V; j = {va}gill U {v(’l}‘a‘i'1 U {0} and distances
d; j (v}, vy) = min(d;(va, vp), dj(Va, vs)), d; j(Va,v}) = d; j(O,v,) =0,
di,j(vavvlg) — di,j(va)vb) — di(va)vb)7 di,j(vlhvllz) — di,j(Oav(/z) — +OO,

for i € [2], j € [2] \ {i}, where v], is the node v, duplicated in the point cloud and O is an
abstract point that is useful to capture the differences between VRy(V, d;), VR¢(V, d;) and
VR(V, dmin). Intuitively, the k-dimensional persistence diagram from the Vietoris—Rips
filtration of these point clouds records the k-dimensional topological features that are born
in VR¢(V, dmin) but not yet in VR¢(V,d;), and the (k — 1)-dimensional topological features
that are dead in VRy(V, dpin) but are not yet dead for VRy(V, d;).

The representation topology divergence has been used to analyze many aspects of neural
networks. For example, Barannikov et al. used it to analyze 400-dimensional embeddings
of 10,000 words for 90 randomly selected architectures from the NAS-Bench-NLP (Klyuch-
nikov et al., 2020) and several properties of neural networks, among others. For neural
networks, they trained a VGG-11 and a ResNet-20 convolutional networks on CIFAR-10
and CIFAR-100 and compared the evolution of the activations of the convolutional layers to
the activations of the final trained network. They observed that the representation topol-
ogy divergence between activations decreased as the number of epochs trained increased,
capturing the convergence to the final state of the network. They also compared the rep-
resentations of the images given by different layers of the network for both original and
shifted examples, observing differences between the representations of the samples in differ-
ent layers and being able to detect the shifted examples. Furthermore, they showed that the
representation topology divergence could be a good indicator of the diversity of the models
in an ensemble method. Finally, they found that the representation topology divergence
comparing the trained models correlated well with the disagreement of the predictions,
although more experiments are needed to understand this relationship.

3.4 Training dynamics and loss functions

In this section, we review only three articles that focus on studying properties of the training
process. The first one deals with the loss function used to train a network. The other two
are focused on the evolution of weights during the training process and how the fractal
dimension of weight trajectories is related to the generalization capacity of a network.

Loss functions

One of the fundamental problems in deep learning is, given a learning problem, an architec-
ture a, a loss function £, and a training algorithm A, to determine if the training algorithm
A is capable of finding a neural network N with architecture a that minimizes the empirical
risk ﬁpmin for the learning problem. Usual training algorithms perform a gradient descent,
following a path in the space of parameters of the neural network. This path is then heavily
affected by the connectivity of the loss graph and by the presence of local valleys, in which
the gradient descent algorithm can get stuck.
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Nguyen (2019) studied a generalization of this problem for general FCFNNs depend-
ing on their activation functions, their graph structure (depth and width of layers), and
the shape of the training dataset. Specifically, he studied the number of connected com-
ponents and the existence of local valleys on the graph of an optimization target £(0) =
f(on,(z1), ... 0N, (2m)), where f is a convex function, and Diain = {(x4,yi)}1~;. These
different optimization targets allow training algorithms to minimize any convex function
with respect to the parameters of neural networks that could be useful to obtain better
parameters for the network, not restricting the minimization to empirical risks. Although
this is a more complex scenario than the one presented in Section 2.2, empirical risk func-
tions for many loss functions, such as categorical cross entropy, are examples of these types
of optimization targets. For the discussion of this article, we assume that the activation
functions for all layers except for the last one are the same, and that the last-layer activation
function is simply the identity.

The first insight on the optimization target graph is that, for strictly monotonic activa-
tion functions ¢ with Im(¢) = R, FCFNNs with widths strictly decreasing layer by layer,
that is, N; > N,y for i € [L — 1] and with at least two non-input layers, i.e., L > 2,
and a linearly independent training dataset Dyain, €very sublevel set of £, that is, the sets
£ 1 (—00,a] for a € R, is connected and also every non-empty connected component of
every level set £7!(a) is unbounded. Connectedness of sublevel sets implies a well-behaved
optimization target function, and unboundedness of level sets implies that there are no
local valleys in the optimization target graph, understanding by a local valley a non-empty
connected component of some strict sublevel set £71(—o0, ).

