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The new work is mostly from the PhD thesis of Gemma Halliwell.
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Classical A, case

This structure arises when one weakens the notion of associativity to
homotopy associativity.



Classical A, case

This structure arises when one weakens the notion of associativity to
homotopy associativity.

As soon as one considers weakening associativity in this way, one is led to
a hierarchy of higher coherence conditions.

Assume a space Y has a continuous multiplication:

my:Y XYY, (a, b) — ab.
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Classical A, case

This structure arises when one weakens the notion of associativity to
homotopy associativity.

As soon as one considers weakening associativity in this way, one is led to
a hierarchy of higher coherence conditions.

Assume a space Y has a continuous multiplication:

my:YxY—>Y, (a, b) — ab.

And assume this is homotopy associative: for each triple of points a, b, ¢
in Y, we have the two points (ab)c and a(bc) in Y and a path between
them.
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Classical A, case

This structure arises when one weakens the notion of associativity to
homotopy associativity.

As soon as one considers weakening associativity in this way, one is led to
a hierarchy of higher coherence conditions.

Assume a space Y has a continuous multiplication:

my:YxY—>Y, (a, b) — ab.

And assume this is homotopy associative: for each triple of points a, b, ¢
in Y, we have the two points (ab)c and a(bc) in Y and a path between
them. The (naive) homotopy associativity of the multiplication is given by
a map

ms:Y3x Y.
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Writing K> for a point and K3 for an interval, these spaces parametrize the
multiplication and its homotopy associativity, respectively.
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Writing K> for a point and K3 for an interval, these spaces parametrize the
multiplication and its homotopy associativity, respectively.

A higher associativity condition is given by considering 4 points in Y and
patching together the information from ms3 and my. In this way we can
define a map from the boundary of a pentagon to Y.
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Writing K> for a point and K3 for an interval, these spaces parametrize the
multiplication and its homotopy associativity, respectively.

A higher associativity condition is given by considering 4 points in Y and
patching together the information from ms3 and my. In this way we can
define a map from the boundary of a pentagon to Y.

Asking this map to extend over the interior of the pentagon is a higher
homotopy associativity condition.
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Writing K> for a point and K3 for an interval, these spaces parametrize the
multiplication and its homotopy associativity, respectively.

A higher associativity condition is given by considering 4 points in Y and
patching together the information from ms3 and my. In this way we can
define a map from the boundary of a pentagon to Y.

Asking this map to extend over the interior of the pentagon is a higher
homotopy associativity condition.

And the process continues, with higher associahedra encoding higher
coherences of the associativity.
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Associahedra K3 and K, with planar tree labels
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Associahedron Kjs
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Associahedra

@ The associahedron Kj is a finite cell complex (in fact a convex
polytope) of dimension j — 2.
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@ The associahedron Kj is a finite cell complex (in fact a convex
polytope) of dimension j — 2.

@ The cells of K; are in bijection with planar trees, with each vertex
having degree at least three.

@ The cells of dimension k in K are in bijection with the planar trees
having j leaves and j — 1 — k vertices.

@ The number of cells in dimension (j — 2 — k) in the associahedron K;
is given by ﬁ(ff) (th).
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Associahedra

The associahedron K is a finite cell complex (in fact a convex
polytope) of dimension j — 2.

The cells of K; are in bijection with planar trees, with each vertex
having degree at least three.

The cells of dimension k in K are in bijection with the planar trees
having j leaves and j — 1 — k vertices.

The number of cells in dimension (j — 2 — k) in the associahedron K;
is given by ﬁ(ff) (JJ[(k).

In particular, the number of vertices is the (j — 1)-st Catalan number:

1 [2j—2
Co1= —— .
/o 1—1(1—2>
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Associahedra

The associahedron K is a finite cell complex (in fact a convex
polytope) of dimension j — 2.

The cells of K; are in bijection with planar trees, with each vertex
having degree at least three.

The cells of dimension k in K are in bijection with the planar trees
having j leaves and j — 1 — k vertices.

The number of cells in dimension (j — 2 — k) in the associahedron K;

is given by ﬁ(lf) (jJ/r(k)'

In particular, the number of vertices is the (j — 1)-st Catalan number:

1 [2j—2
Co1= —— .
/o 1—1(1—2>

The {K;} form a (non-symmetric) operad in finite cell complexes, an
As-space is an algebra over this operad and C,(Ax-space) is an
Aqo-algebra.

Sarah Whitehouse (University of Sheffield) Models for generalised associativity

8/



Multicomplex case

Definition
A multicomplex, C, is an (N, Z)-bigraded R-module, with maps
di : C — C of bidegree (i,i — 1) for i > 0, satisfying
> (-1)did, = 0
i+p=u

for u > 0.
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Multicomplex case

Definition

A multicomplex, C, is an (N, Z)-bigraded R-module, with maps
di : C — C of bidegree (i,i — 1) for i > 0, satisfying
> (-1)did, = 0
i+p=u

for u > 0.

Other names for this structure are twisted complex and Dy-algebra
(because it is the homotopy coherent version of a differential).
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Modelling multicomplexes

We need to move to based spaces. Consider a based space Y with a
continuous based map d; : Y — Y such that

d12:*.
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Modelling multicomplexes

We need to move to based spaces. Consider a based space Y with a
continuous based map d; : Y — Y such that

d12:>l<.

We have an interval T, = | parametrizing the homotopy, d», say.
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Modelling multicomplexes

We need to move to based spaces. Consider a based space Y with a
continuous based map d; : Y — Y such that

2'\1
d]_—*.