A bad local valley is a local valley in which the target £ cannot be arbitrarily close
to the lower bound of the convex function inducing the target function, which is also a
lower bound of £ but does not depend on any concrete neural network. Bad local valleys
are harmful to the optimization problem because if the training process enters them when
optimizing the target function, the parameters obtained at the end of the learning process
are provably not optimal. Nguyen proved that, for activation functions as before that also
satisfy that there are no nonzero coefficients (\;,a;)t_; with a; # a; for all i # j such
that ¢(z) = Y7, \ip(z — a;) for all z € R, FCFNNs with a layer [ € [L — 1] satisfying
N; > |Dirain| and N; > Njqq for i € {l +1,..., L} induce target functions £ with no bad
local valleys and, if [ < L — 2, then every local valley of £ is unbounded. This implies
that from any initial parameter, there is a continuous path on which the loss function is
nonincreasing from it to a point that is arbitrarily close to the infimum of the loss.

As we have seen so far, widths of neural network layers play a significant role in the
configuration of the optimization target graph. The first hidden layer always plays an
important role in this configuration, since it determines the first transformation of the data
into some space from which features from the inputs are extracted. Assuming that the
activation functions of the network satisfy the two previous assumptions, and assuming
that N1 > 2 |Dypain| and that N; > N;iq for i € {2,...,L — 1}, Nguyen proved that every
sublevel set of £ is connected and also that every connected component of every level set
of £ is unbounded. This is a stronger result than the previous one, as it implies that not
only there are no bad local valleys but also there is a unique global valley.

Many current activation functions, such as the leaky ReLU, satisfy the previous assump-
tions. However, the usual ReLU does not and further assumptions are needed to have a
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good behavior of the target graph. Letting Nmin = min;cz_q) N;, for FCFNNs with ac-
tivation functions ¢ only satisfying the last assumption implying coefficients (X, a;)?_;, if
Nuin > |Dirainl, then £ has no bad local valleys and, if Nyin > 2 |Dirain|, then every sublevel
set of £ is connected.

Some of the previous assumptions are too strong to be satisfied in many practical sce-
narios. However, these results serve as a basis for a better understanding of the shape
of the target function. A similar approach using topological data analysis to capture the
connectivity and shape of optimization target graphs for modern neural networks could be
a promising research line. This could help verify if the claims given in these cases can be
extrapolated to more general scenarios.

Fractal dimension of weight trajectories

The last approach that we discuss in this survey is related to the evolution of parameters
during the training process. In this case, training algorithms A are assumed to be continu-
ous, which means that the parameters evolve over a time period [0,7] C R for which each
instant of timet € [0,7] has an associated weight value 6;. Although this is not the case
for real scenarios, since computers work in the discrete domain, there are good continuous
approximations of classical discrete optimization algorithms such as gradient descent that
allow us to study these discrete processes with properties of the continuous approximations.

Simsekli et al. (2020) discovered that the generalization capacity of neural networks
was connected with the heavy-tailed behavior of weight trajectories © 4 = {0, : t € [0, T}
generated during training, in particular, with its upper box dimension, a dimensionality
measure for fractals. A difficulty with this link is that many strong assumptions about the
training algorithm and the space of weights were needed to formally prove the connection.

Birdal et al. (2021) relaxed these assumptions by cleverly using a previous result that
connected this fractal dimension with persistent homology (Kozma et al., 2006; Schweinhart,
2021). This result says that, for © C R? a bounded set, we have

dimpp© = dim$© = dimp,O,

where dimpyy is the upper-box fractal dimension, and dim’f)H is the persistent homology
dimension given by

dimf© = inf {a :Ef(©.4) < C:3C > 0 for all finite O, C @} )
EEP) = S gaep b, D= DVA(VR(P,] 1))

that is, the infimum of all the exponents for which E¥ is uniformly bounded for all finite
subsets Oj;.