We have an interval T, = | parametrizing the homotopy, d», say.

Then dl3 is null-homotopic in two ways, and there's a higher coherence
condition relating these:

didy — dady ~g4, *.
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Modelling multicomplexes

So we have T, = [ for the initial homotopy and then a reduced square T3
for the next:
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The next condition is controlled by T4, a reduced cube:
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Models for multicomplexes

@ The reduced cubes T, = /"1 model multicomplexes.
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Models for multicomplexes

@ The reduced cubes T, = /"1 model multicomplexes.

@ T, has dimension n — 1, with non-base point cells in bijection with
ordered partitions of n, and with straight trees with gaps.
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Models for multicomplexes

@ The reduced cubes T, = /"1 model multicomplexes.

@ T, has dimension n — 1, with non-base point cells in bijection with
ordered partitions of n, and with straight trees with gaps.

@ The cells of dimension (n — 1 — k) are in bijection with ordered

partitions of n with k + 1 parts, and there are (";1) of these.
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Models for multicomplexes

The reduced cubes T, = /"""1 model multicomplexes.

T, has dimension n — 1, with non-base point cells in bijection with
ordered partitions of n, and with straight trees with gaps.

The cells of dimension (n — 1 — k) are in bijection with ordered

partitions of n with k + 1 parts, and there are (";1) of these.

{T;} form a non-symmetric coloured operad D,, in based spaces, via
the structure maps

T ATs— Tris, anb—anlnab.
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Models for multicomplexes

@ The reduced cubes T, = /"1 model multicomplexes.

@ T, has dimension n — 1, with non-base point cells in bijection with
ordered partitions of n, and with straight trees with gaps.

@ The cells of dimension (n — 1 — k) are in bijection with ordered

partitions of n with k + 1 parts, and there are (";1) of these.

e {T;} form a non-symmetric coloured operad D, in based spaces, via
the structure maps

T ATs— Tris, anb—anlnab.

@ C.(Dy-space) is a multicomplex.
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Derived A, case

Definition

A derived A, -algebra (or dAs-algebra for short) is an (N, Z)-bigraded
R-module, A, with R-linear maps

mij : A% A
of bidegree (i,i + j — 2) for each i > 0, j > 1, satisfying the equations
Z(_l)rqﬂﬂjmij(l@r ® Mpg @ 1®t) =0,

where the sumisover u=i+p,v=j+qg—1,j=1+r+1t,
forall u>0and v > 1.
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Modelling derived A..-algebras
Definition

Let 7j; be the set of planar trees with j leaves and i nodes.
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Modelling derived A..-algebras

Definition

Let 7j; be the set of planar trees with j leaves and i nodes.

Here a node is an internal vertex with only one output.
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Modelling derived A..-algebras

Definition
Let 7;; be the set of planar trees with j leaves and i nodes.

Here a node is an internal vertex with only one output.

Definition
We let K1 be a point and we define

Kij = \/ Tri1 A K,-,,(VO)+ AN Kin(v1)+ AT Kin(vr)-‘r’
teTji

where t has root vertex vy and internal vertices vy, ..., v,.
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Modelling derived A..-algebras

@ Kjj is a finite cell complex of dimension / + j — 2.
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Modelling derived A..-algebras

@ Kjj is a finite cell complex of dimension / + j — 2.

@ The number of top cells is the Narayana number

S 1 (i+\[i+]j

and there's an explicit formula for the number of k-cells.

Sarah Whitehouse (University of Sheffield) Models for generalised associativity

17/



Modelling derived A..-algebras

@ Kjj is a finite cell complex of dimension / + j — 2.

@ The number of top cells is the Narayana number

S 1 (i+j\[i+]

and there's an explicit formula for the number of k-cells.

e {Kjj} can be assembled into an N-coloured non-symmetric operad,
modelling derived Aq--algebras, via structure maps

Kuv A qu - Ku+p,v+q—1
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Modelling derived A..-algebras

Kijj is a finite cell complex of dimension i + j — 2.

The number of top cells is the Narayana number

S 1 (i+j\[i+]

and there's an explicit formula for the number of k-cells.

{Kij} can be assembled into an N-coloured non-symmetric operad,
modelling derived Aq--algebras, via structure maps

Kuv A qu - Ku+p,v+q—1

C.(algebra over this operad) is a derived A.-algebra.
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First few Kjjs
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Related work and future directions

@ Masuda-Thomas-Tonks-Vallette: polytope model for Ay-operad

Sarah Whitehouse (University of Sheffield)

o F
Models for generalised associativity
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@ Maes: derived versions of other algebraic structures
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@ Maes: derived versions of other algebraic structures

@ Aponte-Livernet-Robertson-W-Zeigenhagen: Representations of
derived A-infinity algebras [Women in Topology project]

o Cirici-Egas Santander-Livernet-W: Derived Ay -algebras and their
homotopies [Women in Topology Il project]
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Related work and future directions

@ Masuda-Thomas-Tonks-Vallette: polytope model for Ay-operad

@ Maes: derived versions of other algebraic structures

@ Aponte-Livernet-Robertson-W-Zeigenhagen: Representations of
derived A-infinity algebras [Women in Topology project]

o Cirici-Egas Santander-Livernet-W: Derived Ay -algebras and their
homotopies [Women in Topology Il project]

o Cirici-Egas Santander-Livernet-W: Model structures and spectral
sequences [WiT Il follow-up]

@ Fu-Guan-Otter-Livernet-W: Model structures for special cases of
multicomplexes [WiT Il project, just getting going]
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