In particular, Birdal et al. proved that, given any compact set of (random) possible
weights ©, for example, the weight training trajectories © 4, L£(f, x;,v;), and a loss function
L bounded by B and K-Lipschitz continuous on the set of possible parameters 6 of a fixed
neural network architecture, then, for a sufficiently large size of the training dataset m, the
following holds:

Sup 7/?\/Dtrain <¢NG) - R(¢N9)
e

. 2 2
<98 \/(dlmpHG) + 1) log*(mL?) n log(7M /)

m m
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with probability at least 1 — + over a training dataset Diain with m elements sampled
i.i.d. from the data distribution, where Ay denotes the neural network N defined with the
fixed architecture and parameters 8 and M denotes a constant depending on some technical
assumptions about the objects involved in the bound.

The previous bound uses persistent homology dimension, which cannot be computed
exactly by a computer program. Birdal et al. propose an algorithm to estimate this quantity
for finite sets of weights. Estimations of persistent homology dimension were found to be
significantly correlated with the generalization gap calculated as the difference between
the accuracy in train and the accuracy in test, indicating that lower persistent homology
dimensions were associated with better generalization capacities of networks for a wide
variety of networks, including simple FCFNN models and AlexNet, trained on MNIST,
CIFAR-10, and CIFAR-100 datasets.

Finally, the differentiability theory for persistence diagrams allows one to minimize
these estimations as a regularization method, expecting to obtain better generalizations for
regularized models. This is exactly what happened for a LeNet-5 (Lecun et al., 1998) archi-
tecture trained on CIFAR-10 in the experiments performed by Birdal et al., especially for
training procedures that failed to converge to a good set of parameters only by themselves.

Bounds were improved in a follow-up paper by Dupuis et al. (2023) in which the persis-
tent homology dimension was used again to compute fractal dimensions. As the methods
employed to improve bounds are not related with TDA, we do not analyze it in this survey,
although the results are insightful and interesting in their own right.

4 Challenges, future directions, and conclusions

In this survey we have seen many examples of how topological data analysis, and particu-
larly (persistent) homology and Mapper, can be applied to study the properties of neural
networks. In Section 3.1, we saw how to compute two homology groups that yielded differ-
ent information about a neural network only by taking its graph without weights. However,
we noticed that the ranks of those homology groups were invariant to many important
structural properties of the neural network, such as the order of the layers. Also, their
values were simply a combination of the width and the depth of the graph, not capturing
much information about the network. To obtain better insight into the properties of neural
networks, more fine-grained homology theories for directed graphs are needed. A promising
line of work would be to study the persistent path homology (Chowdhury and Mémoli,
2018) of graphs augmented with the weights associated to each edge, as in Section 3.3.

In Section 3.2, we saw how topology was useful in recovering the topology of decision
regions and boundaries, with applications especially in model selection. Furthermore, we
saw that GTDA, an evolution of the Mapper algorithm for graphs as input, was successful
in analyzing patterns in output spaces of neural networks, leading to a better understanding
of misclassification errors in several datasets.

Thanks to the differentiability theory of persistence diagrams, we saw how to improve
decision regions by simplifying them. In addition, we discussed how the topology was useful
for capturing the quality —measured in different ways— of generative models. Particularly
interesting is the study of the disentanglement of generative models, since being able to
decouple the different sources of variation could lead to a better control and quality of

47



TDA rOrR NEURAL NETWORK ANALYSIS

the networks’ outputs. We find that refining the article by Zhou et al. (2021) and using
its measures to regularize generative neural networks could be an interesting approach to
improving neural network design using TDA.

In Section 3.3 we analyzed the methods studying the neural network parameters and
activations. We split the section into the articles using Mapper and (persistent) homology,
because of the differences in their approaches. In the first case, we found both studies
of the parameters and of the activations. In the first case, we saw how Carlsson and
Briiel Gabrielsson found very interesting connections between the topologies of the space of
natural images and the space of weights of some layers in convolutional networks, among
many other interesting topology configurations of the convolutional weights. Also, we saw
how Gabella studied the Mapper graphs of the evolution of the weights during training,
finding a very interesting pattern in the weight distribution of one of the architectures tried
in his experiments: the weights seemed to be distributed in a surface! A closer look at the
topology of the weight evolution for a higher variety of architectures must be taken to realize
if the weights share common patterns in similar problems. This could potentially enable
leveraging this structure, as proposed in Carlsson and Briiel Gabrielsson (2020), for instance.
For activations, we found that the general approach proposed by TopoAct (Rathore et al.,
2021) was extremely useful for understanding the internal behavior of neural networks, with
the many ramifications presented in the survey.

For (persistent) homology papers, we could broadly classify the approaches depending
on either the set of neurons/edges analyzed (layer by layer versus all the neurons), or the
dissimilarity strategy (weights versus distances between activations or versus a combination
of weights and activations).

In many cases, there was a connection between the different topological summaries
extracted from Vietoris—Rips persistence diagrams and the properties of neural networks,
especially with their generalization capacities. However, Girrbach et al. showed that most
of the information extracted by one of the most influential articles in this section could be
captured by taking simpler, non-topological summaries of the neural network. Although
this does not mean that TDA does not provide unique information about the internal
workings of the neural networks, we think that more ablation studies must be performed
in the studies claiming the utility of TDA for the analysis of neural networks, as almost all
the work performed in this area is experimental, and, usually, there is no theory supporting
the hypotheses connecting topological summaries and neural network properties.

Another interesting discussion in this subsection is the opposition of views on the evo-
lution of the topology of the data through the different layers. In most works, such as
the one by Naitzat et al. (2020), it is stated and verified that the topology of the data is
simplified by the action of the layers. However, the work by Wheeler et al. (2021) arrived to
the opposite conclusion. This contradiction may have occurred due to the simplicity of the
experiments performed in all of the experiments and supports the necessity of performing
more diverse and complete experiments.

The previous point leads to one of the fundamental drawbacks of the section: most of
the experiments are performed on classical CNN and FCFNN architectures and do not say
anything about more modern architectures, like transformers. To be useful, TDA must be
applied to state-of-the-art architectures, not only as a proof of concept on simple neural
networks. This is a fundamental step for gaining the trust of the non-TDA deep learning
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community in TDA methods. Also, since many people working on this area are mathemati-
cians, it would be desirable that TDA methods be accompanied by theoretical results, as
in Birdal et al. (2021).

In Section 3.4, we saw how TDA was used to study the loss function and training weights.
In this case, we observed that persistence diagrams, which come originally from topology,
were used to compute fractal dimensions, that belong to the geometry realm. This is an
exciting result because it means that persistent homology can be used not only to infer
the topology of the data, but also to infer geometrical properties. This is further studied
by Andreeva et al. (2023), and we think that seeing persistent homology as a tool that also
extracts local information from the data could be useful in performing new work to analyze
the structures of neural networks.

Probably the most critical drawback of topological data analysis for neural networks
is the high computational complexity in time and memory of computing invariants, like
persistence diagrams, of persistence modules. For dimension zero, algorithms based on the
minimum spanning tree (Chazelle, 2000) or the single linkage algorithm (Sibson, 1973),
have time complexities O(e - a(e,n)) and O(n?), respectively, where « is the very slow
growing functional inverse of the Ackermann function (Tarjan, 1975) and e is the number
of edges of the simplicial complex, whose cardinality is O(n?). Also, for single-linkage
clustering, the memory complexity is linear, that is, O(n). This makes these algorithms
suitable for some of the applications for which the number of points is relatively small,
such as the analysis of weights or activations layer by layer. However, for bigger point
clouds, such as in the problems in which we use the whole set of neurons or weights, these
algorithms become infeasible for modern and big neural networks. The situation is worse
for dimensions greater than or equal to one, where typical persistence diagram computation
algorithms have a time and memory complexity of O(n%) and O(n?), respectively, where w
is the matrix multiplication exponent (currently w < 2.4) and n is the number of simplices
generated through the filtration of simplicial complexes (Birdal et al., 2021).

Computational problems motivate the development of more suitable algorithms to com-
pute persistence diagrams or alternative invariants that also capture information of neural
networks. Although powerful tools for computing Vietoris—Rips persistence diagrams are
available, such as Ripser (Bauer, 2021), Ripser++ (Zhang et al., 2020), Gudhi (The GUDHI
Project, 2015), SLINK (Sibson, 1973), algorithms that parallelize computations are of spe-
cial interest due to the increasing availability of powerful hardware and software methods
to perform distributed computing. Known filtrations are approximated by new filtrations,
as in (Sheehy, 2013), or with machine learning models, as in Montufar et al. (2020).

As we have seen in this survey, there are many different ways to produce meaningful
filtrations for neural networks in all the domains we reviewed. For this reason, it would be
desirable to capture the joint information of some of them at the same time. Also, for some
specific problems, like analyzing the evolution of the data distribution through the layers,
filtrations by distances alone may not be good enough, as they do not consider important
data properties such as the density of points in the sample taken. Luckily, multiparameter
persistence (Botnan and Lesnick, 2023) deals with this kind of problem setting, allowing
to extract information from non-linear filtrations, that is, with more than one varying
parameter. Unluckily, multiparameter persistence does not have a canonical, easy-to-use
and computationally efficient representation like persistence diagrams for one-dimensional
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persistence. However, there are already works proposing a rich body of useful, and even dif-
ferentiable, representations for multiparameter persistence; see, for example Loiseaux et al.
(2023a,b); Xin et al. (2023). We see multiparameter persistence as one of the main lines of
work not only for the analysis of deep neural networks, but also for the whole machine learn-
ing community, as multiparameter persistence provides sharper ways to extract information
from data. However, we are far from having usable representations for real neural network
use cases due to the huge quantity of points in real datasets and neurons in architectures.
For this reason, further fundamental research on the topic is needed before we can grasp its
advantages in the deep learning community. Further work in this direction could be based
on three basic pillars: 1. Ease of use of multiparameter representations that can be stored in
any conventional computer, since representations must be intuitive for the average machine
learning researcher; 2. Efficiency of computation; 3. Differentiability of representations with
respect to the point clouds, to allow regularization in learning tasks.

In conclusion, we have seen that the use of TDA applied to studying neural networks
is an exciting path that can be useful in many scenarios. TDA, although computationally
expensive, is a tool that has been shown to be connected with many interesting properties
of neural networks such as generalization in classification problems or entanglement and
latent space quality in generative models. Moreover, we have seen that there are many
ways in which TDA can be used in applied scenarios, converting TDA into an essential tool
for deep learning practitioners.
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Appendix A. Peer-reviewed articles discussed in this survey

Table 1: Table containing the published articles reviewed in this survey ordered by year of publi-
cation. Each row corresponds to an article. The first column contains the title; the second column
contains a one-line summary; the third column contains the categories introduced in Section 1 as-
sociated to each article; and the last column contains the applications introduced in Section 2.4.
The four possible categories are 1. Structure of the neural network; 2. Input and output spaces;
3. Internal representations and activations; 4. Training dynamics and loss functions.
possible applications are 1. Regularization; 2. Pruning of neural networks; 3. Detection of adversar-
ial, out-of-distribution and shifted examples; 4. Detection of trojaned networks; 5. Model selection;
6. Prediction of accuracy; 7. Quality assessment of generative models.

The seven

Title

Summary

Cat.

Apps.

On the complexity of neural network
classifiers: A comparison between
shallow and deep architectures
(Bianchini and Scarselli, 2014)

Topological approaches to deep
learning (Carlsson and
Briiel Gabrielsson, 2020)

Topological data analysis of decision
boundaries with application to model
selection (Ramamurthy et al., 2019)

A topological reqularizer for
classifiers via persistent homology
(Chen et al., 2019)

Geometry Score: A method for
comparing generative adversarial
networks (Khrulkov and Oseledets,
2018)

What does it mean to learn in deep
networks? And, how does one detect
adversarial attacks? (Corneanu

et al., 2019)

Bounds on the Betti numbers of the
positive decision region generated by
binary classification neural networks with
Pfaffian activations

Topological analysis of the weights of
convolutional neural networks and
generalization of convolutional neural
networks

Study and approximation of the topology
of network decision boundaries

Regularization of neural networks by
modifying their decision regions using
differentiable persistent homology

Measurement of GAN quality using
persistent homology

Study of generalization in terms of the
persistent homology of neuron activations
and their correlations

Continued on next page
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Title

Summary

Cat.

Apps.

On connected sublevel sets in deep
learning (Nguyen, 2019)

Neural persistence: A complexity
measure for deep neural networks
using algebraic topology (Rieck
et al., 2019)

Characterizing the shape of
activation space in deep neural
networks (Gebhart et al., 2019)

Ezxposition and interpretation of the
topology of neural networks

(Briiel Gabrielsson and Carlsson,
2019)

Path homologies of deep feedforward
networks (Chowdhury et al., 2019)

Topology of deep neural networks
(Naitzat et al., 2020)

Finding the homology of decision
boundaries with active learning (Li
et al., 2020)

Computing the testing error without
a testing set (Corneanu et al., 2020)

Topological detection of trojaned
neural networks (Zheng et al., 2021)

Ezxperimental stability analysis of
neural networks in classification
problems with confidence sets for
persistence diagrams (Akai et al.,
2021)

PHom-GeM: Persistent homology
for generative models (Charlier
et al., 2019)

Study of the connectivity, boundedness,
and local minima of sublevel sets of
convex losses for overparameterised neural
networks with piecewise linear activation
functions

Topological complexity measure for neural
networks based on their weights

Topological characterization of the neuron
activations given a sample

Topological analysis of the weights of
convolutional neural networks and
connection to generalization capacity of
models

Analysis of path and directed flag
homology groups of MLPs’ directed graph

Study of the topology of the data through
layer transformations

Use of active learning to improve the
methods of Topological data analysis of
decision boundaries with application to
model selection

Regression of test accuracy using
topological vectorizations of persistence
diagrams

Study of trojaned networks in terms of the
persistent homology of neuron activations
and their correlations

Study of persistence diagrams of last
hidden layer activations and its connection
with generalization

Comparison between persistence diagrams
of real and generated manifolds using
generative models

(2)

(7)

Continued on next page
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Title

Summary

Cat.

Apps.

TopoAct: Visually exploring the
shape of activations in deep learning
(Rathore et al., 2021)

Deep neural network pruning using
persistent homology (Watanabe and
Yamana, 2020)

Intrinsic dimension, persistent
homology and generalization in
neural networks (Birdal et al., 2021)

Activation landscapes as a
topological summary of neural
network performance (Wheeler
et al., 2021)

Topology of learning in feedforward
neural networks (Gabella, 2021)

Topological uncertainty: Monitoring
trained neural networks through
persistence of activation graphs
(Lacombe et al., 2021)

Topological measurement of deep
neural networks using persistent
homology (Watanabe and Yamana,
2022b)

Evaluating the disentanglement of
deep generative models with
manifold topology (Zhou et al., 2021)

Quantitative performance
assessment of CNN units via
topological entropy calculation (Zhao
and Zhang, 2022)

Overfitting measurement of deep
neural networks using no data
(Watanabe and Yamana, 2022a)

An adversarial robustness
perspective on the topology of neural
networks (Goibert et al., 2022)

Analysis of the Mapper graph of neuron
activations for each layer

Pruning of neural networks using
persistent homology

Generalization error bounds using
persistent homology dimension on the
training weights

Study of the topology of the data through
layer transformations and its connection
with training accuracy

Analysis of the evolution of the weights of
a neural network during training using
Mapper

Uncertainty measurement of neural
network predictions using the topology of
neuron activations

Computation of persistence diagrams
using neuron path relevance and
connection with network expressivity and
problem difficulty

Measurement of disentanglement of
generative neural networks

Measurement of quality of convolutions in
a neural network using persistent
homology

Study of overfitting by analysing the
points near the diagonal of a persistence
diagram generated from the weights of a
neural network

Analysis of adversarial examples by means
of the topology of the subgraph of
under-optimized edges of neural networks

(3)

(3)

(3)

(3)
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Title Summary Cat. Apps.
Representation topology divergence:  Definition of similarity between data (3) (7)
A method for comparing neural representations using persistent homology

network representations
(Barannikov et al., 2022)

On the topological expressive power Measurement of expressivity of network (2) -
of neural networks (Petri and architectures
Leitao, 2020)

Generalization bounds using Data-dependent generalization error (3, 4) -
data-dependent fractal dimensions bounds using persistent homology

(Dupuis et al., 2023) dimension on the training weights

TopoBERT: Exploring the topology Mapper graph of transformer-based (3) -
of fine-tuned word representations models with applications in finetuning of

(Rathore et al., 2023) language models

Ezperimental observations of the Analysis of the Mapper graph of neuron (3) -
topology of convolutional neural activations and definition of a similarity

network activations (Purvine et al., function between layers using sliced

2023) Wasserstein distances between persistence

diagrams generated from them

ReL U neural networks, polyhedral Detection of homological features in (2) -
decompositions, and persistent manifolds embedded in the input space of
homology (Liu et al., 2023b) a neural network using the polyhedra

decomposition induced by a ReLU
feedforward neural network

Caveats of neural persistence in deep Connection between neural persistence (3) -
neural networks (Girrbach et al., and variance measures of neural network

2023) weights

On the use of persistent homology to  Regression of generalization gap using the (3) (6)
control the generalization capacity of average persistence of zero dimensional

a neural network (Barbara et al., persistence diagrams

2024)

Visualizing and analyzing the Analysis of the Mapper graph of neuron (3) -
topology of neuron activations in activations of normally and adversarially

deep adversarial training (Zhou trained neural networks

et al., 2023)

TopPE&R: Robust Support Approximation of the precision and recall (2) (7)

Estimation Approach for Evaluating  scores for generative models using a
Fidelity and Diversity in Generative  persistent homology-based approach.
Models (Kim et al., 2023)

Topological structure of complex Analysis of the GTDA Reeb network of (2) -
predictions (Liu et al., 2023a) output spaces of neural networks

Continued on next page
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Title Summary Cat. Apps.
Topological dynamics of functional Study of reinforcement learning neural (3) -
neural network graphs during networks during training and inference

reinforcement learning (Muller using homology

et al., 2024)

Appendix B. The Mapper algorithm

Algorithm 1 Mapper algorithm

Input: D with |D| = m, filter function f: D — RY, finite cover U = {U;},.; of Im(f) C RY,

clustering algorithm C.

Output: Simplicial complex Sp.

1
2
3:
4

: SD — @

: Di+ f7HU;) for alli € 1

for alli e I do
{ct,... ,Ciki} < C(D;) {Apply the clustering algorithm to D;: the output are the
clusters}
Sp + Spu{C},..., Cf"}{Add the clusters found as vertices}

6: end for
7. for all {Cy,...,Ci} € P (Uiel{q’lv e C’Zkl}> {For all possible subsets of found clusters}

10:
11:
12:

do
if ;_; C; # 0 then
Sp < SpU{{C1,...,Ci}} {We add the simplex {Cy,...,Ci}}
end if
end for
return Sp
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